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Abstract: We prove L? estimates of a class of generalized Marcinkiewicz integral operators with
mixed homogeneity on product domains. By using these estimates along with an extrapolation
argument we obtain the boundedness of our operators under very weak conditions on the kernel
functions. Our results in this paper improve and extend several known results on both generalized
Marcinkiewicz integrals and parabolic Marcinkiewicz integrals on product domains.
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1. Introduction

Throughout this article, s (s = x or ) is assumed to be an integer greater than or equal 2. Also,
S°~1! is assumed to be the unit sphere in the Euclidean space R® which is equipped with the normalized
Lebesgue surface measure do, (-) = do.

For fixed Bsx > 1 (k € {1,2,---,s}), we define the mapping ® : Rt x R® — R by O(1;,0v) =
2B

s _
Y v% 7 F with v = (v1,0y,...,0s) € R®. For a fixed v € R, the unique solution to the equation
k=1

O(1,v) = 1is denoted by 7; = 75(v). The metric space (R?, 7;) is known by the mixed homogeneity
space associated to {3 };_;. Let D, be the diagonal s x s matrix

P 0
D T .
0 b
The following transformation presents the change of variables concerning the space (R, 7;):
v = Tfs'l COS X1 -+ - COS Xs5_2 COS Xs_1,
/Ss,2

Up = Tg "~ COSX1-++COSXg_pSINXg_1,

_ /35[571 .
v, =T COS X1 Sin xp,

S
v, = Tsﬁ % sin x7.

Hence, dv = Tslgsfljs(v’)dl'sd(r(v’), where

S S
Bs =Y Bskr Js(¥') =) Box(v})?, v =D _vesS,
k=1 k=1
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and T} 571]5 (v') is the Jacobian of the transformation.
Fabes and Riviére showed in [1] that J; € C®(S*~!) and that there is a constant A > 1 satisfying

1< Js(0') < A
For p1 = a1 + iay, p = by + iby with ay,by € (0,00) and ap, by € (—o0,00), we assume that

00, 0)h((v), 7y (@)
(5 ()1 (1 () JPrr2”

Kop(v,w) =

where /1 is a measurable function defined on R, x Ry and U is a measurable function defined on
R* x R which is integrable over S*~! x §7~! and satisfies the following properties:

O(Dyv,Dyw) = U(v,w), Y1, >0 1)
and
/S B, ) e(0)do(v) = /S By (@)do(w) = 0. )
For g € S(R* x R"), we define the generalized parabolic Marcinkiewicz integral g};‘ })l on product
domains by
1/u
(1) _ / / p dsdr
o = (ff |, m@er )
where

1
Tor@w) = e [ [ 80 vy = @Ka(o,@)dude

and 1 < p < co.

We notice that if Bx1 = Bx2 = -+ = fxx = 1and B;,1 = By2 = -+ = Byy = 1, then we have
Bx =, (v) = |v|, By = 11, Ty(w) = |w]|, and (R* x R7, 7, 7)) = (R* x R7, |-, | -]). In this case, we
denote the operator gg’ Z by ./\/lz(jy ,)1 In addition, when 4 =2, h =1 and p; = 1 = p,, we denote Mgl 21

by M which is the classical Marcinkiewicz integral on product domains. The investigation of the
boundedness of M;; began in [2] in which the author proved the L? boundedness of Mg; under the
condition U € L(log L)?(S*~! x S7~1). Subsequently, the investigation of the L? boundedness of Ms
was considered by many authors (see for instance [3-6]).

On the other hand, the investigation of the L” boundedness of the operator gg‘ 2 was considered by

many authors. For example, Al-Salman introduced gg‘ 13 in [7] in which he proved that gz(f % is bounded
on LP(R* x R7) for all p € (1,00) provided that U € L(logL)(S*~! x S7~1). Later on, the authors of

[8] improved the results in [7]. In fact, they proved the L boundedness of g{f}l forall |1/2—-1/p| <

min{1/2,1/¢'} whenever U in Btgo’o) (S*1 x S771) withg > 1 or U in L(logL)(S*~! x S"~1), and

h e Ay(Ry x Ry) with £ > 1. Here, Ay(R+ x Ry) (for £ > 1) refers to the set of all measurable
functions h such that

