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Abstract: This article develops duality principles and numerical results for a large class of non-convex
variational models. The main results are based on fundamental tools of convex analysis, duality theory
and calculus of variations. More specifically the approach is established for a class of non-convex
functionals similar as those found in some models in phase transition. Moreover, we develop a
general duality principle for quasi-convex relaxed formulations for some models in the vectorial
calculus of variations. Concerning applications of such results are presented for a non-linear model
of plates and for non-linear elasticity. Finally, in some sections we present concerning numerical
examples and the respective softwares.

Keywords: duality theory; non-convex variational analysis; numerical method for a non-smooth
model

MSC: 49N15; 35A15; 49]40

1. Introduction

In this section we establish a dual formulation for a large class of models in non-convex
optimization. It is worth highlighting the main duality principle is applied to double well models
similar as those found in the phase transition theory.

Such results are based on the works of ].J. Telega and W.R. Bielski [1-4] and on a D.C. optimization
approach developed in Toland [5]. About the other references, details on the Sobolev spaces involved
are found in [6]. Related results on convex analysis and duality theory are addressed in [7-13].

Similar models on the superconductivity physics may be found in [14-16].

At this point we recall that the duality principles are important since the related dual variational
formulations are either convex (in fact concave) or have a large region of convexity around their critical
points. These features are relevant considering that, from a concerning strict convexity, the standard
Newton, Newton type and similar methods are in general convergent. Moreover, the dual variational
formulations are also relevant since in some situations, it is possible to assure the global optimality of
some critical points which satisfy certain specific constraints theoretically established.

Among the main results here developed, we highlight the duality principles for the quasi-convex
formulations in the context of the vectorial calculus of variations. An important example in non-linear
elasticity is addressed along the text in details.

Also, for the applications in physics in the final sections, we believe to have found a path to
connect the quantum approach with a more classical one in a unified framework.

Indeed, we have presented a path to model a great variety of chemical reactions through such a
connection between the atomic and classical worlds.

Finally, in this text we adopt the standard Einstein convention of summing up repeated indices,
unless otherwise indicated.

In order to clarify the notation, here we introduce the definition of topological dual space.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 1 (Topological dual spaces). Let U be a Banach space. We shall define its dual topological space, as
the set of all linear continuous functionals defined on U. We suppose such a dual space of U, may be represented
by another Banach space U*, through a bilinear form (-, -)y; : U x U* — R (here we are referring to standard
representations of dual spaces of Sobolev and Lebesgue spaces). Thus, given f : U — R linear and continuous,
we assume the existence of a unique u* € U* such that

flu) = (u,u*)y,Vu € U. (1)
The norm of f , denoted by || f ||+, is defined as

[ fllur = sup{|(w, u*)ul : [Jullu <1} = [[u*|u- (2)
uel

At this point we start to describe the primal and dual variational formulations.

2. A General Duality Principle Non-Convex Optimization

In this section we present a duality principle applicable to a model in phase transition.

This case corresponds to the vectorial one in the calculus of variations.

Let 3 C R” be an open, bounded, connected set with a regular (Lipschitzian) boundary denoted
by 0Q).

Consider a functional | : V — R where

](u) = F(Vulr' . /VMN) +G(u1/' v /MN) - <ui1hi>L2/

and where
F(Vuy, -+ ,Vuy) = /Qf(Vul,~ -, Vuy) dx

f: RN*" — R is a three times Fréchet differentiable function not necessarily convex. Moreover,
V={u=(u, - ,un) € WPRN) : u=uyonoQ},

h=(hy,- ,hy) € L2(Q;RN),and 1 < p < +oo.
We assume there exists & € R such that

o= g 00
Furthermore, suppose G is Fréchet differentiable but not necessarily convex. A global optimum
point may not be attained for | so that the problem of finding a global minimum for | may not be a
solution.
Anyway, one question remains, how the minimizing sequences behave close the infimum of J.
We intend to use duality theory to approximately solve such a global optimization problem.
Define Vp = W&’2(Q; RN) and

Vo(u) ={¢p € Vp : supp¢ C B(u)},
where
B(u) = {x € O f*(Vu(x)) < F(Vu(x))}.

Moreover, Y| = Y{ = L2 ((Q;RN*"), Y, = Y5 = L2((Q; RN*"), Y3 = Y5 = L2((; RN), so that at
this point we define, F{ : Vx Vg = R, G : V=R, G : V>R, G3:Vy > Rand G, : V = R, by
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Fi(,¢) = F(Vuy+ V-, Vun +Vn) + / Vu; - Vu; dx
K
+2 /Q Vi - V; dx 3)
and K
Gi(ug, - ,un) = G(ug, -+ ,un) + 71/ ujujdx — (ui, fi) 12,
Gy(Vuq, -+ ,Vuy) = / Vu;-Vu; dx,
G3(Vépr, -+, Von) = > / Vo;- V¢; dx,
and K
1
G4(u1, s ,MN) = 7 /01/[] Ll]' dx.
Definenow J; : V x Vj — R,
J1(u,p) = F(Vu+ Vo) + G(u) — (u;, h;) 2.
Observe that
h(w¢) = F(u,¢)+Gi(u) — Go(Vu) = G3(Ve) — Ga(u)
< F(u,¢)+Gi(u) = (Vu,z1) 2 = (Vo 25) 12 — (1,23) 2
+ sup {(v1,21)2 — Ga(v1)}
vleYl
+ sup {(v2,23) 2 — G3(v2) }
UzEYz
+sup{(u,z3) 2 — Ga(u)}
uev
= F(u,¢)+Gi(u) — (Vu,zi)12 — (V¢,23) 12 — (u,23) 2
+G3(27) + G3(23) + G4 (z3)
= Ji(u,¢,z"), 4)
YueV, ¢ c Vy(u), 25 = (z],25,23) €Y' =Y x Y5 x Y5,
From the general results in [5], we may infer that
inf u, = inf “(u,p,z"). 5
(u,zp)EVxVo(u)]( 4)) (1,,2*) €V Vy(u) x Y* ]1( ¢ ) ©)
On the other hand

inf > inf ,P).
Jlélv](u) - (u,¢)€1\1;'1><V0(u)h(u ¢)

From these last two results we may obtain

f inf ! ).
ng](u) (u,¢,z*)e\1/r>1<V0(u)><Y* Ji(w9,27)

Moreover, from standards results on convex analysis, we may have
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inf J{(w,¢,2") = inf{Fi(u,¢) + Gi(u)
(Vi 20)12 — (V9 23) 2 — {1,28)
+G3(z}) + G5 (23) + G (23)}
= sup {-F(v]+7,9) — Gi(v +75) — (V2312

(v,v3)€CH
+Gy(21) + G3(23) + Gy (23) }, (6)

where
C* = {o' = (0},03) € Y{ x Y§ & — div(e}); + (03); = 0,¥i € {1+~ ,N}},

Ff (o1 +21,¢) = sul;{<u, —div(zy +07))12 — Fa(u, 9)},
ue

and

Gi(v2 +23) = sup{ (w03 +23)12 = Gr (W)}
ue

Thus, defining
(9,2, 0%) = B (v] +21,¢) — G (v +23) = (V,23)12 + G3 (1) + G3(23) + G4(23),
we have got

inf J(u) > inf Ji(u, )

uev (,9)€VXVy

- inf - i(,9,2")

(10,9,2*) €V Vy(u) x Y*

= inf { inf 5 (¢,2%,0%) ¢ o - 7
z*ngY* {zplgVo {vilélc)* ]2 (47/2 v )}} ( )

Finally, observe that

inf J (1)

ueV

> inf inf sup [5(o,z*,0*
T ozFeY* {(]JEVO(M) {U*Eg* ]2 (4) ) } }

> sup {( » inf ](cpz v )} 8)

v*eC* GY*XV

This last variational formulation corresponds to a concave relaxed formulation in v* concerning
the original primal formulation.

3. Another Duality Principle for a Simpler Related Model in Phase Transition with a Respective
Numerical Example

In this section we present another duality principle for a related model in phase transition.
Let O = [0,1] C R and consider a functional ] : V — R where

2/ 21 dx+2/u dx — (u, )2,

and where
V={ucW4Q) : u(0)=0and u(1) =1/2}
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and f € L?(Q).
A global optimum point is not attained for | so that the problem of finding a global minimum for
] has no solution.
Anyway, one question remains, how the minimizing sequences behave close the infimum of J.
We intend to use duality theory to approximately solve such a global optimization problem.
Denoting Vp = W&A(Q), at this point we define, F: V — Rand F; : V x Vj — Rby

F) =5 [ (P =17 ax,
and 1
Fi(ug) =5 [ (0 +¢)? =17 dx.

Observe that
F(u) > inf F(u,¢), VueV.
(u) = s 1(u,¢), Vu €
In order to restrict the action of ¢ on the region where the primal functional is non-convex, we
redefine a not relabeled
Vo = {4) eWHA(Q) : (¢)2-1<0,1in Q}

and define also
F:VxVy—R,

F3:VXVO—>R

and
G:VxVy—R
by
1 1
Fa(u,g) = 5 [(0 +¢? =12 dx+5 [ wdx—(uf)a,
K N2
Rug) = Rg)+y [ @)
K "2
5 Q(‘P) dx )
and
K /
G(u,¢) = E/Q(u)zdx
+2 | (9) dx (10)

Denoting Y = Y* = L?(Q) we also define the polar functional G* : Y* x Y* — R by

G (v%v) =  sup  {(u,0") 2+ (9, 09)12 — G(u, @)}

(n,9)€VXVy
Observe that
inf > inf G*(v*,08) — (u,0") ;2 — (B, v} F(u, .
) > (G0 = 0 () + Bl )

With such results in mind, we define a relaxed primal dual variational formulation for the primal
problem, represented by J; : V x Vj x [Y*]? — R, where
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Ji(u,¢,0%,05) = G*(v", 09) = (,0%) 12 = (¢, v9) 12 + F3 (1, §)-

Having defined such a functional, we may obtain numerical results by solving a sequence of
convex auxiliary sub-problems, through the following algorithm (in order to obtain the concerning
critical points, at first we have neglected the constraint (¢')%> — 1 < 0 in Q).

. SetK~0.1and K; =1200and 0 < ¢ < 1.

. Choose (u1,¢1) € V x V, such that ||u1]/1,00 < 1and [[¢1]100 < 1.
. Setn =1.

. Calculate (v;;, (v)n) solution of the system of equations:

= W N =

oJ (ttn, Pn, vy, (05 )n)

Jou* =0
and
a]ik(ui’l/(PTl/v:u (08)1’1) _ O
v !
that is 3G (07, (%))
* v*, v*
#0” —u, =0
wnd 9G* (03, (o9)n)
9G" (0w, (Og)n) o _
dv; Pn =0
so that
 _ 9G (uun, Pn)
On = ou
and aG( )
* 0\ % u 7
(e3); = g

5. Calculate (141, ¢,+1) by solving the system of equations:

a]ik (Mn+1/ ¢n+11 v:lf (v(*))n)

ou =0
and . .
)1 (U1, Pnr1, Vi, (V0)n) _
op
that is
_vz + W =0
and 9F
— (V) + W -0

6. If max{||uy — uy+1lleo, [|Pn+1 — Pullo} < € then stop, else set n :=n + 1 and go to item 4.

At this point, we present the corresponding software in MAT-LAB, in finite differences and based
on the one-dimensional version of the generalized method of lines.
Here the software.

33 o 34 3 3 o 4 3 3 o 3 3 3 o NN
1. clear all

m8=300;

d=1/mS§;
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K=0.1;

K1=120;

for i=1:m8

uo(i, 1) = i?xd/2;

vo(i,1)=i*d/10;

yo(i,1)=sin(i*d*pi)/2;

end;

k=1;

b12=1.0;

while (b12 > 107%3) and (k < 230000)

k=k+1;

for i=1:m8-1

duo(i,1)=(uo(i+1,1)-uo(i,1))/d;
dvo(i,1)=(vo(i+1,1)-vo(i,1))/d;

end;

m9=zeros(2,2);

m9(1,1)=1;

i=1;

f1 = 6% (duo(i,1) +dvo(i,1))*> —2;

m80(1,1,i)=-f1-K;

m80(1,2,i)=-f1;

m80(2,1,i)=-1;

m80(2,2,i)=-f1-K1;

y11(1,i) = K* (uo(i +1,1) — 2% uo(i, 1)) /d*> — yo(i,1);
y11(2,i) = K1 % (vo(i +1,1) — 2 xvo(i, 1)) /d%;

m12 =2+ m80(:,:,i) — m9 * dz;
m>50(:,:,i)=m80(:,:,i)*inv(m12);

2(:i)=inv(m12)*y11(:,i)*d?%;

for i=2:m8-1

1= 6% (duo(i,1) +dvo(i,1))> - 2;

m80(1,1,i)=-f1-K;

m80(1,2,i)=-1;

m80(2,1,i)=-1;

m80(2,2,i)=-f1-K1;

y11(1,i) = K* (uo(i +1,1) — 2% uo(i,1) + uo(i — 1,1)) /d*> — yo(i, 1);
y11(2,i) = K1 (vo(i +1,1) — 2% vo(i, 1) +vo(i — 1,1)) /d?;
m12 = 2% m80(:,:,i) — m9 x d> — m80(:,:,i) x m50(:,:,i — 1);
m>50(:,:,i)=inv(m12)*m80(:,:,i);

z(:,1) = ino(m12) * (y11(:,i) * d> +m80(:,:,1) x z(:,i — 1));
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end;

U(1,m8)=1/2;
U(2,m8)=0.0;

for i=1:m8-1
U(:,m8-1)=m50(:,:, m8-1)*U(:;,m8-i+1)+z(:;,m8-i);
end;

for i=1:m8
u(i,1)=U(1,i);
v(i,1)=U(2,i);

end;
b12=max(abs(u-uo))
uo=u;

VO=V;

u(m8/2,1)

end;

for i=1:m8

y(i)=i*d;

end;

plot(y,uo)

433 o e 3 e e o e o KA A KA A A A KA

For the case in which f(x) = 0, we have obtained numerical results for K = 0.1 and K; = 120. For
such a concerning solution u( obtained, please see Figure 1. For the case in which f(x) = sin(7tx)/2,
we have obtained numerical results also for K = 0.1 and K; = 120. For such a concerning solution u
obtained, please see Figure 2.

0.5

04r b

031 ]

02r b

0.1 I I I I I I I I I

Figure 1. solution u((x) for the case f(x) = 0.
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0.5

045 b

0.35 ]

031 b

0.25 ]

02r b

0.15 b

011 b

0.05 ]

Figure 2. solution uy(x) for the case f(x) = sin(mx)/2.

Remark 1. Observe that the solutions obtained are approximate critical points. They are not, in a classical sense,
the global solutions for the related optimization problems. Indeed, such solutions reflect the average behavior of
weak cluster points for concerning minimizing sequences.

3.1. A General Proposal for Relaxation

Let 3 C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).
Consider a functional | : V — R where

J(u) = F(Vu) + G(u) = (u, fi)12,

where
V= {u e WARY) : u=uyon E)Q},

up € CH(;RN),

f1 € L2(O;RN), G : V — Ris convex and Fréchet differentiable, and
F(Vu) = /Qf(Vu) dax,

where f : RN*" — R is also Fréchet differentiable.
Assume there exists N € N such that

Wy, = {y eRV 4 (y) <f(y)} = szile

where for each j € {1,--- , N} W; C RN*" i an open connected set such that dW; is regular. We also
suppose
W; N W =Q,Vj #k.
Define

W]. = {Uj € W&A(Q;RN) ; Voj(x) € Wj, ae. in Q}
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and define also

W={v=(v1,---,vg) : v; e WjVj € {L,---,N} and supp v;j N supp vx = @,Vj #k}.

At this point we define
) f(Vu(x) + Voi(x)), if Vu(x) e W;,
el ) = { fa) V() £ W, =
and
H(u) = g{\/\ff /Qh5(u,v) dx,
where

W, ={veW : Vu(x)+ Voj(x) € Wj, if Vu(x) € Wj, ae.inQ, Vje{1,---,N}}.
Moreover, we propose the relaxed functional
Ji(u) = H(u) +G(u) = (u, fr) 2

Observe that clearly
inf J1(u) < inf J(u).

ueV ueV

4. A Convex Dual Variational Formulation for a Third Similar Model

In this section we present another duality principle for a third related model in phase transition.
Let Q = [0,1] C R and consider a functional | : V — R where

) = 5 [ min{(u =12 ' + 172} dx 5 [ dx— (ufrn,

and where
V={uecW?Q) : u(0)=0and u(1) = 1/2}

and f € L2(Q).

A global optimum point is not attained for | so that the problem of finding a global minimum for
] has no solution.

Anyway, one question remains, how the minimizing sequences behave close to the infimum of J.

We intend to use the duality theory to solve such a global optimization problem in an appropriate
sense to be specified.

At this point we define, F: V — Rand G : V — R by

Fu) = %/ﬂmin{(u’—l)z,(u’+1)2}dx

— 1 "2 o /
- 2/0(u) dx /Q|u|dx+1/2
Fy(u')

(12)

and

G(u) = %/ﬂuz dx — (u, f) 2.

Denoting Y = Y* = L?(Q)) we also define the polar functional F; : Y* — Rand G* : Y* — R by
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F(o") = ?GJI;{@/U*M —F(0)}
- %/Q(v*)z de+ [ 107 dx, (13)
and
G*((v")) = 21615{—<u'f0*>L2—G(u)}
— %/Q((v*)’+f)2 dx — 2o"(1). (14)

Observe this is the scalar case of the calculus of variations, so that from the standard results on
convex analysis, we have

inf () = max {~F} (0") = G"(~(v"))}.

Indeed, from the direct method of the calculus of variations, the maximum for the dual formulation
is attained at some 9* € Y*.
Moreover, the corresponding solution ug € V is obtained from the equation

Finally, the Euler-Lagrange equations for the dual problem stands for

{ (v*)" + f' — v* — sign(v*) =0, inQ, (15)

(@)'(0) + £(0) =0, ()" (1) + f(1) = 1/2,
where sign(v*(x)) = 1if v*(x) > 0, sign(v*(x)) = —1,if v*(x) < 0 and
—1 < sign(v*(x)) <1,

if v*(x) = 0.

We have computed the solutions v* and corresponding solutions 1y € V for the cases in which
f(x) =0and f(x) = sin(mx)/2.

For the solution ug(x) for the case in which f(x) = 0, please see Figure 3.

For the solution u(x) for the case in which f(x) = sin(7tx)/2, please see Figure 4.
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0.6

051

031

0.1

Figure 3. solution u(x) for the case f(x) = 0.

0.6

051

031 ]

0.2r b

Figure 4. solution u((x) for the case f(x) = sin(7mx)/2.

Remark 2. Observe that such solutions uq obtained are not the global solutions for the related primal
optimization problems. Indeed, such solutions reflect the average behavior of weak cluster points for concerning
minimizing sequences.

4.1. The Algorithm through Which We Have Obtained the Numerical Results

In this subsection we present the software in MATLAB through which we have obtained the last
numerical results.
This algorithm is for solving the concerning Euler-Lagrange equations for the dual problem, that
is, for solving the equation
{ (0*)" + f/ —v* — sign(v*) =0, inQ, (16)
(@)(0) =0, ()'(1) = 1/2.
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Here the concerning software in MATLAB. We emphasize to have used the smooth approximation

0"~/ (0%)2 + e,

where a small value for e; is specified in the next lines.
42424 4 8 6 6 3 3 3 5 o o 4 46 6 e e S A A A 2 e e AN

. clear all

. mg = 800; (number of nodes)
d=1/ms;

. ey = 0.00001;

. fori=1:mg

yo(i,1) = 0.01;

y1(i,1) =sin(rxi/mg)/2;

Tl W N e

end;
6. fori=1:mg—1

dy1(i,1) = (y1(i+1,1) —y1(i, 1)) /d;

end;
7. for k =1 :3000 (we have fixed the number of iterations)

i=1;

hs = 1/+/v0(i,1)2 + e;
mip =14 d? « hy +d>;
mso(i) = 1/mip;

Z(l) = m50(i) * (dyl(i,l) * d2);
8 fori=2:mg—1

hs =1/y/v0(i,1)2 +ey;

myp =2+ hy *d? +d* — m50(i — 1);
mb0(i) = 1/myy;

z(i) = mso(i) * (z(i = 1) +dy1 (i, 1) * d*);
end;

9. v(ms,1) = (d/2+z(mg — 1))/ (1 — mso(mg — 1));
10. fori=1:mg—1

v(mg —1,1) = mso(mg — i) x v(mg — i + 1) + z(mg — i);

end;
11. v(mg/2,1)
12. vo = v,

end;
13. fori=1:mg—1

u(i,1) = (v(i+1,1) —v(i,1))/d +y1(i,1);

end;

14. fori=1:mg—1
x(i) =ix*d;
end;

plot(x,u(:,1))

b R R S R
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5. An Improvement of the Convexity Conditions for a Non-Convex Related Model through an
Approximate Primal Formulation

In this section we develop an approximate primal dual formulation suitable for a large class of
variational models.

Here, the applications are for the Kirchhoff-Love plate model, which may be found in Ciarlet,
[17].

At this point we start to describe the primal variational formulation.

Let Q C R? be an open, bounded, connected set which represents the middle surface of a plate
of thickness h. The boundary of (), which is assumed to be regular (Lipschitzian), is denoted by 0Q2.
The vectorial basis related to the cartesian system {x1, xp, x3} is denoted by (a,, a3), where « = 1,2 (in
general Greek indices stand for 1 or 2), and where a3 is the vector normal to (), whereas a; and a; are
orthogonal vectors parallel to Q). Also, n is the outward normal to the plate surface.

The displacements will be denoted by

= {ﬁa,ﬁg} = fiqa, + fizaz.
The Kirchhoff-Love relations are

g (21, X2, %3) = g (X1, X2) — X3W(X1, X2) «

and ﬁg(xl,xz,xg) = w(xl,xz). (17)

Here —h/2 < x3 < h/2 so that we have u = (u,, w) € U where

u = {u = (11, w) € W2(Q;R?) x W22(Q)),
ua:wzgir‘::o on 902}

= Wy (O R?) x W2 (Q).

It is worth emphasizing that the boundary conditions here specified refer to a clamped plate.
We also define the operator A : U — Y x Y, where Y = Y* = L2(Q,' R2X2), by

Au) = {r(u),x(u)},

Uyp + Ug, Waw,
'szﬁ(”): aﬁz 'Ba+ az ﬁ,

K,Xﬂ(u) = —Wup-
The constitutive relations are given by
Nacﬁ (u) = H/xﬁ/\y'Y)\y (u), (18)
Mg (1) = happprrn(u), (19)

where: {H, B /\H} and {ha pAn = %erﬁ A }, are symmetric positive definite fourth order tensors. From

now on, we denote {Hygau} = {Hapry} ' and {apr} = {hapru} -
Furthermore {N,z} denote the membrane force tensor and { M,z } the moment one. The plate
stored energy, represented by (G o A) : U — R is expressed by

(Gom)() = 5 [ Nepl)rug(u) dx+ 5 [ Mapluprapan) 20
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and the external work, represented by F : U — R, is given by
F(u) = (w, P)2 + (ua, Pu) 12, (21)

where P, P}, P, € LZ(Q) are external loads in the directions a3, a; and ap respectively. The potential
energy, denoted by | : U — R is expressed by:

J(1) = (G o A)(u) — F(u)

Define now J3 : U — R by
Ja(u) = J(u) + J5(w).

where
Kbw —K(b w—1/100)

a a
—10 [ & dx 410 /  ix
J5(w) 0 In(a) K3/2 o a In(a) K3/2 *

In such a case fora = 2.71, K = 185,b = P/|P| in ) and

U={uel : |w|o<00land Pw > 0ae.in Q},

we get
) ) )
ow  odw ow
_9J(u)
RS O(#3.0), (22)
and
*(u) 32](“)+32]5(“)
ow? T w2 ow?
%] (u)
=5+ O(850). (23)

This new functional 3 has a relevant improvement in the convexity conditions concerning the
previous functional J.

Indeed, we have obtained a gain in positiveness for the second variation %, which has
increased of order O (700 — 1000).

Moreover the difference between the approximate and exact equation

9] (u)
ow

=0

is of order O(+£3.0) which corresponds to a small perturbation in the original equation for a load of
P = 1500 N /m?, for example. Summarizing, the exact equation may be approximately solved in an
appropriate sense.

