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Abstract: In this paper we propose the notion of a transposed Poisson superalgebra. We prove 1

that a transposed Poisson superalgebra can be constructed by means of a commutative associative 2

superalgebra and an even degree derivation of this algebra. Making use of this we construct two 3

examples of transposed Poisson superalgebra. One of them is the graded differential algebra of 4

differential forms on a smooth finite dimensional manifold, where we use the Lie derivative as an 5

even degree derivation. The second example is the commutative superalgebra of basic fields of the 6

quantum Yang-Mills theory, where we use the BRST-supersymmetry as an even degree derivation to 7

define a graded Lie bracket. We show that a transposed Poisson superalgebra has six identities that 8

play an important role in the study of the structure of this algebra. 9
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1. Introduction 13

Poisson algebras play an important role in many branches of differential geometry, 14

theoretical mechanics, and field theory. Thus this area of research is actively developing, as 15

evidenced by various generalizations of the concept of Poisson algebra. One direction of 16

development in the theory of Poisson algebras is the extension of the concept of Poisson 17

algebra to structures with an n-ary multiplication law. Initially such a generalization was 18

proposed by Nambu in his paper [7] and the model of quarks in the theory of elementary 19

particles served as a stimulus for such a generalization. Later, this generalization called 20

Nambu-Poisson algebra was studied in a number of papers, and an excellent survey of this 21

direction in the development of the theory of Poisson algebras is the paper by Takhtajan 22

[9]. A Nambu-Poisson algebra is a n-Lie algebra, where n-Lie algebra is based on an 23

extension of binary Lie bracket to n-ary Lie bracket. The concept of a n-Lie algebra was 24

proposed by Filippov [5]. The elements of a n-Lie algebra satisfy the Filippov-Jacobi identity, 25

which is a generalization of Jacobi identity to n-ary bracket. The classification of simple 26

linearly compact n-Lie superalgebras is given in [4]. A class of ternary Lie superalgebras 27

constructed by means of the supertrace and applications of these ternary Lie superalgebras 28

in BRST-supersymmetries are proposed in [1,2]. 29

Recently, the notion of a transposed Poisson algebra has been proposed. A transposed 30

Poisson algebra can be considered as a structure dual to the concept of a Poisson algebra. 31

It was shown in [3] that a transposed Poisson algebra in its properties is very similar to 32

a Poisson algebra. For example, the class of transposed Poisson algebras is closed under 33

the tensor product of such algebras. In [3] it is also indicated that there is an important 34

connection between transposed Poisson algebras and Novikov-Poisson algebras. More 35

exactly, if we equip a Novikov-Poisson algebra with the Lie commutator constructed with 36

the help of multiplication in Novikov-Poisson algebra, then the Novikov-Poisson algebra 37

becomes a transposed Poisson algebra. In [3] it is shown that a transposed Poisson algebra 38
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possesses a number of identities and this is an important property of a transposed Poisson 39

algebra. In [6] all structures of complex transposed Poisson algebras on Galilean type Lie 40

algebras and superalgebras are described. 41

In this paper we propose the notion of a transposed Poisson superalgebra. In analogy 42

with transposed Poisson algebra a transposed Poisson superalgebra is a vector space 43

endowed with two structures, where one of them is a commutative associative superalgebra 44

and the second is a Lie superalgebra. These two structures satisfy the graded compatibility 45

condition. We prove that if G is a commutative associative superalgebra and δ is an even 46

derivation of G then the graded Lie bracket 47

[u, v]δ = u · δ(v)− (−1)|u| |v| v · δ(u), (1)

where u, v ∈ G, |u|, |v| are degrees of elements u, v respectively, defines the structure of a 48

transposed Poisson superalgebra on G. We propose the classification of transposed Poisson 49

superalgebras in low-dimensional case, that is, in the case of (1,1)-superalgebras. We give 50

two examples of transposed Poisson superalgebra based on the graded Lie bracket (1). The 51

first example is a transposed Poisson superalgebra constructed with the help of graded 52

differential algebra. Particularly, we show that the algebra of differential forms on a smooth 53

finite-dimensional manifold Mn can be equipped with a structure of a transposed Poisson 54

superalgebra if we use (1), where u, v are differential forms and δ is the Lie derivative LX, 55