2k+1

. /t
2j+1 At dT, !
Hh||A[(R+><R+) = Sue% </2] /Zk |h(TK/T77)| TKTW < Q.

k,j
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Let us now recall the definition of Triebel-Lizorkin spaces on product domains. Let 1 < y, p < oo
—

and ¢ = (c1,¢2) € R x R. The homogeneous Triebel-Lizorkin space F pc /”(RK x R") is defined to be
the set of all tempered distributions ¢ on R* x R satisfying

< oo,
KxRT)

1/u
< Z 2kc1l4216214 |(¢le ® lpjﬂ?) *g|l4>

JkEZ

- =
1817 ‘
LP(RX xIRY)

where fors € {x, 7} and x € R?, @(x) =275D4(27/x) and Ds € C3°(R®) is radial function satisfies
the following:
(1) Ds € [0,1],
(2) supp (Ds) C {x eR:|x| € [%,2]},
(3) Ds(x) > A > 0if |x| € [2, }] for some constant A,
(4) ¥ Ds(277x) =1 with x # 0.
JEZ

—
The authors of [9] proved that the space F pc g (R* x IR7) satisfies the following properties:
—

0,2
(i) For p € (1,00), we have F, (R* x R

~—

= LP(R* x R7),
H2
(

)

2 .
(i) If g1 < po, then F, " (R* x RY) C F
_>

_ / . —
(iii) F, * " (R* x RY) = <ch M (R* % RY

R* x R7),

NS

*
) , where p’ is the exponent conjugate to p,
—

(iv) The Schwartz space S(R* x R") is dense in F ; * (R* x RT).

Recently, the authors of [10] employed the extrapolation argument of Yano [11] to prove that

0,2-1
whenever Q lies in the space L(log L)?/#(S*~1 x S§771) or in the space B; " )(SK’l x S1~1), then for

all p € (1,00),

| MEe) 3)

<A
L(RexRY) — P ”gHFE’”(RKXRv) ’

where B,go"x) (S*1 x §771) (« > —1, g > 1) refers to a special class of block spaces introduced in

[12]. Very recently, the result in [10] was improved in [13] in which the authors proved that if
0,21

U € Llog L)/ H(S1 x ST u B; a )(S’Fl x ST71) withg > Tand h € Ay(R; x R}), then Mgl,)i

is bounded on LP(R* x R") for p € (¢/,00) with uy > ¢’ and for p € (1, ) with u < 0'if2 < £ < oo;

and also for ¢/ < p < cowith u > ¢ and for p € (#‘j_l,;f—i) withu < /if1 <€ <2,

In the view of the results in [8] regarding the boundedness of the parabolic Marcinkiewicz operator

g{?,l and the results in [13] regarding the boundedness of the generalized parametric Marcinkiewicz

(1)

operator My;;, we have the following natural question: Is the integral operator Ql(jy })l bounded under
the same conditions on /& and U that was assumed in [13] ?

In this article, we shall answer the above question in the affirmative. In fact, we prove the
following:

Theorem 1. Let U € L1 (S*~! x S"71) for some q € (1,2 and h € Ay(Ry x Ry) for some € € (1,2]. Then
there exists a real number Ap > 0 such that

(1) ~1)(-1)" gl 5
98 oy = A (== e,
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for p € (HV; 5,k g) ifu < U, and for I' < p < ocoif p >l where A,y =
Ap IO pa(sr-1xs1-1y ﬁhHAl (R, xR, ) And Ap is independent of U, h, q, ¢

Theorem 2. Let U € L (S*1 x S""Y) withq € (1,2] and h € Ay(Ry x Ry.) for some £ € (2,00). Then

2/
e e I

orall p € ifu>0andforallp € (L,u)ifu < /¢,
p H p HWyu

By using the extrapolation argument in [11,14]) and the estimates in Theorems 1 - 2, we obtain the
following results.

Theorem 3. Assume that h is given as in Theorem 1.

