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Article 

Mutual-Inductance Computation between Coaxial 
Thin Conical Sheet Inductor and the Circular Loop 

Slobodan Babic 

Research Consultant, 53 Berlioz 101, Montréal QC H3E 1N2, Canada; slobobob@yahoo.com 

Featured Application: For the first time the semi-analytical formula for calculating the mutual inductance 

between the thin conical sheet inductor and the circular loop is given. The coils are coaxial. The potential 

applications of the presented work are in wireless power systems, and in ultra-broadband applications since 

the conical shapes limit effects of the stray capacitance creating the high impedance over a wide bandwidth. 

Abstract: The paper describes a new formula for calculating the mutual inductance between a thin conical sheet 

inductor and a filamentary circular loop, which are coaxial. The presented formula is derived semi-analytically 

using the complete elliptic integrals of the first, second, and the third kind, along with the integral term which 

will be solved numerically. The results are validated using double and single integration methods, as well as 

the semi-analytical formula. The mutual inductance between a thin wall solenoid and a filamentary circular 

loop can be obtained using the new formula for the conical coil and circular loop. Presented formulas can be 

useful in various applications, such as broadband RF and wireless power transfer systems that utilize conical 

inductors. Overall, the paper presents a valuable contribution to the field of inductor design and can be useful 

in various applications involving conical inductors. 

Keywords: mutual-inductance; thin conical sheet inductor; filamentary circular loop; complete  

elliptical integrals of the first; second and third kind; Heuman Lambda function 

 

1. Introduction 

The paper discusses the challenge of computing the mutual inductance of conventional coils, 

which has been a topic of research since the time of Maxwell, [1]. While analytical solutions in the 

form of elementary functions exist for linear coils, more complex configurations, such as circular and 

elliptical coils require solutions in terms of elliptic integrals, Bessel and Struve functions, and hyper-

geometric convergent series, [2-8]. Numerical method and commercial software packages are also 

available, but there is interest in developing analytical and semi-analytical methods for more efficient 

computations. Reviewing the corresponding literature in the physics, electromagnetics as well as in 

the scientific paper in the engineering one cannot find too much the calculation of the self-inductance 

and the mutual inductance of the coils of the conical form. Recently in [9] the calculation of the self-

inductance of thin sheet inductor is obtained in the semi-analytical form. Using the same reasoning, 

in this paper, a semi-analytical formula for calculating the mutual inductance between a thin conical 

sheet and a filamentary circular loop is given. Coils are coaxial. The new presented method is based 

on complete elliptical integrals of the first, second, and third kind, along with a term to be solved by 

numerical integration. As the special case of this new developed formula is the formula for calculat-

ing the mutual inductance between the wall solenoid and the filamentary circular loop.  The calcu-

lation of the previously mentioned coils is useful for conical inductors which are of ideal form for 

ultra-broadband applications up to 40 GHz since the conical shapes limit effects of stray capacitances 

and effectively substitute a series of narrow-band inductors, creating the high impedance over a very 

wide bandwidth, and in wireless power transfer systems that utilize conical inductors [10-20]. All 

cases either the regular or the singular are explained with precise explications. The validation of the 

presented method is performed using the single and double integration as well as the semi- analytical 

formula. The Mathematica files with implemented formulas are available upon request.  
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contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting 
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2. Basic formulas 

Let us consider a thin conical sheet and a circular loop as showed in Figure 1. The thin conical 

sheet has the radii of basis 𝑅ଵ and 𝑟ଵ  (𝑅ଵ > 𝑟ଵ) and the axial positions 𝑧ଵ and 𝑧ଶ, with the number of 

sheets turns N. The circular loop has the radii R and radial position  𝑧ொ.  

 
Figure 1. Thin conical sheet inductor and circular loop (𝑅ଵ > 𝑟ଵ). 

Thus, let us begin the complete analysis for the first case (𝑅ଵ > 𝑟ଵ), Figure 1. 
From Figure 1. one has, 𝑅ଵ − 𝑟ଵ𝑧ଶ − 𝑧ଵ = 𝑡𝑎𝑔(𝛼) = 𝜂 , 𝑅ଵ = 𝑟ଵ + 𝜂(𝑧ଶ − 𝑧ଵ)  or    𝑟ଵ = 𝑅ଵ − 𝜂(𝑧ଶ − 𝑧ଵ) (1)

𝑧ଶ − 𝑧𝜌 − 𝑟ଵ = 𝑧ଶ − 𝑧ଵ𝑅ଵ − 𝑟ଵ = 1𝜂  , 𝜌 = 𝑟ଵ − 𝜂(𝑧 − 𝑧ଶ) = 𝑅ଵ − 𝜂(𝑧 − 𝑧ଵ) (2)

The mutual inductance between the thin conical sheet inductor and the circular loop can be cal-

culated by, 

= 𝜇଴𝑁𝑧ଶ − 𝑧ଵ න න 𝑅𝜌cos (𝜃)𝑟଴
௭మ

௭భ
గ

଴ 𝑑𝑧𝑑𝜃 (3)

with 𝑟଴ = ට(𝑅ଵ − 𝜂𝑧 + 𝜂𝑧ଵ)ଶ − 2(𝑅ଵ − 𝜂𝑧 + 𝜂𝑧ଵ)𝑅 cos(𝜃) + 𝑅ଶ + (𝑧 − 𝑧ொ)ଶ (4)

Even though 𝑅ଵ > 𝑟ଵ (𝜂 > 0) one must use  𝜌 = 𝑅ଵ − 𝜂(𝑧 − 𝑧ଵ). By the simple verification for 𝑅ଵ = 𝑟ଵ (𝜂 = 0) the thin conical sheet degenerates to the thin wall solenoid. For this case, the formula 

(3) begins the formula for calculating the mutual inductance between the thin wall solenoid and the 

circular loop, [50]. 

Introducing the substitution, 𝜃 = 𝜋 − 2𝛽 in (3) one has, 

𝑀 = − 2𝜇଴𝑁𝑅𝑧ଶ − 𝑧ଵ න න (𝑅ଵ − 𝜂𝑧 + 𝜂𝑧ଵ)cos (2𝛽)𝑟଴
௭మ

௭భ
గ/ଶ
଴ 𝑑𝑧𝑑𝛽 (5)

where, 𝑟଴ = ට(𝑅ଵ − 𝜂𝑧 + 𝜂𝑧ଵ)ଶ + 2(𝑅ଵ − 𝜂𝑧 + 𝜂𝑧ଵ)𝑅 cos(2𝛽) + 𝑅ଶ + (𝑧 − 𝑧ொ)ଶ 

Let us calculate the first integral in (5), 

α 

R1 

r1 

z1 

z2 

zQ 

ρ 

ρ 

R 
z 
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𝐼ଵ = න (𝑅ଵ − 𝜂𝑧 + 𝜂𝑧ଵ)𝑑𝑧𝑟଴   ௭మ
௭భ  (6)

with  𝑟଴ = 1𝜂 ඥ𝑐ଵ𝑡ଶ + 𝑏ଵ𝑡 + 𝑎ଵ 

𝑐ଵ = 𝜂ଶ + 1 𝑏ଵ = 2ൣ𝜂ଶ𝑅 cos(2𝛽) − 𝑅ଵ + 𝜂(𝑧ொ − 𝑧ଵ)൧ 𝑎ଵ = ൣ𝑅ଵ − 𝜂(𝑧ொ − 𝑧ଵ)൧ଶ + 𝜂ଶ𝑅ଶ ∆𝟏= 4𝑎ଵ𝑐ଵ − 𝑏ଵଶ = 4𝜂ଶ ቄ𝜂ଶ𝑅ଶ𝑠𝑖𝑛ଶ(2𝛽) − 2𝑅ൣ𝑅ଵ + 𝜂൫𝑧ଵ − 𝑧ொ൯൧ cos(2𝛽) + ൣ𝑅ଵ + 𝜂൫𝑧ଵ − 𝑧ொ൯൧ଶ + 𝑅ଶሽ = 4𝜂ଶ𝐷ଵ଴ 

𝐷ଵ଴ = ቄ𝜂ଶ𝑅ଶ𝑠𝑖𝑛ଶ(2𝛽) + 2𝑅ൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧ cos(2𝛽) + ൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧ଶ + 𝑅ଶቅ 

𝐼ଵ = න 𝑡𝑑𝑡ඥ𝑐ଵ𝑡ଶ + 𝑏ଵ𝑡 + 𝑎ଵ  ோభ
௥భ  (8)

Using [21], 𝐼ଵ = ൝ඥ𝑐ଵ𝑅ଵଶ + 𝑏ଵ𝑅ଵ + 𝑎ଵ𝜂ଶ + 1 − ඥ𝑐ଵ𝑟ଵଶ + 𝑏ଵ𝑟ଵ + 𝑎ଵ𝜂ଶ + 1 − 𝜂ଶ𝑅𝑐𝑜𝑠(2𝛽) − 𝑅ଵ + 𝜂(𝑧ଵ − 𝑧ொ)(𝜂ଶ + 1)ଷ/ଶ × 

ቈ𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑅ଵ + 𝑧ொ − 𝑧ଵඥ𝐷ଵ଴ − 𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑟ଵ + 𝑧ொ − 𝑧ଶඥ𝐷ଵ଴ ቉ቋ 

(9)

Thus, the solution of this integral is obtained in the close form. 

Now, the formula (5) can be given as follows, 

𝑀 = − 2𝜇଴𝑁𝑅(𝑧ଶ − 𝑧ଵ)(𝜂ଶ + 1)ଷ/ଶ න 𝑉గ/ଶ
଴ 𝑐𝑜𝑠(2𝛽)𝑑𝛽 (10)

where, 𝑉 = ඥ𝜂ଶ + 1 ቈට𝑐ଵ𝑅ଵଶ + 𝑏ଵ𝑅ଵ + 𝑎ଵ − ට𝑐ଵ𝑟ଵଶ + 𝑏ଵ𝑟ଵ + 𝑎ଵ቉ − ൣ𝜂ଶ𝑅𝑐𝑜𝑠(2𝛽) − 𝑅ଵ + 𝜂൫𝑧ொ − 𝑧ଵ൯൧ ×  ቈ𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑅ଵ + 𝑧ொ − 𝑧ଵඥ𝐷ଵ଴ − 𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑟ଵ + 𝑧ொ − 𝑧ଶඥ𝐷ଵ଴ ቉ 

(11)

Let us solve the following integrals in (10) and (11). 