X is a vector field on Mn. We prove that the graded Lie bracket of two differential forms 56

induces a graded Lie bracket on the cohomology classes of differential forms. The second 57

example of a transposed Poisson superalgebra is related to quantum Yang-Mills theory. 58

The BRST-supersymmetry of the quantum Yang-Mills theory can be considered as an even 59

derivation of the superalgebra of basic fields of theory. We construct the graded Lie bracket 60

on this superalgebra with the help of operator of BRST-supersymmetry. Finally we prove 61

that a transposed Poisson superalgebra possesses a rich class of identities which can be 62

considered as graded versions of identities proposed in [3]. 63

2. Transposed Poisson Superalgebra 64

In this section we propose a notion of a graded transposed Poisson algebra. We con- 65

struct an example of a graded transposed Poisson algebra by means of a graded differential 66

algebra. 67

Let K be a field either of real or complex numbers. A transposed Poisson algebra P 68

[3] is a vector space over K with two algebraic operations. One of them will be denoted 69

by (x, y) ∈ P ×P → x · y ∈ P and it defines a structure of associative commutative 70

algebra on P. The second is a Lie bracket (x, y) ∈ P×P → [x, y] ∈ P, that is, bilinear, 71

skew-symmetric mapping which satisfies the Jacoby identity. These two structures, i.e. an 72

associative commutative algebra and a Lie algebra, define a structure of transposed Poisson 73

algebra if they are compatible and the condition of compatibility of these two structures 74

has the following form 75

2z · [x, y] = [z · x, y] + [x, z · y], x, y, z ∈ P. (2)

An important example of a transposed Poisson algebra [3] is an associative commutative 76

algebra A endowed with the Lie bracket [u, v]δ = u · δ(v) − v · δ(u), where u, v ∈ A, 77

(u, v) → u · v is a multiplication in A and δ : A → A is a derivation. Particularly if Mn is a 78

smooth n-dimensional manifold, F (Mn) is the algebra of smooth functions on Mn and X is 79

a vector field then 80

[ f , g]X = f X(g)− g X( f ), f , g ∈ F (Mn), (3)

defines transposed Poisson algebra of smooth functions on a manifold Mn. 81

We extend the notion of transposed Poisson algebra to a super case by the following 82

definition. 83
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Definition 1. Let G = G0 ⊕G1 be a super vector space over K, where the degree of a homogeneous
element x ∈ G will be denoted by |x|, that is, |x| ∈ Z2. A transposed Poisson superalgebra is a
triple (G, · , [ , ]), where (G, · ) is an associative commutative superalgebra and (G, [ . ]) is a Lie
superalgebra. Hence we have the following properties

|x · y| = |x|+ |y|, x · y = (−1)|x||y| y · x,

and 84

|[x, y]| = |x|+ |y|,
[x, y] = −(−1)|x| |y|[y, x],

[x, [y, z]] = [[x, y], z] + (−1)|x| |y|[y, [x, z]].

The compatibility condition for these two structures has the form 85

2z · [x, y] = [z · x, y] + (−1)|x| |z|[x, z · y]. (4)

Obviously (G0, ·) is an associative commutative algebra and (G0, [ , ]) is a Lie algebra. 86

In the case of even degree elements, i.e. elements of G0, the compatibility condition (4) 87

takes on the form (2). Hence (G0, ·, [ , ]) is a transposed Poisson algebra. 88

An important example of a transposed Poisson algebra is an algebra constructed by 89

means of an associative commutative algebra and its derivation. The next theorem shows 90

that this construction can be extended to the case of superalgebras. 91

Theorem 1. Let A = A0 ⊕A1 be an associative commutative superalgebra and δ : A → A be an 92

even degree derivation of A. Define bracket by 93

[u, v]δ = u · δ(v)− (−1)|u| |v|v · δ(u). (5)

