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Featured Application: For the first time the semi-analytical formula for calculating the mutual inductance
between the thin conical sheet inductor and the circular loop is given. The coils are coaxial. The potential
applications of the presented work are in wireless power systems, and in ultra-broadband applications since
the conical shapes limit effects of the stray capacitance creating the high impedance over a wide bandwidth.

Abstract: The paper describes a new formula for calculating the mutual inductance between a thin conical sheet
inductor and a filamentary circular loop, which are coaxial. The presented formula is derived semi-analytically
using the complete elliptic integrals of the first, second, and the third kind, along with the integral term which
will be solved numerically. The results are validated using double and single integration methods, as well as
the semi-analytical formula. The mutual inductance between a thin wall solenoid and a filamentary circular
loop can be obtained using the new formula for the conical coil and circular loop. Presented formulas can be
useful in various applications, such as broadband RF and wireless power transfer systems that utilize conical
inductors. Overall, the paper presents a valuable contribution to the field of inductor design and can be useful
in various applications involving conical inductors.

Keywords: mutual-inductance; thin conical sheet inductor; filamentary circular loop; complete
elliptical integrals of the first; second and third kind; Heuman Lambda function

1. Introduction

The paper discusses the challenge of computing the mutual inductance of conventional coils,
which has been a topic of research since the time of Maxwell, [1]. While analytical solutions in the
form of elementary functions exist for linear coils, more complex configurations, such as circular and
elliptical coils require solutions in terms of elliptic integrals, Bessel and Struve functions, and hyper-
geometric convergent series, [2-8]. Numerical method and commercial software packages are also
available, but there is interest in developing analytical and semi-analytical methods for more efficient
computations. Reviewing the corresponding literature in the physics, electromagnetics as well as in
the scientific paper in the engineering one cannot find too much the calculation of the self-inductance
and the mutual inductance of the coils of the conical form. Recently in [9] the calculation of the self-
inductance of thin sheet inductor is obtained in the semi-analytical form. Using the same reasoning,
in this paper, a semi-analytical formula for calculating the mutual inductance between a thin conical
sheet and a filamentary circular loop is given. Coils are coaxial. The new presented method is based
on complete elliptical integrals of the first, second, and third kind, along with a term to be solved by
numerical integration. As the special case of this new developed formula is the formula for calculat-
ing the mutual inductance between the wall solenoid and the filamentary circular loop. The calcu-
lation of the previously mentioned coils is useful for conical inductors which are of ideal form for
ultra-broadband applications up to 40 GHz since the conical shapes limit effects of stray capacitances
and effectively substitute a series of narrow-band inductors, creating the high impedance over a very
wide bandwidth, and in wireless power transfer systems that utilize conical inductors [10-20]. All
cases either the regular or the singular are explained with precise explications. The validation of the
presented method is performed using the single and double integration as well as the semi- analytical
formula. The Mathematica files with implemented formulas are available upon request.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Basic formulas

Let us consider a thin conical sheet and a circular loop as showed in Figure 1. The thin conical
sheet has the radii of basis R; andr; (R; > 1) and the axial positions z; and z,, with the number of
sheets turns N. The circular loop has the radii R and radial position z,.
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Figure 1. Thin conical sheet inductor and circular loop (R; > ry).
Thus, let us begin the complete analysis for the first case (R; > ry), Figure 1.
From Figure 1. one has,

R

T
2 _Zl =tag(a) =7, Ry =m+n(z; —2z) or 1 =Ry —1n(z — 21) 1
272

Zo—2Z Zy;—2z; 1

= =—, = — —_ =R_ —
o—1. R —1 7 p=r—1n(z—2z) 11z —2z) 2)

The mutual inductance between the thin conical sheet inductor and the circular loop can be cal-
culated by,

Z2

_ yoNf Rpcos(@)
1

zd6 @)

Z1

with

Ty = J(Rl —nz+nz;)? — 2(Ry —nz + nz;)R cos(0) + R? + (z — zp)? (4)

Even though R; >r; (n > 0) one must use p = R; —1n(z — z;). By the simple verification for
R; =7, (n = 0) the thin conical sheet degenerates to the thin wall solenoid. For this case, the formula
(3) begins the formula for calculating the mutual inductance between the thin wall solenoid and the
circular loop, [50].
Introducing the substitution, 8 = = — 2§ in (3) one has,
/2 Zy
Z#ONR j f (Ry —mz + 7721)605 @B ,

2 — 7

zdf ®)

where,

Ty = \/(Rl -1z +nz1)? + 2(Ry — 1z +nz;1)R cos(2f) + R? + (z — zy)?