5.1. A Duality Principle for the Concerning Quasi-Convex Envelope

In this section, denoting
Vi ={¢p=¢(x,y) e W2 (Qx KR?) : ¢ =00nQ x 00},

we define the functional J; : U x V] — R, where
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1 1
B) = Gilloag)) + o ({G s+ 5 + dugy + J0avs })
_<w,P>L2 - <u“,P,X>L2. (24)
where 1
Gi{wap}) = 3 /Qhaﬁ)xyw,acﬁw,/\y dx
and,

1 1
G2 ({ E(u,x,,; + uﬁﬂ) + (Pl’é/yﬁ + EZU,a?U{ﬁ})

1 1 1
= 210 /Q /Q Hupgrp E(ua,ﬁ +upn) + Pays (X, y) + 5Wat,p
1 1
X (E(”Ml +upu) + Pry, (X y) + §W,Aw,y) dx dy

We define also

({uat, @)= inf  Ji(u,¢),

weW?(Q)

and

B({m}) = inf a({us,9)

It is a well known result from the modern Calculus of Variations theory (please, see [18] for details)

that
inf J(u) = inf Ja({ua})-
ued {ua }EWP* (QR?) e}
At this point we denote
Yi =Y =Y =Y; = L2(Qx QRY)
and

Yo = Y5 = L2(Q x O;R?).
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Observe that

J(u)
1 1
= Gi({wep}) + G2 ({2(%"’5 +upa) + Pays + zw,aw,ﬁ}>
—(w, P) 2 — (ua, Pa) 2
= Gl({w,txﬂ}) - <w,1xﬂ/ Mtxﬁ>L2 + <w,zxﬁ/ szﬁ>L2

1
+@ /Q /Qw,,x(x), le(x;]/) dx dy - <w, P>L2
1 1 )
f@/ / wa(x), Qu(x,y) dx dy + Gy ({2(”“'ﬁ+”ﬁra)+¢a,y5+zw,aw,lg}>
1
|Q|/ / ( uaﬁ+uﬁzx)+¢rxyﬁ+2w,xwﬁ> ﬁ(x,y) dx dy

1 *
|Q|//( (to,p + 1 )+4’myﬁ+2w”"w'5>'v“ﬁ(x’y) dax dy = (o, Pu) 2
U;ré{@{ <(v3)"¢/5’ aﬁ>L2+G1((03)zxﬁ)}

\Y)

. 1
+ inf {(w,aﬁ, M,,@Lz + @ /0 /Q W (x) Qu(x,y) dx dy — (w, P)Lz}

wEWS’Z(Q)

. 1 .
+01£1£1{_|()|/ / Oup vaﬁ ax dy+G2({vaﬁ})}
1
+ / / ( Uy g+ U + v x,y)(v X, >
(va, {ua})EszWuQRZ {|Q| wp T Upa) T Pug ¥ 2( 2)a(x,y)(©2)p(x,y)
<ol o) dxdy = G, P+ 1 [ (00)a (3 0)Qurw) dxdy
* 1 % 1 T ok
> —Gl(M)—m/Q/Q (sz5> Qu Qp dx dy—m/ﬂ/QHaﬁMvaﬁvw dx dy, (25)
VYue U, (M,Q) € C*,v={v,} € A* where A* = A} N A; N B*,

Al = {{vig} €Y7 ¢ (v3p)ys =0, inQ},

= {{leﬁ}eYl L 1a (/Qvaﬁ dy)rx

= {{v;ﬁ} €Yy : {vzﬁ(x,y)} is positive definite in () x Q} .

+ Py =0, inQ},
B

and

X

C*:{(M,Q)EYBTXYZ* : Moc,B,aﬁ_ (/QQady) —P=0, inﬂ}.

(o) = (o}

{Hocﬁ/\y } = {Hacﬁ/\]/t }

Also

and

in an appropriate tensor sense.
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Here it is worth highlighting we have denoted,
Gi(M) = sup {{(vs)ap, Map)12 — G1(v3) }
v3€Y3
1/ —
= 3 /Q haﬁAyMaﬁM}\y dx, (26)
where we recall that
{hapru} = {haprn} ™
in an appropriate tensorial sense.
Summarizing, defining J* : C* x A* — R by
* * * 1 %
F(MQ") = ~GiM) g [ [ (055) Qo Qpdrdy
1 T * *
s /Q /0 Hup0p0h, dx dy, 27)

we have got

inf J(u) > sup J(M,Q),v").
uel ((M,Q),v*)eC* x A*

Remark 3. This last dual functional is concave and such a concerning inequality corresponds a duality principle
for the relaxed primal formulation.

We emphasize such results are extensions and in some sense complement the original duality principles in
the works of Telega and Bielski, [1-3].

Moreover, if ((Mo, Qo), v§) € C* x A* is such that

SJ* (Mo, Qo),vp) = 0,
it is a well known result from the Legendre transform proprieties that the corresponding (ug, ¢o) € V x Vj such
that

(w0) ap = hapru(Mo)an,

and

+ A
(08)ap = Hapn ((uo)w 72L (10) 1 N (P0) Ay, : (P0)ny N ;(UZO)A(%)F) ,

(v0)apys =0,
is also such that
6J1(uo, o) =0
and
J1(uo, o) = J* (Mo, Qo), vp)-
From this and

inf J(u) = inf  Ji(u,¢) > sup J (M, Q), "),
ueV (u,q>)€V><V1 ((M,Q),U*)EC*XA*
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we obtain
= i f
J1(uo, ¢o) (u,@lngl Ji(u, ¢)
= sup J (M, Q),v")
((M,Q),v*)eC*x A*
= J*((Mo, Qo),v5)
= inf J(u). (28)
uev

Also, from the modern calculus of variations theory, there exists a sequence {u, } C V such that

uy — ug, weakly in'V,

and
J(un) = J1(ug, ¢o) = inf J(u).
ucV
From this and the Ekeland variational principle, there exists {v,} C V such that
[tn = vnllv < 1/n,
J(vn) < inf J(u) +1/n,
uev
and
18] (@n)llv+ <1/n, ¥n €N,
so that
vy — ug, weakly in'V,
and

J(vn) = Ji(uo, o) = 32{,](“)-

Assume now we are dealing with a finite dimensional version of such a model, in a finite elements of finite
differences context, for example.
In such a case we have
vy — ug, strongly in RN

for an appropriate N € N.
From continuity we obtain
6] (on) = 6](uo) = 0,

J(wn) = ] (uo)-

Summarizing, we have got

J(ug) = inf J(u),

ueV
6] (uo) = 0.

Here we highlight such last results are valid just for this finite-dimensional model version.

6. A Duality Principle for a Related Relaxed Formulation Concerning the Vectorial Approach in
the Calculus of Variations

In this section we develop a duality principle for a related vectorial model in the calculus of
variations.

Let QO C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 02 =T.



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2024

20 of 210

For 1 < p < 400, consider a functional | : V — R where

J(u) = G(Vu) + F(u) = (u, )12,

where
V= {u e WP (QRN) @ u=u onaQ},

up € CH(;RN) and f € L2(Q;RN).
Weassume G : Y — Rand F : V — R are Fréchet differentiable and F is also convex.
Also

G(Vu) = /Qg(Vu) dx,

where g : RN*" — R it is supposed to be Fréchet differentiable. Here we have denoted Y =
LP(Q; RN>m),
We define also J; : V x Y7 — R by

I, ¢) = Gi(Vu+ Vyp) + F(u) = (u, f)12,

where
Y, = WP (Q x O;RN)

and

Gi(Vu+ V) = iy [ [ 8(Tux) + Vug(x,v) dx dy.

Moreover, we define the relaxed functional J; : V — R by

J2(u) = ¢iglgo Ji(u, ¢),

where

Vo={¢eY: : ¢(x,y) =0, onQ x O }.

Now observe that

Ji(u,¢) = Gi(Vu+Vyp)+F(u) — (u, f)2
— —|;)|/Q/Qv*(x,y)~(Vu+Vy<p(x,y)) dydx+Gl(vu+vy¢)

+|10|/Q [ 7 y) - (Tut V() dy dx+ F() = (u, )12

inf {—|(1)’/Q/Qv*(x,y)-v(x,y) dydx+G1(v)}

veY,

+ (v,¢)i£\£xvo {|(1)| /Q /Qv*(x’y) (Vu+Vyo(x,y)) dy dx + F(u) — (u,f)Lz}
= —Gi(v") —F" (diVx <|(12|/()U*(x,y) dy) -|-f)

1 *
+@ o (/Qv (x,y) dy) ® nug drI, (29)

Y

V(u,¢p) € Vx Vy,v* € A*, where

A*={v" eY; : div,o*(x,y) =0, inO}.
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Here we have denoted

Gio") = sup { i1 [ [ o (om0l dy dx - Gilo) |

vEY)

where Y, = LP(Q x O; RN*"), Y5 = L1(Q x (; RN*"), and where
1 1
LTI
P 4q

Furthermore, for v* € A*, we have

F* (divx <|(12| /Qv*(x,y) dy> —|—f> - |10| o (/Q v (x,y) dy> ® nug dT'

1 *
B (v,¢§2\€xv0 {_|Q| /Q /QU (x,y) - (Vu+ Vyp(x,y)) dy dx — F(u) + <“ff>L2} , (30)

Therefore, denoting J3 : Y5 — R by

% * * * * : k 1 *
Ja(v*) = =G (v*) — F (dwx (/Qv (x,y) dy) +f> + 1] Jaa (/Qv (x,y) dy) ® nug dr,
we have got
inf () > sup J5(0%).

v*EA*

Finally, we highlight such a dual functional J; is convex (in fact concave).

6.1. An Example in Finite Elasticity

In this section we develop an application of results obtained in the last section to a model in
non-linear elasticity.

Let Q C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).
Concerning a standard model in non-linear elasticity, consider a functional | : V' — R where

J(u)
1 uij+uj; 1 U +uji 1
= 35 /Q Hij <l]2]1 + zum,ium,j) <2]l + 2”m,k”m,l> dx
—(ui, fi) 2 (31)
where f € L>((;R3) and V = W&’z(Q;R3).
Here {H;jy; } is a fourth-order and positive definite symmetric tensor (in an appropriate standard
sense). Moreover, u = (ul, Uy, u3) € Vis afield of displacements resulting from the f load field action

on the volume comprised by ().
At this point, we define the functional J; : V x V; — R, where

Ji(u, ¢)
1 uijtuj; iyt Py 1
= 301 Hz-,-kz( S POt + ) it + )

Ui +uk | Pry 9L 1
X < 2 + 2 e E(”m,k + Pimy) (Ut + Pmy,) | dx dy

—(ui, fi) 12, (32)
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where
Vi={pecW2QxQR®) : ¢ =00n0Qx 3O}

We define also the quasi-convex envelop of ], denoted by Q; : V — R, as
= inf ,P).
Qy(u) nf Ji(u, ¢)
It is a well known result from the modern calculus of variations theory (please see [18] for details),

that
inf J(u) = inf Qy(u).

ueV ueV

Observe now that, denoting Y1 = Y = L2(Qx GRY), Y, = Yy = L*(Q x O;R3), and

uiitui; Py Py 1
Gl < 1,] 2 11 + ] 2 —+ E(um’i +¢m,yi)(um/f +(Pm,]/])>

1 Ujj+ Uj; 4)i,yj + 4’])% 1

ugr+ug | Pry TP, 1
x( 5 e S (e + Prg) (g + Py, ) ) dx dy (33)

we have that

J1(u, ¢)

uiitui Py TPy 1
= G ( b > LR > + Z(um,i+¢m1yi)(um,j+4’m'yj)> = (ui, fi) 2

1 upitup; Py TPy 1
- _|Q|/Q/Q< 112 L. 12 +2(um,l-+¢m,yi)(um,j+q>m,yj))aijdxdy

W Bt P 1
00 (M Py )

1 uii+ui; Py iy 1
+@ /Q/Q ( ] 5 ] + ] 5 + E(Mm,l‘ +<pm,y1.)(um,]- +(Pm,yj)) ij dx dy— <ui,fi>L2

. 1
S T ACTR LI
+ inf —L//(U)--Q--dxd +L// a--l((v) (2)mi) | dxd
€Y, Q| JaJa 2Jij <ij Yy 10| Ja Ja ij 5 \\02)mi{02)mj Y
1 upi+up; Py +Piy
inf 7//1 i'<,] Js i l>dd—i,i}
+(u,¢)1£va1{IQI 0 Q(UJ+Q]) 2 2 x dy — (ui, fi)p2
1 _
= *m/n/QHijkz 0ij O dx dy

1 _
“210] /Q /Q Tij Qmi Quk dx dy, (34)
V(u, ) € VxVy,(0,Q) € A*, where A* = ATNA;N A},

A7 ={(0,Q) e I X Y] : 0jjy, + Qijy; =0, in QA x O}

A§={(0,Q)€Y1*><Y1* : |1|(/Q(‘7ij) dy)x.+|10|</0(Qij) d]/>xv+fi:0/ inﬂ}/

]
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A3 ={(0,Q) € Y] x Yy : {0y} is positive definite in Q) x Q}.

Hence, denoting

* 1 + 1 _
J*(¢,Q) = ~20] /Q /QHijkl 0ij O dx dy — 210 /Q/foij Qmi Quk dx dy,

we have obtained

inf J(u) > sup J*(0,Q).
ueV (U,Q)GA*

Remark 4. This last dual functional is concave and such a concerning inequality corresponds a duality principle
for the relaxed primal formulation.

We emphasize again such results are also extensions and in some sense complement the original duality
principles in the works of Telega and Bielski, [1-3].

Moreover, if (09, Qo) € A* is such that

5T (00, Qo) =0,

it is a well known result from the Legendre transform proprieties that the corresponding (ug, ¢o) € V x Vi such

that

ug +upg | Pry, TP, 1
(00)ij = Hijua ( > + > e+ E(um,k + Py ) (U + Py,

and
(Qo)ij = (00)im (v29)mjs
is also such that

SJ1(uo, ¢o) = 0

and
J1(uo, o) = J* (0, Qo)-
From this and
inf = inf u,¢) > *(o,Q),
ST = )28y 1) 2 sup T2, Q)
we obtain
4 = i f 4
T (o, o) ol Ji(w, ¢)
= sup J'(0,Q)
(0,Q)eA*
= J"(00,Qo)
= inf J(u). (35)
Also, from the modern calculus of variations theory, there exists a sequence {u, } C V such that
uy — ug, weakly in'V,
and

J(un) = J1(uo, o) = inf J(u).
uev
From this and the Ekeland variational principle, there exists {v,} C V such that

||un _vnHV S 1/”/
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J(vn) < 32&]@) +1/n,

and
[6](vn)llv+ < 1/n, ¥n €N,
so that
v, — ug, weakly in'V,
and

J(vn) — J1(uo, ¢o) = 32{/](”)-

Assume now we are dealing with a finite dimensional version of such a model, in a finite elements of finite
differences context, for example.
In such a case we have
v, — g, strongly in RN

for an appropriate N € N.
From continuity we obtain

6](on) — 6] (uo) = 0,
J(0n) = J(uo)-
Summarizing, we have got

J(uo) = inf J(u),

ueV
51(ug) = 0.

Here we highlight such last results are valid just for this finite-dimensional model version.

7. An Exact Convex Dual Variational Formulation for a Non-Convex Primal One

In this section we develop a convex dual variational formulation suitable to compute a critical
point for the corresponding primal one.

Let O C R? be an open, bounded, connected set with a regular (Lipschitzian) boundary denoted
by 0Q).
Consider a functional | : V — R where

J(u) = F(uy, ”y) —{(u, )2,

V =Wy?(Q) and f € L2(Q).
Here we denote Y = Y* = L2(Q)) and Y; = Y; = L2(Q) x L2(Q).
Defining
Vi={ueV : [lullio <Ki}

for some appropriate K; > 0, suppose also F is twice Fréchet differentiable and

Yu e V.
Definenow F; : V — Rand F, : V — R by

€ €
Fi(uy, uy) = F(ux,uy) + 5 /Qu,zc dx + 5 /Qu§ dx,

and . .
B (uy, uy) = 2 /Qujzc dx + 2 /Quﬁ ax,
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where here we denote dx = dxdx,.
Moreover, we define the respective Legendre transform functionals Fj and F; as
Ff (0%) = (01,07) 12 + (v2,03) 2 — F1(v1,02),
where v1,v, € Y are such that
« _ OFi(v1,02)
] = ———,
avl
. aPl(”Ul,”Uz)
vy = ——,
avz
and
F;(0") = (01,01 + fi) 2 + (v2,03) 12 — Fa(v1,02),
where v1,v, € Y are such that
0F(v1,v2)
* —
'01 +f1 - avl s
 _ an(Ul,Uz)
vy = —————=.
802
Here f; is any function such that
(fl)x — f, il’l Q.
Furthermore, we define
@) = —-F@)+EkK@©)
1 1
¥ (% s * 2 L *\2
= —F@©)+ 5 [ @+ AP+ o [ (03) (36)

Observe that through the target conditions
vy + f1 = ey,
V5 = ey,
we may obtain the compatibility condition
(01 + fi)y — (02)x = 0.

Define now
A" = {o" = (07,03) € B(0,0) C Y} : (0} + fi)y — (03)x = 0, in ),

for some appropriate ¥ > 0 such that J* is convex in B,(0,0).

Consider the problem of minimizing J* subject to v* € A*.

Assuming r > 0 is large enough so that the restriction in 7 is not active, at this point we define the
associated Lagrangian

Ji(@%, ) = J"(©") + (9, (01 + fly = (02)x) 12,

where ¢ is an appropriate Lagrange multiplier.
Therefore

B = —F@)+q [0+ dr+ o [ (@37 dn
+(@, (01 + fly = (©2)x)12- (37)
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The optimal point in question will be a solution of the corresponding Euler-Lagrange equations
for J;.
From the variation of J{ in v] we obtain

COF() vitf dp

38
v} € ay (38)
From the variation of J{ in v; we obtain
L LD B (39)
dv; e Ox
From the variation of J{ in ¢ we have
(01 + fly — (02)x = 0.
From this last equation, we may obtain u € V such that
vl + f = euy,
and
U5 = Elly.
From this and the previous extremal equations indicated we have
aF* *
-1 (f ) Uy — ago =0,
v} ay
and OE (") 5
_oale 9% _
303 +uy + e 0.
so that aE, )
* 9N Uy — Py, Uy + Px
v+ f= 0, ,
and
. O (ux — @y uy + 9x)
Uz - .
802
From this and equation (38) and (39) we have
. OF (v*)\ ] oF} (v*)
a7 /. vy y
+(01 + fi)x + (02)y
= —euyy —euyy + (0])x + (03)y + f = 0. (40)
Replacing the expressions of v} and vj into this last equation, we have
oF; (uy — @, u oF; (uy — @y, u, +
—€Uxyx — Elyy + ( 1 (;Py y—pr)) + ( 1t g)y k (pX)) +f=0
01 x 02 y
so that
(aF(”" e q”‘)> + (aF(”" “ Syt m) +f=0,inQ. (41)
al)l x 802 y

Observe that if
Vip=0
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then there exists # such that u and ¢ are also such that

ux_(Py:ﬁx

and
Uy + @x = ily.
The boundary conditions for ¢ must be such that 7 € W&’z.
From this and equation (41) we obtain
5J(i1) = 0.

Summarizing, we may obtain a solution 7 € Wol’2 of equation 6] (1) = 0 by minimizing J* on A*.

Finally, observe that clearly [* is convex in an appropriate large ball B, (0,0) for some appropriate
r>0

8. Another Primal Dual Formulation for a Related Model

Let QO C R3 be an open, bounded and connected set with a regular boundary denoted by 9.
Consider the functional | : V — R where

J(u) = %/QVu-Vudx+%/Q(u2—,B)2dx
—(u, f)2, (42)

€>0,8>0v9>0,V=Wy>*Q)and f € L*(Q).
Denoting Y = Y* = L2(Q)), definenow J; : V x Y* — Rby

Ji(u,v5) = —%/QVu-Vudx—Wz,v@Lz
K
—1—71 /()(—7v2u+2vgu—f)2 dx +(u, f)12
1 *\2 *
+ﬂ/0(vo) dx—}—,B/QvO dx, (43)

Define also
AT={ueV :uf>0 ae inQ},

Vo={ueV : |ulo <Kz},

and
Vi=V,NA"

for some appropriate K3 > 0 to be specified.
Moreover define
B ={vg €Y : [5g]c < K}

for some appropriate K > 0 to be specified.
Observe that, denoting
¢ =—yVu+205u—f
we have )
O Ji(uvg) 1 2
———= =—+4K
a2 a

32 = yV? — 20} + K (—yV? + 20%)?
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and
93 (u, v5)

_ _ 2 * _
ENERS = K129 +2(—yV u +2v5u)) — 2u

so that

det{6”J} (u,v5)}
o) 9T (w,05) <32]{(u,v;;)>2

9(v)? ou? ouov§

Ky (=yV2+205)% V2 4205 + dau?
a It
—4K2¢* — 8K19(—vV? + 208 )u + 8Ky pu
+4Kq (—yV?u + 204 u)u. (44)

Observe now that a critical point ¢ = 0 and (—V?u + 2vju)u = fu > 0in Q.
Therefore, for an appropriate large K; > 0, also at a critical point, we have

det{0*] (u,05)}
OJ(w) | g (V24 205)°
o (44

= 4Kjfu— > 0. (45)

Remark 5. From this last equation we may observe that [} has a large region of convexity about any critical
point (ug, 0), that is, there exists a large r > 0 such that | is convex on B, (ug, 03).

With such results in mind, we may easily prove the following theorem.
Theorem 1. Assume Ky > max{1, K, K3} and suppose (ug,9}) € Vi x B* is such that
01 (ug, 0g) = 0.

Under such hypotheses, there exists r > 0 such that ] is convex in E* = Br(ug, ;) N (V1 x BY),

6] (uo) = 0,
and
7](”0) = ]1(1’[010”6) - inf ]ik(urUS)'
(u,05)€E*

9. A Third Primal Dual Formulation for a Related Model

Let Q C R3 be an open, bounded and connected set with a regular boundary denoted by 9Q).
Consider the functional | : V — R where

J(u) = %/QVqudx—i—%/Q(uz—,B)zdx
—(u, f)r2, (46)

«>0,B>0,7>0,V=W>Q)and f € L3(Q).
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Denoting Y = Y* = L2(Q)), definenow J; : V x Y* x Y* — Rby

« v 1
Ji(u,v5,07) = E/QVu-Vudx—l—E/QKuzdx
- 1/ (07)?
<u,01>Lz—|—2 a (“20, 1K) dx
1 w02 a2
Faare) Jo@ a2 =) dxt

1
~3 /0(08)2 dx—ﬁ/ﬂvg dx, (47)

where ¢ > 0 is a small real constant.
Define also
AT={ueV :uf>0 ae inQ},

Vo={ueV : |ulos <Kz},

and
Vi=Wn AT

for some appropriate K3 > 0 to be specified.
Moreover define
B' = {05 € Y* ¢ [0}l < Ku}

and
D* ={v] € Y* : |vj|| <Ks},

for some appropriate real constants Ky, K5 > 0 to be specified.

Remark 6. Define now
Hy(u,08) = —yV? + 204 + 4au®

For an appropriate function (or, in a more general fashion, an appropriate bounded operator) M, define
Bf ={vy € B" : 2v5+ My > €1},

for some small parameter g1 > 0.

Moreover, define
E*={ueVy : Via|u| > /|M; +yV?|.

Since for (u, vy) € Vi x By we have u f > 0, in Q, so that for uq,uy € Vi we have
sign (u1) = sign (up) in QQ,

we may infer that E* is a convex set.
Moreover if (u,v§) € E* x B}, then

Vialu] > /|My + V2|

dau® > My +yV?

so that

and
205+ M; > &



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2024

30 of 210
so that
Hy(u,v)) = —yV? + 20} + 4au® > ¢;.
Such a result we will be used many times in the next sections.
Observe that, defining
9= v —a(u? — p)
we may obtain
9%J; (u, v, v5) «
L V24K —— 4?2
du? VIR Yate
82]1‘(11,03,0’1‘) B 1
o(v])? - 205 +K
and 5
L (n,05,00) _
oudvy
so that
NIRRT
0udv]
2
_ 0%J; (u, v}, v) 9J; (u,v3,vf) B 0%J; (u, v}, vg)
9(v})? ou? oudv;
L V20 AR - 2
B —205 4+ K
= H(u,0p). (48)

However, at a critical point, we have ¢ = 0 so that, for a fixed vj € B* we define the non-active
but convex restriction

(C)yy ={ueVi: (9 <e},

for a small parameter ¢ > 0.
From such results, assuming K >> max{K3, Ky, K5}, and 0 < ¢ < ¢1 < 1, we have that

H(u,vy) >0,

forvj € B andu € E* N (Cl);js.
With such results in mind, we may easily prove the following theorem.

Theorem 2. Suppose (ug,07,95) € (E* N (Cl):;;;) x D* x By is such that
015 (uo,93,05) = 0.

