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Abstract: We study the synchronous dynamics of three diffusively coupled erbium-doped fiber lasers 1
(EDLFs) in the unidirectional ring configuration without external pump modulation. The dynamical 2
behavior of the system is analyzed using time series, Fourier spectra, Poincaré sections, bifurcation s
diagrams, and Lyapunov exponents for different values of the coupling strength. For weak coupling, 4
we observe a well-known route to chaos from a stable equilibrium through a Hopf bifurcationand s
a series of torus bifurcations as the coupling strength is increased. An interesting result is found
for large values of the coupling strength, where the phase locking is close to zero. This allows a 7
significant increase in the peak energy of the EDFLs pulses, i.e., above the coupling strength the lasers s
switch to a Q-switching mode with large-amplitude short pulses. This result allows us to propose o
a new method for increasing the laser pulse energy based on the control of the bistability by the 1o
rotating wave in the array of three unidirectionally ring-coupled EDFLs as a function of the coupling 11
strength. In our system, we were able to increase the peak laser power by almost 20 times more than 12

a continuous single EDFL. 13
Keywords: Laser; network; ring; dynamics; coupling 14
1. Introduction 15

In recent decades erbium-doped fiber lasers (EDFLs) have received revolutionary ie
advances in research and commercialization due to an extensive use of fiber laser technology 17
in optical communications, optical sensing, laser surgery, nonlinear optics, and optical 1.
materials [1-6]. In addition, fiber amplifier technology is currently a very practical platform 1o
for industrial applications due to its superior compactness, robustness, reliability, efficiency, 2o
including the alignment-free structure and spatial beam profile. 2

The EDFL active medium is an erbium-doped optical fiber where the diode-pumped 2=
laser light interacts with the active erbium ions, resulting in the high gain and a single  2s
transverse mode when the fiber parameters are suitably chosen. Among various types =z
of fiber lasers, EDFLs have several advantages that make them very suitable for optical 25
communications [7]. First, EDFLs can be easily integrated into optical communication 26
networks due to the small size of their optical components. Second, the laser wavelength, =7
especially 1550 nm, is widely used in optical communication systems because of very 2.
low losses in optical fibers [8]. Third, EDFLs exhibit very rich dynamic behavior (period 2
doubling, chaos, multistability, etc.) [9,10], that can be controlled and used not only for o
chaotic communication [2,11], but also for many other applications, such as spectral inter- s
ferometry [12], optical coherence tomography [13], optical sensing [14], optical metrology =
[15], industrial micromachining [16], LIDAR systems [17], and medicine [18]. 33
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For many applications, nonlinear effects are unwanted factors in fiber lasers, because s«
they disturb a stable laser operation and do not allow a diffraction limit [19], i.e., they s
make impossible to maintain a Gaussian shape of the laser pulse. Among extensive s
research on nonlinear effects in EDFLs [19-21], there are many papers devoted to a study s7
of multistability in these lasers [9,10,22-25]. Multistability or coexistence of several final s
stable states (attractors) for a given set of parameters is a fascinating phenomenon widely 3o
observed in nature and studied in almost all areas of science, including physics, engineering, 4o
chemistry, biology, and medicine (see [26] and references therein). Control of multistability
allows selection of a desirable attractor or elimination of undesirable ones [27]. The 4
coexistence of up to four periodic attractors was found in the EDFL subject to periodic 4
modulation of the laser pump current of cavity losses. The attractors with larger periods  4a
have higher pulse energy. For example, the laser pulse amplitude in the period-5 regime is s
approximately 50 times higher than in the period-1 regime [28]. a6

High pulse power fiber lasers have many applications, e.g., for cutting, welding,
surgery, and especially for optical communications [7], to maintain the transmission of the s
optical signal over a long distance without repeated amplifiers. Recently, a selective control 4o
of multistability allowed us to obtain giant pulses in the EDFL array [29]. In addition, se
the mode-locking technique is considered one of the methods for generating high-energy s
ultrashort laser pulses, which can be either active or passive. Since 1964 [30], a variety of s
mode-locking resonators have been developed for a fiber laser. These resonators require s
a complex controllable amplitude and phase modulator. There are also several passive s
mode-locking techniques, such as a saturable semiconductor absorber [31,32], nonlinear s
polarization rotation [33,34], nonlinear optical loop mirror [35], and nonlinear amplifier  se
loop mirror [36]. 57