Let us calculate the first integral in (5),
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3
Z2
R, —nz +nz,)dz
I, = f (Ry —nz +nzy) ©)
To
Z1
with
1
TO = —4/ Cltz + blt + a1
]
q=n*+1
b, = 2[n*R cos(2B) — Ry +1(zy — 21)]
2
a; = [R1 —n(zg — zl)] + n?R?
A1= 4a1C1 - b12 =
4n? {anzsinz(Zﬂ) - ZR[R1 + r](21 - ZQ)] cos(2p) + [R1 + r](zl - ZQ)]2 + R%} = 4n%Dy,
. 2
Dy = {anzsmz(Zﬁ) +2R[Ry — (2 — z1)] cos(2B) + [Ry —n(zg — z1)]” + RZ}
Ry
= J‘ tdt ®)
! cat?+bit+a
1
Using [21],
L= JeiR?+ bRy +a; Jor?+br+a; n*Rcos(2B) — Ry +1(zy — zg) 5
e n?+1 n?+1 (12 + 1)3/2
9
. NMRcos(2B) +nRy + 2o — 7, _ NMRcos(2B) +nry + 25 — 2, ©
Asinh — Asinh
vD1o VD10
Thus, the solution of this integral is obtained in the close form.
Now, the formula (5) can be given as follows,
/2
2uoNR
M=- |4 2B)d 10
G| Veosenas 10
0
where,
V: n2+1 [\/ClRf-l-blRl-l-al—J61T12+b11'1+a1]—
[7?Rcos(2B) — Ry +1(zp — 2,)] % (11)
Rcos(2f) +nRy +2zp — z Rcos(2B) +nry + 2z — z
Asinhn (2B) + 1R, 0 1—Asinhn 2B) +nry 0 2]
VD10 vD1o
Let us solve the following integrals in (10) and (11).
/2
I, = f Vcos(2B)dB = I8V + 1P + 1P 4+ 1{Y (12)
0
/2 /2

Iél) =./n%+ 1f /chz + bRy + acos(2B)dp = n*+ 1f \/Tlcos(ZB)dﬁ (13)
0 0

Tl = ClR]Z_ + b1R1 + (11 = nz[(R + R1)2 + (ZQ - Zl)z - 4RR1 Sinz(ﬂ)]
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4
/2
K = R 2[R+ B2 + (g - 20?] [ 41— 25in%(@))ap
0
4RR
A1= 1 — kZsin? , k% = -
/ tsin?(B) Rt R+ (zg—7)
Using [21] one obtains,
3
. JRR ,
0 = 2l F T | a1 = 2sin () dp =
0
2Inln?+1 3k3 {(Zkl = 2)K(ky) +(2 = k$)E (k1)}
or
1 = 2l T2k - DK ) + 2 = KDE ) s

This solution is obtained in the close form where K(k;) and E(k;) are the complete integrals of
the first and second kind [21],[22].

Similarly,
7
12(2) Y 1f\/mcos(23)dﬁ (15)
0

the solution of this integral is also obtained in the close form as follows,

1P = 2P+ 1 \ék_g{(Zkz—Z)K(kz)+(2 K3)E (Je2)} (16)
with
K2 = 4Rmy

R+m)? + (22— 70)°
The next integral is,

12(3) = [n?Rcos(2B) — Ry +1(zy — 21)] X

o —

17)
nRcos(2f) +NRy + zp — z;

vV DlO

cos(2B)Asinh ap

or
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5
T
2
2R Rcos(2B)+nR, +zy, —z
12(3) __n fAsinhn (2B) + 1Ry + z4 1dﬁ—
2 5 vD1o
n
2
1 Rcos(2B) +nRy +zp — z
Ef{ancos(élﬂ) — 2[Ry —n(z — Zl)]cos(Zﬁ)}Asinh17 (2B) + 1Ry + 20 =2, dg =
vD1o
0 (18)
1 % Rcos(2p) R, +
cos + Zo—Z
——f{ancos(4[>’) — 2[Ry —n(zq — zl)]cos(Z[f)}Asinh77 B+ Ry + 29 — 1 dg =
2 5 VD10
n*R
—7110
where,

nRcos(2B) + Ry + 29 — 7, dp 19)

T
2
10 — fASlTLh
0 V DlO

This integral does not have the analytical solution so that it must be solved numerically.
The kernel function of this integral is continuous function on the interval of the integration.

Let us solve the second integral by the partial integration.
T

v= f{ancos(4ﬂ) — 2[R1 — n(zQ — zl)]cos(Z,B)}dB
0

or
in(2
= smg A {ancos(Z,B) - 2[R1 - n(zQ - zl)]}
4 = Asinh r]Rcos(Z[?)\-l/-%j1 t+zo—27
. Ri\/1n? + 1 kysin(2B)[cos(2B) + ay,]dB
~ 1yRR;A[cos2(2f) — ay1c0s(2) — ass]
with

_ 2[Ry = 1(zg — 1)
n*R

(4551

_ NR* +n(zg — 21)* — Ri(2q — 21)

azz = 1RR,
3 [R1 - n(zQ — zl)]2 + (n? + 1)R?
a33 - anz

Now,
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T T

2

2 - 2

3 n°R 1 2 n°R

12()2_7110_5 uvl —fvdu Z_Tho"'
0 0

z
J‘nZRle/nZ + 1 kysin(2B)[cos(2B) + ay,lsin(2B)[cos(2B) — a,4]1dB _
J 4n/RR,A[cos?(2B) — as,cos(2) — ass]

R, L RR; f_ [cos?(26) = 11[cos@) — a)][cos@B) + anldf 20)
2 710 4 ; [cos?(2B) — ay1c0s(2f) — as3]A; B