Then (5) defines the structure of Lie superalgebra on A and this structure satisfies the compatibility 94

condition (4), i.e. the bracket (5) defines the structure of transposed Poisson superalgebra on A. 95

Proof. It is easy to see that the bracket (5) is graded skew-symmetric, i.e. [u, v]δ = 96

−(−1)|u| |v|[v, u]δ and |[u, v]| = |u| + |v|. Then the double brackets can be expressed 97

as follows 98[
w, [u, v]δ

]
δ

= w u δ2(v)− δ(w) u δ(v)− w δ2(u) v + δ(w) δ(u) v,[
[w, u]δ, v

]
δ

= −w δ2(u) v + w δ(u) δ(v) + δ2(w) u v − δ(w) u δ(v),

(−1)|u| |w|[u, [w, v]δ
]

δ
= w u δ2(v)− w δ(u) δ(v)− δ2(w) u v + δ(w)δ(u) v.

From this it follows that the graded bracket (5) satisfies the graded Jacobi identity

[w, [u, v]δ]δ = [[w, u]δ, v]δ + (−1)|u| |w|[u, [w, v]δ]δ.

Hence the graded bracket (5) defines the Lie superalgebra on commutative superalgebra A. 99

We check the compatibility condition (4) by straightforward calculations. Indeed we find 100

2 w · [u, v]δ = 2 w · u · δ(v)− 2 w · δ(u) · v,

[w · u, v]δ = w · u · δ(v)− δ(w) · u · v − w · δ(u) · v,

(−1)|u| |w|[u, w · v]δ = −w · δ(u) · v + δ(w) · u · v + w · u · δ(v).

Thus a commutative superalgebra A endowed with the graded Lie bracket (5) is a trans- 101

posed Poisson superalgebra. 102
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3. Classification of Transposed Poisson Superalgebras in Dimension (1,1) 103

In this section we consider a low-dimensional case of a transposed Poisson superal- 104

gebra over the field of complex numbers and give a classification of transposed Poisson 105

superalgebras in this case. We consider transposed Poisson superalgebras G = G0 ⊕G1, 106

where dimG0 = dimG1 = 1. Let e0, e1 be a basis for a super vector space G such that e0 is 107

an even degree element which spans the even subspace G0 and e1 is an odd degree element 108

which spans the odd subspace G1. We assume that there is a commutative associative 109

multiplication on a super vector space G, which will be denoted by (x, y) → x · y, x, y ∈ G. 110

From the structure of superalgebra and commutativity of a multiplication it follows 111

e0 · e0 = a e0, e0 · e1 = e1 · e0 = b e1, e1 · e1 = 0, (6)

where a, b are complex numbers. In this simple case there is only one combination of 112

three generators which leads to a non-trivial condition derived from associativity. This 113

combination is e0, e0, e1. We have 114

e0 · (e0 · e1) = (e0 · e0) · e1 ⇒ b e0 · e1 = a e0 · e1 ⇒ b2 e1 = ab e1. (7)

Hence a multiplication is associative in three cases a = b = 0, a = b ̸= 0 and a ̸= 0, b = 0. 115

Now we consider the second structure of a transposed Poisson superalgebra, that is, a 116

Lie superalgebra. It is known that in the case of Lie superalgebras of (1,1)-type there are 117

three non-isomorphic Lie superalgebras 118

I) [e0, e0] = 0, [e0, e1] = 0, [e1, e1] = 0, 119

II) [e0, e0] = 0, [e0, e1] = 0, [e1, e1] = e0, 120

III) [e0, e0] = 0, [e0, e1] = e1, [e1, e1] = 0. 121

In the case of the Abelian Lie superalgebra I we have two transposed Poisson superalgebras 122

e0 · e0 = e0, e0 · e1 = e1 · e0 = 0, e1 · e1 = 0,

[e0, e0] = 0, [e0, e1] = 0, [e1, e1] = 0,

and 123

e0 · e0 = e0, e0 · e1 = e1 · e0 = e1, e1 · e1 = 0,

[e0, e0] = 0, [e0, e1] = 0, [e1, e1] = 0.