Single oscillators trace a simple path in phase space. Therefore, dynamics of complex  ss
networks of coupled oscillators is receiving a lot of attention from many researchers in  so
different scientific fields. When two or more oscillators are coupled, the spectrum of o
possible behaviors becomes more complex and the equations governing their behavior e
become intractable. Each oscillator can be coupled with only few immediate neighbors =
[37]. One of the simplest network configurations is a cycle ring of coupled oscillators. The s
dynamics of such ring networks is extremely complex, especially when the oscillators are  es
coupled unidirectionally, even if the uncoupled units are in a stable equilibrium. Many s
authors studied dynamics of ring-coupled oscillators, for example, three coupled electrical s
circuits, where they observed chaotic synchronization [38], chimera states in nonlocally e
coupled oscillators [39], generation of delays in coupled CMOS inverters [40], etc. o5

Among various network structures [41], the ring configuration is particularly attractive oo
because it allows the propagation of rotating phase waves along the coupled nodes [42—45]. 7
Such waves were first found in a ring reactor of reaction-diffusion systems [46,47]. Rotating =2
waves arise when a homogeneous state becomes linearly unstable due to a Hopf bifurcation 7
[48]. Later, Nekorkin and colleagues [49] discovered traveling waves propagating in a ring
of coupled bistable phase oscillators with sinusoidal nonlinearity. It should be noted that 74
unidirectional coupling is of particular interest because it means that a signal is transmitted 7
from one subsystem to another without receiving feedback. In addition, unidirectional 7
coupling is commonly used in electrical systems based on the Chua [50], Lorenz [51,52], 77
and Duffing [53] models where rotating waves where discovered. Transitions from a stable s
equilibrium through quasiperiodicity to chaos and hyperchaos with respect to the coupling 7
strength were observed in the rings of unidirectionally coupled Lorenz [51,54], Duffing e
[55], and Rulkov [56] oscillators. The mechanism leading to such transitions was studied in e
detail in autonomous Dulffing oscillators [53,57-59]. 82

Long ago, the Landau-Hopf transition to turbulence via a sequence of successive s
Hopf bifurcations was discovered on the route to chaos [60,61]. Later, Newhouse, Ruelle, s
and Takens (NRT) [62,63] proved that the 3D torus decays into a strange chaotic attractor s
immediately after the third successive Hopf bifurcation, due to the effect of an arbitrarily s
small perturbation of the so-called NRT scenario. Although several validations of this e
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effect were verified in a large family of frameworks, little attention was paid to a study s
of this NRT scenario in optical systems such as lasers and especially in fiber lasers. The s
purpose of this work is to analyse this scenario in a cyclic ring of three diffusively coupled oo
EDFLs. To this aim, we analyze the system behavior using time series, bifurcation diagrams, e
Poincaré sections, Fourier spectra, and Lyapunov exponents. We will show that although 2
the dynamics of this ring is similar to other coupled oscillators [55], it exhibits particular s
features inherent to laser systems. 0a

This paper is organized as follows. In Section 2 we describe the model of a single EDFL o5
with pump modulation. In Section 3 we introduce the model of three ring-coupled EDFLs. o6
In Section 4 we study dynamics of this system using time series, bifurcation diagrams,
Poincaré sections, Fourier spectra, and Lyapunov exponents. Finally, main conclusions are  ss
given in Section 5. 99