𝐼ଶ = න 𝑉గ/ଶ
଴ 𝑐𝑜𝑠(2𝛽)𝑑𝛽 = 𝐼ଶ(ଵ) + 𝐼ଶ(ଶ) + 𝐼ଶ(ଷ) + 𝐼ଶ(ସ)

 (12)

𝐼ଶ(ଵ) = ඥ𝜂ଶ + 1 න ට𝑐𝑅ଵଶ + 𝑏𝑅ଵ + 𝑎గ/ଶ
଴ 𝑐𝑜𝑠(2𝛽)𝑑𝛽 = ඥ𝜂ଶ + 1 න ඥ𝑇ଵగ/ଶ

଴ 𝑐𝑜𝑠(2𝛽)𝑑𝛽 (13)

𝑇ଵ = 𝑐ଵ𝑅ଵଶ + 𝑏ଵ𝑅ଵ + 𝑎ଵ = 𝜂ଶൣ(𝑅 + 𝑅ଵ)ଶ + (𝑧ொ − 𝑧ଵ)ଶ − 4𝑅𝑅ଵ 𝑠𝑖𝑛ଶ(𝛽)൧ 
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𝐼ଶ(ଵ) = ඥ𝜂ଶ + 1ට𝜂ଶൣ(𝑅 + 𝑅ଵ)ଶ + (𝑧ொ − 𝑧ଵ)ଶ൧ න ∆ଵ(గ/ଶ
଴ 1 − 2𝑠𝑖𝑛ଶ(𝛽))𝑑𝛽 

∆ଵ= ට1 − 𝑘ଵଶ𝑠𝑖𝑛ଶ(𝛽) ,   𝑘ଵଶ = 4𝑅𝑅ଵ(𝑅 + 𝑅ଵ)ଶ + ൫𝑧ொ − 𝑧ଵ൯ଶ 

Using [21] one obtains, 

𝐼ଶ(ଵ) = 2|𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑅ଵ𝑘ଵ න ∆ଵ(గଶ
଴ 1 − 2𝑠𝑖𝑛ଶ(𝛽))𝑑𝛽 = 

2|𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑅ଵ3𝑘ଵଷ ሼ(2𝑘ଵଶ − 2)𝐾(𝑘ଵ) +(2 − 𝑘ଵଶ)𝐸(𝑘ଵ)ሽ 

or 

𝐼ଶ(ଵ) = 2|𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑅ଵ3𝑘ଵଷ ሼ(2𝑘ଵଶ − 2)𝐾(𝑘ଵ) + (2 − 𝑘ଵଶ)𝐸(𝑘ଵ)ሽ    (14)

This solution is obtained in the close form where 𝐾(𝑘ଵ) and 𝐸(𝑘ଵ) are the complete integrals of 

the first and second kind [21],[22].  

Similarly, 

𝐼ଶ(ଶ) = −ඥ𝜂ଶ + 1 න ට𝑐𝑟ଵଶ + 𝑏𝑟ଵ + 𝑎గଶ
଴ 𝑐𝑜𝑠(2𝛽)𝑑𝛽  (15)

the solution of this integral is also obtained in the close form as follows, 𝐼ଶ(ଶ) = −2|𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑟ଵ3𝑘ଶଷ ሼ(2𝑘ଶଶ − 2)𝐾(𝑘ଶ) + (2 − 𝑘ଶଶ)𝐸(𝑘ଶ)ሽ    (16)

with 𝑘ଶଶ = 4𝑅𝑟ଵ(𝑅 + 𝑟ଵ)ଶ + ൫𝑧ଶ − 𝑧ொ൯ଶ 

The next integral is, 

𝐼ଶ(ଷ) = − නൣ𝜂ଶ𝑅𝑐𝑜𝑠(2𝛽) − 𝑅ଵ + 𝜂൫𝑧ொ − 𝑧ଵ൯൧ ×గଶ
଴  

𝑐𝑜𝑠(2𝛽)𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑅ଵ + 𝑧ொ − 𝑧ଵඥ𝐷ଵ଴ 𝑑𝛽 

(17)

or 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 April 2023                   doi:10.20944/preprints202304.0191.v1

https://doi.org/10.20944/preprints202304.0191.v1


 5 

 

𝐼ଶ(ଷ) = − 𝜂ଶ𝑅2 න 𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑅ଵ + 𝑧ொ − 𝑧ଵඥ𝐷ଵ଴
గଶ

଴ 𝑑𝛽 − 

 12 න൛𝜂ଶ𝑅𝑐𝑜𝑠(4𝛽) − 2ൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧𝑐𝑜𝑠(2𝛽)ൟ𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑅ଵ + 𝑧ொ − 𝑧ଵඥ𝐷ଵ଴ 𝑑𝛽 =గଶ
଴  

− 12 න൛𝜂ଶ𝑅𝑐𝑜𝑠(4𝛽) − 2ൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧𝑐𝑜𝑠(2𝛽)ൟగଶ
଴ 𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑅ଵ + 𝑧ொ − 𝑧ଵඥ𝐷ଵ଴ 𝑑𝛽 = 

− 𝜂ଶ𝑅2 𝐽ଵ଴ 

(18)

where, 

𝐽ଵ଴ = න 𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑅ଵ + 𝑧ொ − 𝑧ଵඥ𝐷ଵ଴
గଶ

଴ 𝑑𝛽 (19)

This integral does not have the analytical solution so that it must be solved numerically. 

The kernel function of this integral is continuous function on the interval of the integration. 

Let us solve the second integral by the partial integration. 

𝑣 = න൛𝜂ଶ𝑅𝑐𝑜𝑠(4𝛽) − 2ൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧𝑐𝑜𝑠(2𝛽)ൟ𝑑𝛽గଶ
଴  

or 𝑣 = 𝑠𝑖𝑛(2𝛽)2 ൛𝜂ଶ𝑅𝑐𝑜𝑠(2𝛽) − 2ൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧ൟ 

𝑢 = 𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑅ଵ + 𝑧ொ − 𝑧ଵඥ𝐷ଵ଴  

𝑑𝑢 = 𝑅ଵඥ𝜂ଶ + 1 𝑘ଵ𝑠𝑖𝑛(2𝛽)[𝑐𝑜𝑠(2𝛽) + 𝑎ଶଶ]𝑑𝛽𝜂ඥ𝑅𝑅ଵ∆[𝑐𝑜𝑠ଶ(2𝛽) − 𝑎ଵଵ𝑐𝑜𝑠(2𝛽) − 𝑎ଷଷ]  

with 𝑎ଵଵ = 2ൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧𝜂ଶ𝑅  

𝑎ଶଶ = 𝜂𝑅ଶ + 𝜂(𝑧ொ − 𝑧ଵ)ଶ − 𝑅ଵ(𝑧ொ − 𝑧ଵ)𝜂𝑅𝑅ଵ  

𝑎ଷଷ = ൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧ଶ + (𝜂ଶ + 1)𝑅ଶ𝜂ଶ𝑅ଶ  

Now, 
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𝐼ଶ(ଷ) = − 𝜂ଶ𝑅2 𝐽ଵ଴ − 12 ⎩⎨
⎧𝑢𝑣𝜋2|0   − න 𝑣𝑑𝑢గଶ

଴ ⎭⎬
⎫  = − 𝜂ଶ𝑅2 𝐽ଵ଴ + 

න 𝜂ଶ𝑅𝑅ଵඥ𝜂ଶ + 1 𝑘ଵ𝑠𝑖𝑛(2𝛽)[𝑐𝑜𝑠(2𝛽) + 𝑎ଶଶ]𝑠𝑖𝑛(2𝛽)[𝑐𝑜𝑠(2𝛽) − 𝑎ଵଵ]𝑑𝛽4𝜂ඥ𝑅𝑅ଵ∆[𝑐𝑜𝑠ଶ(2𝛽) − 𝑎ଵଵ𝑐𝑜𝑠(2𝛽) − 𝑎ଷଷ] =గଶ
଴  

𝜂ଶ𝑅2 𝐽ଵ଴ − 𝜂ඥ𝜂ଶ + 1 𝑘ଵඥ𝑅𝑅ଵ4 න [𝑐𝑜𝑠ଶ(2𝛽) − 1][𝑐𝑜𝑠(2𝛽) − 𝑎ଵଵ)][𝑐𝑜𝑠(2𝛽) + 𝑎ଶଶ]𝑑𝛽[𝑐𝑜𝑠ଶ(2𝛽) − 𝑎ଵଵ𝑐𝑜𝑠(2𝛽) − 𝑎ଷଷ]∆ଵ =గଶ
଴  

 𝜂ଶ𝑅2 𝐽ଵ଴ − 𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 නሼ𝑐𝑜𝑠ଶ(2𝛽) + 𝑎ଶଶ𝑐𝑜𝑠(2𝛽) + 𝑎ଷଷ − 1ሽగଶ
଴

𝑑𝛽∆ଵ − 

𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 න (𝐴𝑐𝑜𝑠(2𝛽) + 𝐵)𝑑𝛽[𝑐𝑜𝑠ଶ(2𝛽) − 𝑎ଵଵ𝑐𝑜𝑠(2𝛽) − 𝑎ଷଷ]∆ଵ
గଶ