In the case of the Lie superalgebra II we have a = b = 0. Hence we have only one 124

transposed Poisson superalgebra 125

e0 · e0 = e0, e0 · e1 = 0 · e0 = 0, e1 · e1 = 0,

[e0, e0] = 0, [e0, e1] = 0, [e1, e1] = e0.

In the case of the Lie superalgebra III it follows from the compatibility condition a = b and 126

we get one more transposed Poisson superalgebra 127

e0 · e0 = e0, e0 · e1 = e1 · e0 = e1, e1 · e1 = 0,

[e0, e0] = 0, [e0, e1] = e1, [e1, e1] = 0.

4. Infinite Dimensional Transposed Poisson Superalgebras 128

In this section we apply Theorem (1) to construct a transposed Poisson superalgebra 129

by means of differential forms on a smooth n-dimensional manifold Mn. 130

Let us consider a graded commutative differential algebra (A, d), where A = ⊕p∈ZA
p,

and d : Ai → Ai+1 is a differential of A, that is, an anti-derivation of degree 1. Let us denote
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a multiplication in A by (u, v) → u · v, where u, v ∈ A and the degree of a homogeneous
element u by |u|. Then for u ∈ Ap we have |u| = p and

|u · v| = |u|+ |v|, u · v = (−1)|u| |v|v · u, d(u · v) = (du) · v + (−1)|u|u · dv.

Assume that δ is a degree (-1) anti-derivation of A, i.e. δ : Ap → Ap−1 and δ(u · v) = 131

(δu) · v + (−1)|u|u · δv. Then D = d ◦ δ + δ ◦ d is the 0-degree derivation of A. We can 132

consider A as a commutative superalgebra if we define the parity of a homogeneous 133

element u as |u|(mod 2). Then d, δ are odd derivations and D is the even derivation of A. 134

Define the bracket by 135

[u, v]D = u · D(v)− (−1)|u| |v| v · D(u). (8)

Then according to Theorem 1 the triple (A, ·, [ , ]D) is a transposed Poisson superalgebra. 136

As an example of the structure described above we consider the algebra of differential
forms on a smooth n-dimensional manifold Mn. Let Ω(Mn) = ⊕pΩp(Mn) be the graded
algebra of differential forms on Mn. If we denote by F (Mn) the commutative algebra of
smooth functions on a manifold Mn then Ω0(Mn) is identified with the algebra of functions
F (Mn), i.e. Ω0(Mn) = F (Mn). The graded algebra of differential forms Ω(Mn) can be
considered as a superalgebra if we define the degree of p-form ω by |ω| = p (mod 2).
Then it follows from the property of the wedge product of two forms ω ∧ θ = (−1)pqθ ∧ ω,
where ω ∈ Ωp(Mn), θ ∈ Ωq(Mn), that Ω(Mn) is a commutative superalgebra. Let X be a
smooth vector field on a manifold Mn. Then the operator of contraction of a differential
form with a vector field iX : Ωp → Ωp−1 and the exterior differential d : Ωp → Ωp+1

are odd derivations of the commutative superalgebra of differential forms. Then the Lie
derivative

LX = d ◦ iX + iX ◦ d

is an even degree derivation of the commutative superalgebra of differential forms, that is, 137

LX : Ωp(Mn) → Ωp(Mn) and LX(ω ∧ θ) = LX(ω) ∧ θ + ω ∧ LX(θ). Then the bracket (8) 138

takes on the form 139

[ω, θ]X = ω ∧ LX(θ)− (−1)|ω| |θ|θ ∧ LX(ω), (9)

and the commutative superalgebra of differential forms Ω(Mn) endowed with the bracket
(9) is a transposed Poisson superalgebra. Particularly if we consider two 0-forms, that is,
two functions f , g ∈ F (Mn) then the graded Lie bracket (9) takes on the form

[ f , g]X = f LX(g)− gLX( f ) = f X(g)− g X( f ).