7
2R kinyn?+ 1,/RR d
nTho AL 7 : f{COSZ(Zﬁ) + az,cos(2f) + azz — 1}A—ﬁ -
1
0

kinyn? + 1/RR, H (Acos(2B) + B)dp d
4 bf [cos?(2B) — ay1cos(2f) — as3]A, p

with
_ _ 2
A= (ay +aj)azs —a, B =aj;—az+a;a;

The expression (20) can be written as follows,

I =—

7
2 2 /
%]10 — Fayn : 1yRR, f {cosz(Zﬁ) + a,cos(2B8) — 1+ aﬁ% —
0

21)

kinyn? + 1,/RR, H (Acos(2B) + B)dp

4 . [(cos(2B) = p1)(cos(2B) — p2)]A

Let us find the solutions of the following equation,
cos?(2p) — a11c05(2p) — asz = (cos(2B) — p,)(cos(2f) —p2) =0
_ap t ai; +4as; _ap E \/D_1 _ [Rl - U(ZQ _Zl)] Vn:+1)
P12 = 2 = 5 = 7°R + 2R v T1o

2 2
Ry —1(zq - Ry —1(zg — 2,)]” + (n* + DR?
D, = a} +4az; = 4[ 1 7117(42;2 z)] + 4[ 1 —1(zq 72712)112 (0 )

4(n*+1)
{[R1 —n(zo — zl)]2 + anZ} = :7147710 >0

A+ 1)
1= n4R2

Ty = {[Rl —n(zg - Zl)]z + UZRZ}

The following fraction can be obtained in the following form,
(Acos(2B) + B) _ Acos(2B) + B _
[cos?(2B) — ar1c05(2B) — azs]d (cos(2B) — p1)(cos(2B) — p2)

4 + V,
cos(2B) —p,  cos(2B) —p,

(22)

where,
Ap, +B V. = Ap, + B
P2—p1 P2 —P1

Vi = 2=

The simplified form is,
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]

052(2,8) + azcos(2B) — 1+ a33}i—ﬁ -

2
1@ _TIZ_R] kinyn? + \/RR1f
2 10 —

0

kinyn 2+ 1./RR,

j Acos(2B) + B B _172_R
(cos(2B) —p)(cos(2B) —p)A 2

]10 -

o

k177w/77 + 1/RR,

f 4sin®(B) — (2a, + 4)sin*(B) + a2+a3}% - (23)

3
n°R
Tlof (cos@B) —pt, T f (cos(zm pz)m} 2 o

kinyn? + 1/RR,
4

kinyn? + 1,/RR 2+ k? 2 + 2k? Q2a, +4)
: 4| K (k) = 5 E(ky) | - 55— [K (ky) — E(ky)] —
4 3k 3k} k2
kinyn?+ 1/RR V.
(a0 + @) (k) = P [ Gy ) + 1= T k)|
with,
h, = 2 h, = 2
1 P1 ' 21— P2

The final expression is obtained in the close form over the complete elliptic integrals of the first,
second and third kind, K(k,),E(k,), I1(hy, k,) and I1(hy, k,), [21],[22].
Similarly,

Rcos(2B) +nRy +zp — z
12(4): n (2B) +nRy Q 2d[)7 (24)

VD10

[n?Rcos(2B) — Ry + 1(zy — 21)| cos(2B) Asinh

S ——nIa

can be obtained as follows,

(@ MR, nyn®+ 1yRn
@ _

2 J20 + 12163 {[3(azz2 + azs3)ks — (6ay,, + 8)k5 + 8]K (k) +
2

(25)
[(6a,,2 + 4)k5 — 8]E(k,)} +

H(h3. k3) +

H (h4, k4—)

konyn? + 1/Rry [ I’A
4 1-—

where,
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_ 4Rmy
(R + Tl)z + (ZQ - Zz)z

_2[r —n(zo —2)]
1R

nR? + n(zQ — 22) - rl(zQ - 22)
nRry

3 [ry = n(zo — Zz)]z + (n? + 1)R?
Q333 = n2R?

Az22 =

(26)

(Ccos(2B) + D) _ Ccos(2B) + D _
[cos?(2B) — ai1cos(2B) — azs] ~ (cos(2B) —ps)(cos(2B) —pa)
Vs + V,
cos(2B) —p3  cos(2B) — pa
C = (az +aj)azs —az; , D = a3; — azz + a;1ay;,
ayq1 £/aiy; +4azs;s _ 0 t \/_ [ = TI(ZQ - Zz)] \/ (772 +1) \/—
2 1R
[ri = n(zq — 22)] [ r—1n(zq — 2)| + @ + DR?
1*R? 12R?