2. Laser Model 100

The single-mode laser emission is determined by three differential equations, where 10
the important state variables are the optical field, population inversion, and polarization. o2
Depending on the laser type (A, B, or C), these variables decay on different time scales. 103
When one of the variables is large compared to the others, that variable decays diabatically 104
compared to other variables, and the number of equations can be reduced. Lasers in which  10s
both the population inversion and polarization decay rapidly compared to the optical field 106
are class-A lasers. Lasers in which only polarization rapidly relaxes belong to class-B lasers. 107
Finally, lasers in which all three variables have close relaxation rates refer to class-C lasers. 108
Therefore, the solution of class-A laser equations is a single stable fixed point. The solution  10e
of class-B lasers is also a fixed focus point, where the phase trajectory in the space of the 110
optical field and population inversion is attracted, making relaxation oscillations. Finally, 111
class-C lasers produce undamped periodic or non-periodic (chaotic) pulsations. On the 112
other hand, class-B laser emission can also exhibit periodic or chaotic oscillations under 11s
a periodic external force or delayed feedback applied to one of the laser parameters ora 114
variable. 115

The EDFL considered in this paper belongs to class-B lasers along with solid-state 116
lasers, external-discharged gas lasers (such as CO, and CO lasers), and semiconductor 117
lasers [64]. The basic dynamical characteristics of the EDFL are very similar to those of 11
other class-B lasers. In particular, polarization is adiabatically eliminated and the laser 1o
dynamics is governed by two rate equations for field and population inversion, and several 120
routes to chaos were found [65]. However, despite the impressive amount of research on 121
EDFL, the dynamics of networks of coupled EDFLs was investigated insufficiently. 122

To describe diode-pumped EDFL dynamics, the power-balance approach is applied, 123
which takes into consideration the excited state absorption (ESA) in erbium at the 1.5-ym 124
wavelength and by averaging the population inversion along the pumped active fiber. 12
Such a model addresses the evident factors (i.e., ESA at the laser wavelength and the 126
depleting of the pump wave at propagation along the active fiber) leading to non-dumped 127
natural oscillations in the laser, observed experimentally without external modulation i2s
[10,23,66]. The balance equations for the intracavity laser power P (i.e., a sum of the contra- 12
propagating waves’ powers inside the cavity, in s 1) and the averaged (over the active fiber 130
length) population y of the upper ( “2") level (i.e., a dimensionless variable, 0 <y < 1) are 1:

derived as follows 132
. 2L
pP= Tp{rwﬂ‘o(y[g_’?] _1)_0‘th}+P5p (1)
r
y= _Ulzrwp (Cy - 1) -y + Ppumpr )
nr3 T

where 075 is the cross-section of the absorption transition from the ground state “1" to the = 1ss
upper state “2". We suppose that the cross-section of the return stimulated transition oy is 134
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practically the same in magnitude that gives § = (012 + 021) /012 = 2, § = 023/ 012 being 135
the coefficient that stands for the ratio between ESA 03 and ground-state absorption cross- 136
sections at the laser wavelength. T, = 2ng(L + Ip) /c is the lifetime of a photon in the cavity 1s7
(Ip being the intra-cavity tails of FBG-couplers), ag = Nyoy; is the small-signal absorption  1ss
of the erbium fiber at the laser wavelength Ny = N; 4 N is the total concentration of 130
erbium ions in the active fiber), ay, = 9 +nL(1/R)/(2L) is the intra-cavity losses on the 10
threshold (g being the non-resonant fiber loss and R is the total reflection coefficient of the 141
FBG-couplers), T is the lifetime of erbium ions in the excited state “2", rg is the fiber core 1a:
radius, wy is the radius of the fundamental fiber mode and r,, = 1 + exp[2(ro/wp)?] is the 143
factor addressing a match between the laser fundamental mode and erbium-doped core 14

volumes inside the active fiber. 145
The population of the upper laser level “2" is given as 146
1 /L J
=— | N
y=o7 | M )
where N is the population of the upper laser level “2", ng is the refractive index of a “cold” 1
erbium-doped fiber core, and L is the active fiber length), 148

P — 1073y Ag rdaol @
5P T, wo 420y

is the spontaneous emission into the fundamental laser mode, and the pump power is 149
1 —exp[—paoL (1 —y)]
P =P , 5
pump i nomriL ©)

where P, is the pump power at the fiber entrance and B = «y,/«y is the ratio of ab- 1s0
sorption coefficients of the erbium fiber at pump wavelength A, and laser wavelength = 1s:
Ag. We assume that the laser spectrum width is 1072 of the erbium luminescence spec- 15
tral bandwidth. Note that Egs. (1) and (2) describe the laser dynamics without external 1ss
modulation. 154