Under such hypotheses, we have that
6] (ug) =0

and
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u frd 'nf u
J(uo) ue%Cl);;é J(u)
= Ji(uo,07,0p)
= lnf su ]* u, ’(]*/’()*
(u,v{)e(cl);SXD* {USEI;* 1 (w07 O)}
= sup inf Ji (u,03,05) ¢ . @9)

vgebr | (woE(C)y,xD*

Proof. The proof that
6] (ug) =0
and
J(uo) = Ji (10,91, 9p)
may be easily made similarly as in the previous sections.
Moreover, observe that for K > 0 sufficiently large, we have
aZ * , A*, *
M <0, vvs c B*
9(vp)?

so that this and the other hypotheses, we have also

* LS JN 3 . * * Ak
ug, 07,07) = inf u,vy,0
Ji (uo, 97, 9p) (u,v’l‘)e(Cl);*xD*h( /01, 0p)

0

and
Ji (uo,1,89) = sup Jy (uo, 07, 0)-
vy EB*
From this, from a standard saddle point theorem and the remaining hypotheses, we may infer
that

J(uo) = Ji(uo,97,9)

inf { sup Ji(u, v{,vS)}

(M,UT)G(Cl);;S x D* USGB*

= su inf (0%, 08) b (50)
vg;eg* (u,v{)e(cl);;axD* ! 1770



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2024

32 0f 210

Moreover, observe that

* Ak AX kA%
ug, 07,0 = inf u,vy, o
Ji (10,97, 05) (wot)e (Cl)*xD*h( ,01,0p)

q//Vu Vudx + — /u dx

+(u? vOLz——/u dx

1 A% A%
—ﬂ/ﬂ(vo)zdx—ﬁ/nvo dx

+2(£¥1+£) /()(ﬁg—a(uz_ﬁ))z dx — <u,f>L2

sup {’ZY/QVu-Vu dx + (u?,vf)

vpEY*

210‘/(00 dx—ﬁ/ vy dx

+2(a1+£) /Q(vé —a(u? —p))* dx — (u,f)Lz}

= %/QVu~Vudx+%/Q(u2—ﬁ)2dx
(1, )iz, Vu € (C1)i. 61)

IN

IN

Summarizing, we have got

J(uo) = Ji (uo,97,95) < inf  J(u).
ue(cl);;a

From such results, we may infer that

J(ug) = uezfcllf)% J(u)

= Ji(uo, 91, %)
= inf { sup ]f(u,v{,vg)}

(o) e(Cu)g <D" | ogep-

= sup{ in Ii‘(u,vi‘,vé)}- 52)

v} €B* (u,v]*)e(Cl);;a x D*

The proof is complete. [

10. An Algorithm for a Related Model in Shape Optimization

The next two subsections have been previously published by Fabio Silva Botelho and Alexandre
Molter in [8], Chapter 21.

10.1. Introduction

Consider an elastic solid which the volume corresponds to an open, bounded, connected set,
denoted by O C R3 with a regular (Lipschitzian) boundary denoted by 9Q = To UT; where Ty N T; = @.
Consider also the problem of minimizing the functional | : U x B — R where

X 1 1 "
J(u,t) = 5w, fi) 12y + 5 i fid 12 r)
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subject to
(Hijp (t)ew (u)) ;+ fi = 0in Q,
(33)
Hijkl(t)ekl(u)nj - fl = O/ on rt/ Vi e {1/ 2/3}

Here n = (nl, ny,n3) denotes the outward normal to 9Q) and

U= {u=(uy,upu3) € WAHQR3) : u=(0,0,00=00nTy},

B= {t : ) — [0,1] measurable : / H(x) dx = t1|Q|},
Q

where
0<th <1

and | Q)| denotes the Lebesgue measure of Q).

Moreover u = (uy,up, u3) € W 2(Q; R3) is the field of displacements relating the cartesian system
(0, x1, x2, x3), resulting from the action of the external loads f € L?((; R3) and f € L2(T;R3).

We also define the stress tensor {0j;} € Y* =Y = L?((; R¥*3), by

0jj(u) = Hiji (t)e (1),

and the strain tensor e : U — L2(Q; R3*3) by

1 .
eij(u) = 5 (uij +uji), Vi, j € {1,2,3}.

Finally,
{Hiju(t)} = {tHj, + (1 - ) Hjy},

where H corresponds to a strong material and H' to a very soft material, intending to simulate voids
along the solid structure.

The variable ¢ is the design one, which the optimal distribution values along the structure are
intended to minimize its inner work with a volume restriction indicated through the set B.

The duality principle obtained is developed inspired by the works in [1,2]. Similar theoretical
results have been developed in [7], however we believe the proof here presented, which is based on
the min-max theorem is easier to follow (indeed we thank an anonymous referee for his suggestion
about applying the min-max theorem to complete the proof). We highlight throughout this text we
have used the standard Einstein sum convention of repeated indices.

Moreover, details on the Sobolev spaces addressed may be found in [6]. In addition, the primal
variational development of the topology optimization problem has been described in [7].

The main contributions of this work are to present the detailed development, through duality
theory, for such a kind of optimization problems. We emphasize that to avoid the check-board standard
and obtain appropriate robust optimized structures without the use of filters, it is necessary to discretize
more in the load direction, in which the displacements are much larger.

10.2. Mathematical Formulation of the Topology Optimization Problem

Our mathematical topology optimization problem is summarized by the following theorem.

Theorem 3. Consider the statements and assumptions indicated in the last section, in particular those refereing
to Q) and the functional | : U x B — R.
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Define J; : Ux B — Rby
Ji(u,t) = =G(e(u), t) + (ui, fi) 1200 + (i, fi) 12(r,)
where ,
Gle(u),t) = 5 /()Hijkl<t)eij(u)ekl<”> dx,
and where
dx = dxqdxpdxs.
Define also J* : U — R by
J@) = ()
= Inf{—G(e(u),t) + (ui fi)12() + (i, fidr2(ry) }- (54)
Assume there exists cy,c1 > 0 such that
H?jklzijzkl > C0ZijZjj
and
Hiljkzzz‘jzkl > c1zijzij, Yz = {zjj} € R3*3, such that z # 0.
Finally, define ] : U x B — R U {400} by
J(u,t) = J(u,t) + Ind(u,t),
where
_Jo if (u,t) € A%,
Ind(u, t) = { +o00, otherwise, (55)

where A* = A1 N A,,
Al = {(u,t) eUXB : (Uij(u)),j —I—fl' =0,inQ), Vi € {1,2,3}}

and
Ay ={(u,t) e Ux B : 0;j(u)n; —fi=0,0nTy, Vi€ {1,2,3}}.

Under such hypotheses, there exists (g, tg) € U x B such that

t = inf t
J (o, to) (u,t)nelUXB]<ul )

= sup /(i)

el
= J*(uo)
= J(uo, to)

—  inf G'(o1)
(t,r)eBxC*

= G (0(uo), to), (56)
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where

GHot) = Sup{<01]r‘71]>L2( )~ G(v, )}

veY

= E/Qﬁijkl(t)aijo'kl dx, (57)

{Hi(t)} = {Hiju(t)}

and C* = Cy N Cy, where
C = {(T cY* : (Tij,j+fi =0,inQ), Vi e {1,2,3}}

and
C = {0’ ey : ojjn; *ﬁ‘ =0,only Vie {1,2,3}}.

Proof. Observe that

inf  J(u,t) = 1nf{1nf](u t)}

(u,t)eUxB teB

- Zé‘é{ueu{ { /Hszl(t)ez] u)ey (u) dx

+<ui/<Hz]kl() ( )) +fl>
— (1, Hija (t)exg (u)nj — fi>L2(Ft)}}}

= tlglg {21615{mf{ /szkl(t)etj u)ey (u) dx
/Hz]kl Jeij(i)ex (u) dx

+ (i, fi)12(q) + <ui/ﬁ'>L2(D)}}}
_ inf{sup{— /Q Hija (£)eii () e () dx

teB { neu
(@, fi) 20 + (i fid12(ry) }}
= inf{ inf G* (O',t)}. (58)

teB | ceC*

Also, from this and the min-max theorem, there exist (1, fy) € U x B such that

inf  J(ut) = inf{sup]l(u,t)}

(u,t)eUxB t€B | pelr

— sup {int 1)

uel
= Ji(up, to)

= inf t
;IelBh(Uol )

= J"(uo). (59)
Finally, from the extremal necessary condition

9J1(uo, to) _
ou
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we obtain
(Hijii (to)ex (1)) j + fi = 0in Q,
and
Hijgy (to)exi (uo)n; —fi=0onTy, Vi€ {1,2,3},
so that
Gle(uo)) = (o) iz + 54w Fzcry-
Hence (ug,ty) € A* so that Ind(ug, tp) = 0 and o (ug) € C*.
Moreover
J*(uo) = —Gle(uo)) + {(u0)i fi) 2y + ((u0)i fi) 12(r)
= G(e(uo))
= G(e(uo)) + Ind(uo, to)
= J(uo, to)
= G*(c(up),to). (60)

This completes the proof. [

10.3. About a Concerning Algorithm and Related Numerical Method

For numerically solve this optimization problem in question, we present the following algorithm

1. Sett; =05inQand n = 1.
2. Calculate u, € U such that

J1(tn, tn) = sup J1(u, ty).
ueld

3. Calculate t,,,1 € B such that
Ji(un, typ1) = tlgg Ji(tn, t).

4. If ||tys1 — tullo < 107% or n > 100 then stop, else set 1 := n + 1 and go to item 2.

We have developed a software in finite differences for solving such a problem.

Here the software.
3 33 3 36 3 5 36 36 3 5 3 36 3 5 3 36 3 5 3 3 3 5 3 3 o 5 3 3 S Sk S S o

1. clear all
global Pm8 d w u v Ea Eb Lo d1 z1 m9 dul du2 dv1 dv2 3
m8=27;
m9=24;
c3=0.95;
d=1.0/m8;
d1=0.5/m9;
Ea=210 * 10°; (stronger material)
Eb=1000; (softer material simulating voids)
w=0.30;
P=-42000000;
z1=(m8-1)*(m9-1);
A3=zeros(z1,z1);
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for i=1:z1

A3(1,i)=1.0;

end;

b=zeros(z1,1);
uo0=0.000001*ones(z1,1);
ul=ones(z1,1);
b(1,1)=c3%*z1;

for i=1:m9-1

for j=1:m8-1

Lo(i,j)=c3;

end; end;

fori=1:z1

x1(i)=c3*z1;

end;

for i=1:2*m8*m9
x0(i)=0.000;

end;

XW=XO0;

xv=Lo;

for k2=1:24

¢3=0.98*c3;
b(1,1)=c3*z1;

k2

b14=1.0;

k3=0;

while (b14 > 10735) and (k3 < 5)
k3=k3+1;

b12=1.0;

k=0;

while (b12 > 10~49) and (k < 120)
k=k+1;

k2

k3

k
X=fminunc(’funbeam’,xo);
x0=X;
b12=max(abs(xw-x0));
xw=X;

end;
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for i=1:m9-1

for j=1:m8-1

E1 = Lo(i,j)? * (Ea — Eb);
ex=dul(i,;);

ey=dv2(i,j);
exy=1/2*(dv1(ij)+du2(i;));

Sx = El1x (ex + wxey)/(1 —w?);
Sy =Elx (wxex+ey)/(1—w?);
Sxy=E1/(2*(1+w))*exy;
dc3(i,j)=-(Sx*ex+Sy*ey+2*Sxy*exy);
end;

end;

for i=1:m9-1

for j=1:m8-1
£(+(i-1)*(m8-1))=de3(i )

end;

end;

for k1=1:1

k1

X1=linprog(f,[ ],[ |, A3,b,uo,ul,x1);
x1=X1;

end;

for i=1:m9-1

for j=1:m8-1
Lo(i,j)=X1(j+(m8-1)*G-1);

end;

end;

bl4=max(max(abs(Lo-xv)))
xv=Lo;

colormap(gray); imagesc(-Lo); axis equal; axis tight; axis off;pause(le-6)
end;

end;
R PR NI R —

Here the auxiliary Function "funbeam’

function S=funbeam(x)
global Pm8 d w u v Ea Eb Lo d1 m9 dul du2 dv1 dv2
for i=1:m9
for j=1:m8
u(i,J=x(+(m8)*(i-1));
v(i,j)=x(M8*m9+(i-1)*m8+j);
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end;

end;

for i=1:m9

end;

u(m9-1,1)=0;

v(m9-1,1)=0;

u(m9-1,m8-1)=0;

v(m9-1,m8-1)=0;

for i=1:m9-1

for j=1:m8-1
dul(ij)=(u(ij+1)-u(if)/d;
du2(ij)=(u(i+1,j)-u(,;))/d1;
Av1(i)=(v(ij+1)-v(i))/d;
dv2(i))=(v(i+1,))-v(i,j)/d1;

end;

end;

S=0;

for i=1:m9-1

for j=1:m8-1

El = Lo(i,j)® * Ea + (1 — Lo(i,)3) = Eb;
ex=dul(ij);

ey=dv2(ij);
exy=1/2*(dv1(i,j)+du2(i;));

Sx = Elx (ex +wx*ey)/(1 —w?);
Sy =Elx (wxex+ey)/(1—w?);
Sxy=E1/(2*(1+w))*exy;
5=5+1/2*(Sx*ex+Sy*ey+2*Sxy*exy);
end;

end;
S=S*d*d1-P*v(2,(m8)/3)*d*d1;

B R R R S R S

For a two dimensional beam of dimensions 1m x 0.5m and f; = 0.63 we have obtained the
following results:

1. Case A: For the optimal shape for a clamped beam at left (cantilever) and load P = —4 10°Nj at
(x,y) = (1,0.25), please Figure 5.

2. Case B :For the optimal shape for a simply supported beam at (0,0) and (1,0) and load P =
—410°Nj at (x,y) = (1/3,0.5), please Figure 6.

In the first case the mesh was 28 x 24. In the second one the mesh was 27 x 24



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2024

40 of 210

Figure 5. Density t(x,y) for the Case A.

Figure 6. Density #(x,y) for the Case B.

11. A Duality Principle for a General Vectorial Case in the Calculus of Variations

In this section we develop a duality principle for a general vectorial case in variational
optimization.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q). Let | : V — R be a functional where

J(u) = G(Vuy,- - ,Vun) — (u, f) 12,

where
V =Wy (O;RN)

and
f=(f . fn) € 2(RY).
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Here we have denoted u = (u1,--- ,uy) € V and
(u, )12 = (ui, fi)r2,
so that we may also denote
J(u) = G(Vu) = {u, f) 2.
Assume
G(Vu) = /Qg(Vu) dx
where g : R3N — R is a differentiable function such that
8(y) = +oo
as |y| — co. Moreover, suppose there exists « € R such that
=i
It is well known that
« = inf J(u)
-
= inf{(GoV)"(u) = (u f)2}. (61)
ucV
Under some mild hypotheses, from convexity, we have that
inf {(Go V)™ (u) = (u, f)12}
uev
= sup {—=(Go V) (—divo’)} = —(Go V)*(f), (62)

vFEA*

where
A*={v* Y =Y = 2(;RN) : divo* + f = 0}.

Now observe that the restriction v = Vu for some u € V is equivalent to the restriction
curlv; =0, in Q)

where v = {v;} = {vi]'}?zl, Vie {1,---,N}, with appropriate boundary conditions, so that with an
appropriate Lagrange multiplier ¢ = {¢;}, we obtain

(GoV)*(—divv*) = sup{(u, —divov*);» — G(Vu)}

ueV
= sup{(Vu,v*);2 — G(Vu)}
ueV
< inf $sup{(v,v");2 — G(v) + (¢, curl v) 2
PEY" | veY
= inf G*(v* 1¢).
4)1&* (v* + curl ¢) (63)

where we have denoted
curl v = {curl v;}
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and
curl ¢ = {curl ¢;}.
Joining the pieces, we have got
infJ(u) = inf{G(Vu)—(u f)2}
> sup  {—G"(v" +curl9)}, (64)

(0" ) EA* xY*

where we recall that Y = Y* = L2((Q; R3N).
We emphasize such a dual formulation in (v*, ¢) is convex (in fact concave).

12. A Note on the Galerkin Functional

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).
Consider the functional | : V — R where

- : Sl
J(u) = Z/QVu Vudx+4/0u dx

—g /Q 2 dx — (u, f) > (65)

Here V = W&’Z(Q), ¥y>0,a>0 8>0.
We denote also
Y =Y*=L*Q).

At this point we define
AT={ueV :uf>0inQ},

V, = {M eV Hu||oo < K3},
for some appropriate real constant K3 > 0 and

Vi= A+ﬂV2.

Observe that
J'(u) = —yV?u+au® — g f,
so that we define the Galerkin functional J; : V — R by

i) = 7GR = 5 [ (~rVPutai — pu— ) dx.

From this, we get

+(—y V2 +3au® — B)2. (©6)

Define now
¢r = (—yV?u + au® — Bu —f)z.

At this point, for an appropriate small real constant £; > 0 and bounded constant operator
M > g1, we set the intended non-active restriction

Vaalu| = \/|My + V% + B,
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and define

Bi={ucV, : V3au| > |My + V2 + B}

Observe that since for u € V; we have u f > 0in Q) so that if 3, up € Vj then

sign(uy) = sign(uy),in Q,

we may infer that By is a convex set.

Furthermore, if u € By, then
V3alu| > y/|My +yV2+ B,

3au? > My +9V23+B,

so that

and hence
PJ(u) = —yV243au®> — B> My > €1 > 0.

For a small parameter ¢ > 0 we define the intended non-active restriction
@2 <¢ inQ),

and define
BZI{uE Vi q)2§€, il‘lﬂ}.

Observe that for « > 0 and B > 0 sufficiently large ¢ is convex in V; (positive definite Hessian)
so that By is a convex set. Assuming 0 < ¢ < €1 < 1, define B3 = By N By, which is a convex set.
Summarizing, if u € B3, then
8?1 (u) > 0.

With such results in mind, we define the following convex optimization problem for finding a
critical point of J.
Minimize 1 1
R = 31718 =5 [ (=792 + e’ = pu— f)? a,

subject to
u € Bs.

Observe that a critical point uy € B3 of J;, from such a concerning convexity of J; on the convex
set By, is also such that

J(up) = min Jy (u).
u€EB;

Finally, we may also define the convex optimization problem of minimizing

Ja(u) = KiJi(u)+J(u)

= % (—yV2u +au® — Bu — f)? dx
0

+I/ VH’VMdX‘l“E/ ut dx
2 Ja 4 Jo
—g/ﬂuz dx — (u, f)2, (67)

subject to
u € Bs.

Here K; > 0 is a large real constant.
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Such a functional J3 is also convex on Bz so that a critical point ug € B3 of | is also a critical point
of J3, and thus

Ja(ug) = min J3(u).

u€B3

13. A Note on the Legendre-Galerkin Functional

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).
Consider the functional | : V — R where

J(u) = %/{)Vu-Vudx—k%/Qu‘ldx
fg/ﬂuz dx — (u, )2 (68)

Here V = Wy?(Q), vy >0, « >0, > 0.
We denote also
Y =Y* =L%(Q)

and Fi: V=R, F:V—-RandF;:V — Rby

F(u) = %/QVu-Vu dx,

F(u) = %/ﬂu4 dx,

F(u) = g/nuz dx.

Moreover, we define F, F;, F; : Y* — R by

Fi(o1) = sup{(w,01);2 — Fi(u)}
ueV
_ 1 (@)
= 3 0 =72 dx, (69)

Fy(v3) = sup{(u,v3);2 — B(u)}
ueVv
_ 3 (03)3
= 1o a3 dx, (70)

Fi(v3) = sgg{<u,v§>Lz—F3(u)}

- 21/5 [ (@32 dx. (71)

Observe now that these three last suprema are attained through the equations,

n=—, = YV2u,
’U; _ angu) 0(1,[3
* 8F3(1/l)
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From such results, at a critical point, we obtain the following compatibility conditions
UT ( U; ) 1/3 Z);
u = = —_— - —.
—Vv: o\ p
From such relations we have
vl _ vj
—V2 B’
and 3
,0*
= (3),
p
so that i
v
i (3)
and 3
,0*
vy = <3> .
P
Moreover, we define the functional F; : Y* — R, by
Fy(v") = sup{{u, 01 + 03 —03)12 — (u, f)12}-
ucV
Therefore
0 ifvo]+0v5 -0 —f=0,inQ
EX(v*) = 4 1 2 3 ’ ’ 72
+(v") { 400, otherwise. (72)
Hence, a critical point of | corresponds to the solution of the following system of equations
2 (V3
i=v (%)
vk 3
-3
P
and

v +v5—v3—f=0,inQ.

From this last equation we may obtain
v =0+ 03+ S,

so that the final equations to be solved are
v}
—v3 4+ 05 + f+V? (5) =0

and

with the boundary conditions
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With such results in mind, we define the Legendre-Galerkin functional J* : [Y*]?> — R, where
2
1 YV203
(oY) = = —vy 405+ f+ dx
J*(v) 3 /Q ( 2t +f B

+%/Q (vﬁ —a <§)3>2 dx. (73)

At this point, defining
o (3)
=, —a(—=),
@ 2 /3
we obtain )
Pr)
L
*J* (v") YV2\* | 9a?(vh)*
e~ (1) e o)
AR (O
w0y P B

From such results we may infer that

det (82]*(0*)) _ ?J* (0*) T (0*) (azj*(v*))z

0v}0v; 0(v5)?  9(v})? 0v}0v}
2 £2 2
_ <_1— 7;4—30& (233) ) +0(¢) (74)

Observe that a critical point ¢ = 0 so that 6>]*(v*) > 0 at a neighborhood of any critical point.
At this point we define

AT = {v* = (v3,v3) € [Y*]? : %f >0, inQ},

D* = {v" = (v3,05) € V'] : o*]lw <K},

for an appropriate real constant K > 0.
Define now E* = AT N D*,

Ci ={v" = (v5,v3) € E* : (p2 <e¢ inQ},

for a small real constant ¢ > 0,

VZ *\2
C;: {v*:(vé,vé)eE* : (—1—’)/’B+3DC<?E’3) ) 281},

and
C*=CynG;.

Similarly as done in the previous section, we may prove that C* is a convex set.

Furthermore, for 0 < ¢ < ¢; < 1, we have that J* is convex on C*.

Summarizing, we may define the following convex optimization problem to obtain a critical point
of the primal functional J,
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Minimize [*(v3,v3) subject to v* = (v3,v3) € C*.
We call J* the Legendre-Galerkin functional associated to J.
13.1. Numerical Examples
We have obtained numerical solutions for two one-dimensional examples.

1. Fory=1.0,a4=3.0,=2300, f =10, inQ = [0,1].

For the respective solution please see Figure 7.
2. Fory =0.01,a =3.0,§ =300, f =10, inQ = [0,1].

For the respective solution please see Figure 8.

3.5

251 b

Figure 7. Solution u(x) = v3(x)/p for the example 1.

3.5

251 b

Figure 8. Solution u(x) = v3(x)/p for the example 2.
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14. A General Concave Dual Variational Formulation for Global Optimization

Let Q C R3 be an open, bounded and connected set a regular (Lipschitzian) boundary denoted
by 0Q).

Consider a functional | : V — R where
J(u) = G(u) = (u, f)2, Vu € V.

Here V = W,”(Q), f € L*(Q2) and we also denote Y = Y* = L2(QQ).
Assume there exists &« € R such that

a = inf J(u).

ueV

Furthermore, suppose G is three times Fréchet differentiable and there exists K > 0 such that

9°G(u)
ou?

+K>0VuelV.

Define now J; : V X Y — R where,

J1(u,v) = G1(u,v) + F(u),

where

and

Moreover, we define the polar functionals G; : Y* x V — Rand F* : Y* — R, where

Gi(v*,u) = sup{(v,v");2 — G1(u,0)}
veY
* * K 2
= —Gg (v +Ku)+E/Qu dx, (75)

GI*<€(ZJ*+KLL):sup{<ZJ,Z)*>L2G(U)I;/sz dx+§/nv2 dx},

veY
and
F*(=v") = sup{—(u,v");2 — F(u)}
uevVv
1 2
= — * . 7
50 | =) dx (76)
At this point we define the functional [5 : Y* x V — R by
k[, % * * K 2 * *
J5(v*,u) = —Gg (v +Ku)+z/0u dx — F*(—v").
With such results in mind we define
Vi={ueV : |ulo <Kz},
and

D* ={v" e Y" : [[0"]lw < Ky},
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for appropriated real constants K3 > 0 and K4 > 0.
Moreover, we define also the penalized functional J3 : Y* x V — R where

2
J (") = 50" u) — 5 Q(w_af)i”) +.€u> ax.

Finally, we remark that for ¢ > 0 sufficiently small and K; > 0 sufficiently large, ] is concave in
D* x Vq around a concerning critical point. We recall that a critical point

v*—M+su:O, in Q.
Ju

15. A Related Restricted Problem in Phase Transition

In this section we develop a convex (in fact concave) dual variational for a model similar to those
found in phase transition problems.
Let Q) = [0,1] C R. Consider the functional ] : V — R where

) = %/Qmin{<u'+1)2,(u'—1)2}dx
—1—%/0142 dx — (u, f) ;2
_ %/Q(u')2 dx— [ '] dx+1/2
+%/Qu2 dx — (u, ) 2. (77)

Here
V={uecW2Q) : u(0) =0and u(1) = 1/2}.