4*+ 1) 2 4*+ 1)
D, = W{[T‘l — T](ZQ - Zz)] + T]sz} = 774_TTZO >0

P34 =

D, = a};; +4az3; = 4

Ty = {[rl - n(zQ - zz)]2 + anz} >0

Cps;+D Cps;+D
T e e VA - Tt
Ps — D3 Ps — P3

T

2
Rcos(2B8) +nRy+ 2z, — 2z
]20=fASinhn (2B) + 1Ry + z4 Zdﬁ

J VDo

Finally, from (14), (16), (21) and (25) the mutual inductance between the thin conical sheet and
the circular loop can be calculated in the semi-analytical form as follows,
2o NR
M=- 3V (27)
(22 —z)(n* + 1)2

where,
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n*R 24+1RR
Vo=—1=Jo~ 113%7—%Bmﬁwgm—m%+@%+mkwa+

[(6a, + 4)k? —8lE(k)} + Inlyn? +1 VR {(16k2 —16)K (k) +

1218
(16 — 8k)E(k)} + @{[3(@2 + as3)ks — (6a,, + 8)k3 + 8]K (k,) +
[(6az, +4)k — an—mwfi‘ﬁg (28)
((16k2 — 16)K (k,) + (16 — 8K2)E(k,)} — kl"‘/’ﬂ—f‘/}e—& x
. k) + 7 H(hz,kl)] kz”@‘/R_” +
t) + = kz)]

where,
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4RR, 2= 4Rry
2 =
(R + T‘l)z + (ZQ - 22)2

kZ = =,
(R + R1)2 + (ZQ - Zl)

s

Rcos(2B) +nRy +z, — z
n (2B) + 1R, 0 1d,[>’—

2
= | Asinh
]0 f \/D_o

0

+7]7 +2zy)—2z
! ¢ Zdﬁ
VDo

2[Ry —n(zg — 2)]

T
2

Rcos(2
fAsinhn (28)
0

0 = nR* +n(zg — 21)* — Ri(29 — 1)
’ nRR,

B [R1 - n(zQ - zl)]2 + (n? + 1)R?
as = anz

A= (a,+a)as;—a,,B=a3—a;+aa,
2
0

a, a? +4a;
Pi2=—— 5

2 —n(zg - 2)]
1 an
g = NR? +1(zg — 2,)* — 11(2¢ — 23)
22 = TRT
[rl - r](zQ - zz)]2 + (n? + 1)R?

a =
33 TIZRZ
_ _ 2
C = (az; +ay1)ass —a;,D = a3z —azz + a,a;;
2

, hy =
* 1-p,

Ps — D3

Sl S R, >
n= p— ecause Ry >y
Thus, the general solution of equation (26) with (27) is expressed by the complete elliptic inte-

grals K(k), E(k) and II(h, k) as well as one term Jo which must be solved numerically.

2.2. Singular cases
The equation (27) with (28) can be directly applied for the general cases. It is possible to have in

(28) four singular cases so that one must do some corrections to overcome these problems.

221. pp=p3; = —1
From (26) one can see that case that for p; = —1 the singular case appears and A = B so that,
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(Acos(2B) + B) _ A(cos(2B) + 1) _ A _
(cos(2B) — p1)(cos(2B) —pz)  (cos(2B) +1)(cos(2B) —pz)  cos(2B) —p,
A L (29)
1—p, 1 — hysin?(B)
= —1 and C = D so that,

Also, in (26) the singularity appears for p;

(Ccos(2B) + D) _ C(cos(2p) + 1) _ c _
(cos(2B) — p3)(cos(2B) —ps)  (cos(2B) + 1) (cos(2B) —ps)  cos(2B) —ps 0)
Cc 1

1—py1— hysin?(B)
From (29) and (30), it is obvious that the complete elliptic integrals of the third kind I7(h,, k1)
and II(hs, k;) will vanish.

Thus, (28) begins,
2R 2+ 1,/RR
Vo =T o = P 13 + )it - (60 + 80K + 81K (k) +
[(6a; + Dki —8]E(k)} + Inlyn? +1 1“ 2k3 L {(16k? — 16)K (ky) + (16 — 8KP)E (k)} +
Jn? + 1/Rn;

Inlyn? + 1 \1/2; {(16k3 — 16)K (k) + (16 — 8kD)E (k;)} —

k 24+ 1./RR A k 2 4+ 1./Rr, C
A L 11(hy, ky) + 21 L MT(hy k)
1-p, 4 1—p,

2.2.2. pl = p3 =1
From (22) one can see that case that for p; = 1 the singular case appears and A = —B so that

(Acos(2B) + B) _ A(cos(2B) — 1) B A B
(cos(2B) — p1)(cos(2B) —pz) ~ (cos(2B) — 1)(cos(2B) —pz)  cos(2B) —p, )
2
A 1

1 —p, 1 — hysin?(B)

Also, in (26) the singularity appears for p; =1 and € = —D so that,
(Ccos(2B) + D) B C(cos(2B) —1) _ C
(cos(2B) —ps)(cos(2B) = ps) ~ (cos(2B) —1)(cos(2p) —ps) ~ cos(2B) = ps

33
o ) (33)
" 1—p,1— hysin?(B)

From (32) and (33), it is obvious that the complete elliptic integrals of the third kind I7(hy, k;)

and I1(hs, k;) will vanish.
Thus, for this case we use (31).