Hence the graded bracket (9) restricted to the subalgebra of smooth functions F (Mn) makes 140

it a transposed Poisson algebra (3). Let Ωp
c(Mn) be the vector space of closed p-differential 141

forms and Ωp
e(Mn) ⊂ Ωp

c(Mn) be the vector space of exact p-differential forms. 142

Proposition 1. If ω ∈ Ωp
c(Mn), θ ∈ Ωq

c(Mn) then [ω, θ]X ∈ Ωp+q
c (Mn), i.e. the graded 143

Lie bracket (9) of two closed forms is a closed form. If ω ∈ Ωp
e(Mn) and θ ∈ Ωq

c(Mn) then 144

[ω, θ]X ∈ Ωp+q
e (Mn), i.e. if one of two closed differential forms is exact then the graded Lie bracket 145

(9) of these two forms is an exact differential form. 146

Proof. Let ω ∈ Ωp
c(Mn), θ ∈ Ωq

c(Mn), that is, dω = dθ = 0. We have 147

[ω, θ]X = ω ∧ LX(θ)− (−1)|ω| |θ|θ ∧ LX(ω)

= ω ∧ iX ◦ d(θ) + ω ∧ d ◦ iX(θ)− (−1)|ω| |θ|(θ ∧ iX ◦ d(ω) + θ ∧ d ◦ iX(ω))

= ω ∧ d ◦ iX(θ)− (−1)|ω| |θ|θ ∧ d ◦ iX(ω).
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Now differentiating the graded Lie bracket we obtain 148

d([ω, θ]X) = d(ω) ∧ d ◦ iX(θ) + (−1)|ω|ω ∧ d2 ◦ iX(θ)

−(−1)|ω| |θ|d(θ) ∧ d ◦ iX(ω)− (−1)(|ω|+1) |θ|θ ∧ d2 ◦ iX(ω) = 0

If ω is an exact form, that is, ω ∈ Ωp
e(Mn), ω = dζ, ζ ∈ Ωp−1(Mn) then making use of 149

d ◦ LX = LX ◦ d we get 150

[ω, θ]X = [dζ, θ]X = dζ ∧ LX(θ)− (−1)|ω| |θ|θ ∧ LX(dζ)

= dζ ∧ LX(θ)− (−1)|ω| |θ|θ ∧ d ◦ LX(ζ)

= d
(
ζ ∧ LX(θ)− (−1)|ζ| |θ|θ ∧ LX(ζ)

)
.

151

Thus the proved proposition shows that the graded Lie bracket (9) induces the graded 152

Lie bracket on the graded algebra of de Rham cohomologies, which defines the structure of 153

transposed Poisson superalgebra. 154

Our next example of a transposed Poisson superalgebra is related to the quantum 155

theory of Yang-Mills fields [8]. The gauge group of the Yang-Mills theory is SU(2). Let su(2) 156

be the Lie algebra of SU(2), ta be a basis for su(2) and [ta, tb] = Kc
abtc, i.e. Kc

ab are structure 157

constants of su(2). The basic fields of the quantum Yang-Mills theory are su(2)-valued 158

functions Aµ, c, c̄ defined on a space-time, where Aµ (µ = 0, 1, 2, 3) are Yang-Mills fields, 159

c, c̄ are ghost fields. Since the basic fields are su(2)-valued functions we can express them 160

in the terms of a basis as follows Aµ = Aa
µ ta, c = ca ta, c̄ = c̄a ta. We consider the algebra 161

of fields of the quantum Yang-Mills theory as an algebra generated by Aa
µ, ba, ca, c̄a, their 162

all orders partial derivatives with respect to coordinates of space-time and Grassmann 163

variables ξ, η, . . . which do not depend on a point of space-time. We assume that the 164

gauge fields Aa
µ and an auxiliary field ba and all their partial derivatives are commuting 165

generators of algebra and they also commute with ghost fields, their partial derivatives 166

and Grassmann variables ξ, η, . . .. The ghost fields ca, c̄a, their partial derivatives and 167