଴ 𝑑𝛽 

(20)

with 𝐴 = (𝑎ଶଶ + 𝑎ଵଵ)𝑎ଷଷ − 𝑎ଶ,   𝐵 = 𝑎ଷଷଶ − 𝑎ଷଷ + 𝑎ଵଵ𝑎ଶଶ 

The expression (20) can be written as follows, 

𝐼ଶ(ଷ) = − 𝜂ଶ𝑅2 𝐽ଵ଴ − 𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 න ൜𝑐𝑜𝑠ଶ(2𝛽) + 𝑎ଶ𝑐𝑜𝑠(2𝛽) − 1 + 𝑎ଷሽ 𝑑𝛽∆
గଶ

଴ − 

𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 න (𝐴𝑐𝑜𝑠(2𝛽) + 𝐵)𝑑𝛽[(𝑐𝑜𝑠(2𝛽) − 𝑝ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶ)]∆ଵ
గଶ

଴  

(21)

Let us find the solutions of the following equation, 𝑐𝑜𝑠ଶ(2𝛽) − 𝑎ଵଵ𝑐𝑜𝑠(2𝛽) − 𝑎ଷଷ = (𝑐𝑜𝑠(2𝛽) − 𝑝ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶ) = 0 

𝑝ଵ,ଶ = 𝑎ଵଵ ± ඥ𝑎ଵଵଶ + 4𝑎ଷଷ2 = 𝑎ଵଵ ± ඥ𝐷ଵ2 = ൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧𝜂ଶ𝑅 + ඥ(𝜂ଶ + 1)𝜂ଶ𝑅 ඥ𝑇ଵ଴ 

𝐷ଵ = 𝑎ଵଵଶ + 4𝑎ଷଷ = 4 ൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧ଶ𝜂ସ𝑅ଶ + 4 ൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧ଶ + (𝜂ଶ + 1)𝑅ଶ𝜂ଶ𝑅ଶ  

𝐷ଵ = 4(𝜂ଶ + 1)𝜂ସ𝑅ଶ ቄൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧ଶ + 𝜂ଶ𝑅ଶቅ = 4(𝜂ଶ + 1)𝜂ସ𝑅ଶ 𝑇ଵ଴ > 0 

𝑇ଵ଴ = ቄൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧ଶ + 𝜂ଶ𝑅ଶቅ 

The following fraction can be obtained in the following form, (𝐴𝑐𝑜𝑠(2𝛽) + 𝐵)[𝑐𝑜𝑠ଶ(2𝛽) − 𝑎ଵଵ𝑐𝑜𝑠(2𝛽) − 𝑎ଷଷ]∆ = 𝐴𝑐𝑜𝑠(2𝛽) + 𝐵(𝑐𝑜𝑠(2𝛽) − 𝑝ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶ) = 𝑉ଵ𝑐𝑜𝑠(2𝛽) − 𝑝ଵ + 𝑉ଶ𝑐𝑜𝑠(2𝛽) − 𝑝ଶ 

(22)

where, 𝑉ଵ = − 𝐴𝑝ଵ + 𝐵𝑝ଶ − 𝑝ଵ  ,   𝑉ଶ = − 𝐴𝑝ଶ + 𝐵𝑝ଶ − 𝑝ଵ  

The simplified form is, 
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𝐼ଶ(ଷ) = − 𝜂ଶ𝑅2 𝐽ଵ଴ − 𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 න ൜𝑐𝑜𝑠ଶ(2𝛽) + 𝑎ଶଶ𝑐𝑜𝑠(2𝛽) − 1 + 𝑎ଷଷሽ 𝑑𝛽∆ଵ
గଶ

଴ − 

𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 න 𝐴𝑐𝑜𝑠(2𝛽) + 𝐵(𝑐𝑜𝑠(2𝛽) − 𝑝ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶ)∆
గଶ

଴ = − 𝜂ଶ𝑅2 𝐽ଵ଴ − 

𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 න ൜4𝑠𝑖𝑛ସ(𝛽) − (2𝑎ଶ + 4)𝑠𝑖𝑛ଶ(𝛽) + 𝑎ଶ+𝑎ଷሽ 𝑑𝛽∆ଵ
గଶ

଴ − 

𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 ⎩⎨
⎧𝑇ଵ න 𝑑𝛽(𝑐𝑜𝑠(2𝛽) − 𝑝ଵ)∆ଵ +గଶ

଴ 𝑇ଶ න 𝑑𝛽(𝑐𝑜𝑠(2𝛽) − 𝑝ଶ)∆ଵ
గଶ

଴ ⎭⎬
⎫ = − 𝜂ଶ𝑅2 𝐽ଵ଴ − 

𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 ቊ4 ቈ2 + 𝑘ଵଶ3𝑘ଵସ 𝐾(𝑘ଵ) − 2 + 2𝑘ଵଶ3𝑘ଵସ 𝐸(𝑘ଵ)቉ − (2𝑎ଶ + 4)𝑘ଵଶ [𝐾(𝑘ଵ) − 𝐸(𝑘ଵ)] − 

(𝑎ଶଶ + 𝑎ଷଷ)𝐾(𝑘ଵ)ሽ − 𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 ൤ 𝑉ଵ1 − 𝑝ଵ 𝛱(ℎଵ, 𝑘ଵ) + 𝑉ଶ1 − 𝑝ଶ 𝛱(ℎଶ, 𝑘ଵ)൨ 

(23)

with, ℎଵ = 21 − 𝑝ଵ  , ℎଶ = 21 − 𝑝ଶ 

The final expression is obtained in the close form over the complete elliptic integrals of the first, 

second and third kind, 𝐾(𝑘ଵ) , 𝐸(𝑘ଵ), 𝛱(ℎଵ, 𝑘ଵ) and 𝛱(ℎଶ, 𝑘ଵ), [21], [22]. 
Similarly, 

𝐼ଶ(ସ) = නൣ𝜂ଶ𝑅𝑐𝑜𝑠(2𝛽) − 𝑅ଵ + 𝜂൫𝑧ொ − 𝑧ଵ൯൧గଶ
଴ 𝑐𝑜𝑠(2𝛽)𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑅ଵ + 𝑧ொ − 𝑧ଶඥ𝐷ଵ଴ 𝑑𝛽 (24)

can be obtained as follows, 𝐼ଶ(ସ) = 𝜂ଶ𝑅2 𝐽ଶ଴ + 𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑟ଵ12𝑘ଶଷ ሼ[3(𝑎ଶଶଶ + 𝑎ଷଷଷ)𝑘ଶସ − (6𝑎ଶଶଶ + 8)𝑘ଶଶ + 8]𝐾(𝑘ଶ) + 

[(6𝑎ଶଶ2 + 4)𝑘ଶଶ − 8]𝐸(𝑘ଶ)ሽ + 𝑘ଶ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑟ଵ4 ൤ 𝑉ଷ1 − 𝑝ଷ 𝛱(ℎଷ, 𝑘ଷ) + 𝑉ସ1 − 𝑝ସ 𝛱(ℎସ, 𝑘ସ)൨       (25)

where, 
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𝑘ଶଶ = 4𝑅𝑟ଵ(𝑅 + 𝑟ଵ)ଶ + ൫𝑧ொ − 𝑧ଶ൯ଶ 

𝑎ଵଵଵ = 2ൣ𝑟ଵ − 𝜂൫𝑧ொ − 2൯൧𝜂ଶ𝑅  

𝑎ଶଶଶ = 𝜂𝑅ଶ + 𝜂൫𝑧ொ − 𝑧ଶ൯ଶ − 𝑟ଵ൫𝑧ொ − 𝑧ଶ൯𝜂𝑅𝑟ଵ  

𝑎ଷଷଷ = ൣ𝑟ଵ − 𝜂൫𝑧ொ − 𝑧ଶ൯൧ଶ + (𝜂ଶ + 1)𝑅ଶ𝜂ଶ𝑅ଶ  (𝐶𝑐𝑜𝑠(2𝛽) + 𝐷)[𝑐𝑜𝑠ଶ(2𝛽) − 𝑎ଵଵ𝑐𝑜𝑠(2𝛽) − 𝑎ଷଷ] = 𝐶𝑐𝑜𝑠(2𝛽) + 𝐷(𝑐𝑜𝑠(2𝛽) − 𝑝ଷ)(𝑐𝑜𝑠(2𝛽) − 𝑝ସ) = 𝑉ଷ𝑐𝑜𝑠(2𝛽) − 𝑝ଷ + 𝑉ସ𝑐𝑜𝑠(2𝛽) − 𝑝ସ 

(26)

𝐶 = (𝑎ଶଶ + 𝑎ଵଵ)𝑎ଷଷ − 𝑎ଶଶ  ,           𝐷 = 𝑎ଷଷଶ − 𝑎ଷଷ + 𝑎ଵଵ𝑎ଶଶ, 𝑝ଷ,ସ = 𝑎ଵଵଵ ± ඥ𝑎ଵଵଵଶ + 4𝑎ଷଷଷ2 = 𝑎ଵଵ ± ඥ𝐷ଶ2 = ൣ𝑟ଵ − 𝜂൫𝑧ொ − 𝑧ଶ൯൧𝜂ଶ𝑅 + ඥ(𝜂ଶ + 1)𝜂ଶ𝑅 ඥ𝐷ଶ 

𝐷ଶ = 𝑎ଵଵଵଶ + 4𝑎ଷଷଷ = 4 ൣ𝑟ଵ − 𝜂൫𝑧ொ − 𝑧ଶ൯൧ଶ𝜂ସ𝑅ଶ + 4 ൣ𝑟ଵ − 𝜂൫𝑧ொ − 𝑧ଶ൯൧ଶ + (𝜂ଶ + 1)𝑅ଶ𝜂ଶ𝑅ଶ  