We also denote V; = W&'Z(Q), and Y = Y* = L?(Q).
Furthermore, we define the functionals Gand F : V x V; — R by

G(u',v'):%/ (u' +7')? dx—/ W' +9'| dx +1/2,
Q Q

and 1
F(u,v) = E/Quz dx — (u, f) 2.

Moreover we define J; : V x V; — Rby
J1(u,v) = G(u',v") + F(u,v),
and consider the problem of minimizing J; on the set
A={(u,0) €V xV : (0)? <Ky inQ}.

Already including the Lagrange multiplier ¢ concerning such restrictions, we define

B(it,0,9) = Ji(1,0) + 3 (97, (0 ~ Ka)y.
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Observe now that

—_

(¢?, (') = Ka)p2
= G, 7))+ %(4)2, (V') = Ka)p2

L(u,0,¢) = Ji(u,0)+

N

+F(u,v)
= o] — (@08 + G, )
397 ()~ Koy

(', 01) 2 + (), v3) 12 + F(u,0)

> inf  {—(v1,07) 12 — (v2,05) 12 + G1(v1, 02, ¢)
(Ul,vz)GYXY
1
3P (w2 Ka)s |
+ inf  {(,0]) 2+ (0, 05) 2 + F(u,0)}
(u,0)eVxVy
= —Gj(v],03,¢) — F(0],03), V(u,0) € V x Vi, (07,03, ¢9) €
where ,
Gi(u', v, ¢) = G(u',0") + < ,(0')? = Kp)p2
Also,
Gi(v1,v3,¢) = sup  {(v1,07)12 + (01,07) 12 — G1(v1,02, ) }
01,02 EYXY
1 (U* _ U*)Z
v} dx—i—f/ 127
+1Jl| 2 g
K2 2
+7 /Q(P dx,
where

ooy = {2 Jal(e]) + )P dx—of(Du(), if (03) =0, in ),
400, otherwise.

From this we may infer that v5 = ¢, in (), for some c € R.
Summarizing, denoting v* = (v, v;) = (v],c), and

(0%, ¢) = =Gi(v",¢) — F*(v")
we have got

inf Jy(u,0) > sup J* (v*¢).
(uv)eA (v*,p)€Y* XxRxY*
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(78)

(79)

(80)

We have developed numerical results by maximizing the dual functional [* for two examples,

namely.

1. Example A: In this case, we consider f(x) = cos(rtx)/2, Ko = 1074

For the optimal
uo = (o) + f,
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please see Figure 9.
2. Example B: In this case, we consider f(x) = cos(7x)/2, K, = 30.

For the optimal
uo = (v3)" + £,

please see Figure 10.

0.5

0.45 ]

04r b

0.35 b

031 ]

0.25 b

041t 1

0.05 b

Figure 9. Solution u((x) for the example A.

0.5

031 ]

02r b

04t 1

-0.3 1 b

-04r1 b

05 . . . . . . . . .

Figure 10. Solution ug(x) for the example B.
16. One More Dual Variational Formulation

In this section we develop one more dual variational formulation for a related model.
Let ) = [0,1] C R and consider the functional | : V — R defined by

J) =5 [ (=12 dv+ g [ = f,
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where
V={uecW4Q) : u(0) =0and u(1) = 1/2}.

We define also the relaxed functional J; : V x Vj — R, already including a concerning restriction
and corresponding non-negative Lagrange multiplier A2, where

Ji(u,0,A) = %/ﬂ((u’—l—v’)z—l)2 dx—i—%/guz dx — (u, f) 2 + (A%, (v/)* = K) 2.

where
Vo={veW,*(Q) : (¢v)*)-K<0inQ}.

Observe that
1 1
5 /Q((u’ +o )2 - 1) dx+ 5 /Q W2 dx — (1, f) 2 + (A2 ()2 = K) 12
= (o, (W +0)2 1)+ % /Q((u’ +0')? —1)% dx
+(og, (' +0')? = 1) 2 + (A%, (V)* = K)p2 — (u,03) 12 — (0, 03) 2
1
i, ob) o+ (0, 08) e + E/Quz dx — (u, f) 2

. . 1 2
u1]r€1fy{—<vo,w)Lz+ 2/0(30) dx}

inf {(05, (01 +02)2 = 1)1z + (A2 (22) = K) 2 — (01,02 — (02,08) 12}
(v1,02)€Y XY

1
+ inf {(u’,v}‘)Lz+(U//U§)L2+Z/QUde<”:f>L2}

IV

(u,0)eVXVy
1 2
= [ w24 —/ ‘4
5 Q(vo) x Q’Uo x
(01)? (Ul —v3)?
“4)a oy T 2 T
2/ )+ )2 dx— = /KA2 dx + ot (1)u(1). (81)

Here, we highlight v5 = c € R in (), for some real constant c.
Hence, denoting

i@, A) = 2/ o) dxf/vodx
1 —v
4 Ja vo 2/ 2
1 / x
5 J (@) + x5 /QKAZ dx + of (1)u(1) (82)

and

Bwo) =3 [ (40 =1 dv+ 3 [ dv— G f,

we have obtained

inf  Jo(u,0)} > sup Ji(@", A).
(,0)eVXVy (v*,A)EA* X [Y*]xRxY*

Finally, for
A" ={vg €Y : vy >ein O}

we emphasize J{ is concave on A* x [Y*] x R x Y*.
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Here £ > 0 is a small regularizing real constant.

Remark 7. The constraint (v')? — K < 0, in Q is included to restrict the action of v on the region where the
primal functional is non-convex, through an appropriate constant K > 0.

17. A Model in Superconductivity through an Eigenvalue Approach

In this section we intend to model superconductivity through a two phase eigenvalue approach.

Let O = [0,5] C R be a straight wire corresponding to a one-dimensional super-conducting
sample.

Consider the functional [ : V x V x R — R where

- n . “1 4
J(u,v,E) = 5 /QVu Vudx + 7 /Q|u| dx

2
—%/Q lu|? dx

+B/VU'Vvdx+&/|v|4dx
2 Ja 2 Jo

2
—w—lz/ lo|? dx
2K5 Ja
=5 (] w2+ 1) dx = mr). )
2 \Ja

Here, in atomic units, mr is the total electronic charge, V = W&'Z(Q) and we set a; = 10*
corresponding to higher self-interacting energy which is related to a normal phase. We also set
ay = 107! corresponding to a lower self-interacting energy which is related to a super-conducting
phase and respective super-currents.

Moreover, we set y; = > = 1, and initially w = 1.8 which is gradually decreased to w = 1.0.

Furthermore, we define

2 _ ‘“|2
|‘PN| |M|2+ |U|2
and
2 _ |U|2
|4)S| |u|2+ ‘Z)|2

where ¢ corresponds to a normal phase and ¢g to a super-conducting one.

At this point we observe that the temperature T = T(x, t) is proportional the frequency w/ (27)
of vibration for the normal phase.

We start the process with w = 1.8 which in atomic units corresponds to a higher temperature and
gradually decreases it to the value w = 1.0

Between w = 1.2 and w = 1.0 the system changes from an almost total normal phase to an almost
total super-conducting phase, as expected.

We highlight that the temperature is proportional to the vibrational kinetics energy

1 orn(x,t) oryn(x,t
El(t)zi/0|u|2 Ngt ). Ngt )dx

so that for
ry(x,t) = e“tws(x)

and for a suitable vectorial function ws, we have

To<E10<w2
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so that we may model the decreasing of temperature T through the decreasing of w?.

For w = 1.8, for the corresponding normal phase ¢y and super-conducting phase ¢g, please se
Figures 11 and 12, respectively.

For w = 1.0, for the corresponding normal phase ¢y and super-conducting phase ¢s, please se
Figures 13 and 14, respectively.

Figure 11. Solution ¢y (x) for the w = 1.8.

% 10-1 08

Figure 12. Solution ¢s(x) for the w = 1.8.
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Figure 13. Solution ¢y (x) for the w = 1.0.

Figure 14. Solution ¢s(x) for the w = 1.0.

Finally, we have set w; /K3 ~ 1 which for large w; corresponds to the super-currents.

18. A Simplified Qualitative Many Body Model for the Hydrogen Nuclear Fusion

In this section we develop a qualitative simple model for the hydrogen nuclear fusion.

Let QO = [0,L]® C R3 be a box in which is confined a gas comprised by an amount of ionized
deuterium and tritium isotopes of hydrogen.

Though a suitable increasing in temperature, we intend to develop the following nuclear reaction

Deuterium™®™ 4 Tritium™ — Helium™" + Neutron (energetic).

We recall that the ionized Deuterium atom comprises a proton and a neutron and the ionized
Tritium atom comprises a proton and two neutrons.

Under certain conditions and at a suitable high temperature the ionized Deuterium and Tritium
atoms react chemically resulting in an ionized Helium atom, comprised by two protons and two
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neutrons and resulting also in one more single energetic neutron. We emphasize the higher kinetics
neutron energy level has many potential practical applications, including its conversion in electric
energy.

At this point we denote by mp, mr, mp, and my the masses of the ionized Deuterium, Tritium
and Helium atoms, and the single neutron, respectively.

Therefore, we have the following mass relation

mp +mr = my, + my.

To simplify our analysis, in such a chemical reaction, denoting the total masses of ionized
Deuterium, Tritium, Helium and single Neutrons by (mp)r, (mr)r, (mg,)r and (my)r we assume
there is a real constant ¢ > 0 such that

(mD)T = cmp, (mT)T =cmr, (mHL,)T =C mHe, (mN)T = Ccmy.

With such statements and definitions in mind, we define the following functional ], where

J(¢,x) = J(¢D, 91, @1, PN/ ¥) = G(VP) + F() + Ec (¢, 1),

where, in a simplified many body context,

1
6o (x, )2 = [y (1)I* + |¢B(x,y)l2|¢5(y)|2m7

1
o (x,9)12 = 1¢p (1) + (9, (1, ) 2 + [k, (x, ) |2)|<P§(y)|2m7,

1

[br, ()17 = 1035 )17 + (e () P + |4>ﬁ;(x,y)|2)!4>§5’(y)|2m,

PN = Pn(x).

Here x,y € Q C R3 refers to the particle densities.
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Furthermore, weassume'yp > 0, 'yp > 0, ')/N>0 'yN > 0, 'yN2>0 'y > 0, ')/ > 0,
7N2>0 N >0, andap >0, ar >0, ag, >0, ay >0,apr >0, ag, Ny >0, sothat

D
G(Ve) = ¥ [ (VeD)- (VgP) dy
D
+ 25 [ (VR) - (VoR) dx dy

T [ (vol)- (vl dy
+72]T”1 (Vo) - (Vok,) dx dy
72%2 Q(V¢§2)~(V¢§2)dx dy
£ > [(Te5k)- (Vo) dy

™
+ 21 Q( Nl) (V¢N1)dxdy

_I_

H,
v
52 | (V9R) - (Vi) dx dy
+ 20 [ () - (Vo) dx, (54

and,

"‘D |<PD(X—§1,V &2)[2¢p (81, 82) 2

Flg) = -G s
ocT |4>T X — fflr}/ Cz()€|1/|g2T)(|51'€2)|2 dx dy gy d&;
txDT |<PD X — ley %?1212‘{1’;)?‘:1":2)' dx dy d&, d&,
L, / |¢pm, (x é’lly) Cz(zf|1’|§21;e|(§1,€2)\ dx dy ¢, de
/ff/ | (x |x|2§||¢N( )1 dx de

_'_Z"‘HEN/ ¢, (x1 — &1,y — 52) 1P () 12

[(x,y) — (61, 82)] dx dy dg, dg, (85)

and the kinetics energy is expressed by

B = 5 [ looP D220 av gy
g [ lgnf? T2 aﬂd xdy
+3 Jplonf aéf“aéf“ dx dy
b [ lonl? SN g gy, (56)
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where we also assume
~ lwt
rp = e“'ws(x,y),

T~ ei“’tw6(x, v),

so that considering such a vibrational motion, the temperature T is proportional to w?, that is

T « 2.

Therefore, an increasing in T corresponds to a proportional increasing in w?.

Summarizing, we have supposed

1 1
E.(o, z—wZ/ 2 2dx C fwz/ 2 dx Gy,
e(px) = 50" | |gp|"+ I¢r] 11591 | I9] 2
so that we represent the increasing in T through an increasing in w?.
Moreover, we denote by my the mass of a single neutron and by m,, the mass of a single proton.
Thus, denoting also by A1, A, the proportion of non-reacted and reacted masses respectively, we
have the following constraints.

1.

[ 18Ry dx = my,
2.

[ 108, Gew) P dx = m,
3.

[ 108, (o) P dx = m,
4.

[ 188 Gy dx = my,
5.

[ 08 ey P e = m,
6.

| 4P @R dy = Ay em,,
7.

| 107 w)R dy = A1 cmy,
8.

| 1655 dy = 2z (20 my),

Similar constraints are valid corresponding to the charge of a single proton.
We have also the following complementing constraints,

1.

/Q |¢p|* dx dy = Ay(mp)r1,
2.

/Q |pr|* dx dy = Ay (m7)T,
3.

/Q pm, | dx dy = Az (mp,)T,
4.

/Q [pn|* dx dy = Az (mn)T,
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AM+Ay=1

With such results and statements in mind and simplifying the interacting terms, we re-define the
functional | now denoting it by J;, here already including the Lagrange multipliers concerning the
constraints, where

A
higw, BN = 2 [ (V9P)- (VP dy

2

D
B (TR - (R) dx dy

+

+55 [ (Von,) - (Vo) dx dy
+5° ), (VoR) - (Vony ) dx dy

5 (V95 (Vg3y) dy

2 | (VN - (Vo) dx dy

2 (Vi) - (ol dx dy

+ 20 [ (Tgw) - (Tgn) dx

+2 [ ool ax+ 5 [ grl* dx
2 [ pu e+ 2 [ g dx
~? [ (140l + o) dx

—wi /Q NI dx + J auz, (87)
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where the functional [, stands for
T = = [ ERs) ([ 108w ) dy
= [ R [ 108, (o =y ) dy
- /Q<E£2>7<y> (] 1ok )2 =)
— [ s ([ 0% o) = ) dy
Hog 2
~ [ (ERsto) ([ 02 = )
~(Ep)a (oD )2 dy — haem, )
—(E7)3 (/ |9y (v)[* dy — Alcmp)
—(Emn,)3 </ |<p2P x, )2 dy — Ay 2cmp)
—Es (/Q pp|* dx dy — Al(mD)T)
—Es (/Q |pr|? dx dy — /\1(mT)T>
—E7 (/Q |pn, |* dx dy — /\Z(mHg)T>
—Eg </n |pn[? dx dy — )tz(mN)T)
—Eo(Aq + Ay — 1). (88)

Remark 8. In order to obtain consistent results it is necessary to set

(DCN, “Hg) > (DCD,[XT).

In such a case, a higher temperature corresponding to a large w?, though such a nuclear reaction, will result
in a small Ay and a higher kinetics energy for the neutron field, corresponding to a large w? and A, closer to 1.

19. A More Detailed Mathematical Description of the Hydrogen Nuclear Fusion

In this section we develop in more details another model for the hydrogen nuclear fusion.

Remark 9. Denoting by i € C the imaginary unit, in this and in the subsequent sections, for the time-dependent
case we generically define the gradient of a scalar function u(x, t) with domain in R*, denoted by Vu(x, t), as

Vu(x, t) = (iug(x, 1), e, (%, 1), Uz, (X, 1), they (X, 1)),

so that ;
2 2
Vu-Vu=—u; + Zuxj.
j=1

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).
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Here such a set ) stands for a control volume in which an ionized gas (plasma) flows. Such a gas
comprises ionized Deuterium and Tritium atoms intended, through a suitable higher temperature, to
chemically react resulting in atoms of Hellion and a field of single energetic Neutrons.

Symbolically such a reaction stands for

Deuterium™®™ + Tritium™ — Helium™ + Neutron (energetic).

We recall that the ionized Deuterium atom is comprised by a proton and a neutron and the ionized
Tritium atom is comprised by a proton and two neutrons.

Moreover, the ionized Helium atom is comprised by two protons and two neutrons.

As previously mentioned, resulting from such a chemical reaction up surges also an energetic
neutron which the higher kinetics energy has a great variety of applications, including its conversion
in electric energy.

We highlight the model here presented includes electric and magnetic fields and the corresponding
potential ones.

Denoting by # the time on the interval [0, 7], at this point we define the following density functions:

1. For the Deuterium field
oD (x,y, ) = 19y (v, ) + |¢?J(x/y/t)|2|¢?(y,f)lzn;/
2. For the Tritium field
o1 (e y, 12 = 15 (O + (o, (xy, 1)+ ok, (2, v, ) 19 (v, t)lzn:p,
3. For the Helium field
91 vy, )P = 025 (O + (95 oy, 0P + 98 (o 0P 25 (v, 0P

p

4. For the Neutron field
N = ¢n(x,t),

5. For the electronic field resulting from the ionization
Pe = pe(X, Y, 1).

Furthermore, we define also the related densities

po(ut) = [ eo(xy ) dx,

pr(w,) = [ 1gr(xy ) dx,
o0 t) = [ 1¢n (v, 0 dx,
on(x8) = Ipn (3,2

Pe(y,t) = /Q e (x,y,t)|? dx.
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For the chemical reaction in question we consider that one unit of mass of fractional proportion
ap of ionized Deuterium and a7 of ionized Tritium results in one unit of mass of fractional proportion
wp, of ionized Helium and ayy of neutrons.

Symbolic, this stands for

l=ap+ar =ay, +ay.

Concerning the control volume () in question and related surface control (), we assume such
a volume has an initial (fot t = 0) amount of ionized Deuterium of (mp ) and an initial amount of
ionized Tritium of (mr)g. The initial amount of ionized Helium and single neutrons are supposed to
be zero.

On the other hand, about the surface control 90}, we assume there is a part (2; C 0Q2 for which is
allowed the entrance and exit of Deuterium and Tritium ionized atoms.

We assume also there is another part d(); C dQ) such that 0021 N 9y = @ for which is allowed
only the exit of ionized Helium atoms and neutrons, but not their entrance.

In 0(); is allowed the exit only (not the entrance) of ionized Deuterium and Tritium atoms.

Indeed, we assume the following relations for the masses:

1.
(mp, N)T(t) = mp,N(t) +/O /anz(pHe(x,T) +on(x,T))u-ndS dr,
2.
mpy, N(t) = mp, (t) +my(t),
3,
mpy, (t) = /QpHe(x,t) dx,
4.
my(t) = /QpN(x,t) dx,
5.
(mp,)r(t) = /QPHe(xrt) dx+/0t/(m pm, (x, T)u-ndldr,
6.
() (t) = /QpN(x,t) dx+/0t /aQ on(x,T)u-n dTdr,
: (mn)r(t) _ an
(mp,)r(t)  an,’
so that
anmy,)T(t) = ap, (mn)7(t),
8. t
(mo) () = (mo)o ~ [ [ (ool )u-ndS dr—an(min)r(D),
9.
(o) (®) =)o = [ [ (pr(xm)u-ndS dr—ar(mx)r(0),
10. ,
(me)r(®) = me(®)+ [ [ (pe(x 0)u-nas ar,
11.

me(t) = /Qpe(x,t) dx.
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12.
/|¢p xt|2dx—+/|¢pxt|2dx—+/ |q> xt|2dx—p.

Here n denotes the outward normal vectorial fields to the concerning surfaces.
Having clarified such masses relations, we define the functional

J(¢,p,t,u,E A, B)

where

J=G(Vu)+F(¢)+ Ec(p,r) + F+ B+ F,

andwhereweassume'yp > 0, 'yp > 0, ’yN>0 'yN1>0 'yN2>0 ’)f >0, ’)’Ne>0 ’Y
0, yv >0, ’ye>0andtxD>0 at >0, (XH6>O any >0,apr >0, IXHEN>O D(eg>0 OCHE,<OSO
that

6oy = [ [ (VoD)- (VR dya
ST [ (94R) - (VgR) e dy a
;/”/ (V45) - (VoF) dy dt
217 (o) (Tl vy a
7N2 / [ (Vok,) - (Vol,) dx dy at
72” / (Vo) - (Vo) dy dt
WNI /tf/ (VoL He) dx dy dt
7N2 / v / Vo) - (Vo) dx dy dt
s /Q(VQDN)'(V(PN) d di
2/ ! (V90 (Vo) dx dy dt, (89)

and



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2024

64 of 210
o - y |¢D x— §1|( )cz, ()élilglz;l@v?zf O v dy dz, de dt
”/ S 7 AL
L
o . o [ et iéll,@’;e'@l'@z' I v dy azy a a
tf \ng x—lxé_tg t||¢N( O 4v az at
,x” |4>g X — 51,y )52/ ()gig’;)(fl":z' Hi* dx dy dg, dg, dt (90)

and the internal kinetics energy is expressed by

aI'D al'D

Bpr) = 5 [ [ oo %20 gx gy a
P g
L
L it

or, Oor
2/ 10 S5 S dx dy dt, 1)

Here it is worth highlighting we have approximated the initially discrete set of indices s of
particles as a continuous positive real variable s.
Moreover,

F —i/tchurlA—B I|l2 dt
1_471_0 0112 4k,

ty
/ /Emd Kp|4)p |2( > dxdydt
tf 5
+/ /Emd KylgT| ( )d x dy dt
t
+/f/ Bt - Ky 9t ( ng) dx dy dt

or
—I—/O /Q]El-ml-l<e|gbe|2 (u+ a:) dx dy dt, (92)

where K, and K, are appropriate real constants related to the respective charges.
Here u = (11, up, u3) is the fluid velocity field and

rp, rt, r'y,, IN, Ye
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are fields of displacements for the corresponding atom fields.
Also A denotes the magnetic potential, By an external magnetic field and B is the total magnetic

field.
Moreover, E;;,; is an induced electric field.
Finally,
b

FE = / v(x,y Ip - V(xy)rD dx dy dt + / v(x,y IT - V(xy)rT dx dy dt

CHE tf

/ V(x,y)rHe (x,y)THe dx dy dt + /Q V(x,y)l‘]\] . V(x’y)r]\] dx dy dt
76 /0 /Q V(gyte V(xy)te dx dy dt, (93)

for appropriate real positive constants Cp Cr, Cp,, Cy, C..
Such a functional | is subject to the following constraints:

1. The momentum conservation equation for the fluid motion

ou ou
p ( atk + Jaxk> =pfe— +Tk],1+ (Fe)k + (Fm)k,

Vk € {1,2,3}.
Here p = pp + p1 + pH, + o~ + pe is the total density and P is the fluid pressure field.