2
(i) IfU € B;O"‘ 1)(8"’1 x ST=1) with g > 1, then the inequality
lains)| 101 42 Il sl
O,h LP(RKXRV) — Oﬁf (SK’1><S7771) Af(RJrXRJr) o }L(R Rq)

holds for ¢! < p < ooif u > ¢/, and for p € (HH, 1,—) ifu<t.
(ii) If U € L(log L)*/#(S*=1 x S171), then the inequality

1980 gy < A (10N sigrrnescon + 1) Whlls, e e N, T

holds for ¢/ < p < coif u > ', and for p € ( +£’, 1,—) ifu<t.
0,2-1
Theorem 4. Suppose that U € L(log L)*/#(S*~1 x ST=1) U B,g ! )(S"’1 x ST V) withq > land h €

Ap(Ry x Ry ) with2 < € < oo. Then the integral operator gg‘}l is bounded on LF (R* x R") for p € (¢',00)
ifu>t,andforp e (Lp)ifu <40,

Remarks

(i) For the special case b = 1 and p = 2, the authors of [5] showed that Mg)l is bounded on
LP(R* x R7) for all p € (1,00) under the condition Q € L(logL)(S*~! x S771). Also, they found
that this condition is the weakest possible condition so that the boundedness of Mg‘ )1 holds. On the
other hand, the L” (1 < p < o) boundedness of Mg)1 was proved in [6] if () € B,go'o) (ST x S1=1)
with g > 1. Also, the optimality of the condition () € Béo’o) (S*=1 x S7~1) is established. Therefore,
the conditions on U in Theorem 3 as well as Theorem 4 are the weakest known conditions in their
respective classes for the case y =2and h = 1.

(ii) In Theorem 4, when we consider the special case h = 1, we get that Qg‘ 1) is bounded on L7 (R* x

,2-1
R7) forall p € (1,00) if § € L(log L)?/*(S*"1 x ST-1) U Bf,o il

results in [7,10].
(iif) When p = ¢/ with 2 < ¢ < co, Theorem 4 gives the boundedness of gg‘ })l forall p € (1,00).

(S*=1 x §771), which improves the

(iv) For the case ¢ = 2 and ¢ € (1,2], the range of p in Theorem 3 is better than the range obtained

in Theorem 1.2 in [8] in which the authors proved the L” boundedness of gU , only for p € ( > 225 5=7)-

(v) Fors € {x,n} with ;1 = Bs2 = - -+ = Pss = 1, our results are the same as that obtained in
[13].
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Throughout the rest of the paper, the letter A stands for a positive constant which is independent
of the essential variables and its value not necessary the same at each occurrence.

2. Auxiliary Lemmas

In this section we need to introduce some notations and establish some lemmas. For v > 2,
consider the family of measures {J’CU,h/S/V := 05, :5,r € Ry } and its concerning maximal operators o7
and My, , on R* x R7 given by

1
do,, = / / Kesp (v, @) g (v, w)dvdew,
//]RKXR’?g ST sP1yP2 1/2s<1(v)<s J1/2r<7y(w)<r U'h(v w)g(v W) v
7 (&) (v,w) = sup o5, [+g(v,w)],
s,reRy
and
oyt
dsdr
My (@)(0,w) = sup [ / sl o) 2
jkeZ v
where » except that hU is replaced by |h0] .

We shall need the following two lemmas from [8].

Lemmal. Let O € L1 (S*" 1 x S""Y) and h € Ay (Ry x Ry) for some q, ¢ > 1. Then there exists Ajz5 > 0

such that
o/l < A, (4)
'Y]-H dsdr 42 42
2 nqIn nyIn
/, / (2.) < ARpInt(r) [Dpg| e ©
where ||| is the total variation of 0s,, 0 < 6 < min{}, 21 3 ;712” % Z—Z} and ny, ny denote the distinct

numbers of { Bk}, {By,j}, respectively.
Lemma2. Let U € L' (S*° 1 x STV and h € Ay (R4 x Ry) for some ¢ > 1. Then we have that
o7 (&) | L (mx xRy < Ap,h,UHg”LP(RKxR’?) (6)
forall p € (¢, 00), where Ay pis = Ap || 5,k ) 10011 51 x5-1):
By using Lemma 2, it is easy to show that

[ M, (&) L (e xRy < Ay s I () I8 Il Lp (e xR @)

forall p € (¢/,00).
Now we need to prove the following result:
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Lemma 3. Let U € L7 (S* ' xST71), h € Ay (R x Ry) with1 < £,q < 2and ¢ = 2°9". Then for all
pe (]H_g/ T/ Jf/_g[) with u € (1,¢'], we have