2.2.3. P2 = Ps = — 1

From (26) one can see that case that for p, = —1 the singular case appears and A = B so that,
(Acos(2B) + B) _ A(cos(2B) + 1) _ A _
(cos(2B) —p1)(cos(2B) —p;) ~ (cos(2B) + 1)(cos(2B) —p1)  cos(2B) —ps
(34)

A 1
1—p;1— hysin?(B)
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Also, in (26) the singularity appears for p, = —1 and C = D so that,
(Ccos(2B) + D) _ C(cos(2B) +1) _ C _
(cos(2B) — p3)(cos(2B) = ps) ~ (cos(2B) + 1)(cos(2B) —ps) ~ cos(2B) —ps
(35)
c 1

1 —p51— hysin?(B)
From (34) and (35), it is obvious that the complete elliptic integrals of the third kind I7(h,, k1)
and I1(hy, k;) will vanish.
Thus, (28) begins,

%R nvn? + 1/ RR,

Vo=—FJo— {[3(a, + az)kt — (6a, + 8)k% + 8]K (k) +

2 12k3
+[(6a, + Dk? —8lE(k)} + +Inlyn? +1 1“ 2k3 {(16k1 —16)K(ky) + (16 — 8kH)E(k,)} +
24+ 1R
IV R+ aae)Kd — (Bazs + 8K+ 81K (ky) + [(6aza + 4)KE — BIE () — (36)

12k3

—Inlyn*+1 \1/2;{(161(2 —16)K (k) + (16 — 8k)E (k)} —

kinyn?+1JRR;, A konyn?+ 1/Rny
- . T k) + . T Tk k)
2.2.4. pz = p4 = 1
From (26) one can see that case that for p, = 1 the singular case appears and A = —B so that,
(Acos(2B) + B) _ A(cos(2B) + 1) _ A _
(cos(2B) —p1)(cos(2B) —p;) ~ (cos(2B) + 1)(cos(2B) —py)  cos(2B) —ps
37
) 1 (37)
1—py1—hysin?(B)
Also, in (26) the singularity appears for p, = —1 and € = —D so that,
(Ccos(2B) + D) _ C(cos(2B)+1) _ C _
(cos(2B) —ps)(cos(2B) —ps) ~ (cos(2B) + 1)(cos(2B) —ps) ~ cos(2B) —ps
(38)
C 1

1 —p31— hssin?(B)
From (36) and (37), it is obvious that the complete elliptic integrals of the third kind IT(h,, k;)
and II(hy, k;) will vanish.
Thus, for this case we use (36).
From this detailed analysis detailed all partial singular cases can be found in the previous dis-
cussed cases.

2.3.Case r; > Ry

Now, let us consider a thin conical sheet and a circular loop as showed in Figure 2. The thin
conical sheet has the radii of basis R; andr; (r; > R;) and the axial positions z; and z,, with the num-
ber of sheets turns N. The circular loop has the radii R and radial position z,.

In this case r; > R; one can use the same reasoning as in the previous cases. This is why the
final expressions for each calculation.

From Figure 2, we have,

Tl—

R
L= tag(a) =n, 1 =R +n(z;—z) (39)

Z; — 24

doi:10.20944/preprints202304.0191.v1
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Z—2Z1 Z—7z; 1 Ry +1( ) (40)
==, = Z—2Z
p—Ry mn—=R 7 P L !
A
V4
a -
p
Figure 2. Circular loop-thin conical sheet inductor (r; > R;)
The mutual inductance can be calculated as follows,
T Z2
N R 7] N R(R, + - 7]
_ o ff pCOS() _ _Ho ff (R, + 1z nzl)COS()dzde (1)
Z _Zl TO
with
Ty = \/(Rl +nz —nz1)? — 2(Ry + nz —nz;)R cos(0) + R? + (z — zp)? (42)
Introducing the substitution, 8 = m — 2 in (41) one has,
/2 Zp
2 NR R, +nz— cos (2
M= Ho f f (Ry +nz —nzy)cos ( ﬁ) 2dp 43)
-z To

With

Ty = J(Rl +nz —nz1)? + 2(Ry + 1z —nz;)R cos(2P) + R% + (z — zy)*?

The mutual inductance can be calculated by the double integration (43). Following the proce-
dures as in 2.1, after the first integration over the variable z, one has,

/2
_ 2uoNR
M= (z2 —z))(* + 1)3/? of Vcos(2B)dp (44)

where,
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V = 172 + 1 |:\/CORf +boR1 +ao_\/C0r12 +b0r1 +a0] - [TIZRCOS(Zﬁ) _Rl —T](ZQ _Zl)]
Rcos(2B) +nRy —zp + z Rcos(2B) +nry —z, + z
X[Asmhn @p) +nR 2otz . 1RCOSQP) +1m —2g + 2
v D20 v D20
co=n*+1
0o =T (45)

by = Z[an cos(2B) — Ry —n(zg — zl)]
2
ao = [Ry +n(zg — 2,)]” + n?R?
Ao= 4TIZDoo

Dy = {anzsinz(Zﬁ) + ZR[R1 + n(zQ - zl)] cos(2p) + [R1 + n(zQ - zl)]2 + Rz}

Finally, using the same procedures as in 2.1 after the second integration the mutual inductance
in the semi-analytical form is given as follows,

/2
2uoNR
M = (Zz — Zl)(nz + 1)3/2 f VOO dﬁ (46)
0

The solution of the four integrals in (46),
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1 2 3 4
Voo = Voo + Voa) + V5" + V5 =