Furthermore,

aul au]
T =k <8x ox; 3 ’]ZBxk>

Vi, j€{1,2,3},

Fe = {(Fe)) = (K09 + lgf 2+ loli?) + K. [ g2 v ) B

and
Fu = {(Fm)i}
= (Kp 9y 17 (“+aarf>
¢y 1° <u+aarf>
Hot (w25 )

)
K|l (u + ;;)) x B. (94)
2. Mass conservation equation:
9%
o + div (pu) =
3. Energy equation
De a9Q

p— +P(divu) =

D — div q,



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2024

66 of 210

where we assume the Fourier law
q = —KVT,

where T = T(x, t) is the scalar field of temperature.
Also,

_ Py.y4 00 9D
e N T

oT al'T ) al‘T

2 ot ot
PH, 9tH, OrH,
2 ot ot

PN 9rN  OrN
T or ot

Pe Ore OTe
2 ot ot ©5)

+

and
Dt ot ox

P=F(p,T),

for an appropriate scalar function F;.
5. Mass relations

(a)
mp(t) = /QpD(x,t) dx,
(b)
mr(t) = /QpT(x,t) dx,
(©)
mye(t) = /QpHe(x,t) dx,
(d)
my(t) = /QpN(x,t) dx,
(e)
me(t) = /Qpe(x,t) dx,
() t
(my,)r(t) = /OPHg(x,t) dx+/0 /ao ey, (x, T)u-n dldr,
(©) t
(mn)T(t) = /QPN(x,t) dX-I-/O /an pn(x,T)u - n dldr,
(h)
(mn)r(t) _ an
(mp,)r(t)  an,’
so that

anmp,)7(t) = ap, (mn)r(t),

where,
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(a)
t
(i )7 (8) = mag () + [ ] (pr (7)) dS d,
(b)
mu,,N(t) = mp,(£) +mn(t),
(©)
t
(mo)(1) = (mo)o— [ | (po(x1)u-nds dr—an(min)r(t),
(d)
t
(o) (®) = (mr)o = [ [ (pr(em)u-ndS dr —ar(ma,n)r(E),
(e) t
(me)7 () = me(t) +/0 /802 (or(x,7))u-n dS dr.
®
/ 9 (x, )] x—+/ 9 (x, )] x—+/ |cp xt|2dxmp
6. Other mass constraints
(@)
[ 18R G2 dx = my,
(b)
[ 185, Gy, 2 dx = my,
(©)
L 185 Gy, 2 dx = my,
(d)
/ |(,bN1 x,y,t)|? dx = my,
(e)
[ 08 ey O dx = my.
7. For the induced electric field, we must have
curl E;,; + % curl (Kp|<p5|2 < + a;?)
+12p|¢;|2 (u + aal;T)
12 aI'He
+Rp gy | ( + 5 )
a 8 /
s s+ 5300
x(curlAfBo)fli(curlAfBo):0, (96)

cot

where K, and K, are appropriate real constants related to the respective charges.
8. A Maxwell equation:

divB =0,

where
B = By — curl A.
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9. Another Maxwell equation:

. H,
aivE = 4 (K, (g P+ Igf2 + 08 )+ K [ It )
where the total electric field E stands for
E=E; ;+ Ep,

and where generically denoting

Fig) = [ f5(¢x,8) dx dz,

we have also 3
Ep — {/Q f5(§b,x;§) d(:}

Xy
At this point we generically denote
(h,I) > = /tf/ Iy hy dx dy dt.
0 Jo
Thus, already including the Lagrange multipliers concerning the restrictions indicated, the

extended functional J3 stands for

Js = Ja(¢,u,r,P,A,B,E,A,E)
= G(V¢)+F(p)+Ec(pr)+F+F+F

auk auk daP
+ <Ak,p <at + ujaxj> —ofc + v Tjj — (FE)k — (PM)k>

L2
o .
+ <A4/ £ + div (Pu)> ) + ]Auxl + ]Auxz + ]Aux3 + ]Aux4/ (97)
L
where,
B De . 20Q .
Jaux, = <A5/ T + P(divu) — o + div q>L2
+ (N6, P=F(0,T))p2, (98)

T = (7,00 = [ ool dx)
+<A8,mT(t)/QpT(x,t) dx>

<A9, mi () = [ pa.(x,1) d">Lz
<A10, my(t) — /QPN(X’ 2 dx>L2
<A11,me(t) - /Qp"’(x’t) dx>L2

/Otf Ei2(t)(anmp,)T(t) — ap, (my)T(t)) dt, (99)

L2



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2024

69 0f 210
ty
T = = 7 [ ER1stw0) ([ 10 e, ) dy
0o Jo
tf
/0 /Q EN1 y/ (/ ’(PNl X, y, |2 dx—mN> d]/ dt
tf 2
/0 /QEN2 (/ \cpNny, )" dx —m N> dy dt
ty
/ / (EN:)s(y,t (/ o8 (x,y,£) 2 dx —m N> dy dt
0o Jo
ty
/0 /Q (Exs)o(y, ¢ </ [pn; (2, D)2 dme> dy dt, (100)
]Aux4 = <A12, curl Eind

—i—% curl <I€p|¢5|2 <u+aarf>
+Kplpy <u+ aartT>
+Rylps, |2( +agf">
R oo (utnn + 252D 0 )

X (curl A —By) — 1%(curlA— B0)>

L2
+ <A13, div B>L2

+ <A14, div E —4n (K,,(|¢>§3|2 + ¢y >+ |¢>§;|2) + K, /Q e (x, 1, )| dx) >L2 .(101)

Here we recall the following definitions and relations:

1. For the Deuterium field
[op () = 19y (v, ) + |¢£(x,y,t)|2|¢5(y,f)|2n;,
2. For the Tritium field
o0 () = 19, (v, ) + (19K, (x5, + |9R, (x,y,f)lz)l%D(y,f)lzmif
3. For the Helium field

1
011,y )P = 635 (1 O + (05 (e, )P + 08 (e )P 03l ()P

p

4. For the Neutron field
N = ¢n(x, 1),

5. For the electronic field resulting from the ionization

Pe = Pe(X, Y, ).

po(ut) = [ eo(xy O dx,
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11.

12.

so that
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pr(yt) = /Q pr(x,y,t)|* dx,
out (0, ) = [ 16u(xy, )2 dx,
o(x,) = o5, DI
pelw,t) = [ [9elxy, ) dx.
P =D + 0T+ PH, + PN + pe,
Onst )10 =m0+ [ [ (o) + pu(x, 0w m ds
i () = i (1) + (D),
i, () = /Q o, (x, 1) dx,
m(t) = /Q on(x,t) dx,
mp)(0) = (modo— [ [~ (po(x, ) dS de — ap(m)r(0),
o) (0) = nrdo = [ [ (pr(x,m)uen dS dr = ar(m )r(0),
(mp, )7 (t) = /Q pr, () dx + /0 t /a o, P (v D) n dldr,

(mn)7(t) = /QpN(x,t) dx+/0t /an on(x, T)u-ndldr,

(mn)r(t) _ an
(mp)r(t)  ap,’

anmy,)r(t) = ag, (my)r(t),
(mr() =me(t) ~ [ [ | (pel T
me(t) = /Qpe(x,t) dx.

t:thdﬁ/thﬁ/Hezﬂ.
met)= [ 9P P vyt + [ 0] (P vyt o+ [ 1of P ax e
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Finally,
E=E; ;+ Ep,

and where generically denoting

F(g) = [ folgx,0) dx dz,

£, { [ 254650 ).

axk

we have also

and,

B = By — curl A.

20. A Final Mathematical Description of the Hydrogen Nuclear Fusion

In this section we develop in even more details another model for the hydrogen nuclear fusion.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).

Here such a set () stands for a control volume in which an ionized gas (plasma) flows. Such a gas
comprises ionized Deuterium and Tritium atoms intended, through a suitable higher temperature, to
chemically react resulting in atoms of Helium and a field of single energetic Neutrons.

Symbolically such a reaction stands for

Deuterium™® 4 Tritium™ — Helium™" + Neutron (energetic).

We recall that the ionized Deuterium atom is comprised by a proton and a neutron and the ionized
Tritium atom is comprised by a proton and two neutrons.

Moreover, the ionized Helium atom is comprised by two protons and two neutrons.

As previously mentioned, resulting from such a chemical reaction up surges also an energetic
neutron which the higher kinetics energy has a great variety of applications, including its conversion
in electric energy.

We highlight the model here presented includes electric and magnetic fields and the corresponding
potential ones.

Denoting by t the time on the interval [0, ¢ ], at this point we define the following density functions:

1. For a single Deuterium atom indexed by s:

1
bp (., t,5) 1 = 195 (., 5)1” + ox (x, v, £,5) 2|9 (v, t,S)Iszp,

2. For a single Tritium atom indexed by s:

1
o7 (x,y, t,5)1% = 19y (v, £,5)1% + (9, (,y, 1,52 + [, (2,9, ,9) )y (v, t,S)Iszp,

3. For a single Helium atom indexed by s:

1
[ pre (3,9, ,5) 1% = [y ()12 + (lone (6,9, 8,5) P+ Long (6,9, 1,5) P by (v, £ 5) P,
p

4. For the Neutron field:
oN = ¢on(x,t,5),

5. For the electronic field resulting from the ionization

(Pe = ¢e(-xryr t/S)‘
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Furthermore, we define also the related densities

op(y,1) :/OND(t)/Q|¢D(x,y,t,S)|z dx ds,
o= [ [ loront o) dxds
o) = [ [ oyt 5P s,
onte) = [ ot s

Ne ()
pe(y,t) =/0 /Q |pe(x,y,t,5)|? dx ds.

For the chemical reaction in question we consider that one unit of mass of fractional proportion
«p of ionized Deuterium and a7 of ionized Tritium results in one unit of mass of fractional proportion
wp, of ionized Helium and ayy of neutrons.

Symbolically, this stands for

1l=ap+ar=uay, +an.

Concerning the control volume () in question and related surface control d(), we assume such
a volume has an initial (fot t = 0) amount of ionized Deuterium of (mp )y and an initial amount of
ionized Tritium of (mr)g. The initial amount of ionized Helium and single neutrons are supposed to
be zero.

On the other hand, about the surface control 90}, we assume there is a part ()3 C 0Q) for which is
allowed the entrance and exit of Deuterium and Tritium ionized atoms.

We assume also there is another part d(); C dQ) such that 0021 N9y = @ for which is allowed
only the exit of ionized Helium atoms and neutrons, but not their entrance.

In 9(); is allowed the exit only (not the entrance) of ionized Deuterium and Tritium atoms.

Indeed, we assume the following relations for the masses:

1.
(mp,N)T(t) = mp,N(t) +/O /802 (o, (x,T) 4+ pn(x,T))u-n dS dr,
2.
mpy, N(t) = mp,(t) +mn(t),

3.

g, (£) = /Q pi, (x,1) dx,
4.

my(t) = /QpN(x,t) dx,
5.

(mp)(t) = (mp)o — /0 /601U302(pD(x, T))u-ndS dt —ap(my,N)T(t),

6.

o)) = (mrdo = [ [ (o, 7)) dS dr = (g )1 ),
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7. t
(mp,)T(t) = /QPHe(xrf) dx+/0 /BQZpHe(x,T)u~ndeT,
8. t
o)1) = [ pntxt) s [ [ pus e ndrar,

9.

(mn)r(t) _ an

(mp,)r(t) am,’

so that
anmp,)r(t) = ag, (my)r(t),
10. t
(me)r(t) = me(t) +/O /anz(pe(x,r))wn ds dr,

11.

H = /Qpe(x,t) dx
12.

_ No(®) D 2 e Nr(t) T 2 Me
met) = [ [ lopts) P dy dsm—+ o er e ayas e
N, (1)
+ |4> (y,t,5)|* dy ds e (102)
[N .

Here n denotes the outward normal vectorial fields to the concerning surfaces.
Having clarified such masses relations, denoting by Np(t) Nr(t), Ng,(t), Nn(t), N.(t) the
respective indexed number of particles at time ¢, we define the functional
]((P/p/ r/ u/ E/ A/ B/ {ND, NT/ NHEI NN/ NE})

where

J=G(Vu)+F(¢)+Ec(pr) +F+FE+F+Fy,
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andwhereweassume’yp > 0, 'yp > 0, 'yN>O 'yN > 0, ')/N2>0 'y > 0, 7 > 0, ')/113;>
0, 7/ >0, 7o >0and ap >0, ar >0, D‘He>0 an >0,apr >0, “H6N>0 063[3>0 lXHe,e<OSO
that

G(V¢) = ’Yf/tf /ND(t)/ (VD) - (VD) dy ds dt
5/tf/ND /V¢N (VD) dx dy ds dt
Bty (e dyas
(7 [ [ () (V) sy dsa
+7N2 v /NT(t / (VL) - (VgL,) dx dy ds dt
72” /tf/NHE(t/ (VoL - (Votk) dy ds dt
VN‘ /tf/NHf / (VL) - (Vo) dx dy ds dt
rYNZ / v / et / (Vo) - (Volk) dx dy ds dt
+7/0 /0 /Q(V¢N)'(V¢N) dx ds dt
3 ’ | o [ (V9 (Vo) dx dy ds ot (103)

+

and

“D / / l¢pp (x — &1,y — &2, t,5 — 51)|Pl¢pp (81, o, t,51)
[(x,y) — (61,82)]
ar Ne®) e |or(x — &1,y — Gty s — s1) [P@r (81, Gt 51) |2
* / / / (% y) = (1,8)]
/ / (1) /NT / lpp(x — &1,y — & t,s — 51) |2 pr (81, Ea, b, 51)
|(x,y) — (61,82
/ /NHE /NHE / |(PH (x Clry — 62/ t,s— Sl)|2|¢He<€lr §2/ t)|2
‘(x’y) - (Cererln
Nn(t) rNn(t |4)N x_g £ S_Sl)|2|4)N(§/trsl)|2
[ -
tr (Nue(t) (No(®) r|pp,(x Cl,y &2, 1) N (G, 1) 1P
/ / / / B dx dy A&, dE, ds dsy dt
ap, e [ NH® N (x = 8,y — Gostys — 51)P19e(G1, 8oty 51) 12
T / / / / (%, y) — (&1, &)
lXeg tf Ne Ne |¢e xfé'l/y*ngtrs7sl)|2|¢€(€1152/t151)|2
/ / / / [(x,y) — (1,82

dx dy d¢y d¢y ds dsp dt

dx dy d¢y d¢y ds dsp dt

dx dy d¢y d¢, dt

dx dy d¢y d¢y ds dsp dt

dx d¢ ds dsq dt

_|_

=

%
z _

dx dy d¢y d¢y ds dsy dt

dx dy d¢y d¢y ds dsq d104)
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and the internal kinetics energy is expressed by
tr Np(t)
Ec(¢p,r) = /f/ ’ / lppl* = 9D arD dx dy ds dt
2 ot
tr Nr(
z/f/ a /| o2 8T arT arT dx dy ds dt
b (t 2 al'He ) al‘HE
2/ / / gn.? = dx dy ds dt
or ar
2 OIN N
L o B sy
ty 5 OF, arg
2/ / /|4>e| 5 5, dxdydsdt, (105)

Moreover,
k= in /tf | curl A — By||, dt
1 0 0 2 4

v [ Euna - Kplg] U0\ v dy d
ind ° p’¢p| 87 xay s dt
tf NT(t E K 5
ind p|q>,[J | dx dy ds dt
t Ne
/”/H /Emd K93y (

t Ne(t
/ ! / / Ein - Kelge|? (u+> dx dy ds dt, (106)

where K;, and K, are appropriate real constants related to the respective charges.
Here u = (11, up, u3) is the fluid velocity field and

> dx dy ds dt

rp, r7, Iy, IN, Te

are fields of displacements for the corresponding particle fields.

Also A denotes the magnetic potential, By an external magnetic field and B is the total magnetic
field.

Moreover, E;;,; is an induced electric field.

Also,

CD tf ND(t)
F = > o /0 /Q V(x,y)rD . V(x/y)l‘[) dx dy ds dt

T [t Nr()
2 Jo /o /Q V()T V(xy)tT dx dy ds dt

CHe t N, (t)
+T/O /O /Q V(xry)rHe ’ v(x,y)rHe dx dy ds dt
Cn [t Na()
+7 /0 /o /Q V()N - V()N dx dy ds di
Ce tr pNe ) e i ds d
2 0 /0 /Q V("fy)re ' v(x,y)re X dy ds dt, (107)

for appropriate real positive constants Cp Cr, Cg,, Cy, Ce.
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Finally,
aND(t)) e (aND(t))2
F, = ( dt
2 0 ot
INN (1) e, [ (ONg,(1)\?
+ ( o ) a5l T )
ff IN(t)\?
5 ( o dt, (108)

where ep, €7, €N, €H,, € are small real positive constants.
Such a functional | is subject to the following constraints:

1. The momentum conservation equation for the fluid motion

ou duy
P ( atk e > =p0fk— +Tk]]+(FE)k+(FM)k/

Vk € {1,2,3}.
Here p = pp + pr + pH, + pN + pe is the total density and P is the fluid pressure field.

Furthermore,

auz au]
H=H <8x oax; 3 Uzaxk>

Vi j € {1,2,3},

Np(t) Nr(f) ()
<K"’ (/0 D "”5‘2”1”/0 } |¢£|2ds+/0 g lzds)+1<e/ |¢e|2dS)E

and

Fv = {(Fm)i}

Np(t) or
<Kp (/0 |<p,[?|2 <u+ E)?) ds
Ne®) 1 ory
/0 |¢p | (u + 8t> ds

Nu®) o or
[ ot (wr 2 ) ds)

Ne(t) or,
+K, / e (w2 ds) x B. (109)
0 ot
2. Mass conservation equation:
9%
o + div (pu) =
3. Energy equation
De 2Q .
th—l—P(dIVH) a5 div q,

where we assume the Fourier law
q = —KVT,
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where T = T(x,t) is the scalar field of temperature.
Also,

1Y pDarD al‘D
R N TS
pTarT aI‘T
2 9t ot
pHearHe 8rHe
2 9t ot

pn oIy Oy
Y o o

Qe 0T, OFe

+?¥ o5 (110)

+

and
De oe de

ﬁ = g + M]a—x]
P:P7(p,T),

for an appropriate scalar function F;.
5. Mass relations

(a)

mp(t) = /QpD(x,t) dx,
(b)

my(t) = /QpT(x,t) dx,
(©

mielt) = [ pu. (1) dx,
(d)

my(f) = /QpN(x,t) dx,
(e)

me(t) = /Qpe(x,t) dx,

where,
(a) t
(mp,N)1(t) = mp,N(t) -I—/O aQZ(pHe(x, T))u-ndS dr,
(b)
mp, N(t) = mp,(t) +my(t),
(©
(m0)(6) = (mp)o= [ [ (ool 7)u-mdS de = ap(omsx)r (),
(d) t
(mr)(0) = (mr)o— [ [ (pr(x)u-ndS d—ar(mi,x)r(0),

(e)

t
(mp,)7(t) = /QPHe (x,t) dx +/O /(_m2 pn, (x, T)u-n dldr,
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so that

(h)

(i)

me(t)
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om)r(t) = [ ew( ) dss [ [ on(uendri,

(mn)7(t) _ AN

(my)r(t)  am,’

anmp,)T(t) = ap, (mn)7(t),

(me)7(t) = me(t) + /Ot /802 (or(x,7))u-ndSdr.

Np(t) m Nr(t) m
D 2 e T 2 e
L [P w sl dydydsm—+ Jy e s ay as e

Ny(t) r
—|—/ / |¢2p v, t,8)|" dy ds e (111)
P

6. Other mass constraints

(a)

(b)

()

(d)

(e)

(®)

(8)

(h)

S 1R Gt ) dx = my,
S 10k (e, b9) P =,
S 10k ey, 19) 2 dx = m,
/ [oN: (%, 8,5)* dx = my,
[ 183 Gy, )P dx = my,
/Q |cp5(x, t,s)|? dx = my,
/Q |gb;(x, t,s)[* dx = m,,

H,
/Q |y, (x, t,s)[* dx =2 my,

mp(t) = my Np(t) +my Np(t)
mr(t) = my Nr(t) +my Nr(t),
mp, (t) = 2my Ny, (t) +2my Ng,(t),
me(t) = me Np(t) +m, Ny (t) +2 me Np,(t).

8. For the induced electric field, we must have
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1 . [No() or
curl E;,; + - curl (Kp/o |¢5|2 (u + af) ds
L Nr(t) or
T2 T
+Kp/ |(Pp| <u+ 8t> dS
~ arH
K 2 4
+Kp / |<P ;| ( o > ds
/ / |¢exy,ts|2( ( ) al‘e(x%) ) ds)
ot
10
X (curl A — By) —Eg(curlA—Bo) =0, (112)
where Kp and K, are appropriate real constants related to the respective charges.
. A Maxwell equation:
divB =0,
where
B = By — curl A.
Another Maxwell equation:
) Np () Nr(t) N (t)
divE = 4r (K,, (/O ¢y | ds +/O ¢ |* ds +/O |¢f;|2 ds)
N(t)
—l—Ke/ /Q \pe(x,y,t,8)|* dx ds> , (113)
0

where the total electric field E stands for
E = E;,y + Ep,

and where generically denoting

F(¢) = /Qf5(4>,x, t&,s) dx d¢ ds,
we have also

g { [ 20508 ).

axk

At this point we generically denote

tf
(h, ) 2 = /0 /th Iy dx dy dt.

Thus, already including the Lagrange multipliers concerning the restrictions indicated, the

extended functional J3 stands for
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s = ]3((P,ll,l‘,P,A, B,E,A,E, {ND,NT, NHE/ NN,NE})
= G(V¢)+F(p)+E(pr)+Fi+E+F+FE
ouy ouy oP
+ <Ak,p ( 5 4o ) —pfit+ Fr Tjj — (FE)x — (FM)k>L2
9 .
+ <A4/ £ + div (Pu)>L2 + ]Auxl + ]Auxz + ]Auxg, + ]Aux4 + ]Aux;,r (114)
where,
_ _9Q
Jauy, = <A5, pD + P(divu) o + div q>L2
+(Ae, P—F;(0,T))12, (115)
Jaux, = <A7, mp(t) —/ pp(x,t) dx>
O 12
+ <A8,mT(t) —/ or(x, t) dx>
Q 12
<A9,mHe(t) —/ pm, (x, ) dx>
9] 12
<A10,mN(t) —/ on(x, 1) dx>
O L2
<A11,me(t) —/ pe(x, 1) dx>
(9] 12
tr
/0 Eno(t) (g, ) 7(£) — gy, (m)7(£)) dit, (116)

=
[y

5(y,t,8)

s 10RO dr ) dy

=~
-

|
o\o\o\o\ﬁ_o\o\o\o\
D\D\D\D\D\D\D\D\

<
-

ENl
EN2 (y,t,5)

|10k, ey, ) dx —my

~
<

(y,t,s) (/ |4’N xy,ts|2dx—mN> dy dt
EHe / 2 -
(y,t,s) |<p (x,y,t,8)[* dx —my | dy dt

(EN:)o(y,t,5) (/ N (x,y,t,5) 2 dx —my | dy dt,
EDw) ([, 1Pt R ay—m, ) ds
€6 ([ b ol dy-m, ) dst,

(ESe)(t,s) </ B (y, )| dy — 2mp> ds dt, (117)

S
-

=~
-~

~
-
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]AuX4 = <A12/ curl Ejg

1 A ND(t) D2 al'D
+E Cul'l (Kp/o ‘¢P | <u + at) dS
L Nr(t) or
Kp/ |4>§|2 <u+ atT) ds
. or
+1<p/ gl |2< af) ds
R A ar.(x,y,t,5)
2 e\t Jrr2)
+ KE/O /Q |¢e(x/]// tls)‘ (u(% t)+ ot dx) ds)

(curl A — B0)>

><(cu1r1A—B0)—lg

c ot 12

+ <A13, le B>L2

, No() oo Ne®) g Ni () o
(v (1, ([ 0P s [ g s [T gt )
1<e/0|¢e|2 dx ds)>L2. (118)

Jauxs = (M5, mp(t) — (mp Np(t) +mn Np(t))) 2
+(A16, mr(t) — (mp Nr(t) +my Nr(t))) 2
+(A17, mp,(t) — (2mp Ny, (t) +2my Np,(t))) 2
+(A1s, me(t) — (me Np(t) +me Nr(t) +2me Ny, (t))) 2. (119)

Here we recall the following definitions and relations:

1. For the Deuterium field
1
90 (x,y,t,9)1> = 195 (v, 1,5) 1> + [oR (x, v, 1,5) P19, (v, t’s)|2n7,,’
2. For the Tritium field

1
lpr(x,y.t,5)1 = |9y (v, t,5)17 + (|¢§1(xry,t15)l2+|¢§2(xryrt,S)IZ)IfP,’.?(y,f,S)Imep,

3. For the Helium field
2 H, 2 H, 2 1
P, (.9, 8,5) 1> = |3 (v, £,5) [ + (198 (%, 3, £,5) P + (o (3,1, £,9) ) [k (v, £,5) [P —,
p 1 p Zmp

4. For the Neutron field
oN = ¢on(x,t,5),

5. For the electronic field resulting from the ionization

be = ¢pe(X, Y, t,5).

Np(t) 5
t)—/0 /Q|¢D(x,y,t,s)| dx ds,

Nr(t)
pr(y,t) = /O /Q pr(x,y,t,5)* dx ds,
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10.

11.

12.

so that

me(t)

82 of 210

NHe(t) 2
o) = [ [ lgn ey b9 dx ds,
0 Q
Nn(t)
on(x )= [ low(e )P ds,
o= [ [ eyt P drd
pe y’ _/0 /Q 476 x,]/; /S X as.

P =pPp +pPr+ PH, + PN + Pes

(my,N)T(t) = mp, N(t) + /Ot /802 (om, (x,T) + pn(x,T))u-n dS dr,

my, N(t) =mp,(t) +my(t),

g, (£) = /Q or, (x,£) dx

0= [ et dx

(mp)(t) = (mp)o — /O t /a o, (DG )0 dS T — i )1,

t
(o) (®) =)o~ [ [ (pr(x)u-ndS dr—ar(m,x)r(0),

t
(my,)7(t) = /QPHe(x/ t) dx+/0 /802 o, (x, T)u-n dldr,

(myn)r(t) = /QpN(x,t) dx + /Ot /802 on(x, T)u-n dldr,

(mn)r(t)  an
(mp,)r(t)  an,’

an(my,)r(t) = apy,(my)r(t),

(me)7(t) = me(t) — /Ot /mz(pe(x,T))u -ndl dr,
t) = /Qpe(x,t) dx

Np(t) b ) M, Nr(#) T 5 me
/ /|¢p ADI dydydsm—Jr/o /Qlcpp(%tIS)\ dy ds- =

p

+/ / |¢2p y,t,s)> dy dse. (120)
mp
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Finally,
E=E; ;+ Ep,

and where generically denoting

_ /Q Fs(@,x,t,8,5) dx dE ds,
we have also

axk

g - { [ 2000E0) g ).

and,

B = By — curl A.