𝐷ଶ = 4(𝜂ଶ + 1)𝜂ସ𝑅ଶ ቄൣ𝑟ଵ − 𝜂൫𝑧ொ − 𝑧ଶ൯൧ଶ + 𝜂ଶ𝑅ଶቅ = 4(𝜂ଶ + 1)𝜂ସ𝑅ଶ 𝑇ଶ଴ > 0 

𝑇ଶ଴ = ቄൣ𝑟ଵ − 𝜂൫𝑧ொ − 𝑧ଶ൯൧ଶ + 𝜂ଶ𝑅ଶቅ > 0 

𝑉ଷ = − 𝐶𝑝ଷ + 𝐷𝑝ସ − 𝑝ଷ  ,   𝑉ସ = − 𝐶𝑝ଷ + 𝐷𝑝ସ − 𝑝ଷ  

𝐽ଶ଴ = න 𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑅ଵ + 𝑧ொ − 𝑧ଶඥ𝐷ଵ଴
గଶ

଴ 𝑑𝛽 

Finally, from (14), (16), (21) and (25) the mutual inductance between the thin conical sheet and 

the circular loop can be calculated in the semi-analytical form as follows, 𝑀 = − 2𝜇଴𝑁𝑅(𝑧ଶ − 𝑧ଵ)(𝜂ଶ + 1)ଷଶ 𝑉଴ (27)

where, 
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𝑉଴ = − 𝜂ଶ𝑅2 𝐽଴ − 𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ12𝑘ଵଷ ሼ[3(𝑎ଶ + 𝑎ଷ)𝑘ଵସ − (6𝑎ଶ + 8)𝑘ଵଶ + 8]𝐾(𝑘ଵ) + 

[(6𝑎ଶ + 4)𝑘ଵଶ − 8]𝐸(𝑘ଵ)ሽ + |𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑅ଵ12𝑘ଵଷ ሼ(16𝑘ଵଶ − 16)𝐾(𝑘ଵ) + 

(16 − 8𝑘ଵଶ)𝐸(𝑘ଵ)ሽ + 𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑟ଵ12𝑘ଶଷ ሼ[3(𝑎ଶଶ + 𝑎ଷଷ)𝑘ଶସ − (6𝑎ଶଶ + 8)𝑘ଶଶ + 8]𝐾(𝑘ଶ) + 

[(6𝑎ଶଶ + 4)𝑘ଶଶ − 8]𝐸(𝑘ଶ)ሽ − |𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑟ଵ12𝑘ଶଷ × 

ሼ(16𝑘ଶଶ − 16)𝐾(𝑘ଶ) + (16 − 8𝑘ଶଶ)𝐸(𝑘ଶ)ሽ − 𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 × 

൤ 𝑇ଵ1 − 𝑝ଵ 𝛱(ℎଵ, 𝑘ଵ) + 𝑇ଶ1 − 𝑝ଶ 𝛱(ℎଶ, 𝑘ଵ)൨ + 𝑘ଶ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑟ଵ4 + 

൤ 𝑇ଷ1 − 𝑝ଷ 𝛱(ℎଷ, 𝑘ଶ) + 𝑇ସ1 − 𝑝ସ 𝛱(ℎସ, 𝑘ଶ)൨ 

(28)

where, 
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𝑘ଵଶ = 4𝑅𝑅ଵ(𝑅 + 𝑅ଵ)ଶ + ൫𝑧ொ − 𝑧ଵ൯ଶ , 𝑘ଶଶ = 4𝑅𝑟ଵ(𝑅 + 𝑟ଵ)ଶ + ൫𝑧ொ − 𝑧ଶ൯ଶ 

𝐽଴ = න 𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑅ଵ + 𝑧ொ − 𝑧ଵඥ𝐷଴
గଶ

଴ 𝑑𝛽 − 

න 𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑟ଵ + 𝑧ொ − 𝑧ଶඥ𝐷଴
గଶ

଴ 𝑑𝛽 

𝑎ଵ = 2ൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧𝜂ଶ𝑅  

𝑎ଶ = 𝜂𝑅ଶ + 𝜂(𝑧ொ − 𝑧ଵ)ଶ − 𝑅ଵ(𝑧ொ − 𝑧ଵ)𝜂𝑅𝑅ଵ  

𝑎ଷ = ൣ𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧ଶ + (𝜂ଶ + 1)𝑅ଶ𝜂ଶ𝑅ଶ  𝐴 = (𝑎ଶ + 𝑎ଵ)𝑎ଷ − 𝑎ଶ , 𝐵 = 𝑎ଷଶ − 𝑎ଷ + 𝑎ଵ𝑎ଶ 𝑝ଵ,ଶ = 𝑎ଵ ± ඥ𝑎ଵଶ + 4𝑎ଷ2 ,   ℎଵ = 21 − 𝑝ଵ  , ℎଶ = 21 − 𝑝ଶ 

𝑉ଵ = − 𝐴𝑝ଵ + 𝐵𝑝ଶ − 𝑝ଵ  ,   𝑉ଶ = − 𝐴𝑝ଶ + 𝐵𝑝ଶ − 𝑝ଵ  

𝑎ଵଵ = 2ൣ𝑟ଵ − 𝜂൫𝑧ொ − 𝑧ଶ൯൧𝜂ଶ𝑅  

𝑎ଶଶ = 𝜂𝑅ଶ + 𝜂(𝑧ொ − 𝑧ଶ)ଶ − 𝑟ଵ(𝑧ொ − 𝑧ଶ)𝜂𝑅𝑟ଵ  

𝑎ଷଷ = ൣ𝑟ଵ − 𝜂൫𝑧ொ − 𝑧ଶ൯൧ଶ + (𝜂ଶ + 1)𝑅ଶ𝜂ଶ𝑅ଶ  𝐶 = (𝑎ଶଶ + 𝑎ଵଵ)𝑎ଷଷ − 𝑎ଶଶ , 𝐷 = 𝑎ଷଷଶ − 𝑎ଷଷ + 𝑎ଵଵ𝑎ଶଶ 𝑝ଷ,ସ = 𝑎ଵଵ ± ඥ𝑎ଵଵଶ + 4𝑎ଷଷ2 ,   ℎଷ = 21 − 𝑝ଷ  , ℎସ = 21 − 𝑝ସ 

𝑉ଷ = − 𝐶𝑝ଷ + 𝐷𝑝ସ − 𝑝ଷ  ,   𝑉ସ = − 𝐶𝑝ଷ + 𝐷𝑝ସ − 𝑝ଷ  

𝜂 = 𝑅ଵ − 𝑟ଵ𝑧ଶ − 𝑧ଵ > 0  because 𝑅ଵ > 𝑟ଵ 

()

Thus, the general solution of equation (26) with (27) is expressed by the complete elliptic inte-

grals K(k), E(k) and Π(h, k) as well as one term J0 which must be solved numerically. 

2.2. Singular cases 

The equation (27) with (28) can be directly applied for the general cases. It is possible to have in 

(28) four singular cases so that one must do some corrections to overcome these problems.  

2.2.1. 𝑝ଵ = 𝑝ଷ =  −1 

From (26) one can see that case that for 𝑝ଵ = −1 the singular case appears and  𝐴 = 𝐵 so that, 
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(𝐴𝑐𝑜𝑠(2𝛽) + 𝐵)(𝑐𝑜𝑠(2𝛽) − 𝑝ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶ) = 𝐴(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶ) = 𝐴𝑐𝑜𝑠(2𝛽) − 𝑝ଶ = 𝐴1 − 𝑝ଶ 11 − ℎଶ𝑠𝑖𝑛ଶ(𝛽) 

(29)

Also, in (26) the singularity appears for 𝑝ଷ = −1 and 𝐶 = 𝐷 so that, (𝐶𝑐𝑜𝑠(2𝛽) + 𝐷)(𝑐𝑜𝑠(2𝛽) − 𝑝ଷ)(𝑐𝑜𝑠(2𝛽) − 𝑝ସ) = 𝐶(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ସ) = 𝐶𝑐𝑜𝑠(2𝛽) − 𝑝ସ = 𝐶1 − 𝑝ସ 11 − ℎସ𝑠𝑖𝑛ଶ(𝛽) 

(30)

From (29) and (30), it is obvious that the complete elliptic integrals of the third kind 𝛱(ℎଵ, 𝑘ଵ) 

and 𝛱(ℎଷ, 𝑘ଷ) will vanish. 

Thus, (28) begins, 𝑉଴ = 𝜂ଶ𝑅2 𝐽଴ − 𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ12𝑘ଵଷ ሼ[3(𝑎ଶ + 𝑎ଷ)𝑘ଵସ − (6𝑎ଶ + 8)𝑘ଵଶ + 8]𝐾(𝑘ଵ) + 

[(6𝑎ଶ + 4)𝑘ଵଶ − 8]𝐸(𝑘ଵ)ሽ + |𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑅ଵ12𝑘ଵଷ ሼ(16𝑘ଵଶ − 16)𝐾(𝑘ଵ) + (16 − 8𝑘ଵଶ)𝐸(𝑘ଵ)ሽ + 𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑟ଵ12𝑘ଶଷ ሼ[3(𝑎ଶଶ + 𝑎ଷଷ)𝑘ଶସ − (6𝑎ଶଶ + 8)𝑘ଶଶ + 8]𝐾(𝑘ଶ) + [(6𝑎ଶଶ + 4)𝑘ଶଶ − 8]𝐸(𝑘ଶ)ሽ − 

|𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑟ଵ12𝑘ଶଷ ሼ(16𝑘ଶଶ − 16)𝐾(𝑘ଶ) + (16 − 8𝑘ଶଶ)𝐸(𝑘ଶ)ሽ − 

𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 𝐴1 − 𝑝ଶ 𝛱(ℎଶ, 𝑘ଵ) + 𝑘ଶ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑟ଵ4 𝐶1 − 𝑝ସ 𝛱(ℎସ, 𝑘ଶ) 

(31)

2.2.2. 𝑝ଵ = 𝑝ଷ =  1 

From (22) one can see that case that for 𝑝ଵ = 1 the singular case appears and  𝐴 = −𝐵 so that, (𝐴𝑐𝑜𝑠(2𝛽) + 𝐵)(𝑐𝑜𝑠(2𝛽) − 𝑝ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶ) = 𝐴(𝑐𝑜𝑠(2𝛽) − 1)(𝑐𝑜𝑠(2𝛽) − 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶ) = 𝐴𝑐𝑜𝑠(2𝛽) − 𝑝ଶ = 𝐴1 − 𝑝ଶ 11 − ℎଶ𝑠𝑖𝑛ଶ(𝛽) 

(32)

Also, in (26) the singularity appears for 𝑝ଷ = 1 and 𝐶 = −𝐷 so that, (𝐶𝑐𝑜𝑠(2𝛽) + 𝐷)(𝑐𝑜𝑠(2𝛽) − 𝑝ଷ)(𝑐𝑜𝑠(2𝛽) − 𝑝ସ) = 𝐶(𝑐𝑜𝑠(2𝛽) − 1)(𝑐𝑜𝑠(2𝛽) − 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ସ) = 𝐶𝑐𝑜𝑠(2𝛽) − 𝑝ସ 

= 𝐶1 − 𝑝ସ 11 − ℎସ𝑠𝑖𝑛ଶ(𝛽) 

(33)

From (32) and (33), it is obvious that the complete elliptic integrals of the third kind 𝛱(ℎଵ, 𝑘ଵ) 

and 𝛱(ℎଷ, 𝑘ଷ) will vanish. 