ξ, η, . . . are generators of Grassmann type, that is, they anticommute with each other. Now 168

attributing degree zero to the gauge fields Aa
µ and an auxiliary field ba (and their all partial 169

derivatives), degree one to ghost fields (and their partial derivatives) and Grassmann 170

variables ξ, η, . . ., we turn the algebra of the fields of quantum Yang-Mills theory into a 171

commutative superalgebra. An important role in the quantum theory of Yang-Mills fields 172

is played by BRST supersymmetry, which has the form [8] 173

Aa
µ → Aa

µ + δAa
µ, ca → ca + δca, c̄a → c̄a + δc̄a, (10)

where 174

δAa
µ = ξ Dµca, δca = −1

2
Ka

bd ξ cb cd , δc̄a = ξ ba, (11)

and Dµca = ∂µca + Ka
bd Ab

µ cd is the covariant derivative. The BRST supersymmetry can 175

be considered as an even derivation of the commutative superalgebra of the fields of the 176

quantum Yang-Mills theory. Indeed let us define the mapping s on the basic fields as 177

follows 178

sAa
µ = (Dµc)a , sca = −1

2
Ka

bd cb cd , sc̄a = ba , sba = 0, (12)

and extend this mapping to the odd derivation of the commutative superalgebra of fields 179

by assuming that it acts on products of fields according to the graded Leibniz rule. We also 180

assume that the derivation s commutes with partial derivatives and Grassmann variables 181

ξ, η, . . ., i.e. s ◦ ∂µ = ∂µ ◦ s, sξ = ξs. It can be verified that the odd derivation s has a 182
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very important property s2 = 0. Then δ = ξ s is the even derivation of the commutative 183

superalgebra of fields. Indeed for any product of basic fields ϕ, ψ we have 184

δ(ϕ ψ) = ξ s(ϕ ψ) = ξ
(
δ(ϕ)ψ + (−1)|ϕ|ϕ δ(ψ)

)
= ξ δ(ϕ)ψ + (−1)|ϕ|ξ ϕ δ(ψ)

= ξ δ(ϕ)ψ + (−1)2|ϕ|ϕ ξ δ(ψ) = δ(ϕ)ψ + ϕ δ(ψ).

Let Φ, Ψ be two elements of the commutative superalgebra of the fields of quantum Yang- 185

Mills theory, that is, finite polynomials on the basic fields and their partial derivatives. We 186

define the graded Lie bracket of these two polynomials by 187

[Φ, Ψ]δ = Φ δ(Ψ)− (−1)|Φ| |Ψ| Ψ δ(Φ). (13)

Then the algebra of the fields of quantum Yang-Mills theory endowed with the graded Lie 188

bracket (13) is a transposed Poisson superalgebra. 189

5. Identities in Transposed Poisson Superalgebra 190

The aim of this section is to show that the identities, which hold in the case of a 191

transposed Poisson algebra [3], can be extended to a transposed Poisson superalgebra if we 192

modify the identities proposed in [3] with the help of the rule of signs. 193

Theorem 2. Let (G, ·, [ , ]) be a transposed Poisson superalgebra. Then for any h, x, y, z ∈ G we 194

have the following identities 195

(−1)|x| |z| x · [y, z] + (−1)|x| |y| y · [z, x] + (−1)|y| |z| z · [x, y] = 0, (14)

(−1)|x| |z| [h · [x, y], z] + (−1)|x| |y| [h · [y, z], x] + (−1)|y| |z| [h · [z, x], y] = 0, (15)

(−1)|x| |z| [h · x, [y, z]] + (−1)|x| |y| [h · y, [z, x]] + (−1)|y| |z| [h · z, [x, y]] = 0, (16)

(−1)|x| |z| [h, x] [y, z] + (−1)|x| |y| [h, y] [z, x] + (−1)|y| |z| [h, z] [x, y] = 0, (17)