2 2
n“R nyn? + 1/RR
— 5 oo = T U3(d + d)k{ — (6d, + B)k} + 81K (ky) +

[(6d, + 4)k? — 8]E(k)} + Inlyn? +1 “12k3 {(16k? —16)K (k) +

(16— 8kD)ECe) + T VR 3 3k — (6 + 83 + 81K Cy) +

1213
[(6dz; + 43 — BIE(k2)} — Inln? +1 ‘1/2:
((16k2 — 16)K (k,) + (16 — 8k2)E(k,)} — kl"‘/'ﬂ—:l‘/R—& x
[1_ Mk ) + - L2z H(hzz,kl)] kz"@‘m—”

[ T33
1-pss
4RR, - 4Rr,

2 2 2
(R+R)%*+ (zQ —27) (R+71)2+ (2, — ZQ)

Ty
1(hs3, k) + m—_——— ———I1(hy,, kz)]

)2 =

s

Rcos(2B8) + nRy + 2z, — z
]00=fAsinhn (2B) + 1Ry + z; Qdﬂ_
5 v Doo
L3
2
Rcos(2B) +nry + z, — z,
fA Wl (2B) +nmy + 2, 24p (47)
5 v Doo
_ 2[Ry +1(zg — 7]
1~ an
d. = nR? +1(zg — 7:)* + R (29 — 21)
2 nRR,
[Ry +1(zq — zl)]2 + (n? + 1)R?
dy = n2R?
Ay = (dy +dy)ds —d,, By = d5 —d3 +dyd,
_dli d? + 4d, B = 2 B = 2
P11,22 = 2 v M1 =7 1y 22 =7 Doz
v, = — Aipi + By V= — A1P2_+ By
P22 — P11 P22 — P11
do. = 2[7"1 + r](zQ — 22)]
11 — an
TRz = 2) 4 iz~ 2)
22 IR
[r1 + n(zQ — 22)]2 + (n? + 1)R?
dsz = n2R?
Cy = (dyy + dy1)ds3 — dyy , Dy = df3 — dsz + dyydy,
_ dyy +/d2, + 4ds, 2 b = 2
D33,44 2 v M33 =7 Das 44 = 7 Das
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Cips3 + Dy v Cips3 + Dy

Vo = ——M— ) = —
3 Das — D33 i Das — P34

Thus, the general solution of equation (46) with (47) is expressed by the complete elliptic inte-
grals K(k), E(k) and I1(h, k) as well as one term Joo which must be solved numerically.
2.4. Singular cases

It is possible to have in (47) four singular cases so that one must do some corrections to overcome
these problems.

24.1. P11 = P33 = -1

From (47) one can see that case that for p;; = —1 the singular case appears and A; = B; so
that,
(Aicos(2B) + B,) _ A (cos(2B) + 1) _ Ay _
(cos(2B) — p11)(cos(2B) —pz2)  (cos(2B) + 1)(cos(2) —pzz)  cos(2B) — pa2
(48)
A, 1

1= D22 1 — hy,sin?(B)
For p33 = —1 in (47) C; = D; so that

(Cicos(2B) + Dy) _ Ci(cos(2B) + 1) _ C _
(cos(2B) — p33)(cos(2B) — Paa) B (cos(2B) + 1)(cos(2B) — Paa) B c0S(2f) — Daa B 49)
C, 1

1= Ppas 1 — hyusin?(p)
From (48) and (49), it is obvious that the complete elliptic integrals of the third kind IT(h,,, k1)

and [1(hgyy, ks) will vanish.
Thus, (47) begins,

n’R nyn?+ 1,/RR
Voo = —5Jo0 = ——zpa —— (13(da + dy)kt — (6, +B)k} + BIK (ky) +

(6 + )k} = B1ECk) + o7+ T35k — 16)K (k) + (16 = BkDE )} +

24+1./R
W oy 1;,{3«/_&{[3(@2 + dy3)kd — (6d,, + 8)k2 + 8K (k,) + [(6d,, + 4)kZ — 8]E (k,)} — (50)
2

InlvnZz + 1 ‘1/2;{(16k2 —16)K (kz) + (16 — 8k3)E(k;)} —

kinyn?+1yRR;, A, konyn?+ 1Ry C
M (hya, ki) + T (hys, k2)
4 1—=pa 4 1= Paa
2.4.2. pll = p33 = 1
From (47) one can see that case that for p;; = 1 the singular case appearsand A; = —B so that,
(Aicos(2B) + B,) B Ai(cos(2B) — 1) _ A _
(cos(2B) — p11)(cos(2B) = pz2)  (cos(Z2B) — 1)(cos(2B) —pz2)  cos(2B) — P2,
(51)
A 1

1= pa2 1 — hypsin®(B)
Also, in (47) the singularity appears for pz3 = 1 and C; = —D; so that,
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(Cycos(2B) + Dy) _ Ci(cos(2p) — 1) _ Cy _
(cos(2B) — p33)(cos(2B) — pas)  (cos(2B) — 1)(cos(2B) — pas)  coS(2B) — Pas
(52)
(o 1
1= P4a 1 — hyusin?(f)
Thus, for this case we use (50).
243. Py =paa=—1
From (47) one can see that case that for p,, = —1 the singular case appears and A; = B; so
that,
(Aicos(2B) + B;) _ Ai(cos(2B) + 1) _ Ay _
(cos(2B) — p11)(cos(2f) — p22) B (cos(2p) + 1)(cos(2f) — p11) B cos(2f) — p11 B
(53)
Ay 1
1=p11 1= hyysin?(B)
Also, in (47) the singularity appears for p,, = —1 and C; = D, so that,
(Cycos(2B) + Dy) _ Ci(cos(2p) + 1) _ Cy _
(cos(2B) — p33)(cos(2f) — Paa) _C(COS(Zﬁ) "1‘ 1(cos(2B) —ps3)  cos(2B) —psz (54)
1