Thus, for this case we use (31). 

2.2.3. 𝑝ଶ = 𝑝ସ = − 1 

From (26) one can see that case that for 𝑝ଶ = −1 the singular case appears and  𝐴 = 𝐵 so that, (𝐴𝑐𝑜𝑠(2𝛽) + 𝐵)(𝑐𝑜𝑠(2𝛽) − 𝑝ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶ) = 𝐴(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ଵ) = 𝐴𝑐𝑜𝑠(2𝛽) − 𝑝ଵ = 𝐴1 − 𝑝ଵ 11 − ℎଵ𝑠𝑖𝑛ଶ(𝛽) 

(34)
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Also, in (26) the singularity appears for 𝑝ସ = −1 and 𝐶 = 𝐷 so that, (𝐶𝑐𝑜𝑠(2𝛽) + 𝐷)(𝑐𝑜𝑠(2𝛽) − 𝑝ଷ)(𝑐𝑜𝑠(2𝛽) − 𝑝ସ) = 𝐶(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ଷ) = 𝐶𝑐𝑜𝑠(2𝛽) − 𝑝ଷ = 𝐶1 − 𝑝ଷ 11 − ℎଷ𝑠𝑖𝑛ଶ(𝛽) 

(35)

From (34) and (35), it is obvious that the complete elliptic integrals of the third kind 𝛱(ℎଶ, 𝑘ଵ) 

and 𝛱(ℎସ, 𝑘ଷ) will vanish. 

Thus, (28) begins, 𝑉଴ = 𝜂ଶ𝑅2 𝐽଴ − 𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ12𝑘ଵଷ ሼ[3(𝑎ଶ + 𝑎ଷ)𝑘ଵସ − (6𝑎ଶ + 8)𝑘ଵଶ + 8]𝐾(𝑘ଵ) + 

+[(6𝑎ଶ + 4)𝑘ଵଶ − 8]𝐸(𝑘ଵ)ሽ + +|𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑅ଵ12𝑘ଵଷ ሼ(16𝑘ଵଶ − 16)𝐾(𝑘ଵ) + (16 − 8𝑘ଵଶ)𝐸(𝑘ଵ)ሽ + 

+ 𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑟ଵ12𝑘ଶଷ ሼ[3(𝑎ଶଶ + 𝑎ଷଷ)𝑘ଶସ − (6𝑎ଶଶ + 8)𝑘ଶଶ + 8]𝐾(𝑘ଶ) + [(6𝑎ଶଶ + 4)𝑘ଶଶ − 8]𝐸(𝑘ଶ)ሽ − 

−|𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑟ଵ12𝑘ଶଷ ሼ(16𝑘ଶଶ − 16)𝐾(𝑘ଶ) + (16 − 8𝑘ଶଶ)𝐸(𝑘ଶ)ሽ − 

− 𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 𝐴1 − 𝑝ଵ 𝛱(ℎଵ, 𝑘ଵ) + 𝑘ଶ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑟ଵ4 𝐶1 − 𝑝ଷ 𝛱(ℎଷ, 𝑘ଶ) 

(36)

2.2.4. 𝑝ଶ = 𝑝ସ =  1 

From (26) one can see that case that for 𝑝ଶ = 1 the singular case appears and  𝐴 = −𝐵 so that, (𝐴𝑐𝑜𝑠(2𝛽) + 𝐵)(𝑐𝑜𝑠(2𝛽) − 𝑝ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶ) = 𝐴(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ଵ) = 𝐴𝑐𝑜𝑠(2𝛽) − 𝑝ଵ = 𝐴1 − 𝑝ଵ 11 − ℎଵ𝑠𝑖𝑛ଶ(𝛽) 

(37)

Also, in (26) the singularity appears for 𝑝ସ = −1 and 𝐶 = −𝐷 so that, (𝐶𝑐𝑜𝑠(2𝛽) + 𝐷)(𝑐𝑜𝑠(2𝛽) − 𝑝ଷ)(𝑐𝑜𝑠(2𝛽) − 𝑝ସ) = 𝐶(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ଷ) = 𝐶𝑐𝑜𝑠(2𝛽) − 𝑝ଷ = 𝐶1 − 𝑝ଷ 11 − ℎଷ𝑠𝑖𝑛ଶ(𝛽) 

(38)

From (36) and (37), it is obvious that the complete elliptic integrals of the third kind 𝛱(ℎଶ, 𝑘ଵ) 

and 𝛱(ℎସ, 𝑘ଷ) will vanish. 

Thus, for this case we use (36). 

From this detailed analysis detailed all partial singular cases can be found in the previous dis-

cussed cases. 

2.3. Case 𝑟ଵ > 𝑅ଵ 

Now, let us consider a thin conical sheet and a circular loop as showed in Figure 2. The thin 

conical sheet has the radii of basis 𝑅ଵ and 𝑟ଵ  (𝑟ଵ > 𝑅ଵ) and the axial positions 𝑧ଵ and 𝑧ଶ, with the num-

ber of sheets turns N. The circular loop has the radii R and radial position  𝑧ொ.  

In this case 𝑟ଵ > 𝑅ଵ one can use the same reasoning as in the previous cases. This is why the 

final expressions for each calculation. 

From Figure 2, we have, 𝑟ଵ − 𝑅ଵ𝑧ଶ − 𝑧ଵ = 𝑡𝑎𝑔(𝛼) = 𝜂 ,      𝑟ଵ = 𝑅ଵ + 𝜂(𝑧ଶ − 𝑧ଵ) (39)
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𝑧 − 𝑧ଵ𝜌 − 𝑅ଵ = 𝑧ଶ − 𝑧ଵ𝑟ଵ − 𝑅ଵ = 1𝜂  , 𝜌 = 𝑅ଵ + 𝜂(𝑧 − 𝑧ଵ) (40)

 

Figure 2. Circular loop-thin conical sheet inductor (𝑟ଵ > 𝑅ଵ) 

The mutual inductance can be calculated as follows, 

𝑀 = 𝜇଴𝑁𝑧ଶ − 𝑧ଵ න න 𝑅𝜌cos (𝜃)𝑟଴
௭మ

௭భ
గ

଴ 𝑑𝑧𝑑𝜃 = 𝜇଴𝑁𝑧ଶ − 𝑧ଵ න න 𝑅(𝑅ଵ + 𝜂𝑧 − 𝜂𝑧ଵ)cos (𝜃)𝑟଴
௭మ

௭భ
గ

଴ 𝑑𝑧𝑑𝜃 (41)

with 𝑟଴ = ට(𝑅ଵ + 𝜂𝑧 − 𝜂𝑧ଵ)ଶ − 2(𝑅ଵ + 𝜂𝑧 − 𝜂𝑧ଵ)𝑅 cos(𝜃) + 𝑅ଶ + (𝑧 − 𝑧ொ)ଶ (42)

Introducing the substitution, 𝜃 = 𝜋 − 2𝛽 in (41) one has, 

𝑀 = − 2𝜇଴𝑁𝑅𝑧ଶ − 𝑧ଵ න න (𝑅ଵ + 𝜂𝑧 − 𝜂𝑧ଵ)cos (2𝛽)𝑟଴
௭మ

௭భ
గ/ଶ
଴ 𝑑𝑧𝑑𝛽 (43)

With 𝑟଴ = ට(𝑅ଵ + 𝜂𝑧 − 𝜂𝑧ଵ)ଶ + 2(𝑅ଵ + 𝜂𝑧 − 𝜂𝑧ଵ)𝑅 cos(2𝛽) + 𝑅ଶ + (𝑧 − 𝑧ொ)ଶ 

The mutual inductance can be calculated by the double integration (43). Following the proce-

dures as in 2.1, after the first integration over the variable z, one has,  

𝑀 = 2𝜇଴𝑁𝑅(𝑧ଶ − 𝑧ଵ)(𝜂ଶ + 1)ଷ/ଶ න 𝑉గ/ଶ
଴ 𝑐𝑜𝑠(2𝛽)𝑑𝛽 (44)

where, 

R1 

r1 

R 

z 

ρ 

ρ 

z1 

z2 
z 

zQ 

α 
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𝑉 = ඥ𝜂ଶ + 1 ቈට𝑐଴𝑅ଵଶ + 𝑏଴𝑅ଵ + 𝑎଴ − ට𝑐଴𝑟ଵଶ + 𝑏଴𝑟ଵ + 𝑎଴቉ − ൣ𝜂ଶ𝑅𝑐𝑜𝑠(2𝛽) − 𝑅ଵ − 𝜂൫𝑧ொ − 𝑧ଵ൯൧ 
× ቈ𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑅ଵ − 𝑧ொ + 𝑧ଵඥ𝐷ଶ଴ − 𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑟ଵ − 𝑧ொ + 𝑧ଶඥ𝐷ଶ଴ ቉                          𝑐଴ = 𝜂ଶ + 1 𝑏଴ = 2ൣ𝜂ଶ𝑅 cos(2𝛽) − 𝑅ଵ − 𝜂(𝑧ொ − 𝑧ଵ)൧ 𝑎଴ = ൣ𝑅ଵ + 𝜂(𝑧ொ − 𝑧ଵ)൧ଶ + 𝜂ଶ𝑅ଶ ∆𝟎= 4𝜂ଶ𝐷଴଴ 𝐷ଵ଴ = ቄ𝜂ଶ𝑅ଶ𝑠𝑖𝑛ଶ(2𝛽) + 2𝑅ൣ𝑅ଵ + 𝜂൫𝑧ொ − 𝑧ଵ൯൧ cos(2𝛽) + ൣ𝑅ଵ + 𝜂൫𝑧ொ − 𝑧ଵ൯൧ଶ + 𝑅ଶቅ 