The parameters used in our simulations correspond to the real EDFL with an active 1ss
erbium-doped fiber of L = 70 cm. Other parameters are ng = 1.45, ) =20cm, T, = 8.7ns, 1se
ro = 1.5cm, and wy = 3.5 x 10~* cm. The last value was measured experimentally and sz
it was a bit higher than 2.5 x 10~* cm given by the formula for a step-index single-mode  1ss
fiber wy = 70(0.65 + 1.619/ V!> 4 2.879/V%), where the parameter V relates to numerical 150
aperture NA and rg as V = 2rtrgN A/ A¢, while the values rg and wp result in 7, = 0.308. 160

The coefficients characterizing resonant-absorption properties of the erbium-doped 16
fiber at lasing and pumping wavelengths are ag = 0.4cm ™! and B = 0.5, respectively, and e
correspond to direct measurements for heavily doped fiber with erbium concentration of e
2300ppm, 1y = 031 = 3 x 1072 em?, 023 = 0.6 x 1072 em?, & = 2,77 = 02, T = 10725 16s
[10], 70 = 0.038, and R = 0.8 that yields ay, = 3.92 x 1072, At last, the generation 1es
wavelength Ay = 1.56 x 10~%cm (hv = 1.274 x 107]) is measured experimentally, while  1cs
the maximum reflection coefficients of both FBGs are centered on this wavelength. The 16
pump parameters are the excess over the laser threshold ¢ defined as P, = ¢Py,, where the 16

threshold pump power 169
noLmw?
Py = 2 ; ©)
T 1—exp[—aoLB(1 - ym)]
and the threshold population of the level “2" 170
1 Ktp )
=_(1+ 7
Yin §( P @)

with the pump beam radius taken, for simplicity, to be the same as that for generation 1
(wp = (UO). 172
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Figure 1. (a) Time series with relaxation oscillations and (b) Fourier spectrum with relaxation
oscillation frequency f, of EDFL given by Egs. (8) and (9 )

3. Normalized Equations 173
To simplify the laser model and generalize it in a dimensionless form, we transform 17«
Egs. (1) and (2) into the simple form (see [67] and appendix [68] for more details) 175
dX1
e bxy +c(y1 + rw) (8)
d
A —dx1y1 — (y1 +1w) +eq1l—exp|—BaoL(1— Nty 9)
df Garw
where x7 is the laser intensity and y; is the population inversion with 176
B 7. c _ 177
a=2L(F) (& )ao = 66207 +7
b= {ZL(%) [ath - %rw] } — 7.4151e + 6
— (B —
c=(gL) = 00163
d = (W’y) — 4.0763¢ + 3
7'(70

Numerical calculations using the system of equations (8) and (9) allow us to obtain  1es
time series characterizing the dynamics of the pump of the EDFL. To simulate the dynamics  1ss
of the laser, we use parameters close to the experimental parameters from [22]. We chose  1es
the pump power Pg = 7.4x10'? 57! to obtain a relaxation oscillation frequency of the s
laser of fy = 28.724 kHz, see time series and Fourier spectrum in Fig. 1 (a) and Fig. 1(b), 1e7
respectively. The solution of laser Egs. (8) and (9) is a stable fixed point. 188

4. Dynamics of the ring of three unidirectionally coupled EDFLs 189

Ring-coupled oscillators can be seen as a recurrent cycle of interactions [69]. Even s
simple network motifs formed by just three oscillators can be coupled in thirteen possible 102
configurations [70]. The coupling can be unidirectional, bidirectional or a combination. 1e2
In this paper, we are especially interested in the simplest ring of three unidirectionally 1es
coupled EDFLs, where each laser acts simultaneously as a slave and master oscillator. The 104
dynamics of such a ring is described by two differential equations for laser intensity x; 1o