1 —p31— hgsin?(B)
From (53) and (54), it is obvious that the complete elliptic integrals of the third kind IT(h;;, k1)
and 11(hyy, k) will vanish.
Thus, (47) begins,

v n*R nyn?+ 1,/RR,
00 = - 41,3

3 Joo = 12k3

{[3(d, + d3)ki — (6d, + 8)k? + 8]K (k) +
+[(6d, + D)k? —8]E(k)} + +Inlyn? +1 VR {(16k1 16)K (k,) + (16 — 8k*)E (k,)} +

12k3
nyn? + 1/Rny
12k3

+ {[3(dyz + d33)k3 — (6d,; + 8)kZ + 8]K (k,) + [(6d,, + 4)k5 — 8]E (k,)} — (55)

—Inlyn?+1 \1/2;{(16k2 —16)K(k,) + (16 — 8k3)E (k,)} —

_kln,/nz +1,/RR; A, HChs k) + konyn?+ 1Ry C
4 P11 w

1_ 4’ 1_p33

(hs3, k7)

244. p,=py, =1

From (47) one can see that case that for p,, = 1 the singular case appears and A; = B; so that,

(A;cos(2B) + By) _ Ai(cos(2p) — 1) _ Ay _
(cos(2B) — p11)(cos(2B) —pz2)  (cos(2B) + 1)(cos(2B) —p11)  cos(2B) —pi1
A L (56)
1—py11— hyysin?(B)
Also, in (47) the singularity appears for p,, = 1 and C; = D; so that,
(Cycos(2B) + D;) _ Ci(cos(2B) + 1) _ (o _
(cos(2B) — p33)(cos(2B) —pas)  (cos(2B) + 1)(cos(2B) —psz)  cos(2B) —ps3 57
C; 1

1 —p31— hgsin?(B)

From (56) and (57), it is obvious that the complete elliptic integrals of the third kind I1(h,,, k1)
and [ (hyy, ks) will vanish.
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Thus, for this case we use (55).
Finally, all partial singular cases can be found in the previous discussed cases.
2.5. n= 0 (Tl = Rl)
This is the special case when the thin conical sheet degenerates to the thin wall solenoid (r; =
R;). The mutual inductance between the thin wall solenoid and the circular loop is given in [7],
N n=2
Ho Z -1
M=—3""_Y) (- ty, 58)
(ZZ _ Zl) _ ( ) n (
n=1
where,
ta RiR s
¥ = =N (K (k) = E (k)] + 7 5gn(6) RE = RA1[1 = Aofen )] (59)
n
4RR, 4RR, 1—h

2
" (R+R)%+t2’

th=2,—29, h &, = arcsin

“(R+R)Z+E2 1-k2

Ao(&y, k) is Heuman’s Lambda function, [22].

Ri1 is the radii of the thin wall solenoid,

z1 and z2 are the axial positions of the thin wall solenoid,
R is the radii of the circular loop,

zqQ is the axial position of the circular loop,

N is the number of turns of the thin wall solenoid.

3. Numerical validation
To verify the validity of the new presented formula for calculating the following set of examples

is presented.

Example 1. Calculate the mutual inductance between the thin conical sheet inductor and the circular loop for
which Ri=10m, r1=2m,z1=-1m, z2=2m, N=1000 and R=5m, zo=0m.

This is the case Ry > 1 (Figure 1). Let us begin with the basic formula (5) where the mutual inductance
is given by the double integration.

The mutual inductance is,

M(Double) = 7.401731104798464 mH

Using the formula (10) with (11) the mutual inductance is obtained by the single integration.
M(Single) = 7.401731104798464 mH

Let us use the semi-analytical formula (27) with (28),

M (Semi — analytical) = 7.401731104798464 mH

Example 2. Calculate the mutual inductance between the thin conical sheet inductor and the circular loop for
whichRi=2m, r1=10m, z1=-1m, z2z=2m, N=1000 and R=5m, zo=0m.

This is the case Ry < ry (Figure 2).

Using the basic formula (43) for the double integration the mutual inductance is,

M(Double) = 8.607861541512988 mH
Using the formula (44) with (45) the mutual inductance is obtained by the single integration,
M(Single) = 8.607861541512988 mH

Finally, let us use the semi-analytical formula (46) with (47) the mutual inductance is,
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M(Semi — analytical) = 8.607861541512988 mH

All results are in an excellent agreement.

Example 3. Calculate the mutual inductance between the thin conical sheet inductor and the circular loop for
which Ri=3m, r1=2m,z1=0m, z2=0.2 m, N=1000, R=1m, and zo= 0.2 m.

This is the case Ry > 1 (Figure 1). The basic formula for the mutual inductance is given by the double
integration (5).