(45)

Finally, using the same procedures as in 2.1 after the second integration the mutual inductance 

in the semi-analytical form is given as follows, 

𝑀 = 2𝜇଴𝑁𝑅(𝑧ଶ − 𝑧ଵ)(𝜂ଶ + 1)ଷ/ଶ න 𝑉଴଴గ/ଶ
଴ 𝑑𝛽 (46)

The solution of the four integrals in (46), 
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𝑉଴଴ = 𝑉଴଴(ଵ) + 𝑉଴଴(ଶ) + 𝑉଴଴(ଷ) + 𝑉ସସ(ସ) = − 𝜂ଶ𝑅2 𝐽଴଴ − 𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ12𝑘ଵଷ ሼ[3(𝑑ଶ + 𝑑ଷ)𝑘ଵସ − (6𝑑ଶ + 8)𝑘ଵଶ + 8]𝐾(𝑘ଵ) +                        
[(6𝑑ଶ + 4)𝑘ଵଶ − 8]𝐸(𝑘ଵ)ሽ + |𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑅ଵ12𝑘ଵଷ ሼ(16𝑘ଵଶ − 16)𝐾(𝑘ଵ) + 

(16 − 8𝑘ଵଶ)𝐸(𝑘ଵ)ሽ + 𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑟ଵ12𝑘ଶଷ ሼ[3(𝑑ଶଶ + 𝑑ଷଷ)𝑘ଶସ − (6𝑑ଶଶ + 8)𝑘ଶଶ + 8]𝐾(𝑘ଶ) +  
[(6𝑑ଶଶ + 4)𝑘ଶଶ − 8]𝐸(𝑘ଶ)ሽ − |𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑟ଵ12𝑘ଶଷ × 

     ሼ(16𝑘ଶଶ − 16)𝐾(𝑘ଶ) + (16 − 8𝑘ଶଶ)𝐸(𝑘ଶ)ሽ − 𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 × 

൤ 𝑇ଵଵ1 − 𝑝ଵଵ 𝛱(ℎଵଵ, 𝑘ଵ) + 𝑇ଶଶ1 − 𝑝ଶଶ 𝛱(ℎଶଶ, 𝑘ଵ)൨ + 𝑘ଶ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑟ଵ4  

൤ 𝑇ଷଷ1 − 𝑝ଷଷ 𝛱(ℎଷଷ, 𝑘ଶ) + 𝑇ସସ1 − 𝑝ସସ 𝛱(ℎସସ, 𝑘ଶ)൨  
𝑘ଵଶ = 4𝑅𝑅ଵ(𝑅 + 𝑅ଵ)ଶ + ൫𝑧ொ − 𝑧ଵ൯ଶ  , 𝑘ଶଶ = 4𝑅𝑟ଵ(𝑅 + 𝑟ଵ)ଶ + ൫𝑧ଶ − 𝑧ொ൯ଶ 

𝐽଴଴ = න 𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑅ଵ + 𝑧ଵ − 𝑧ொඥ𝐷଴଴
గଶ

଴ 𝑑𝛽 −                        
න 𝐴𝑠𝑖𝑛ℎ 𝜂𝑅𝑐𝑜𝑠(2𝛽) + 𝜂𝑟ଵ + 𝑧ଶ − 𝑧ொඥ𝐷଴଴

గଶ
଴ 𝑑𝛽      

 𝑑ଵ = 2ൣ𝑅ଵ + 𝜂൫𝑧ொ − 𝑧ଵ൯൧𝜂ଶ𝑅  

 𝑑ଶ = 𝜂𝑅ଶ + 𝜂(𝑧ொ − 𝑧ଵ)ଶ + 𝑅ଵ(𝑧ொ − 𝑧ଵ)𝜂𝑅𝑅ଵ  

𝑑ଷ = ൣ𝑅ଵ + 𝜂൫𝑧ொ − 𝑧ଵ൯൧ଶ + (𝜂ଶ + 1)𝑅ଶ𝜂ଶ𝑅ଶ  𝐴ଵ = (𝑑ଶ + 𝑑ଵ)𝑑ଷ − 𝑑ଶ ,  𝐵ଵ = 𝑑ଷଶ − 𝑑ଷ + 𝑑ଵ𝑑ଶ 𝑝ଵଵ,ଶଶ = 𝑑ଵ ± ඥ𝑑ଵଶ + 4𝑑ଷ2 ,   ℎଵଵ = 21 − 𝑝ଵଵ  , ℎଶଶ = 21 − 𝑝ଶଶ 

𝑉ଵଵ = −   𝐴ଵ𝑝ଵଵ +  𝐵ଵ𝑝ଶଶ − 𝑝ଵଵ  ,   𝑉ଶଶ = −   𝐴ଵ𝑝ଶ +  𝐵ଵ𝑝ଶଶ − 𝑝ଵଵ  

𝑑ଵଵ = 2ൣ𝑟ଵ + 𝜂൫𝑧ொ − 𝑧ଶ൯൧𝜂ଶ𝑅  

𝑑ଶଶ = 𝜂𝑅ଶ + 𝜂(𝑧ொ − 𝑧ଶ)ଶ + 𝑟ଵ(𝑧ொ − 𝑧ଶ)𝜂𝑅𝑟ଵ  

𝑑ଷଷ = ൣ𝑟ଵ + 𝜂൫𝑧ொ − 𝑧ଶ൯൧ଶ + (𝜂ଶ + 1)𝑅ଶ𝜂ଶ𝑅ଶ  𝐶ଵ = (𝑑ଶଶ + 𝑑ଵଵ)𝑑ଷଷ − 𝑑ଶଶ , 𝐷ଵ = 𝑑ଷଷଶ − 𝑑ଷଷ + 𝑑ଵଵ𝑑ଶଶ 𝑝ଷଷ,ସସ = 𝑑ଵଵ ± ඥ𝑑ଵଵଶ + 4𝑑ଷଷ2 ,   ℎଷଷ = 21 − 𝑝ଷଷ  , ℎସସ = 21 − 𝑝ସସ 

(47)
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𝑉ଷଷ = −  𝐶ଵ𝑝ଷଷ + 𝐷ଵ𝑝ସସ − 𝑝ଷଷ  ,   𝑉ସସ = −  𝐶ଵ𝑝ଷଷ + 𝐷ଵ𝑝ସସ − 𝑝ଷସ  

Thus, the general solution of equation (46) with (47) is expressed by the complete elliptic inte-

grals K(k), E(k) and Π(h, k) as well as one term J00 which must be solved numerically. 

2.4. Singular cases 

It is possible to have in (47) four singular cases so that one must do some corrections to overcome 

these problems.  

2.4.1. 𝑝ଵଵ = 𝑝ଷଷ =  −1 

From (47) one can see that case that for 𝑝ଵଵ = −1 the singular case appears and  𝐴ଵ = 𝐵ଵ so 

that, (𝐴ଵ𝑐𝑜𝑠(2𝛽) + 𝐵ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଵଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶଶ) = 𝐴ଵ(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶଶ) = 𝐴ଵ𝑐𝑜𝑠(2𝛽) − 𝑝ଶଶ = 𝐴ଵ1 − 𝑝ଶଶ 11 − ℎଶଶ𝑠𝑖𝑛ଶ(𝛽) 

(48)

For 𝑝ଷଷ = −1 in (47) 𝐶ଵ = 𝐷ଵ so that (𝐶ଵ𝑐𝑜𝑠(2𝛽) + 𝐷ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଷଷ)(𝑐𝑜𝑠(2𝛽) − 𝑝ସସ) = 𝐶ଵ(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ସସ) = 𝐶ଵ𝑐𝑜𝑠(2𝛽) − 𝑝ସସ = 𝐶ଵ1 − 𝑝ସସ 11 − ℎସସ𝑠𝑖𝑛ଶ(𝛽) 

(49)

From (48) and (49), it is obvious that the complete elliptic integrals of the third kind 𝛱(ℎଶଶ, 𝑘ଵ) 

and 𝛱(ℎସସ, 𝑘ଷ) will vanish. 