21. A Qualitative Modeling for a General Phase Transition Process

In this section we develop a general qualitative modeling for a phase transition process.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).

Such a set () is supposed to a be a fixed volume in which an amount of mass of a substance A
with a density function u will develop phase a transition for another phase with corresponding density
function v. The total mass mr is suppose to be kept constant throughout such a process.

We model such transition in phase through a functional | : V' x V — R where

- : N
J(u,v) = Z/QV” Vudx+2/0u dx

2/VU-Vvalx—l-&/v4¢7lx

2 Ja 2 Jo

1 20,2 4 2 75/ 2 2\ g

5 Qw(u +07) dx > Q(u +0°) dx —mr ). (121)

Here y; >0, 72 >0, a; >0, ap > 0and V = W2(Q).

The phases corresponding to u and v are connected through a Lagrange multiplier E, which
represents the chemical potential of the chemical process in question.

We assume the temperature is directly proportional to the internal kinetics E¢ energy where

/ 2 ory, aru
T2 ot at
For a internal vibrational motion, we assume approximately

ry ~ e“tws(x),
for an appropriate frequency w and vectorial function ws.
Thus, the temperature T = T(x,t) is indeed proportional to w?, that is, symbolically, we may
write

T o Ey & w?.

Therefore, we start with the system with a phase correspondingtou ~ land v ~ 0at w = 1.
Gradually increasing the temperature to a corresponding w = 15, we obtain a transition to a phase
corresponding to u ~ 0 and v ~ 1.
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At this point, we also define the index normalized corresponding densities

i u2 + -02
and
] ¢ u2 02 :

Finally, we have obtained some numerical results for the following parameters:
Q=[01CRy1=7=1a=01,a = 10>
1. We start with w = 1 corresponding to ¢, ~ 1 and ¢, ~ 0in Q).

For the corresponding solutions ¢, and ¢, please see Figures 15 and 16, respectively.
2. We end the process with w = 15 corresponding to ¢, ~ 0 and ¢, ~ 1in Q0.

For the corresponding solutions ¢, and ¢, please see Figures 17 and 18, respectively.

1 T T T T T T T T T T T

0.9 1
0.8
0.7
0.6
0.5
0.4
03
0.2

01 F .

Figure 15. Solution ¢, (x) for w = 1.

%107

0.8

06

0.4

Figure 16. Solution ¢, (x) for w = 1.
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0.8 ]

02r b

021 b

0.4 1

Figure 17. Solution ¢, (x) for w = 15.
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Figure 18. Solution ¢ (x) for w = 15.
22. A Mathematical Description of a Hydrogen Molecule in a Quantum Mechanics Context

In this section we develop a mathematical description for a hydrogen molecule.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).

Observe that a single hydrogen molecule comprises two hydrogen atoms physically linked
through their electrons.

We recall that each hydrogen atom comprises one proton, one neutron and one electron.

Since the electric charge interaction effects are much higher than those related to the respective
masses, in a first analysis we neglect the single neutron densities.

Denoting (x,y,z) € Q x Q x Q and time t € [0, (], generically, for a particle pj; at the atom Ay
in the molecule M;, we define the following general density:

2 b (v 2 ) Ploa, (.2, ) Plom (z,1) 2
M A MM, ‘

|¢(ij1)T(x’y’Z’t)|
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Here we have the particle density |¢p,, (x,y,2,t) |2 in the atom Ay, with density |$a,, (v, 2, 1), at

the molecule M; with a global density |¢p, (z, t)[2.
Here we have also denoted, Mpy, the particle mass, m4,, the mass of atom Ay and myy, the mass

of molecule M;, so that we set the following constraints:

1.
/Q |Ppi (X1, z,t)|? dx = My,
2.
| eag vz dy = may,
3.
/Q e, (2, 1) dz = m,.

At this point we denote for the atoms A1 e A; of a hydrogen molecule:

1. me; = m,: mass of electron ¢; in the atom A;, where j € {1,2}.
2. mp; = myp : mass of proton p; in the atom A;, where j € {1,2}.

Therefore, considering the respective indexed densities for the particles in question, we define the

total hydrogen molecule density, denoted by |¢p, (x, v,z t)|* as

2 p (o yz )P lga, (v, 2, )Pz 1)
9 (v, 0,2, D) = R
+|</>e1(x,y,zrt)\2I<PA1(%Z,t)lzlcpm(zft)lz
mAlmM
+|<sz(x,yrzft)lzlfPAz(yfzrt)|2|4>M(Z,f)I2
mAzmM
2 2 2
o2 P 0 02 ) gute )P 12
2

Such system is subject to the following constraints:

1. From the proton p; in the atom A;:

\/() |¢P1 (x/y/Z/ t)|2 dx = mp,

2. For the proton p; in the atom Aj:

/() |¢p2(x/]//2, t)|2 dx = mp,

3. For the atom Aj:
[ 104,202 dy = ma,,

4. For the atom Aj:
[ 0as vz 0 dy = ma,,

5. For the electrons e; and ey, concerning the physical electronic link between the atoms

S0z P dx+ [ 19 (ryz 0P dx = 2me.
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6. For the total molecular density:
/Q (2, D)2 dz = .

Therefore, already including the Lagrange multipliers, the corresponding variational formulation
for such a system stands for | : V — R, where

J(@,E) = G(V¢) + F(¢) + Jaux(¢, E).

Here we denote

(@p)7]? = |¢Pj(x’y'2't)|2|¢Aj(]/,Z,t)|2|¢M(Z,t)|2
Pj - ,

mA].mM

2 00y z )P 10a; (4,2, ) Plgm(z 1)

ma;mm

(e, )1l )€ {1,2)

we assume ’)/(pj) >0, ’)/e]. >0, ’)/A]. >0, ™™ > 0, D((p )t >0, lx(ej)T >0 DC( <0, V],k S {1,2},

i pj ex)T

Yp, [t
G(Ve) = %/Of/()(ij)-(v(ppj) dx dy dz dt

Ye; [l
+7’/0 /Q(ngg].)-(V4>ej)dx dy dz dt

YA
S | (Voa) - (Vou) dy dz i
™ [
+ 20 [T (Vo) - (Tgu) dz i (123)
and
F(¢) =

| 2

Xy gt ) (X =81,y = 82,2 = 83, )PPy, (61,62,85,1)
(};])T/Of/o|¢(p])T( ly 2 3 |4)(p])'1' 1,62,53 dxdydz,dgl déz dC3 dt

[(x,y,2) — (1,62, 63)|
(e /ff / D6 (¥ = Sy — 62,2 = 83, 1) Pl¢(e, ), (1, €2, 63, 1) P
2 Jo Ja |(x,y,2) — (1,62,83)]
+“(Pj e)T /ff / [D(p)r (¥ = E1y — 82,2 = 83, 1) Plbe), (61,62, 83, 1)
2 Jo Ja [(x,y,2) — (81,82, 83)|

+

dx dy dz d¢y dép ds dt

dx dy dz d¢y dp dis dt

Finally,

Jaux(§,E) = /Q(Ep)]-(y,z, t) </Q |9 (x,,2,1)]> dx — m,,> dy dz dt

ty ) )

/Q(Ee)(y,zf ) (/Q(I¢el(x,y,z,t)l +|¢ey (x,y,2,1))| )dx2me> dy dz dt
JEantenn) ([ loa w0 dy—my, ) dzat

(Em)(8) ( [ owaCz )P dz mM) . (124)
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Remark 10. We highlight the two electrons which link the atoms are at same level of energy E,.. Morever, each
atom has its energy level E 4; and the molecule as a whole has also its energy level Epy.

23. A Mathematical Model for the Water Hydrolysis

In this section we develop a modeling for a chemical reaction known as the water hydrolysis.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).

In such a volume () containing a total mass mr of water initially at the temperature 25 C with
pressure 1 atm, we intend to model the following reaction

H,0 =OH +H*

which as previously mentioned is the well known water hydrolysis.

We highlight H,O stand for a water molecule which subject to an appropriate electric potential is
decomposed into a ionized OH~ molecule and ionized H* atom.

It is also well known that the water symbol H,O corresponds to a molecule with two hydrogen
(H) atoms and one oxygen (O) atom.

Moreover, the oxygen atom O has 8 protons, 8 neutrons and 8 electrons whereas the hydrogen
atom H has one proton, one neutron and one electron.

Remark 11. Here we have assumed that a unit mass of HyO reacts into a fractional mass ag of OH™ and a
fractional mass ac of H.
Symbolically, we have:
1=ap+ac.

To clarify the notation we set the conventions:

1. H>O molecule generically corresponds to wave function ¢;.
2. OH™ molecule corresponds to wave function ¢;.
3. H* hydrogen atom corresponds to wave function ¢j3.

At this point we define the following densities:

1. For the H,O water density (for charges), denoted by |¢;|2, we have

2 HY , (y,2,)]2 D2

oy f = KpZI(qb{f)pj(x,y,z,t)lzl(% )a; (v zH)I [($1)m(z,1)]
=1 (m)A]_ (m1)m

(@) 4, (0,2 D P () (z D P

(ml)ij (m1)m

v,z O 1(@)m(z b

(m)g (m1)m

2
+Ke Y 1(91)e; (x,y, 2, 1)
j=1

° O
+Kp ; |((P?)pj<x,ylzl t)]2|(¢1 )A

=

° (@) A,z ) Pl(@1)m(z 1)
+Ke Y 1(07)e; (2, P : (125)
e]; Hgthy (m)‘z (m1)m
where (1m7) 1 is the mass of a single water molecule and generically |(¢ )pi(%,y,2,1) |? refers to

the hydrogen proton p; at the hydrogen atom A; concerning the H>O molecular density and so
on.
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2. For the OH~ density, denoted by |¢,|2, we have

2 [(93)a(y, 2 ) Pl(¢2)m(z )2
(m)il (m2)m
(@5)aly, 2 ) P|(¢2)m(z 1)

HY (v 1y 2 2!
+Ke| (@36, (x,9,2,1)] (m)H (m2)

2
HRIQF o5z, P L
; 109402 DL 2t (2,52
o 10 by 2 O e
+Ke i 1(99)e; (x, 9,2, 1) 2 (@) a2 D (@2)m(z )]

j=1 (m)3 (m2)m

2y, 2O = Kpl(¢3)p(x,y,2,1)

. (126

where (m5) is the mass of a single molecule of OH .
3. For the ionized hydrogen atom have

H 2
933y, I = Kpl(95)p (x.3, t>|z'“b3<lf;§i”'-

where we have denoted (m3) 4 is the mass of a single atom of H™.

Here K, > 0 and K, < 0 are appropriate real constants concerning a proton and an electron
charge, respectively.

The system is subject to the following constraints:

1.
/Q [(p11)p; (x 2, 1) dx = my, V) € {1,2},
2.
1@ ey, z )P dx = me, ) € {1,2},
3.
L1690y, ez D dx = my, W) € 1,8},
4.
@006 (w2 ) dx = me, ¥ < {1,8),
5.
1@ ez 0 dx = m,
6.
@5 (ey,2, O dx = me,
7.
L 1@8ex (2, 0P de = me,
8.
169w,z 02 dx = my, ¥j € (1,8},
9.
190 (w2 ) dx = me, ¥ < {1,8),
10.

[ @5z, R dx = my,
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11.
@ a (2 O dy = mf v € 1,2},

12.

/IcP )a(y,z, 1) dy = m3,
13.

@Az 0P dy = m,
14.

@)tz 0P dy = m$,
15.

@Az )R dy = m,
16.

| 0@0mG DR + (@)l O +| @)z ) dz = mr,

17.

| (el @2m(z O = asl ga)(z D) dz = 0.

Already including the Lagrange multipliers for the constraints, the variational formulation for
such system. denoted by the functional J(¢, E) stands for

I(¢/E) = G(ng) + F((P) + F1(¢) - IAux((P' E)r
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where
Yp 2ty H H
G(Veg) = 2];/0 /QV(cp1 )p; - V(1) dx dy dz dt
Ye 2 t H H
+? Z/ / V(¢1 )ej : V(4)1 )e]- dx dy dz dt
j=1 0 @]
Tp 2ty o 0
+7 Z/ / V(¢1)pj-V(4>l )Pj dx dy dz dt
j=8 0 Q
Ye 2 t o 0
+7 Z/ / V(¢1 )e]- -V(¢7 )gj dx dy dz dt
=0 Ja

t
E/f/ V(pth), - V(i) dx dy dz dt
/ / ¢2 e’ 472 )el dx dy dZ dt
+% Z/ / V(@S ), - V($OH),, dx dz dt
=/ Ja

2t
Tr f 0 0
+2]§/0 /QV(%),,].-V((IJZ )p; dx dy dz dt
2 ot
Ye f o 0
+2];/0 /Qv(sz Jej V(3 )e; dx dy dz dt
ﬁ - i Hy 0
+ > ];/0 /QV(‘PZ )p - V(¢3)p dx dy dt
+mi T V() V() dy dz di
2 = Ja $1)a; - V(91 )a; dy dz

'YAO/ | V@014 V(@) dy dz e

$220 [V [ (gl 0 Vgl 0 dy d d

$220 [T [ 9 9)a -V (99) 0 dy d d
+%/Otf/QV(¢1)M-V(¢1)M dz dt
+M/tf/ V(¢2)m - V(¢a)m dz dt
o [V [ 9(gs)a- Vigs)ady i

Here vy > 0,7, >0, ’ygl >0, 'yg >0,vm, >0,7m, >0,74, >0.
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Moreover,

E(¢)
S LR g s b
L
SRR g s

B R

where a1 > 0, ap > 0, a3 > 0and ap3 > 0.
Furthermore,

+

t
A@ = [ [ Venz0(en + 192+ gaf) dx dy dz at (127)

where V = V(x, Y, Z, t) is an electric potential originated from an external electric field E applied on Q).
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Finally,
]Aux ¢, E)
= Z/ / E1 y,zt ( (ot pi(%,Y,2, t)zdx—mp> dy dz dt

A
+Z/tf/ (Ep)H y,zt </|¢1 (x,y,z, t)|2dx—me) dy dz dt
—i—Z/ / E1)S p (Y2 t) (/|¢>1 p (%, Y,2, £)? dx—mp) dy dz dt

+2/ / E)S y,zt
+/0 /Q(Ez)ilj(y’z’t) </Q|(‘P5[)p(xr%zrf)2 dX—mp> dy dz dt

2 ot

WA RCED (16092000, dx =y )y iz
2 ot

+]Zé/0f/Q(Ez)g(y,z,t) (/Q|(4J§))gj(x,y,z,t)|2 dx—mg> dy dz dt

+ /Otf Bt ( 1@ Gy, ) dx = mp) dy dt

+:21 L o ([t oz 0P dy—nll) dzai

w1 Ea%en ([ 00086z 0P dy—nR) dear
[ [ @ ([ (020 dr-ni) aa
0 ( / ((

+/tf/ (Es) .

[ 190)s (x v,z D dx—me> dy dz dt

)
)3 (.2, 1) dy — mA) dz dt

Z t|* dy — mA> dt
gl

m(z D+ [(92)m(z D + |(¢3)m(z D)) dZ—mT> dt

—l—/ (E7)(
+ [MEa /()(ac|<¢z>M<z,t>|2 - aal(g)u () P) dz) 129)

24. A Mathematical Model for the Austenite and Martensite Phase Transition

In this section we consider a phase transition of a solid solution of y — Fe (v — iron) and carbon
with a 0.75/100 proportion of carbon, known as austenite, initially at a temperature above and close
to 723 C and rapidly cooled to a temperature of about 25 C, developing a phase transition which
generates a solid solution of « — Fe (« — iron) and carbon known as martensite.

Let QO C R3 be an open, bounded and connected set with a regular boundary denoted by 9Q
which contains an amount of austenite at 723 C and which, as previously mentioned, is rapidly cooled
to a temperature 25 C on a time interval [0, 7], resulting a phase known as martensite.

We recall the v — Fe of austenite phase presents a multi-faced cubic crystalline structure in a
micro-structure with carbon atoms.

On the other hand, a — F, structure of the martensite phase has a CCC cubic centralized crystalline
structure in a micro-structure with carbon atoms.
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At this point, we also recall that the F, (iron) atom has 26 protons, 26 electrons and 30 neutrons.
On the other hand a Carbonj, atom has 6 protons and this same number of electrons and neutrons.
Here we define the density function ¢, representing the Austenite phase, where:

#1520 ZW (2 ) Ploy T 2 ) Plel P
(my)?
1
+Zl¢” ez PR 6z ORIl GO
A
1
+2|4ﬂ ez OPIE 0z Pl GO
A
1
3 16 (0.2 ORI 2 DRI O
j=1 (mz)
6
+ 1 100) (0 y, 2 P19 4y 2 OPIF (2 D
]'f (mA)

+Z| PN (9,2, ) Pl(@5) aly, 2 D) PIgr (2, 1) (129)

(S)

Similarly, we define the density function for the Martensite phase, which is denoted by ¢», where:

1
2 (x,y,2,t)|? Zqu" By, z ) Pleh " (20 Pt (2 ) Py
(mA)
+Z|4>"‘ e,y 2, 0)P1¢% " (v, 2, D) 1P19] (2, 8) P55
(mA)
N— n— o 1
+Z|4> e,z ) P10 (2t Ples (28 P
mA)
1
+Z|(<P1C)p,-(x/yfsz)|2|(¢1) (v,2,t)Pl¢f (2, t)]*—
j=1 (mz)?
6
+ Y 1(95)e (v, 2, ) P1(95) a(y, 2 1) 105 (2, 1) P —e
]'— (mA)
1
+Z| ¢S )N, (%, v,2,) P ($5) 4 (%Z/f)|2|¢zc(zft)|2(mc)z' (130)
A

For the CFC y — F, (7 — iron) corresponding to the Austenite phase, such density functions are
subject to the following constraints:
Defining

Cy = {(e1,0,0), (0,€2,0), (0,0,¢e3), : ¢ € {+1, -1}, Vj € {1,2,3}},

(C1={(e1,e2,83), = gj € {+1,-1}, Vj € {1,2,3}},

and

(Cy)2 = {(e1,€2,0), (e1,0,€3), (0,€2,€3), : € € {+1, -1}, Vj € {1,2,3}},
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we must have

h Fe (y, 21 + €102, 20 + €20, 23 + €30, 1) = ¢ Fe (v, 21+ &10;,20 + 205,23 + €305, 1),

Ve, & € Cy, where 0, € R™ is a small real parameter related to v — F, crystalline structure dimensions.
We must have also,

(PZ{F"’ (y, 21+ €162, 20 + €202, 23 + €302, t) = Py Py, 21 4+ 8102, 20 + 8282, 23 + 305, 1),
Ve, & € (Cy)1 and,
($5)a(y, 21 + €102, 20 + €202, 23 + €302, 1) = (PF) A (Y, 21 + 8102, 20 + £202, 23 + 302, 1),

Ve, & € (C'y)Z-
For the CCC a — F, (a — iron) corresponding to the Austenite phase, such density functions are
subject to the following constraints:
Defining
Co = {(e1,€2,83), 1 gj € {+1, -1}, Vj € {1,2,3}},

(Cix)l = {(81,82,83), P €1, &2 € {—I—l, —1} and g3 = 0},

(Ca)z = {(81,82,83), P81 =& = 0 and g3 € {-I—l,—l}},
we must have
oy Fe(y, 21 + €16, 20 + €262, 23 + €30, 1) = Yy Fe(y, 21 4+ 816,20 + 826,23 + 836, 1),

Ve, & € C,, where 8, € R is a small real parameter related to @ — F, crystalline structure dimensions.
We must have also,

(()bg)A(y/ 21 + 8152/ ) + 8ZS\Z/ 23 + €3SZ/ t) = (¢§)A(% 21 + g1521 ) + g25\21 Z3 + 5352, t)/

Ve, & € (Cu)1 U (Ca)a-
The other constraints for the densities are given by:

1. For the Austenite phase:

(a)

/ 1937 (3,2, 1) 2 dx = my, V) € {1,26},
(b)

/ \cpAV Fe(x,y,2,8)|? dx = m,, Vj € {1,26},
(c)

/ |4>7 Fe (x,y,2,t)|* dx = my, Vj € {1,30},
(d)

Fe
/ |4>'y (x, ]/,z,t)|2 dx:m},

(e)

|(gblc)pj(x,y,z,1f)|2 dx = my, Vj € {1,6},
o)
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)

S @) y,2 0 dx = me, Vi < (1,6},
(8)

1@ (2 O dx = my, ¥j € (1,6},
(h)

J1@0aC 2 02 dx = mS,

2. For the Martensite phase:

(a)

/Q |95 (x,y,2,1) 2 dx = my, Vj € {1,26},
(b)

/ % Fe(x,y,2,8)|? dx = me, Vj € {1,26},
(©

/ 9% e (x,y,2, 1) dx = my, Vj € {1,30},
(d)

/Q |¢tj4_Fe(xly/Z/ t>|2 dx = m%,

(e)

/Q [(95)p,(x,y,2,t) > dx = my, Vj € {1,6},
(®)

/Q |(¢2C)ej(x,y/2, t)|2 dx = Me, \V/] S {1,6},
(8)

L1658, Gz ) dx = my, Vi € (1,6},
(h)

@94 y,2 O dx = S,

3. For the total F, (iron) mass,

|10 R dz+ [ 19301 dz = (i),
4. For the total Carbon mass
J G0 dz+ [ 1950 dz = (mo)r.