(j = 1,2,3) and population inversion y;: 196
dx;
—i = axjyj — bxj + c(y; + 0.3075) (10)
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4y; T
dtf = dxjyj — (Y; + 0.3075) + Ppyyq (1 — e B0~ 050 ) (11)
with pumping 107
Ppmodj = 506(1 + k(xj,l — x])) 1908
where k is the coupling coefficient. 199

Due to the symmetry of the ring configuration, the dynamics of each laser is identical. 200
Therefore, in Fig. 2 we plot the bifurcation diagram of the peak amplitude of only one of 2o
the lasers (x;) and the largest Lyapunov exponent A as a function of the coupling strength 202
k. The bifurcation scenario displays the Landau route from a stable equilibrium to chaos  zos
through quasiperiodicity via subsequent Hopf bifurcations [60,61]. This scenario was 204
described by Newhouse, Ruelle and Takens (so-called NRT scenario [62]), who found that 205
just after the third Hopf bifurcation, a chaotic attractor appears in the form of a 3D torus. 206
Our model Egs. (10) and (11) exhibit a similar scenario to hyperchaos when the coupling 2o

strength k is changed. 208
a)
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- 20 !
X |
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Figure 2. (a) Bifurcation diagram of the peak intensity (in arbitrary units) and (b) largest Lyapunov
exponent as a function of k.

The time series and Poincaré sections in Fig. 3 illustrate details of the dynamical 200
regimes observed on the route from a stable fixed point to chaos. As the coupling strength 210
is increased from k = 0 to ky =~ 2.58, the equilibrium (Fig. 1) transforms into a limit cycle 21
(Fig. 3(a)) in the Hopf bifurcation, where the largest Lyapunov exponent approaches zero. 212
The periodic regime is maintained within a relatively small region 2.58 < k < 3.81. Then, =21
at kp = 3.82, the limit cycle transforms into a quasiperiodic regime (2D torus) shown in 21
Fig. 3(b). The quasiperiodicity occurs when the second largest Lyapunov exponent reaches 215
zero. As k is further increased, a 3D torus appears at k3 = 5.49 (Fig. 3(c)), when the third 216
largest Lyapunov exponent approaches zero. This regime is observed for 5.49 < k < 5.83. 217
At k4 = 5.84, the system becomes chaotic (Fig.3(d)) when the largest Lyapunov exponent  =is
becomes positive. A further increase in the coupling strength leads again to a stable limit 210
cycle at kg = 14.81 (Fig. 3(e)) when the largest Lyapunov exponent becomes zero. 220
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4.1. Rotating wave 221

Consider now an interesting phenomenon known as rotating wave. As seen in Figs. 222
3(b—d), a slow envelope (periodic, quasiperiodic, or chaotic) exists in the time series. =2s
These low-frequency oscillations result from a rotating wave (periodic, quasiperiodic, or 22
chaotic) propagating along the ring of unidirectionally coupled oscillators due to the phase 225
difference between high-frequency oscillations of each laser. A periodic rotating wave was 226
first found in a ring of coupled Chua oscillators [71,72] and then in a ring of coupled Lorenz 227
[54,73] and Duffing oscillators [53,59,74]. In fact, the rotating wave acts in a similar way as 22
an external modulation which induces low-frequency oscillations. The interaction of the = 220
periodic rotating wave with a local limit cycle of each oscillator leads to a local 2D torus =0
where the rotating wave becomes quasiperiodic (Fig. 3(c)). For larger k, the local 2D torus 2
interacts with the quasiperiodic rotating wave resulting in a local 3D torus (Fig. 3(d)), and  =2s2
with increasing k the rotating wave interacts with the local 3D torus and becomes chaotic 2
(Fig.3(e)). Finally, for very strong coupling the interaction of the rotating wave with the 2s.
chaotic orbit results in a stabile limit cycle. 235

In oscillatory modes, the time series of all oscillators differ only in their phases, so =236
that the phase shifts in each successive node, producing a phase wave that rotates in the 237
cyclic ring. The wave dynamics in the rings of N = 3 oscillators are shown in Fig. 4 for =23.
four different values of the coupling strength: k = 2.58, k = 3.82, k = 549 and k = 5.84. =23
In the left column, we plot the time series patterns of all oscillators, where the rotating 240
waves show up as oblique stripes. One can clearly see the phase waves propagating along za:
the ring of oscillators. The right column shows the phase portraits of the corresponding  zs:
attractors, the same same for all oscillators since the oscillators are identical. One can see 243
that the attractor’s size enlarges as the coupling strength is increased. 248