Thus, (47) begins, 𝑉଴଴ = 𝜂ଶ𝑅2 𝐽଴଴ − 𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ12𝑘ଵଷ ሼ[3(𝑑ଶ + 𝑑ଷ)𝑘ଵସ − (6𝑑ଶ + 8)𝑘ଵଶ + 8]𝐾(𝑘ଵ) + 

[(6𝑑ଶ + 4)𝑘ଵଶ − 8]𝐸(𝑘ଵ)ሽ + |𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑅ଵ12𝑘ଵଷ ሼ(16𝑘ଵଶ − 16)𝐾(𝑘ଵ) + (16 − 8𝑘ଵଶ)𝐸(𝑘ଵ)ሽ + 𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑟ଵ12𝑘ଶଷ ሼ[3(𝑑ଶଶ + 𝑑ଷଷ)𝑘ଶସ − (6𝑑ଶଶ + 8)𝑘ଶଶ + 8]𝐾(𝑘ଶ) + [(6𝑑ଶଶ + 4)𝑘ଶଶ − 8]𝐸(𝑘ଶ)ሽ − 

|𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑟ଵ12𝑘ଶଷ ሼ(16𝑘ଶଶ − 16)𝐾(𝑘ଶ) + (16 − 8𝑘ଶଶ)𝐸(𝑘ଶ)ሽ − 

𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 𝐴ଵ1 − 𝑝ଶଶ 𝛱(ℎଶଶ, 𝑘ଵ) + 𝑘ଶ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑟ଵ4 𝐶ଵ1 − 𝑝ସସ 𝛱(ℎସସ, 𝑘ଶ) 

(50)

2.4.2. 𝑝ଵଵ = 𝑝ଷଷ =  1 

From (47) one can see that case that for 𝑝ଵଵ = 1 the singular case appears and  𝐴ଵ = −𝐵 so that, (𝐴ଵ𝑐𝑜𝑠(2𝛽) + 𝐵ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଵଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶଶ) = 𝐴ଵ(𝑐𝑜𝑠(2𝛽) − 1)(𝑐𝑜𝑠(2𝛽) − 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶଶ) = 𝐴ଵ𝑐𝑜𝑠(2𝛽) − 𝑝ଶଶ = 𝐴ଵ1 − 𝑝ଶଶ 11 − ℎଶଶ𝑠𝑖𝑛ଶ(𝛽) 

(51)

Also, in (47) the singularity appears for 𝑝ଷଷ = 1 and 𝐶ଵ = −𝐷ଵ so that, 
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(𝐶ଵ𝑐𝑜𝑠(2𝛽) + 𝐷ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଷଷ)(𝑐𝑜𝑠(2𝛽) − 𝑝ସସ) = 𝐶ଵ(𝑐𝑜𝑠(2𝛽) − 1)(𝑐𝑜𝑠(2𝛽) − 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ସସ) = 𝐶ଵ𝑐𝑜𝑠(2𝛽) − 𝑝ସସ = 𝐶ଵ1 − 𝑝ସସ 11 − ℎସସ𝑠𝑖𝑛ଶ(𝛽) 

(52)

Thus, for this case we use (50). 

2.4.3. 𝑝ଶଶ = 𝑝ସସ = − 1 

From (47) one can see that case that for 𝑝ଶଶ = −1 the singular case appears and  𝐴ଵ = 𝐵ଵ so 

that, (𝐴ଵ𝑐𝑜𝑠(2𝛽) + 𝐵ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଵଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶଶ) = 𝐴ଵ(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ଵଵ) = 𝐴ଵ𝑐𝑜𝑠(2𝛽) − 𝑝ଵଵ = 𝐴ଵ1 − 𝑝ଵଵ 11 − ℎଵଵ𝑠𝑖𝑛ଶ(𝛽) 

(53)

Also, in (47) the singularity appears for 𝑝ସସ = −1 and 𝐶ଵ = 𝐷ଵ so that, (𝐶ଵ𝑐𝑜𝑠(2𝛽) + 𝐷ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଷଷ)(𝑐𝑜𝑠(2𝛽) − 𝑝ସସ) = 𝐶ଵ(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ଷଷ) = 𝐶ଵ𝑐𝑜𝑠(2𝛽) − 𝑝ଷଷ = 𝐶ଵ1 − 𝑝ଷ 11 − ℎଷ𝑠𝑖𝑛ଶ(𝛽) 

(54)

From (53) and (54), it is obvious that the complete elliptic integrals of the third kind 𝛱(ℎଶଶ, 𝑘ଵ) 

and 𝛱(ℎସସ, 𝑘ଷ) will vanish. 

Thus, (47) begins, 𝑉଴଴ = 𝜂ଶ𝑅2 𝐽଴଴ − 𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ12𝑘ଵଷ ሼ[3(𝑑ଶ + 𝑑ଷ)𝑘ଵସ − (6𝑑ଶ + 8)𝑘ଵଶ + 8]𝐾(𝑘ଵ) + 

+[(6𝑑ଶ + 4)𝑘ଵଶ − 8]𝐸(𝑘ଵ)ሽ + +|𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑅ଵ12𝑘ଵଷ ሼ(16𝑘ଵଶ − 16)𝐾(𝑘ଵ) + (16 − 8𝑘ଵଶ)𝐸(𝑘ଵ)ሽ + 

+ 𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑟ଵ12𝑘ଶଷ ሼ[3(𝑑ଶଶ + 𝑑ଷଷ)𝑘ଶସ − (6𝑑ଶଶ + 8)𝑘ଶଶ + 8]𝐾(𝑘ଶ) + [(6𝑑ଶଶ + 4)𝑘ଶଶ − 8]𝐸(𝑘ଶ)ሽ − 

−|𝜂|ඥ𝜂ଶ + 1 ඥ𝑅𝑟ଵ12𝑘ଶଷ ሼ(16𝑘ଶଶ − 16)𝐾(𝑘ଶ) + (16 − 8𝑘ଶଶ)𝐸(𝑘ଶ)ሽ − 

− 𝑘ଵ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑅ଵ4 𝐴ଵ1 − 𝑝ଵଵ 𝛱(ℎଵଵ, 𝑘ଵ) + 𝑘ଶ𝜂ඥ𝜂ଶ + 1ඥ𝑅𝑟ଵ4 𝐶ଵ1 − 𝑝ଷଷ 𝛱(ℎଷଷ, 𝑘ଶ) 

(55)

2.4.4. 𝑝ଶ = 𝑝ସ =  1 

From (47) one can see that case that for 𝑝ଶଶ = 1 the singular case appears and  𝐴ଵ = 𝐵ଵ so that, (𝐴ଵ𝑐𝑜𝑠(2𝛽) + 𝐵ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଵଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଶଶ) = 𝐴ଵ(𝑐𝑜𝑠(2𝛽) − 1)(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ଵଵ) = 𝐴ଵ𝑐𝑜𝑠(2𝛽) − 𝑝ଵଵ = 𝐴ଵ1 − 𝑝ଵଵ 11 − ℎଵଵ𝑠𝑖𝑛ଶ(𝛽) 

(56)

Also, in (47) the singularity appears for 𝑝ସସ = 1 and 𝐶ଵ = 𝐷ଵ so that, (𝐶ଵ𝑐𝑜𝑠(2𝛽) + 𝐷ଵ)(𝑐𝑜𝑠(2𝛽) − 𝑝ଷଷ)(𝑐𝑜𝑠(2𝛽) − 𝑝ସସ) = 𝐶ଵ(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) + 1)(𝑐𝑜𝑠(2𝛽) − 𝑝ଷଷ) = 𝐶ଵ𝑐𝑜𝑠(2𝛽) − 𝑝ଷଷ = 𝐶ଵ1 − 𝑝ଷ 11 − ℎଷ𝑠𝑖𝑛ଶ(𝛽) 

(57)

From (56) and (57), it is obvious that the complete elliptic integrals of the third kind 𝛱(ℎଶଶ, 𝑘ଵ) 

and 𝛱(ℎସସ, 𝑘ଷ) will vanish. 
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Thus, for this case we use (55). 

Finally, all partial singular cases can be found in the previous discussed cases. 

2.5. 𝜂 = 0  (𝑟ଵ = 𝑅ଵ) 

This is the special case when the thin conical sheet degenerates to the thin wall solenoid (𝑟ଵ =𝑅ଵ). The mutual inductance between the thin wall solenoid and the circular loop is given in [7], 

𝑀 = 𝜇଴𝑁(𝑧ଶ − 𝑧ଵ) ෍(−1)௡ିଵ௡ୀଶ
௡ୀଵ 𝛹௡ (58)

where, 

𝛹௡ = − 𝑡௡ඥ𝑅ଵ𝑅𝑘௡ [𝐾(𝑘௡) − 𝐸(𝑘௡)] + 𝜋4 𝑠𝑔𝑛(𝑡௡)|𝑅ଵଶ − 𝑅ଶ|[1 − 𝛬଴(𝜀௡, 𝑘௡)] (59)

𝑘௡ଶ = 4𝑅𝑅ଵ(𝑅 + 𝑅ଵ)ଶ + 𝑡௡ଶ , 𝑡௡ = 𝑧௡ − 𝑧ொ ,       ℎ = 4𝑅𝑅ଵ(𝑅 + 𝑅ଵ)ଶ + 𝑡௡ଶ ,   𝜀௡ = 𝑎𝑟𝑐𝑠𝑖𝑛ඨ 1 − ℎ1 − 𝑘௡ଶ 

𝛬଴(𝜀௡, 𝑘௡) is Heuman’s Lambda function, [22]. 

R1 is the radii of the thin wall solenoid, 

z1 and z2 are the axial positions of the thin wall solenoid, 

R is the radii of the circular loop, 

zQ is the axial position of the circular loop, 

N is the number of turns of the thin wall solenoid. 

3. Numerical validation 

To verify the validity of the new presented formula for calculating the following set of examples 

is presented. 

Example 1. Calculate the mutual inductance between the thin conical sheet inductor and the circular loop for 

which R1 = 10 m, r1 = 2 m, z1 = - 1 m, z2 = 2 m, N=1000 and R = 5 m, zQ = 0 m.  

This is the case 𝑅ଵ > 𝑟ଵ  (𝐹𝑖𝑔𝑢𝑟𝑒 1). Let us begin with the basic formula (5) where the mutual inductance 

is given by the double integration. 

The mutual inductance is, 𝑀(𝐷𝑜𝑢𝑏𝑙𝑒) = 7.401731104798464 𝑚𝐻  
Using the formula (10) with (11) the mutual inductance is obtained by the single integration. 𝑀(𝑆𝑖𝑛𝑔𝑙𝑒) = 7.401731104798464 𝑚𝐻 

Let us use the semi-analytical formula (27) with (28), 𝑀(𝑆𝑒𝑚𝑖 − 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙) = 7.401731104798464 𝑚𝐻  
 

Example 2. Calculate the mutual inductance between the thin conical sheet inductor and the circular loop for 

which R1 = 2 m, r1 = 10 m, z1 = - 1 m, z2 = 2 m, N=1000 and R = 5 m, zQ = 0 m.  