P okt 1/u 2 1/u
1 dsdr 1 " iz
L/ / ol <t (en) | (B ’
jkez JkeZ LP (R*xR")
LP(R* xRY)
where {Fix(+,), j,k € Z} is any class of functions defined on R* x R'.
Proof. Let us start with the case p € (u, - i e) It is clear that
r s
(u/u') (u/p")
sy % Flv,@)| < ANOIEE gy I o [ ] Lo D@ ()]
r/2 s/2
p yff dtedTy
|Fii(v = Doz, = Do) | [O(x,y)| do(x)da(y) (e, 7) ¥ =L, ®)
K

By duality there exists a non-negative function ¢ € L(*/ #' (R x R) such that @l ruy (RXxR) <

1 and
"
/er/ e ‘H dsdr
keZ ok o I
’ LP(R*xR7)
o W dsdr
//RWRW / / sr * k(v,w)‘ 7qo(v,w)dvdw. )
jkEZ

Thus, by the last two inequalities amd Hoélder’s inequality, we obtain that

1/u H
Y 1 dsdr
(w/p') (u/p')
( /, / oo Fig| o < AN EL ) 1L
jkeZ = LP (R xRY)
I3
// ( k(v,w)’ )M _w (@) (v, —w)dvdw
REXRT\j kez "y
/ (u/ H _
< AIEE g OIS o | E | Fik] |M wo (@) :
=/ (P/I‘)(RKXRV) |n| * Ly L(p/w)! (R xR™)
where 9(v,w) = ¢(—v, —w). As |h| VT belongs to the space A, , then by employing (7),

p(u'=0) (R xR+)’

< ‘ , )
],kEZ

we obtain that

(=0

forall p € (y, W’_(Z ).

< AppIn?/F(y

(10)

1/

Vdsdr) !
o | 2
sr

LP (RXXRY) LP(RXXRY)
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Let us consider the case p = y, by Holder’s inequality and (8), we get

Jullt
‘( /, - / Tor + F, ”Zf’)l ” < ABIE A gy IR i)
ikeZ’r L (R xRY)
.
X j,gz /“x]R’? /7] / /r/?.//z /SK 1ysr-1 ]k DT"x’w_DT’?y)‘V
< O e )| de(x)do <y>d§:§" i
< A((q—l)l(e)) HUIIL];/é‘K Tignl ”hHA’i/ﬂ’éiﬁh /me (}gl‘ " vw)’ )dvdw (11)

Finally we prove the lemma for the case p € ( e é' 1, 1). Let £ be the linear operator defined on

any function F = Fjx(x,y) by L(F) = * Fik(x,y). Itis easy to see that

Tyksir
(w2 < Aln%( <Z f]k> (12)
HH (@D @x2) || 1 s ey keZ‘ ’ L1 (R xRY)
Also, by the inequality (6) we get
sup sup ‘kasfvfr * ]—"Jk’ < o ( sup ‘ D
JKEZ (sr)e[Ly]x[17] LP (R xR) JkeZ LP (R xR)
< Apg ||sup ‘
jkez LP(RxxR)
forall p € (¢/,00), which in turn implies that
. ) . < ; .
H H 17ts i * Fikllio(u1x 121,85 | o 2 g Ay Hfff"sz(mz) i (13)

Consequently, the proof of the lemma is finished in the case p € (nyTli/fl’ i) if we interpolate (12) with
13). O

Lemma4. Let Uand {Fi(-,-), j,k € Z} be given as in Lemma 3. Suppose that h € Ay (R x R, for some
¢ € (1,00). Then there exists a positive constant Ay, 5 such that

Pt ket 1/p 2 1
14 dsdr 1 ¥ p
) / / s % F, —Sr SAh,zs( _1> <2 ’J-"]k‘ > (14)
kT 1 JkeZ LP (R xRY)
LP (R xRY)
forallp € (L, u)ifu < ¢ and v > 2; and
1 Ak p 1/
14 dsdr 1 2/n g
o / % Tkl 5 <4 (G=m=) (2 73 ) as)
jkeZ ST (9-1)(-1) Jkez L (R*xRY)

LP (RXxRY)

forallp € (¢/,00) if u > 1'.
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A proof of this Lemma can be constructed by following a similar argument as that employed in
the proof of Lemma 3 and following similar argument as that used in the proofs of Theorems 4-5 in
[13] (with minor modifications). We omit the details.