4.2. Frequency spectrum analysis on the route to chaos 245

The study of the fast Fourier transform (FFT) complements the classical qualitative zas
and quantitative research tools of dynamical systems such as Poincaré maps, bifurcation 2«7
diagrams of local maxima, and Lyapunov exponents. Spectral analysis of a signal using  24s
FFT is a powerful method in science and engineering for studying system dynamics [75,76]. 249

Figure 5 shows the bifurcation diagram of the dominant frequency in the power 2s0
spectra of x1 as a function of the coupling strength k. Some power spectra are illustrated 251
in Fig.6 for fixed values of k. As seen from the bifurcation diagram in Fig. 5, the first 2s
Hopf bifurcation occurs at k; where the system dynamics transforms from a stationary to  zss
a periodic solution and the first oscillation frequency () appears as a single peak in Fig. 2sa
6(a). A small increase in the coupling strength leads to the second Hopf bifurcation at ky  2ss
where the limit cycle is transformed into a quasiperiodic solution characterized by two  2se
incommensurate frequencies )y and () (see Fig. 6(b)). The 2D torus exists until the next =zss
Hopf bifurcation arises at k3 where the transition from the 2D torus to the quasiperiodic zss
solution with three frequencies (3D torus) occurs. At the 3D torus a third independent 2so
frequency (), appears in the power spectrum (see Fig. 6(d)). The 3D torus dominates =zeo
within the interval k3 < k < k4. A further increase in the coupling strength k leads to the  ze:
destruction of the 3D torus, when the direct transition to chaos occurs for ky < k < k5. 262
The chaotic response manifests itself in the FFT spectrum as a large number of randomly  ze:
distributed frequency peaks of different amplitudes. A similar behavior was observed in  zes
other dynamical systems. For example, Sanchez et al. [54] observed a rotating wave in the  zes
ring of unidirectionally coupled Lorenz oscillators while studying the transition from a  2es
periodic rotating wave to a chaotic rotating wave via quasiperiodicity. Later, Borkowski et 267
al. [58] reported on the observation of the rotating wave in a ring of seven unidirectionally  2es
coupled Duffing oscillators. In their study, they used the FFT bifurcation analysis. 2690

4.3. Coexistence of attractors 270

On the route from a stable fixed point to chaos, two different coexisting attractors zm
appear in a narrow range of the coupling strength k5 < k < k¢. The phase portraits and 27
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Figure 4. (Left) Rotating wave and (right) phase portraits for a) k = 2.58, b) k = 3.82, ¢) k = 5.49 and
d) k = 5.84.
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Figure 7. (Right) Phase portraits and (left) power spectra of the coexisting (a) stable limit cycle and
(b) chaos at k = 14.08.

corresponding power spectra of the coexisting periodic and chaotic regimes are shown 27
in Fig. 7 for k = 14.08. A similar multistable behavior was also found in a ring of =27
three fractional-order double-well Duffing oscillators [77]. In particular, by varying initial ~27s
conditions, the coexistence of stable fixed points, limit cycle, 2D and 3D tori, and chaos 27
was observed for certain values of the fractional order index and coupling strength. Here, =7
for 13 < kg < 14.81 a stable limit cycle coexists with chaos (see bifurcation diagram in Fig. 27s
2). In our system, the chaotic and periodic orbits interact with the rotating wave resulting 27
in a monostable limit cycle. A similar scenario was described in other papers (see, e.g., 2s0
[78,79]), where multistability was controlled by a secondary sinusoidal perturbation. Here, 2e:
the rotating wave acts as the secondary sinusoidal perturbation that significantly increases 2e2
the laser pulse power, i.e., the lasers operate in a Q-switching regime by emitting very short 2es
large-amplitude pulses. 284