The mutual inductance is,

M(Double) = 0.8559140919190895 mH
Using the formula (10) with (11) the mutual inductance is obtained by the single integration.
M(Single) = 0.8559140919190892 mH
Finally, let us use the semi-analytical formula (27) with (28) for the mutual inductance which gives,
M(Semi — analytical) = 0.8559140919190874 mH
All results are in an excellent agreement. The figures that agree are bolded.
Example 4. Calculate the mutual inductance between the thin conical sheet inductor and the circular loop for
whichRi=2m, r1=3m,z1=0m, z2=0.2m, N=1000 and R=1m, zo=0.2 m.

This is the case 1 > Ry (Figure 2). The basic formula for the mutual inductance is given by the double
integration (43) which gives,

M(Double) = 0.8529571443235432 mH
Using the formulas (44) with (45) the self-inductance is obtained by the single integration.
M(Single) = 0.8529571443235433 mH
Let us use the semi-analytical formula (46) with (47),
M(Semi — analytical) = 0.8529571443235445mH
All results are in an excellent agreement. The figures that agree are bolded.
Example 5. In this example one calculates the mutual inductance between the thin wall solenoid and the cir-
cular loop for which R1=r1=2 m, zz=0m, z2=0.2 m, N=1000 and R=1m, zo=0.2 m.
In this example the thin conical sheet inductor degenerates to the thin wall solenoid (n = 0).

The exact formula for calculating the mutual inductance between the thin wall solenoid and the circular
loop is given by (58) with (59) as follows, [7],

M(Analytical) = 1.08887170213681 mH

Using the formulas for the double and the single integration either for the case Ry > r; or Ry <y the
mutual inductance is respectively,

M(Double) = 1.0888715096342527 mH

M(Single) = 1.0888717021367874mH

Equations (5) and (43) for the double integration and (10) with (11) as well as (44) with (45) for the single
integration are not singular for n = 0. It is not case for the semi-analytical solutions (27) with (28) or (46)
with (77) when they are singular or indeterminate.

However, one can take, for example, Ri = 2.0000001 m, and r1 = 2.0000001 m equations (28) and (47)
respectively so that they give,

M(Semi — analytical) = 1.0888716126957454mH


https://doi.org/10.20944/preprints202304.0191.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 April 2023 doi:10.20944/preprints202304.0191.v1

20

All figures that agree with the exact result, are bolded. Even though the results are in the particularly good
agreement it is recommended to use the formula (58) with (59) for calculating the mutual inductance between
the thin wall solenoid and the circular loop. This formula can be carefully obtained from (28) and (47) in the
limit case when R; — r; and vice versa.

Example 6. Calculate the mutual inductance between the thin conical sheet inductor and the circular loop for
whichRi=3m, r1=2m,z1=0m, z2=0.2 m, N=1000 and R=1m, zo= 0.4 m.

In this example one finds that p; = p; = — 1, so that it is the singular case 2.2.1.

Applying (31) the mutual inductance is,

M(Semi — analytical) = 0.8354647253409638 mH
Using the basic formula (5) for the double integration the mutual inductance is,
M(Double) = 0.8354647253409652mH
Using the formula (10) with (11) the mutual inductance is obtained by the single integration.
M(Single) = 0.8354647253409652 mH

All figures, that agree, are bolded. All results are in an excellent agreement.

Example 7. Calculate the mutual inductance between the thin conical sheet and the circular loop for which Ra
=3m,r1=2m,z1=0m, z2=0.2 m, N=1000 and R=1m, zo= 0.8 m.

In this example one finds that p; = p; = 1, so that it is the singular case 2.2.2.

Applying (31) the mutual inductance is,

M(Semi — analytical) = 0.7397457129358785mH
Using the basic formula (5) for the double integration the mutual inductance is,
M(Double) = 0.739745712935874 mH
Using the formula (11) the mutual inductance is obtained by the single integration.
M(Single) = 0.7397457129358738 mH

All results are in an excellent agreement. The figures that agree are bolded.
All presented results have been obtained by the Mathematica programing. One can see that they are in an
excellent agreement so that the potential users can use on of the presented formulas by their preference.

4. Discussion

For the first time in the literature the new formula for calculating the mutual inductance between
the thin conical sheet inductor and the filamentary loop is given. Coils are coaxial. Conical coils used
in RF /Microwave and mm Wave systems have extremely ultra-wideband electrical responses and
are commonly attached to transmission lines to bias microwave devices. These coils have tradition-
ally been designed experimentally without the aid of modern 3D electromagnetic simulators due to
the difficult model creation process. The calculation of the presented mutual induction is obtained in
the semi-analytical form over the complete elliptical integrals of the first, second and third kind as
well as one term that does not have the analytical solution and it must be solved numerically. The
kernel function of this integral is continuous function on the interval of integration. All procedures
of the calculation are given promptly so that the potential users can easily use them choosing the
appropriate formula. The representative numerical examples are given to validate the presented
method. The presented method can serve as the base to calculate the mutual inductance between
more complex configurations such as the coaxial thin sheet inductor the thin wall solenoid inductor
and the two coaxial thin conical inductors. It will be the future work which is the continuation of the
new presented method.
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