3. Proof of the main results

Proof of Theorem 1. Suppose that § € L1 (S*~! x S7~1) and h € Ay (R4 x R4.) for some g, €
(1,2], and that » > 1. By Minkowski’s inequality we get

T (/= SO S
gU’h (g) (x, ]/) ( Ry xRy .’ sPl P2 Jo-i-ls<p, (v)<27Ts J2kTr<p,(w)<2Fr Gh (v’ w)

1/u

x  g(x—v,y—w)dvdw|! dsdr)

> 1

< K (v,

- j,kZ::0 <//]R+ xR, | 8172 /Z*ffls<p~[(v)§2*fs /Z—k—1r<px(w)§2—"r o (0, )
1/u

x  g(x—v,y—w)dvdw|! dsdr)

201+ dsdr\ V¥
u —1)(2h —1) <//R 1o ¥ 8= > ' (16)
+ xRy

Let v = 2¢7. For k € Z, choose a collection of smooth functions {y} defined on R satisfying
the following properties:

v C (01, Y gr(s) =

keZ
Ct
st !

d' P (s)

dst

supp (yr) C [y K"K, and

where C; does not depend . For (Z,&) € R* x R", define the operators (¥4(Z)) = (7 (7)) and
(Yi(¢)) = ¢j(1y(¢))- Hence, for any g € S(R* x R7),

dsd
<// 05 () r) <AL Huml®)y), a7)
R4 x nmez
where y
2
Houm(g (// V() (x,y,5,7) " der>
R+>< +
and
Vn’m(g e r kZZUsr Tk+m ®T]+n) *g(x y) 3 k+1)x[7j,7/+1)(5’r).
jke

Thus, to finish the proof of Theorem 1, it is enough to show that there exists a positive constant & such
that

1 2
H . <A - 25 ([nl+|m]) S 18
” n,m( )”LP]R xRT) p,h,O (<q_1)(£_1)) ||f||F;'V(RK><R’7) ( )

forall ¢/ < p < cowith ¢/ < pandforallp € (#{71,%) with ¢ > p.
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First, we estimate the norm of () for the case p = u = 2. By using Fubini’s theorem along
with Plancherel’s theorem and the inequality (5) we get

[ Hn,m(8) H%Z(RKXRW)

v dsdr
< 03 (8,8)° ) (¢,8)|dzde
L L ( /, / @R ) e o
1 2 nlln nzln
< 4 (Gooe) 4 5, S, Pel $e O dede
1 2
A = ) o—elnl+|m]) 4 dcd
< p((q_1)(5_1)> ]kEZ‘//n+;m+k (g, 0)1* dgdg
1 2
< Ay (MM) 27D AT s 18T ey (19)

where Bjx = {(¢,&) € R* xRY : ([¢],[¢]) € [y 5,41 x [y 717,41 ] f and e € (0,1).
Now, let us estimate the LP-norm of Hy ,(g). By using Lemma 3, Lemma 2.3 in [10] and (15)
together with Littlewood-Paley theory, we get

HHm,n(g)HLP(IR"x]RW)

A HL ke dsdr 1/u
( Z / /Yk |Us,r*(Tm+k®Tn+j)*g|y7

<

jkez Y LP(Rx xRY)

1 1/p

< Aws Y ( Y (ke ®¥ns)) *g|y>

[(q=1)(¢—1)] LP(RXxRY)

1
< A A gl (20)
RUERIGVE £y " e
for ¢/ < p < oo with u > ¢/, and also for p € ( e ;, 17 J,l ,_Zz) with p < ¢'. Therefore, by interpolating

(19) with (20), we obtain (18). The proof of Theorem 1 is complete.

Proof of Theorem 2. A proof can be constructed by following a similar approach as that used in
the proof of Theorem 1 except that we employ Lemma 4 instead of Lemma 3. We omit the details.
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