This is the case 𝑅ଵ < 𝑟ଵ (𝐹𝑖𝑔𝑢𝑟𝑒 2).  

Using the basic formula (43) for the double integration the mutual inductance is, 𝑀(𝐷𝑜𝑢𝑏𝑙𝑒) = 8.607861541512988  𝑚𝐻 

Using the formula (44) with (45) the mutual inductance is obtained by the single integration, 𝑀(𝑆𝑖𝑛𝑔𝑙𝑒) = 8.607861541512988  𝑚𝐻 

Finally, let us use the semi-analytical formula (46) with (47) the mutual inductance is, 
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𝑀(𝑆𝑒𝑚𝑖 − 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙) = 8.607861541512988   𝑚𝐻 

All results are in an excellent agreement. 

Example 3. Calculate the mutual inductance between the thin conical sheet inductor and the circular loop for 

which R1 = 3 m, r1 = 2 m, z1 = 0 m, z2 = 0.2 m, N=1000, R = 1 m, and zQ = 0.2 m.  

This is the case 𝑅ଵ > 𝑟ଵ  (𝐹𝑖𝑔𝑢𝑟𝑒 1). The basic formula for the mutual inductance is given by the double 

integration (5). 

The mutual inductance is, 𝑀(𝐷𝑜𝑢𝑏𝑙𝑒) = 𝟎. 𝟖𝟓𝟓𝟗𝟏𝟒𝟎𝟗𝟏𝟗𝟏𝟗𝟎𝟖95 𝑚𝐻 

Using the formula (10) with (11) the mutual inductance is obtained by the single integration. 𝑀(𝑆𝑖𝑛𝑔𝑙𝑒) = 𝟎. 𝟖𝟓𝟓𝟗𝟏𝟒𝟎𝟗𝟏𝟗𝟏𝟗𝟎𝟖92 𝑚𝐻 

Finally, let us use the semi-analytical formula (27) with (28) for the mutual inductance which gives, 𝑀(𝑆𝑒𝑚𝑖 − 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙) = 𝟎. 𝟖𝟓𝟓𝟗𝟏𝟒𝟎𝟗𝟏𝟗𝟏𝟗𝟎𝟖74 𝑚𝐻 

All results are in an excellent agreement. The figures that agree are bolded.  

Example 4. Calculate the mutual inductance between the thin conical sheet inductor and the circular loop for 

which R1 = 2 m, r1 = 3 m, z1 = 0 m, z2 = 0.2 m, N=1000 and R = 1 m, zQ = 0.2 m.  

This is the case 𝑟ଵ > 𝑅ଵ  (𝐹𝑖𝑔𝑢𝑟𝑒 2). The basic formula for the mutual inductance is given by the double 

integration (43) which gives, 𝑀(𝐷𝑜𝑢𝑏𝑙𝑒) = 𝟎. 𝟖𝟓𝟐𝟗𝟓𝟕𝟏𝟒𝟒𝟑𝟐𝟑𝟓𝟒𝟑𝟐 𝑚𝐻  
Using the formulas (44) with (45) the self-inductance is obtained by the single integration. 𝑀(𝑆𝑖𝑛𝑔𝑙𝑒) = 𝟎. 𝟖𝟓𝟐𝟗𝟓𝟕𝟏𝟒𝟒𝟑𝟐𝟑𝟓𝟒𝟑𝟑 𝑚𝐻 

Let us use the semi-analytical formula (46) with (47), 𝑀(𝑆𝑒𝑚𝑖 − 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙) = 𝟎. 𝟖𝟓𝟐𝟗𝟓𝟕𝟏𝟒𝟒𝟑𝟐𝟑𝟓𝟒𝟒𝟓𝑚𝐻  
All results are in an excellent agreement. The figures that agree are bolded.  

Example 5. In this example one calculates the mutual inductance between the thin wall solenoid and the cir-

cular loop for which R1 = r1 = 2 m, z1 = 0 m, z2 = 0.2 m, N=1000 and R = 1 m, zQ = 0.2 m.  

In this example the thin conical sheet inductor degenerates to the thin wall solenoid (𝜂 = 0). 

The exact formula for calculating the mutual inductance between the thin wall solenoid and the circular 

loop is given by (58) with (59) as follows, [7], 𝑀(𝐴𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙) = 𝟏. 𝟎𝟖𝟖𝟖𝟕𝟏𝟕𝟎𝟐𝟏𝟑𝟔𝟖𝟏 mH 

Using the formulas for the double and the single integration either for the case 𝑅ଵ > 𝑟ଵ or 𝑅ଵ < 𝑟ଵ the 

mutual inductance is respectively, 𝑀(𝐷𝑜𝑢𝑏𝑙𝑒) = 𝟏. 𝟎𝟖𝟖𝟖𝟕𝟏5096342527 𝑚𝐻 𝑀(𝑆𝑖𝑛𝑔𝑙𝑒) = 𝟏. 𝟎𝟖𝟖𝟖𝟕𝟏𝟕𝟎𝟐𝟏𝟑𝟔7874𝑚𝐻  Equations (5) and (43) for the double integration and (10) with (11) as well as (44) with (45) for the single 

integration are not singular for 𝜂 = 0. It is not case for the semi-analytical solutions (27) with (28) or (46) 

with (77) when they are singular or indeterminate. 

However, one can take, for example, R1 = 2.0000001 m, and r1 = 2.0000001 m equations (28) and (47) 

respectively so that they give,  𝑀(𝑆𝑒𝑚𝑖 − 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙) = 𝟏. 𝟎𝟖𝟖𝟖𝟕𝟏6126957454𝑚𝐻  
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All figures that agree with the exact result, are bolded. Even though the results are in the particularly good 

agreement it is recommended to use the formula (58) with (59) for calculating the mutual inductance between 

the thin wall solenoid and the circular loop. This formula can be carefully obtained from (28) and (47) in the 

limit case when  𝑅ଵ → 𝑟ଵ and vice versa. 

Example 6. Calculate the mutual inductance between the thin conical sheet inductor and the circular loop for 

which R1 = 3 m, r1 = 2 m, z1 = 0 m, z2 = 0.2 m, N=1000 and R = 1 m, zQ = 0.4 m.  

In this example one finds that 𝑝ଵ = 𝑝ଷ = − 1, so that it is the singular case 2.2.1.  

Applying (31) the mutual inductance is, 𝑀(𝑆𝑒𝑚𝑖 − 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙) = 𝟎. 𝟖𝟑𝟓𝟒𝟔𝟒𝟕𝟐𝟓𝟑𝟒𝟎𝟗𝟔38 𝑚𝐻 

Using the basic formula (5) for the double integration the mutual inductance is, 𝑀(𝐷𝑜𝑢𝑏𝑙𝑒) = 𝟎. 𝟖𝟑𝟓𝟒𝟔𝟒𝟕𝟐𝟓𝟑𝟒𝟎𝟗𝟔52𝑚𝐻  
Using the formula (10) with (11) the mutual inductance is obtained by the single integration. 𝑀(𝑆𝑖𝑛𝑔𝑙𝑒) = 𝟎. 𝟖𝟑𝟓𝟒𝟔𝟒𝟕𝟐𝟓𝟑𝟒𝟎𝟗𝟔52 𝑚𝐻 

All figures, that agree, are bolded. All results are in an excellent agreement. 

Example 7. Calculate the mutual inductance between the thin conical sheet and the circular loop for which R1 

= 3 m, r1 = 2 m, z1 = 0 m, z2 = 0.2 m, N=1000 and R = 1 m, zQ = 0.8 m.  

In this example one finds that 𝑝ଵ = 𝑝ଷ =  1, so that it is the singular case 2.2.2.   

Applying (31) the mutual inductance is, 𝑀(𝑆𝑒𝑚𝑖 − 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙) = 𝟎. 𝟕𝟑𝟗𝟕𝟒𝟓𝟕𝟏𝟐𝟗𝟑𝟓𝟖𝟕85𝑚𝐻 

Using the basic formula (5) for the double integration the mutual inductance is, 𝑀(𝐷𝑜𝑢𝑏𝑙𝑒) = 𝟎. 𝟕𝟑𝟗𝟕𝟒𝟓𝟕𝟏𝟐𝟗𝟑𝟓𝟖𝟕4 𝑚𝐻 

Using the formula (11) the mutual inductance is obtained by the single integration. 𝑀(𝑆𝑖𝑛𝑔𝑙𝑒) = 𝟎. 𝟕𝟑𝟗𝟕𝟒𝟓𝟕𝟏𝟐𝟗𝟑𝟓𝟖𝟕38 𝑚𝐻 

All results are in an excellent agreement. The figures that agree are bolded.  

All presented results have been obtained by the Mathematica programing. One can see that they are in an 

excellent agreement so that the potential users can use on of the presented formulas by their preference.  

4. Discussion 

For the first time in the literature the new formula for calculating the mutual inductance between 

the thin conical sheet inductor and the filamentary loop is given. Coils are coaxial. Conical coils used 

in RF /Microwave and mm Wave systems have extremely ultra-wideband electrical responses and 

are commonly attached to transmission lines to bias microwave devices. These coils have tradition-

ally been designed experimentally without the aid of modern 3D electromagnetic simulators due to 

the difficult model creation process. The calculation of the presented mutual induction is obtained in 

the semi-analytical form over the complete elliptical integrals of the first, second and third kind as 

well as one term that does not have the analytical solution and it must be solved numerically. The 

kernel function of this integral is continuous function on the interval of integration. All procedures 

of the calculation are given promptly so that the potential users can easily use them choosing the 

appropriate formula. The representative numerical examples are given to validate the presented 

method. The presented method can serve as the base to calculate the mutual inductance between 

more complex configurations such as the coaxial thin sheet inductor the thin wall solenoid inductor 

and the two coaxial thin conical inductors. It will be the future work which is the continuation of the 

new presented method. 
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