2 u · v · [x, y] = (−1)|x| |v|[u · x, v · y] + (−1)|u| (|x|+|v|)[v · x, u · y], (18)

(−1)|u| |yv| x · [u, y · v] + (−1)|v| |xy| v · [x · y, u] + (−1)|x| |yv|y · [v, x] · u = 0. (19)

196

Proof. In order to prove identity (14) we make use of the compatibility condition (4) as 197

follows 198

(−1)|x| |z| 2x · [y, z] = (−1)|x| |z|[x · y, z] + (−1)|x| |z|+|x| |y|[y, x · z],

(−1)|x| |y| 2y · [z, x] = (−1)|x| |y|[y · z, x] + (−1)|x| |y|+|y| |z|[x, y · x],

(−1)|y| |z| 2z · [x, y] = (−1)|y| |z|[z · x, y] + (−1)|y| |z|+|x| |z|[x, z · y].

Making use of the commutativity of a superalgebra G and the graded skew-symmetry of 199

bracket we can represent the right-hand sides of the above identities as follows 200

(−1)|x| |z| 2x · [y, z] = (−1)|x| |z|[x · y, z]− (−1)|y| |z|[z · x, y],

(−1)|x| |y| 2y · [z, x] = (−1)|x| |y|[y · z, x]− (−1)|x| |z|[x · y, z],

(−1)|y| |z| 2z · [x, y] = (−1)|y| |z|[z · x, y]− (−1)|x| |y|[y · z, x].

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 12 May 2023                   doi:10.20944/preprints202305.0905.v1

https://doi.org/10.20944/preprints202305.0905.v1


8 of 10

Summing up the left-hand sides and right-hand sides of the obtained identities, we get 201

identity (14). The proof of identity (15) is similar to the proof of identity (14). First we use 202

the compatibility condition (4) to obtain the following three identities 203

(−1)|x| |z| 2 h · [[x, y], z] = (−1)|x| |z| [h · [x, y], z] + (−1)|x| |z|+(xy,h)[[x, y], h · z],

(−1)|x| |y| 2 h · [[y, z], x] = (−1)|x| |y| [h · [y, z], x] + (−1)|x| |y|+(yz,h)[[y, z], h · x],

(−1)|y| |z| 2 h · [[z, x], y] = (−1)|y| |z| [h · [z, x], y] + (−1)|y| |z|+(xz,h)[[z, x], h · y],

where (xy, h) = |x| |h|+ |y| |h|,(yz, h) = |y| |h|+ |z| |h|,(xz, h) = |x| |h|+ |z| |h|. Due to 204

the super Jacobi identity the sum of left-hand sides of the above identities is equal to zero. 205

Hence we get 206

(−1)|x| |z| [h · [x, y], z] + (−1)|x| |y| [h · [y, z], x] + (−1)|y| |z| [h · [z, x], y]

+(−1)|x| |z|+(xy,h)[[x, y], h · z] + (−1)|x| |y|+(yz,h)[[y, z], h · x]

+(−1)|y| |z|+(xz,h)[[z, x], h · y] = 0. (20)

The sum of the first three terms in the above identity is the left-hand side of identity (15). 207

Thus in order to prove identity (15) we need to show that the sum of the last three terms 208

in the above identity is zero. For the first one of them, that is, [[x, y], h · z] (we temporarily 209

omit the coefficient (−1)|x| |z|+(xy,h) , which will be taken into account later) we have the 210

super Jacobi identity 211

(−1)|x| |h|+|x| |z|[[x, y], h · z] + (−1)|x| |y|[[y, h · z], x] + (−1)|y| |h|+|y| |z|[[h · z, x], y] = 0. (21)

Applying to the middle term at the left-hand side of this equality the compatibility condition