4.4. Synchronization 285

The rotating wave in the ring of three unidirectionally coupled EDFLs can be treated  2es
in terms of synchronization. Phase synchronization of a pair of EDFLs (i and j) can 2er
quantitatively be characterized by the difference between their instantaneous phases [70]  zss

0ij = ¢i — ¢; (12)
_ Yij
¢ij = arctan(—) (13)
xi]-
whereas identical synchronization between a pair of EDFLs can be determined by the 20
synchronization error 200
e =\ (xi = 32 + (i — 2 (14)

©

Figure 8 displays the synchronization scenarios given by Eqgs. (12) and (13). Here, ze1
we show how time-averaged phase synchronization and average synchronization error 2.2

depend on the coupling strength k. One can see the synchronization scenario from a stable 203
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Figure 8. Averaged (a) phase synchronization and (b) synchronization error versus coupling strength

k.

equilibrium to chaos. In particular, in the interval k; < k < ky, we observe a stable limit zes
cycle due phase locking near zero or perfect phase synchronization between the 61 and 6, 205
phases of x1 and x;, respectively. In the intervals k) < k < k3 and k3 < k < kg4, the phase 206
locking is lost and two additional frequencies (); and ), appear leading to 2D and 3D  2e7
tori, respectively. Similarly, in the interval k4 < k < kg, phase synchronization vanishes 2es
resulting in chaos. Finally, for k > k¢ the phase locking regime appears again. 200

The difference of the phase of the coupled EDFLs results in the rotating wave (peri- soo
odic, quasi-periodic, or chaotic) propagating along the ring. As a consequence, identical s
synchronization cannot be reached, i.e., the average the synchronization error Eq. (14) is 302
never zero, as seen from Fig. 8(b). 303

5. Conclusion 304

In this work, we have numerically investigated the dynamics of three unidirectional sos
ring-coupled EDFLs as a function of the coupling strength. Using a six-dimensional mathe- 06
matical model with three variables for laser intensities and three variables for population o7
inversions of all lasers, we have studied the route to chaos from a stable equilibrium in o
the ring. We have analyzed the system dynamics using time series, bifurcations diagrams, sos
power spectra, Poincar’e section, and Lyapunov exponents. On the way to chaos, the s
system passes through a Hopf bifurcation and a series of torus bifurcations. We have paid 1
special attention to the study of a rotating wave propagating along the ring. Depending on 312
the coupling strength, the wave can be either periodic, quasiperiodic, or chaotic. 213

In addition, we have found the coexistence of periodic and chaotic orbits in a certain s
range of coupling strength. For strong coupling, this bistability disappears and the system  s1s
becomes monostable with a single limit cycle. The mechanism of such stabilization can be = 316
understood as the interaction of the chaotic and periodic orbits with the rotating wave. In a1~
this regard, the rotating wave acts as a secondary sinusoidal perturbation which leads to  s1s
the annihilation of the chaotic attractor. 310

An interesting result has been obtained for strong coupling when the phase locking 320
leads to a significant increase in the peak power of laser pulses. In particular, for k > kg 322
all EDFLs operate in the Q-switching mode with very short high-amplitude pulses. This 322
regime is very promising for applications requiring giant laser pulses. In this work, we  s2s
have succeeded in increasing the peak power of laser pulses by almost 20 times compared  s2a
to the continuous mode, i.e., when the lasers are uncoupled. This significant achievement szs
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can be of great importance in optical communication since optical signals travel hundreds
of kilometers along optical fibers and therefore are highly attenuated during propagation.
Sufficiently high power of the transmitted optical signal can be achieved by using optical
amplifiers based on the nonlinear properties of EDFLs. In these cases, the coexistence of
Q-switching regimes with different pulse amplitudes and proper control of bistability can
be useful to obtain high-power laser pulses.

On the other hand, it is worth mentioning some of the limitations of this work. First
of all, in this paper, we have considered the simplest ring of only three lasers. Therefore,
our results cannot be generalized to large laser networks. However, we believe that
some dynamic features of our system are also inherent to larger laser networks. This is a
promising topic for future research.
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