At this point we define the functional | which models such a pahse transition in question, where

](gb,E) = G(V¢) + F(‘P) +P1(¢) + ]Aux((PrE)

where
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26 ’\'Y F b . .
G(V(P) = / /QV(P;)/]_ e .V¢gj— ¢ dx dy dz dt
j:1
2% ~7—F ot
+Zr)/€2 f/ 4)'7 Fe v(P;rj—Fg dx dy dz dt
N PE t
7N ! / Vol Vel dx dy dz dt
?“ oty
+Z 5 / / Ve VT dx dy dz dt
2% ca—F ot
+Z% 7 [ wet s vgr axdy dzar
Auc F, tr
/ / ‘Pa F V(P e dx dy dz dt
ﬁ ty - -
+7/o /(V‘P ‘Wz t) Vo “(y,zt)) dy dz dt
I
+77A/0 /(V‘Pa Fe(y,z,t) - Vi Fe(y,z,t)) dy dz dt
6 'j\/g tf c c
+]§2/0 /QV((Pl )Pj V(¢ )pj dx dy dz dt
° 95 [t c c
+];2/0 /QV(¢1 Je; - V(@1 )e; dx dy dz dt
S 4% [ c c
+];2/0 /QV(4>1)Nj -V (@7 )n; dx dy dz dt
+27/ /v(%) (sz)-dxdydzdt
j=1 0 Q
° 45 [t
+276/ /V(S”z) V(@5 )e; dx dy dz dt
j=1 0 Q
8 4G [t c c
+27/ /V@’z)Nj-V((Pz)Nj dx dy dz dt
j=1 0 @)
T4 [ y
+ 2 [7 [ (V@)a- T @h)a )dydzdt+ [ ()5
A’y ¢ ,
Y f ¢
+7T/0 /Q( (¢]) - V(¢])) dz dt+ / (%) - V(¢2)) dz dt
+7/0 /Q( (¢1)V(¢l)) dz di‘—l—? A /Q(V(%)V((Pz)) dz dt (131)

Also,
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F(¢)

t _ _ _ 2 2
f/ |¢1(x Cl/y|(xg;lz) _Czéi)lgll(g;)(flnggc’u t>| dx d]/ dz dgl d€2 d€3 dt

[ (e - Cw G2,z — &3, O)lI9a(1, 82,83, )2
/ x Y,z ) (Cl/ 52/ g3)| dx dy dz dél dCz d‘:3 dt,

Fg) = [ [ @200 0P + 02z dz

Finally, Jayx = ]Auxl + ]Auxz + ]AMX3 + ]AMX4 + ]Aux5/ where

Jaux, = %/tf/ EW Fe (y,z,t) (/ |¢7 Fe xy,z,t)|2dx—mp) dy dz dt
=1
+§:/()tf/()EZjFE(y,z,t) (/Q|</)%Fz(x,y,z,t)|2 dx—me> dy dz dt
-I-Z/ / E7 Fe(y,zt (/ |</)7 Fe(x,y,z,t)|2 dx—mN> dy dz dt
Z/tf/ E"‘ Ff (y,z,t) </ |4>"‘ Fe xy,z,t)|2 dx—mp) dy dz dt
j=1
—l—%/tf/ E"‘ Fe( (y,z,1) (/ |¢"‘ F (x,v,2,t)|? dx—me> dy dz dt

=1

—i-io:/tf/ EY. Fe(y,z,1) (/ |4)"‘ Fe(x,y,2,t)? dx—mN> dy dz dt

t
—|—/f/E7 By, 1) </|4)7 Fe(y,z,t)|2 dy — mA> dz dt

[ (e wm R dy ) dza (132)
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26 tf
Jau, = Z/ / E1 p; (v,z, t)( |¢1 xy,z t)| dx—mp> dy dz dt
j=1
26 t
Z/f/ ES), (y,2,1) ( |4>1 (x,y,z, )|2dx—me> dy dz dt
j=1
26 tf
(ES) N;(y,2,t) ( 1(¢$) xy,zt| dx—mN) dy dz dt
£ e (o
26 te
Z;/ / (ES) p;(v,2,1) ( |(45) pi (%, Y,2, t)[? dx—mp> dy dz dt
]:
26 tf
Z/ / (ES) e (Y2, t) < [(¢5) ¢ (%12, t)|2dx—me> dy dz dt
j=1
26 tf
Z{/ / (ES)Nn (Y,2,1) </|¢2 N(xy,zt)| dx—mN) dy dz dt
]:
by
7 € atw0) ([ 1660a 002,08 ay =) dz
ty C C 25 C
[ B Aw0) ([ 1609)a0,2 0 dy = ) dz s (133)
and,
T = BP0 ([ 10707+ g3 0P dz = ) ) o
+ [ SO ([ (05 E0R + 1S e R) de = mc)r ) . (134)
]Aux4
t
= 4+ E /f/ E”y,z t)(¢A “(y,21 + €102, 20 + €20z, 23 + €307, 1)
g, E€Cy

4’7 (Y, 21 + €102, 20 + €202, 23 + €302, 1)) dy dz dt

tr
Z / / E y,z £) gbA (y,21 +€107,22 + €207, 23 + €30, 1)

g,

—¢Z " (y,21 + 162, 70 + 8202, 23 + 8302, 1)) dy dz dt

t i
+ Z /0 [ B 2 0@ a1 10222+ €2t 25+ €30,

SE

—(¢1 ) (y,zl+€152,Zz+ézéz,Z3+égcsz,t)) dy dz dt

+ Z / / ES(y,2,t) (¢ (y, 21 + €102, 20 + €262, 23 + €38, 1)
g, Ee
—¢ T (y,zl + 816220 + 8262, 23 + 302, 1)) dy dz dt
tf N . R .
+ Z / / E;’S(y,z,t)((cpZC)A(y,zl + €102, 22 + €202, 23 + €302, )
& 7€(CahU(G) 70 70
—(95) Ay, 21 + E162, 20 + €282, 23 + 8302, 1)) dy dz dt. (135)
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Finally, for a field of displacements u = (111, up, u3) resulting from the action of a external load
field f = (f1, f2, f3) and temperature variations, we define

]Aux5
— %/Otf/Q (Al(x/t)Hz‘ljkl<(eif(u) —Eilj(w))(ekl(u) —eil(w)))
+ Az(z,t)Hizjkl((eij(Lt) - eizj(w))(ekl(u) - eé(;y)))) dx dt

_%/Off /Qp(x/t)“f(xft)-ut(x,t) v dt
7<u1‘ffi>L2r (136)

where
eij(u) = % (gz; + g:lf) 4
p1(z,t) = /Q \p1(x,y,2,t)|* dx dy,
p2(z,t) = /Q (P2 (x,y,2,1)|* dx dy,
p(z,t) = p1(z,t) + pa(2, 1),
and

_ p1(zt)
M = S D)
Az(Z, t) _ p2(Z, t)

p1(z,t) +p2(z )

Remark 12. The system temperature is supposed to be directly proportional to w(z, )2, which in this model is a
known function obtained experimentally. Finally, the strain tensors {ellj(w)} and {elzj(w)} refer to austenite
and martensite phases, respectively. Such tensors also depend on the temperature and must be also obtained
experimentally.

25. A Note on Classical Free Fields through a Variational Perspective

This section is strongly based on the first chapter of the book [20], by N.N. Bogoliubov and D.V.
Shirkov.

Therefore, the credit for this section is of these mentioned authors. This section is a kind of review
of such a book chapter indicated. In fact, what we have done is simply to open more and clarify
some calculations, specially about the first variation of the functional L, in order to improve their
understanding.

Let O = Q) x [0, T] C R* where O C R3 is a bounded, open and connected set with a regular
boundary denoted by 9€).

Consider the Lagrangian density L : RN x RN*" — R and an action A : V — R where

Au) = /QL(u,Vu) dx,

V =Wy (Q;RN).
We denote
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and 3
Uu; - )
ach = (1i)x;-
Assume u € V is such that
OL(u,Vu) =0,
so that ( ) ) ( )
oL(u,Vu d [oL(u,Vu > . .
—_— = — | —=—————2%=0,inQ, Vie{1,--- ,N}L
ou; k; dx; ( O(ui)x, t }
We define a change of variables
(¥ = xx + Oxy,
where x; = (xg, X1, X2, x3) and xg = f (here { denotes time).
Also
gk =0,if j £k, goo=—1and g1 = g0 = 833 = 1, {¢"} = {gu} "
N .
Sxp =Y X}‘e w,
=1
where |¢| < 1 denotes a small real parameter.
We define also
wi(x") = u;(x) + ou;(x),
where
N .
ui(x) =) e w,
j=1
and
Bty = (x) — 1;(x).
Observe that
oui(x) = wui(x) —u;(x)
= wi(x') —uj(x) + uj(x) — ui(x), (137)
so that
oui(x) = ui(x) —u;(x)
= ui(x) — (uj(x') — uj(x))
N ) no9y’ =i
Y pyewl -y 2,
=1 k=1
N n
. ou:
= Yoypjew -y uilx) 5 4 O(2). (138)
j=1 oA

Summarizing, we have got

Suj(x) =¢ <§: (wijwj — i at;i:c)X]Kw])) + O(?).

=1 k=1

Define now

A, 91,92,8) = [ Liun(x+ega(x)) +er(x)] det](x) dx.
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where we have generically denoted
Llu] = L(u, Vu),

Liu(x +e@a(x)) + ep1(x)] = L(u(x + epa(x)) + €1 (x), Vu(x + e@a(x)) + eVer(x)),

and
ax§
J(x) = E)Tck
_ d xj +€(§02)]‘<x))
axk
(x
_ {(5]-k +e (222]’{ ( )} (139)
From such a last definition we have
n
det](x)=1+¢) a((p;w + O(?).
k=1 Xk
so that
ddetj(x) | _ g g2
de e=0 =1 axk ’
At this point we define
d .
SA(u, 91, 92) = R (A(u, 91, 92,€)) le=0,
so that
N /9L(u, Vu)
OA(u, ¢1,92) = /Q (; < o (¢1)i
" (9L(u,Vu) )
+
b (B o
= OL[u] ou; $ d(@2)k
+ — + Llu dx. 140
kzzl 51/1,' axk((PZ)k) kzzl [ ] axk ( )
From this and
OL(u,Vu) d (oL(u,Vu)\ _ . .
3 dx, ( ity =0,inQ, Vie{l,---,N},
we obtain
N & d ([ OL[u]
e ~ £ (s () o
( P1 (Pz) lzzlkzzl ( a ka a(ul)Xk ((Pl)k
= [ d(L[u](p2)k)
+k221 /Q ™ dx. (141)

In particular, for
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and

we obtain

—l—L[u]X}‘wO dx)) . (142)

so that

dxk
V{w'} € C®(O;RN).

In particular, for

and

we obtain the Energy-Momentum tensor T/, where

-3y ( gzl l) ~ Lfue.

i=11=1
25.1. The Angular-Momentum Tensor

In this subsection we define the following change of variables

X = X+ 2 "M x e W,
m#k

where

With such relations in mind, we set

Sxp = xp— X

= e ) Y (g gy — " xmgl)- (143)

I=1m<I
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We define also,

where
Moreover, we define

where _ ' '
I
A?(pl) = 8ip] — 8%
Hence,
n .
Ditmn) = 3, Aﬁ(mn)uj(x) = Gintm (X) — gjmun(X).
=1

For the general variation, we define again

Au, o1, @2, ) = /Q Liu(x +epa(x)) +e¢q(x)] detJ(x) dx.

where we have generically denoted
Llu] = L(u, Vu),

Llu(x +epa(x)) +ep1(x)] = L(u(x + e@a(x)) + ep1(x), Vu(x + e@a(x)) + eVei(x)),

ox’
J(x) = {a—xi}
_ {ax]+€(¢2)j(x))}
axk
- {5jk+€a(¢§z£(x)} (144)
and p
A, @1, 92) = - (A, @1, 92,8)) |e=0,

Moreover, we set
(p2)f" = w™ (g ;65 — " xm0]),

and
3y = u}(x) — ().

Thus,

= ul(x') —uj(x) + uj(x) — u;(x), (145)
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so that
Su;(x) = uj(x) — u;(x)
= Sui(x) — (ui(x") —ui(x))
ou;(x)
Su;(x) — D 5x + O
@)= L S (@)
n n
du:
= 5ui(x)—2 glix)swml(g”xlé@—gmmxméf‘)—l—O(sz)
I=1m<l k=1 k
_ . A Koy Oi(X) i il sk omm s O(2
= | L X Aggyw(wt =) Y ), w8 ndy — 8" xwdr) | + O(),
1=1 k<l 1=1 m<l k=1
With such results in mind, we define
((Pl)zml = Z A i(kl) u](x
jk<l
-y (a”i(x) w™ (g, —gm’"xméi‘)> : (146)
=1 axk

Similarly as in the previous section, we may obtain

(SA(L[, 1, 4)2)

LY TS (b - g
T /7 Llu] (8" x16y — & xmé} )™ ) dx (147)
k=11=1jm<li=1 Q dx; "
Thus,
(u, 91, 92) f Z/ i(M wm’) dx
v k=1m=<1’$ dxy " '
where
N OL[u] < : ou; o
Al oy — Loy 4 ”x)
;Jga(ui)xk ilm™] axlg m axmg !
+L[u] (8" x10y + 8" xm}), (148)
so that
M;(m = (gmmmelk—g”x,Tk)
j
7223 A i(Im) ](x)
i=1j<I
= Ly + Sk (149)
where

Liy = (8" xnTf — g% Th)

ml —
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and
2 Z 4 j(x).
i=1j<I 9 (u; )xk
The tensor {L¥ } is said to be the Orbital angular momentum tensor and {S* ;} is said to be Spin
one.

25.2. A Note on the Solution of the Klein-Gordon Equation

For QO = R* ; = R3 and denoting as usual by i € C the imaginary unit, consider the
Klein-Gordon equation in distributional sense

3
=7 Z—z—mu—o in ),
at =19

where u € V = W12(Q).
Defining the Fourier transform of u, by

1 —ip-x
¢(p) = W/Oe P u(x) dx,

in the momenta space, the last equation is equivalent to

3
(p% Yy m2> #(p) =0, in )
=1

where we have denoted p = (po, p1, P2, p3) € R*, and x = (xo, x1, %2, x3) € R4
Observe that a general solution for this last equation is given by the wave function

3
$(p) =4 <P% - Zl P — m2> ¢(p),
b=

where ¢ € W2(Q).
Indeed,

3 3
(p% - 2;7? - m2> d(p) = (p% - 2;?? - m2> s (p% - gzﬂi - m2> ¢(p)
= = =
= 0,inQ. (150)

Here, we recall that generically for the Dirac delta function §(t), we have

_Jo, ift#0,
(5(t)—{ too, ff—0. (151)

Observe that, for the scalar case in the previous section, we have
2
3 [ du
270 — E — | + m2u.
=0\ 9%

Also, from
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we get
/ auzdx—i/ auzdx—mZ/ Zdx=0
a \ ot p=Rle 0x; ol T
so that 5
ou\? 3 ou 5 2
/Q(Bf) dx];/0<an> dx +m /Qu dx.
From such results, we may infer that
2
/Toodx = /(E)u) dx
Q a \ ot
_ o
o at L2
3 ou ?
_ ou 2 2
= ];/Q(E)x]‘) dx+m /Qu dx. (152)
On the other hand,
3 2
dx
J;/ <ax7>
3 o -
= ) (/ ipi $(p) ”’"dp) (/0110}47(10’) e dp’) dx
- ! i// pY Py [ 0 dx) dpdyf
27.[)3]:1 p] p] p a pap
1 3 2 / / /
= 2n)3/2]2// —p; P} $(p) $(p) S(p +p')) dp dp
]. / 2 ~ ~
>R P ¢(p) ¢(=p)) dp- (153)
(27)3/2 ]; Q( / )
Thus, denoting p = (p1, p2, p3), dp = dpy dp, dps, and
) 2
po(p) =, Zp]+m
we may infer that
[1max = o (Y ent) 40 dp) dp
0 (2m) o\
= [Lp+m)e B Y ) plp) gl—p) dp
(27)3/2 Jao j 0 = j
1 N o N g
= 2 o, (P09 9(p(p). ) 9(~polp). ~P)) . (154
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Summarizing we have got
00 1 5)2 5\ 5 SN s N
Lo = e f, (o2 0(po(p) ) ¢(—po(p). ~)) dp
1
ou ||?
- 151 (155)
so that )
/ T dx = ' ou
O at L2

may be expressed as a kind of average expectance of p3 related to the function ¢(p).
25.3. A Note on the Dirac Equation

In this subsection we denote

3

) ..
A* =) ¢ L,
j=0
where
Li=igho—, vje{0,1,23}

]
We recall that the relativistic Klein-Gordon equation may be written as

(A2 —m?)u =0, inQ =R~

Moreover, for 4 x 4 matrices 7* indicated in the subsequent lines, we may obtain

3 9 3 9
{Djj}u = [i (Z'y]a) m] li <Z'y]a ) +m
j=o % j=o %%

u,

where
Dii = Az — m2
and
Dij =0, ifi 7& j, VZ,] € {0, 1,2,3}.
Here
u = (ug,uy, up,uz)T € V=W2Q;CH).

In such a case the fundamental Dirac equation stands for

3 .
li (J;)'y]aaxj) m] u=0eR inQ.

Summarizing, if (1o, uy, up, M3)T € V is a solution of this last Dirac equation, then ug, u1, up, u3
are four solutions of the Klein-Gordon equation.

In the momentum configuration space, through the Fourier transform proprieties, the Dirac
equation stands for

(p+m)a(p) =0, inR?,
where

3 .. .
p=7.8"pv.
=0
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Observe that
i(p) = 6(p + m)u(p)

corresponds to a general solution of the Dirac equation.
Indeed,

(p+m)ii(p) = (p+m)d(p+mu(p) =0 € R, inQ.

On the other hand
3
a(p) =0 (P% -Y . pi - m2> u(p)
=1

correspond to four solutions of the Klein-Gordon equation.

109 of 210

At this point, we assume such a 71(p) corresponds to a solution of the Dirac equation as well.
Furthermore, here we recall that (please see the first chapter of the book [20], by N.N. Bogoliubov

and D.V. Shirkov for details):

10 0 0
o _Jo1 0 o
T"“Yo0o0 -1 o (’

00 0 -1
0 0 0 1
) 0 0 10
T Y 0 -100(’
1 0 0 0
0 00 —i
0 0 i 0
2 _
v 0o io0 0 [
i 00 0
0 01 0
s J o 00 1
7Y -100 o0
0 10 0
and
0 0 —i 0
s o 0o o i
Y=Y 0 o0 o0
0 —i 0 0

where we also denote
aj =", vj € {1,2,3},
0 = iv*y"y, vj € {1,2,3},
and

p=1"

(156)

(157)

(158)

(159)

(160)

On the other hand, a variational formulation for the Dirac equation corresponds to the functional

AV — R where .
Au) = 5 /QL(u,Vu) dx,
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where
ou Jdu*
= J—— _ " 4 — mPy*
L(u, Vu) zZ(u’yax' ax"yu> m*u*u,
j=0 ] ]
where here
u = (ug, uy, up,uz)t € WH(Q; CH).

From such statements and definitions, similarly as in the previous sections (please see [20] for
details), we may obtain

Ko Lo . kou out
T _Zg ( rYax, 8x17u>'

and
ghim = (OLGN) gy, e g i OL (L, V)
iy, Olly, ’
where '
Au,lm — %o_ml,
Au*,lm — %U.lm’
and where .
O.Im Ty ;,)/ Y ,
so that
ghim _ L, (7k Im lm,yk)
Thus,
/ shlm gy
Q

- i/ o ,),kalm lm,)/k> )dx

= 37 Jo (o, (1070 —ombya0)e7) ap ay') a

= 277)3/2/ / k lm—(Tlm’)’k)(S(p—l—pl)uA(pl)) dp dpl

- (2@3/2/ (ﬁ(P)(Vk o — "o F)a(=p)) dp

3
= 271_ 3/2 ( k lm o lm,.}/k)(s (p% o ZPJZ o mZ) u(p)) dp
=1

= 271)3/2/ (u(po(p), p) (7™ — " Yu(=po(p), ) ) dp, (161)

where
po(p) = Zp] + m2.

=

Summarizing, we have got

[ st dx=4(27_1c)3/2 S (po(p), Y o™ — 0" Yu(—polp), =) .

where Q1 = RS, ﬁ = (p1,p2, p3) and dﬁ = dpl dpz dp3
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26. A Note on Quantum Field Operators

This section is strongly based on the chapter 3, page 53 of the book [21], by G.B. Folland.

Therefore, here we have done a kind of review of these pages of such a book chapter indicated.
In fact, we have simply opened more and clarified some calculations, in order to improve their
understanding.

Let O = Q) x [0, T] € R* where ) C R3 is a open, bounded and connected set with a regular
boundary denoted 9Q).

Define V = W'2(Q) and

Vo = Wy (Q).

Consider an operator H : V; = Vg N W?2(Q)) — Y where in a distributional sense,

2
H(u) = —aaT;l + V2u — m?u,

and where
Y =Y*=L*(Q).

Suppose there exists operators By : Y — Y and B, : Y — Y such that

B1By(u) = H(u) + %u

and 1
ByBy(u) = H(u) — Sl Yu € V.
Assume also ¢y € V; is such that
[ollz =1,
and B¢y = 0.

Now define

BS (o)
= , Vk € N.
Pk T
Observe that
[Ble] = B1B, — ByB1 = 1.

We shall prove by induction that
[By, B§] = kB5™!, vk € N. (162)

Indeed, fork =1
[By,By] = I; = 1B),

so that (162) holds for k = 1.
Suppose now (162) holds for k € N, so that

[By, B] = kB5 L.

In order to complete the induction, it suffices to prove that (162) holds for k + 1.
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Observe that

[Bl,BIZH-l] _ ( Bk+1 Bk+lB )
= (BiB§)B, — B5''B,
(B5By +kBS"1)B, — BS*1B,
B5(ByB,) + kBs — BST1B;
BS(ByBy + I;) + kB, — BB,
Bk+1B Bk kBk _ Bk+1B
o b1+ By +kby — 5,7 by
= (k+1)BS. (163)

Thus, the induction is complete, so that
[By, B§] = kB5™!, vk € .

Moreover, we recall that
Bigo =0,

k
Bi¢y = By (Bz—\/%)>

(B5By + kBS 1)
V!
kpp_1+/(k—1)!
V!
ki1
Vk
= V1, VkeN. (164)

so that

Summarizing, we have got

Bi¢y = \/%(Pk—lf vk € N.

Now, we shall prove that

Bopp = Vk + 11, Vk € N.

Observe that

BS gy Pr1(y/ (k+1)!

= Ba(Bigo)
(Bagpi) VK. (165)

Summarizing, we have got

(Ba) V! = ¢yer () (k+ 1)1,

so that

(B2¢k) =Vk+1¢xs1, Vk e N.
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Finally, from such results, we may infer that

Bi(Vk+ 1¢p11)
= Vk+1Bi¢pi
= Vik+1Vk+1¢y
= (k4+1)¢y, Vk €N, (166)

B1Bo¢y

Similarly,

BBy = Ba(Vker_1)
VkBogy1
ViV
= key. (167)

Therefore we have got

1 1 1
H ¢ = BiBogy — s¢ = (k+ 1)y — 5 = <k+ 2) Prs
that is .
Hey = (k+ 2) ¢r, Vk € N.
Thus, foreach k € N, k + % is an eigenvalue of H with corresponding eigenvector ¢.

26.1. An Application Concerning the Harmonic Oscillator Operator in Quantum Mechanics

In this section we have the aim of representing the relativistic Klein-Gordon equation through the
creation and annihilation operations related to the harmonic oscillator in quantum mechanics.
Consider first the one-dimensional Hamiltonian, corresponding to the harmonic oscillator, namely

RS
2m dx? 27
which through an appropriate re-scale results into the following related Hamiltonian Hy, where

1 a2,
H()z(—dxz-i-x>.

Define now the operators

and . p
B, =A"=—— —— .
2 2<x dx)
Clearly,
Iy Iy
Hy=B1By — £ = BBy + 2
0 152 = 5 21+2,
so that

[A, A*] = [By, By] = B1By — ByBy = I,.

Similarly, as in the previous sections, by induction, we may obtain

[By, B§] = kB5™!, vk € N.
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For .
$o = 7_[—1/48—"7,
we define 1
= ——B5¢o, Vk € N.
Pr NG 290
Also from the previous section, we may obtain
By = A" = Vk + 111,
Bigy = Ay = \/124)](_1, vk € N.
ByBy = A" A¢y = ke,
and
BiBagy = AA* P = (k+ 1)y, ¥k € NU{0}.
so that
Hopp = (k+1/2)¢y, Vk € N.
Here we recall that
Bigg = Ao =0,
and
Ipollr2 = 1.
In reference [21], page 54 it is proven that such a sequence {¢y} is an ortho-normal basis for
L2(R).
Finally, observe that for R* we may define
1 0
(B1)j = Aj = 2 <8xj +xj> '
and
(B)'—A"‘—L —i+x- vje {0,1,2,3}
2 ] ] - \/i ax] 7] ] 7 Lr &y .
Here generically,
x = (xq,x1,X2,x3) € R%,
Observe that clearly
2 2 )
%~ 2 A A
and
V2

ijd = T(A] + A]*), V] € {0,1,2,3}.
Denoting xo = t where t stands for time, consider the relativistic Klein-Gordon equation,

2 3 32
_a¢+2874)
]

2
29 —m2p =0,
A

From the previous results, we may represent such an equation by
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1 y 31 .
TS R
j=1

We highlight from the previous results we know the action of Aj and A on an appropriate basis

of L2(R*) obtained though an appropriate tensorial product of the bases

{{¢r(xj)}, forje{0,1,2,3}}.

We shall call the operators A;‘ and A; as the creation and annihilation operators concerning the
original harmonic operator in quantum mechanics.
{ To jl}lstify such a nomenclature, we recall that A7¢o(x;) = ¢1(x;) and Ajpo(x;) = 0, Vj €
0,1,2,3}.

27. A Dual Variational Formulation for a Related Model

In this section we develop a concave dual variational formulation for a Ginzburg-Landau type

equation.
Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).
Consider a functional | : V — R defined by
J(u) = 1/ Vu-Vudx
2 Ja
+3 /Q(u2 — B2 dx— {u, f) 2, (168)

wherey > 0,0 >0,6>0, f € LZ(Q), and
vV =WA(Q).

We also denote Y = Y* = L2(Q)).
Define now
Vl = {u eV : ||u||oo < K3}/

for some appropriate K3 > 0and, J; : VxY — Rby

Ji(u,05) = J(u) + % /Q(—'yVZuvLZvau —f)2 dx,

where ,
Ki="—5
4 ocK3 +é

for some small parameter 0 < ¢ < 1.
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Observe that
J(u,v5) = %/QVu-Vu dx + (1%, v3) 12
K
+71 /Q(—fyv2u +205u — £)?dx — (u, f);2
. «
—(2,05)2 + 5 [ (47— ) dx
: Y 2 %
> f .
> ulg‘i;l {2 /QVu Vu dx + (u,vg) 12
K
+71 /Q(—’)/VZM +20fu — f)? dx — <u,f>Lz}
+ inf < — (v, v5) —1—5/ (v— B)? dx
veY ol t g | (0
= —F(0p) — G*(v)
= J'(v5),YueVy, vy Y, (169)
where we have denoted
F*(v5) = sup{—(u? v5) 2 — F(u,v5)},
uevy
o Ky 2 « 2
F(u,vp) = —/ Vu-Vudx + —/ (=yVou+2v5u — ) dx — (u, )2,
2 Ja 2 Ja
and N
_« a2
Go) =5 [ (0—p)dx,
G*(vg) = sup{(v,v5);2 — G(v)}
veY
— 1 *\2 *
= ﬂ/ﬂ(%) dx+,3/ﬂvo dx. (170)
Observe that SF .
721’2”0) = — V24208 + Ky (= V2 + 208,

so that we define
B* = {vf € Y* : —yV? 420} + K1 (= V? +205)? > 0}.