2 h · [y, z] = [h · y, z] + (−1)|y| |h|[y, h · z] ⇒ [y, h · z] = (−1)|y| |h|(2 h · [y, z]− [h · y, z]),

and substituting the obtained expression multiplied by (−1)|x| |z|+(xy,h) into super Jacobi 212

identity (21) we get 213

(−1)|y| |h|[[x, y], h · z] + (−1)(yzh,x)([2 h · [y, z], x] − [[h · y, z], x])

+ (−1)|y| |z|+(zh,x)[[h · z, x], y] = 0, (22)

where (yzh, x) = |y| |x|+ |z| |x|+ |h| |x| and (zh, x) = |z| |x|+ |h| |x|. Applying the same 214

calculations to the next two terms in (20), we get two more identities 215

(−1)|z| |h|[[y, z], h · x] + (−1)(xzh,y)([2 h · [z, x], y] − [[h · z, x], y])

+ (−1)|x| |z|+(xh,y)[[h · x, y], z] = 0, (23)

(−1)|x| |h|[[y, z], h · x] + (−1)(xyh,z)([2 h · [z, x], y] − [[h · z, x], y])

+ (−1)|x| |y|+(yh,z)[[h · x, y], z] = 0, (24)

Summing up the identities (22), (23), (24) multiplied by (−1)|x| (|z|+|h|), (−1)|y| (|x|+|h|) and 216

(−1)|z| (|y|+|h|) respectively, we obtain 217

(−1)|x| |z|+(xy,h)[[x, y], h · z] + (−1)|x| |y|+(yz,h)[[y, z], h · x] + (−1)|y| |z|+(xz,h)[[z, x], h · y]

2
(
(−1)|x| |z| [h · [x, y], z] + (−1)|x| |y| [h · [y, z], x] + (−1)|y| |z| [h · [z, x], y]

)
= 0. (25)

Subtracting the identity (20) from (25) we get the identity (15). By virtue of the proven 218

identity (15), the sum of the first three terms in (20) will be equal to zero. The remaining 219

three terms, after a suitable permutation of the arguments, give the identity (16). 220
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In order to prove the last identity (17) we apply the compatibility condition to the 221

following products 222

2 [x, y] · [h, z] = [[x, y] · h, z] + (−1)|h|(|x|+|y|)[h, [x, y] · z],

2 [y, z] · [h, x] = [[y, z] · h, x] + (−1)|h|(|y|+|z|)[h, [y, z] · x],

2 [z, x] · [h, y] = [[z, x] · h, y] + (−1)|h|(|x|+|z|)[h, [z, x] · y].

In the first brackets on the right-hand sides of these relations, we rearrange h and [x, y], 223

h and [y, z], h and [z, x]. Next we multiply the first relation by (−1)|x| |h|+|y| |h|+|x| |z|, the 224

second by (−1)|y| |h|+|z| |h|+|x| |y| and the third by (−1)|x| |h|+|z| |h|+|y| |z|. Finally we rearrange 225

the brackets at the left-hand side of every relation. We obtain 226

(−1)|y| |z| 2 [h, z] · [x, y] = (−1)|x| |z|[h · [x, y], z] + [h, (−1)|x| |z|)[x, y] · z],

(−1)|x| |z| 2 [h, x] · [y, z] = (−1)|x| |y|[h · [y, z], x] + [h, (−1)|x| |y|[y, z] · x],

(−1)|x| |y|2 [h, y] · [z, x] = (−1)|y| |z|[h · [z, x], y] + [h, (−1)|y| |z|[z, x] · y].

Summing up the left-hand sides and the right-hand sides of these relations we get the 227

relation, whose left-hand side (multiplied by 1/2) coincides with the left-hand side of the 228

identity (17), but the right-hand side is equal to zero. Indeed the sum of the first terms at 229

the right-hand side of every relation vanishes because of the identity (15). The sum of the 230

second terms vanishes because of the identity (14). The identity (18) is proved by means of 231

the compatibility condition. In order to prove the identity (19) we take the sum of the three 232

following relations: the compatibility condition for the products 2 x · [u, y · v], 2 v · [x · y, u] 233

and the identity (18) multiplied by 2. This ends the proof of Theorem 2. 234
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