With such assumptions and definitions in mind, we may prove the following theorem:

Theorem 4. For [*(v;) = —F*(v§) — G*(v§), suppose 0 € B* is such that

5] (65) = 0.
Let ug € Y be such that
aff(uo,ﬁS)
Y7 — 0/
ou
where
H(u,vp) = F(u,v5) + (4%, 05) 2.
Suppose
up € V1.
Under such hypotheses,

F*(85) = H(uo, %),
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5](1’{0) - 0/
and
J(uo) = Ji(uo,%5)
= inf J1(u,9p)
= sup J*(2p)
vhEY*
= @) a7)
Proof. The proof that
F* (%) = H(uo, ),
is immediate from 9y € B*.
Moreover, the proof that
6] (uo) =0,
and
J(uo) = J1(uo, %) = J*(%p)
may be done similarly as in the previous sections.
Observe that
J*(vg) = —=F*(v5) = G"(v5) = inf {H(u,v5) = G"(vp)},
uevy
so that J* is concave in v as the infimum of a family of concave functionals in vj.
From this and 6]*(9) = 0 we get
J*(%9) = sup J"(vg)-
vpEY*
Furthermore observe that
J(uo) = J1(uo,0p)
< Ja(w,vp)
= F(u,05) + (u?,95) 12 — G*(95)
< F(u,85) + sup {(2,05)2 — G*(55) }
vpEY*
= F(u,95)+G(u?)
= N (1/[, @3), Yu e V. (172)
Hence
J(uo) = J1(uo, %) = inf Jy(u,0p).
ueVy
Joining the pieces, we have got
J(uo) = J1(uo,%p)
— 1 f 5k
inf Ja(u,95)
= sup J*(vp)
vpEY*
= J" (%) (173)

The proof is complete. [
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28. The Generalized Method of Lines Applied to Fourth Order Differential Equations

In this sections we develop an application of the generalized method of lines to a fourth order
equation.
We start by addressing the following ordinary differential equation (ode):

€d4u(x)
dx*

—f=0,in[0,1],

with the boundary conditions
u(0) =u'(0) =0

and
u(l) =u'(1) =0.

In terms of linear elasticity, such a boundary conditions corresponds to a bi-clamped beam.
In a finite difference context, this last equation corresponds to

J4
where N is the number of nodesand d = 1/N.
Considering that, from the boundary conditions, u_; = uy = 0, for n = 1 we get

. (un+2 —4up g +6uy —4u, +un2> —fu=0,Vne{l,---N-2},

d4
6u; —4uy +uz = %,
so that
Uy = aqup + byuz + c1,
where .
d
a=2/3, p—1/6andc; = %
Similarly, for n = 2, we obtain
fod*

—41/[1 + 6u2 - 41/[3 + u4 = T

Hence, replacing the value of 17 previously obtained in this last equation, we have

d4
—4(ajupy + byuz +c1) + 6upy — duz 4+ uy = sz’

so that
Uy = apuz + bouy + Co,

where defining m1, = (6 — 441 ), we have also

0 — 4by + 4

2 = le 7

1

by =——r)

2 my2

1 d*

C) = — <f2 +4C1) .

mip €

Now reasoning inductively, for n, having

Up—1 = Ay—1Un + bn—l”n—i—l +cn-1,
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and
Up_p = Ay_pUy_1 + by_ouy +cy_2
we obtain
Up— = Ap_o(Ap_11n + by_1tyi1 +Cy1) + by_oty + cu,
so that from this and
fad?
Upyo —4Uyyy + 606Uy — 44Uy 1+ Uy o = .
we obtain
un—Z(anflun + b1ty + Cnfl) + by _ouy+cy2
d4
—4(ay—1un + by tyg1 +cp1) + 6Uy — g + Uy = fng , (174)
so that

Uy = ApUpi1 + bplly 1 + Cn

where defining
myp = (ay_—2(ay_1) + b2 —4a,_1 +6)

we obtain .
an = _m_u(an—zbnfl —4b, 1 —4)
1
by = ———,
mip
and .
1 d
Cn = m_12 <an—2cn1 +op2 —4cy1 — fng ) .

Summarizing, we have got
Up = Aplp i1 + byllyio +cp,Vn € {1,-N —2}.
Observe now that from the boundary conditions,
uy_1 =un = 0.
From these last two equations, we may obtain
UN—-2 = CNys

and
UN_3 = AN—3UN—2 + DN_3uUN_1 +CN-3,

and so on up to obtaining
Uy = aqup + biuz + c1.

The problem is then solved.

28.1. A Numerical Example

We develop a numerical example considering

e=1,
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and
f=1,in[01].
Thus, we have solved the equation
d*u(x) .
e 1 —f=0,in[0,1],

with the boundary conditions

and
u(l) =u'(1) =0.
In a finite differences context, we have used N = 100 nodes and d = 1/N.
For a solution u(x), please see Figure 19.
3 x10° ‘
251 1
2t |
15F |
1h |
05 1
0 Il Il Il Il Il Il Il Il Il
0 01 02 03 04 05 06 07 08 09 1
Figure 19. Solution u(x) for the example B.
In the next lines, we present the concerning software in MAT-LAB
Bt
1. clear all
m8=100;
d=1/m§;
el=1.0;
for i=1:m8
£(1,1)=1.0;
end;
a(1)=2/3;
b(1)=-1/6;

o(1)=£(1,1)*d*/(6e1);
m12=(6-4*a(1));
a(2)=(4*b(1)+4)/m12;
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b(2)=-1/m12;

c(2)=1/m12*(4*c(1)+£(2,1)*d* /el);

for i=3:m8-2

m12=(a(i-2)*a(i-1)+b(i-2)-4*a(i-1)+6);
a(i)=-1/m12*(a(i-2)*b(i-1)-4*b(i-1)-4);

b@i)=-1/m12;

c(i)=1/m12*(f(i,1)*d* /el-c(i-2)-a(i-2)*c(i-1)+4*c(i-1));
end;

u(m8§,1)=0;

u(ms8-1,1)=0;

for i=2:m8-1;
u(m8-i,1)=a(m8-i)*u(m8-i+1,1)+b(m8-i)*u(m8-i+2,1)+c(m8-i);
end;

for i=1:m8

x(i)=i*d;

end;

plot(x,u)

4 438 36 36 36 3 3 S S S A KK

29. A Note on Hyper-Finite Differences for the Generalized Method of Lines

In this section we develop an application of the hyper finite differences method through an
approximation of the generalized method of lines.
Consider the equation

(175)

—eu"(x) +au® —Bu—f=0, inQ=][0,1],
u(0) =0, u(l)=0

As e > 0is small, in order to decrease the error concerning the approximations used we propose
to divide the domain Q) = [0, 1] into N7 sub-intervals of same measure. Thus we define

k
fe =y TRE{0 1, N,

For each sub-interval Iy = [xx_1,x;] we are going to obtain an approximate solution of the
equation in question with the general boundary conditions

u((k—=1)/Nq) = Ulk—1],

and
u(k/Ny) = U[k].
Denoting such a solution by
{uli K]}
where
k-1 .
X; = +id,
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and
1

mg Ny’

where myg is the fixed number of nodes in each interval Ij.
Observe that in a finite differences context, linearizing it about a initial solution {ug[i, k] }, the
equation in question stands for:

i LA = 2”52' KLl = VKD | sy li, K20l K] — 20ufi, K

—Buli, k] — f[i,k] =0, Vi€ {1,--- ,mg —1}. (176)

In particular, for i = 1, we obtain

(u[2, k] — 2u[1, k] + u[0, k)

—e 7 + Bauo[1, k|?u[1, k] — 2aug[1, k)3
—Bu[l,k] — f[1,k] =0, (177)
so that
ull,k] = a[l,kju[2,k]+0b[1,klul0,k] + c[1,k]T[1,k]
el K + E[1,K, (178)
where
a[l,k] =1/2,
b[1,kl =1/2,
c[1,k] =1/2,
42
e[l,k] = f[1,k] 50
d2
T[1,k] = (—3aug[1, k)?uli, k] 4 2aug[1,k]* — Bull, KD~
and
E,[1,k] = 0.
Now reasoning inductively, having
uli—1,kl = afi—1,kjuli, k] +b[i —1,k]u[0,k] +c[i — 1,k|]T[i — 1, k]
+eli — 1,k + E/[i — 1,k], (179)
and
—e (uli+1,K] = Zugé K+ uli— 1K) + 3aug i, k]2uli, k] — 2auqi, k]?
—pBuli, k] — fli,k] =0, (180)
so that )
(uli + 1K)~ 2uli ]+ uli — 1K) + Tl A+ £ E =0,
where,

Tli, k] = (—3augli, k|*uli, k] + 2auo[i, k) + Buli, k])d;,
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we obtain
uli,k| = ali,kuli, k] + b[i, k]u[0, k] + c[i, k] T[i, k]

+eli, k] + E,[i, k], (181)
where,

ali,k] = (2 —ali — l,k})_l,

bli, k] = ali, k]b[i —1,k],
cli,k] = ali, k](c[i —1,k] +1),
i 2
eli, k] = ali, k] (e[i -1,k + f[lf]d) ,

and

E,[i, k] = ali, k] (E-[i — 1,K]) + c[i, K] (T[i — 1,k] — Ti, k]).

Observe that in particular for i = mg — 1, we have u[m8, k| = U[k] and u[0, k] = U[k — 1], so that
from above, neglecting E,[1, k], we also obtain

ulmg — 1,k] =~ almg — 1u[mg, k] + b[mg — 1, k]ul0, k]
+c[mg —1,k]T[m8 — 1, k] (u[ms, k], u[0, k]) + e[mg — 1, k]|
= Hm8—1(u[k]/ U[k - 1]) (182)

Similarly, for i = m8 — 2 we may obtain

ulmg — 2,k] = almg — 2Ju[mg — 1,k| + b[mg — 2, kJu[0, k|
+c[mg — 2,k]T[m8 — 2, k] (u[mg — 1,k|, u[0,k]) + e[mg — 2, k]
— Hyy2(UK, UK~ 1)), (183)

and so on, up to finding
ull,k] = Hi(U[k],U[k —1]), Yk € {1,--- N1 }.
At this point we connect the sub-intervals by setting
U0 = U[N;] =0
and obtaining {U[1],- - - , U[N;j — 1]}, by solving the equations
—¢ (ufms — 1,k - zg[k] +ull k+1)) + 3aug[m8, k|2U k] — 200 [m8, k]
—BUk] — f[mg, k] =0, Vk € {1,--- ,N; —1}. (184)

Having obtained {U[k], Yk € {1,---,N; —1}} we may obtain the solution {u[i,k]} where
i€{0,---,mg}andk e {1,---,Ny}.

The next step is to replace {ug[i, k] } by {u[i, k]} and then to repeat the process until an appropriate
convergence criterion is satisfied.

The problem is then approximately solved.

We have obtained numerical results for e = 0.001, f =1,on (), Ny = 10, mg =100 and a = g = 1.

For the related software in MATHEMATICA we have obtained U[1],---,U[9],

Here the software and results:
3363 3 3 3 o 3 36 3 5 35 36 3 5 36 3 3 o b Sk
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1. Clear[u, U, z, N1];
m8 = 100;
N1 = 10;
d=1/m8/N1;
el =0.001;
For[k =1,k < N1+ 1, k++,
For[i=0,i <m8 + 1, i++,
uoli, k] = 1.01]];
A=10;
B=1.0;
a[1]=1.0/2;
b[1] =1.0/2;
c[1]1=1/2.0;
e[1] = d?/el/2.0;
For[i=2,i < m8,i++,
alil=1/(.0-ali-1]);
b[i] = b[i - 1]*a[il;
cli] = a[i]*(c[i- 1] + 1.0);
eli] = a[i] * (e[i — 1] +d?/el);
I;
For[kl =1, k1 < 10, k1++,
Print[k1];
Clear[U, z];
For[k =1,k < N1+ 1, k++,
ul0, k] = U[k - 1];
u[ms8, k] = U[k];
For[i=1,i < mS§, i++,
z =a[m8 - iJ*u[m8 - i + 1, k] + b[m8 - i]*u[0, k] +
c[m8 - i]*(-3*A*uo[m8 - i + 1, k]**u[m8 -i + 1, k] +
2*A*uo[m8-i+ 1, k]® + B*u[m8 -i + 1, k])*d? /el +
e[m8 -i];
u[mS8 - i, k] = Expand[z]]];
U[0] = 0.0;
U[N1] =0.0;
S=0;
For[k =1, k < N1, k++,
S=S+ (el*(-u[m8 - 1, k] + 2*U[K] - u[1, k + 1])/d* +
3*A*U[k]*uo[mS8, k]? - 2*A*uo[m8, k]° - B*U[K] - 1)?];
Sol = NMinimize[S, U[1], U[2], U[3], U[4], U[5], U[6], U[7], U[8], U[9]];
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For[k =1, k < N1, k++,
w4[k] = U[K] Sol[[2, K]]];
For[k =1,k < N1, k++,
U[K] = w4[K]];

For[k =1,k < N1+ 1, k++,
For[i=0,i <m8 + 1, i++,
uoli, k] = u[i, k]]I;
Print[U[5]]];

For[k =0,k < N1 + 1, k++,
Print["U[", k, "]=", U[K]]]
U[0]=0.

U[1]=1.27567
U[2]=1.32297
U[3]=1.32466
U[4]=1.32472
U[5]=1.32472
U[6]=1.32472
U[7]=1.32472
U[8]=1.32472
U[9]=1.32471
U[10]=0.

3 e 43 38 36 36 36 3 3 3 o o S e

Remark 13. Observe that along the domain we have obtained approximately the constant value u = 1.32472.
This is expected since ¢ = 0.001 is small and such a value u is approximately the solution of equation

au —Bu—1=0.

30. Applications to the Optimal Shape Design for a Beam Model

In this section, we present a numerical procedure for the shape optimization concerning the
Bernoulli beam model.

Let Q) = [0,1] C R corresponds to the horizontal axis of a straight beam with rectangular cross
section b x h(x), that is, the beam has a variable thickness h(x) distributed along such a horizontal
axis x, where x € [0,1].

Define now

V={weW>Q) : w(0)=w(1) =0},

which corresponds to a simply supported beam.
Consider the problem of minimizing in V x B the functional

J(w,h) = % /Q H(x)waa (x)? dx

subject to
(H(x)wxx(x))xx — P(x) =0, in Q,
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where

h(x) is variable beam thickness, A(x) = bh(x) corresponds to a rectangular cross section perpendicular
to the x axis, and E is the young elasticity model.
Also, we define

B = {h :[0,1] — R measurable : hy,;; < h(x) < hyqy and / ) < cohmax}

where 0 < ¢y < 1 and

C*'={weV : (Hx)w(x))xx — P(x) =0, in Q}.

Observe that
(w,h)igé*xB](w h)
= inf{mf]wh}
heB (weC*
= Iigg {weg{ inf {;/ H(x)wser (x)2 dx — (b, (H(x) Wy (%)) xx — P(JC))Lz}}}
. 1
= if {;21;{—2/014( )%y dx + ( th}}
: . 1/ M
= e Lt s ot ) (159

where
D*={MeY" : Myy—P=0,inQ, and M(0) = M(1) =0}.

Summarizing, we have got

11 M?
inf h) = inf - —_ .
(w,h)lgc*xB](w’ ) (M,h)HgD*xB {2 /Q H(x) dx}

In order to obtain numerical results, we suggest the following primal dual procedure:

1. Setn =1and
hn (x) = Cohmax.

2. Calculate w;, € V solution of equation
(Hn(x)(wn)xx)xx = P(x)/

where

3. Calculate h,,+1(x) € B such that

]*(Mn/hn-i-l) lnf] (Mn/ )/

where
M, = H, (wn)xxr
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_lpom
2 JaH(x)

4. Setn :=n+ 1 and go to step 2 until an appropriate convergence criterion is satisfied.

J*(M, h)

We have developed numerical results for ¢y = 0.65, E = 210 107, b = 0.1 m, P(x) = 36 10> N,
Nypin = 0.072 m and hy = 0.18 m.
We have also defined
h(x) = £(x)hmax,

where
04 <t(x) <1, ae inQ.

For the optimal solution w = w(x), please see Figure 20.
For a corresponding optimal solution t = (x), please see Figure 21.

%1078
T

081 b

0.6 ]

0.2 ]

Figure 20. Optimal solution w(x) for a simply supported beam.
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Figure 21. Optimal shape solution ¢(x) for a simply supported beam.
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Remark 14. For such a simply-supported beam model, for the numerical solution of equation
(H(x)wxx)xx =P,
with the boundary conditions
w(0) =w(1) =w"(0) =w"(1) =0
firstly we have solved the equation
Uy — P =

with the boundary conditions

Subsequently, we have solved the equation
H(x)wyy = v
with the boundary conditions
w(0) =w(1) =0.
Here we present the software developed in MAT-LAB.

3 o 38 38 38 36 6 3 3 S o S S 3

1. clear all
global m8 d d2wo H el ho hl xo b5
m8=100;
d=1.0/m§;
b5=0.1;
e1=210*107;
ho=0.18;
A=zeros(m8-1,m8-1);
for i=1:m8-1
A(1,)=1.0;
x0(i,1)=0.55;
x3(1,1)=0.55;
end;
Ib=0.4*ones(m8-1,1);
ub=ones(m8-1,1);
b=zeros(m8-1,1);
b(1,1)=0.65*(m8-1);
for i=1:m8
f(i,1)=1.0;
LG4,1)=1/2;
P(i,1)=36.0*10%;
end;

i=1;
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m12=2;

m50(i)=1/m12;
z(i)=1/m50()*(-P(i,1)*d?);

for i=2:m8-1

m12=2-m50(i-1);

m50(i)=1/m12;
z(1)=m50(i)*(-P(i,1)*d?+z(i-1));
end;

v(m8,1)=0;

for i=1:m8-1
v(m8-i,1)=m50(m8-i)*v(m8-i+1,1)+z(m8-i);
end;

k=1;

b12=1.0;

while (b12 > 107%) and (k < 10)
k

k=k+1;

for i=1:m8-1

H(i,1)=b5*L(i, 1) * ho® /12%e];
f1(,1)=v(i,1)/H(G,1);

end;

i=1;

m12=2;

m70(i)=1/m12;
z1(1)=m70(i)*(-f1(1,1)*d?);

for i=2:m8-1

m12=2-m70(i-1);

m70(i)=1/m12;
z1(i)=m70(i)*(-f1(i,1)*d>+z1(i-1));
end;

w(m8,1)=0;

for i=1:m8-1
w(m8-i,1)=m70(m8-i)*w(m8-i+1,1)+z1(m8-i);
end;
d2wo(1,1)=(-2*w(1,1)+w(2,1))/d?;
for i=2:m8-1
d2wo(i,1)=(w(i+1,1)-2*w(i,1)+w(i-1,1)) /d%;
end;

ko=1;



b14=1.0;

while (b14 > 10~%) and (k9 < 120)
k9

k9=k9+1;
X=fmincon(’beamNov2023",x0,A,b,[ ], [ ]Ib,ub);
bl4=max(abs(xo-X))

XxX0=X;

end;

b12=max(abs(x0-x3))

x3=x0;

for i=1:m8-1

L@,1)=xo(i,1);

end;

end;

434 38 36 e K KA

With the auxiliary function "beamNov2023":

1. function S=beamNov2023(x)

global m8 d d2wo H el ho h1 xo b5

S=0;

for i=1:m8-1

S=S+1/(x(i,1)%) /ho® /b5 /el*(H(i,1)*d2wo (i, 1)) >*12;

end;

e e 438 34 36 36 363 3 3 o o 6 4 36 36 36 3 3 S S S S K

We develop numerical results also for

V= Wg’z(Q) = {w € W??(Q) such that w(0) = w(1)
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Such boundary conditions corresponds to bi-clamped beam. The remaining data is equal to the

previous example
For the optimal solution w = w(x), please see Figure 22.

For a corresponding optimal solution t = (x), please see Figure 23.
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Figure 22. Optimal solution w(x) for a bi-clamped beam.
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Figure 23. Optimal shape solution ¢(x) for a bi-clamped beam.

Remark 15. For such a bi-clamped beam model, for the numerical solution of equation
(H(x)wxx)xx =P,

with the boundary conditions

firstly we have solved the equation

with the boundary conditions

Subsequently, we solved the equation

H(x)wxx =v+ax+Db
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with the boundary conditions

obtaining a,b € R such that the boundary conditions
w'(0)=w'(1)=0

are also satisfied.
Here we present the software developed in MAT-LAB.

b R

1. clear all
global m8 d d2wo H el ho h1 xo b5
m8=100;
d=1.0/mS8;
b5=0.1;
e1=210*107;
ho=0.18;
A=zeros(m8-1,m8-1);
for i=1:m8-1
A(1,1)=1.0;
x0(i,1)=0.55;
x3(i,1)=0.55;
end;
Ib=0.4*ones(m8-1,1);
ub=ones(m8-1,1);
b=zeros(m8-1,1);
b(1,1)=0.65*(m8-1);
for i=1:m8
f(i,1)=1.0;
L34,1)=1/2;
P(i,1)=36.0*10%
end;
i=1;
ml2=2;
m50(i)=1/m12;
z(1)=1/m50(0)*(-P(i,1)*d?);
for i=2:m8-1
m12=2-m50(i-1);
m50(i)=1/m12;
z(i)=m50(1)*(-P(i,1)*d?+z(i-1));

end;
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v(m8,1)=0;

for i=1:m8-1
v(m8-i,1)=m50(m8-i)*v(m8-i+1,1)+z(m8-i);
end;

k=1;

b12=1.0;

while (b12 > 10~%) and (k < 10)

k

k=k+1;

for i=1:m8-1

H(i,1)=b5*L(i, 1) * ho® /12%e];
£1(,1)=v(i,1)/H(G,1);

£2(i,1)=i*d /H(i,1);

£3(1,1)=1/H(,1);

end;

i=1;

ml12=2;

m70(i)=1/m12;

z1(i)=m70(i)*(-f1(i,1)*d?);
22(i)=m70(i)*(-f2(i,1)*d?);
z3(1)=m70(i)*(-£3(1,1)*d?);

for i=2:m8-1

m12=2-m70(i-1);

m70(i)=1/m12;
21(1)=m70(i)*(-f1(i,1)*d?>+z1(i-1));
22(i)=m70(i)*(-f2(i,1)*d>+2z2(i-1));
23(i)=m70(i)*(-f3(i,1)*d>+z3(i-1));

end;

w1(ms8,1)=0;

w2(mS8,1)=0;

w3(m8,1)=0;

for i=1:m8-1
w1l(m8-i,1)=m70(m8-i)*w1(m8-i+1,1)+z1(m8-i);
w2(m8-i,1)=m70(m8-i)*w2(m8-i+1,1)+z2(m8-i);
w3(m8-i,1)=m70(m8-i)*w3(m8-i+1,1)+z3(m8-i);
end;

m3(1,1)=w2(1,1);

m3(1,2)=w3(1,1);

m3(2,1)=w2(m8-1,1);
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m3(2,2)=w3(m8-1,1);

h3(1,1)=-w1(1,1);

h3(2,1)=-w1(m8-1,1);

h5(;,1)=inv(m3)*h3;

for i=1:m8
wo(i,1)=w1(i,1)+h5(1,1)*w2(i,1)+h5(2,1)*w3(i,1);
end;

d2wo(1,1)=(-2*wo(1,1)+wo(2,1))/d?;

for i=2:m8-1
d2wo(i,1)=(wo(i+1,1)-2*wo(i,1)+wo(i-1,1)) /d?;
end;

ko=1;

b14=1.0;

while (b14 > 107%) and (k9 < 120)

k9

k9=k9+1;

X=fmincon(’beamNov2023’,x0,A,b,[ ], [ ] Ib,ub);
bl4=max(abs(xo-X))

x0=X;

end;

b12=max(abs(x0-x3))

x3=x0;

for i=1:m8-1

L(i,1)=xo(i,1);

end;

end;

B R R R R R 2 ad

Remark 16. About the numerical results obtained for these two beam models, a final word of caution is
necessary.

Indeed, the full convergence in such cases is hard to obtain so that we have obtained just approximations of
critical points with the functionals close to their optimal values. It is also worth emphasizing we have fixed the
number of iterations so that the solutions and shapes obtained are just approximate ones.

31. Applications to the Optimal Shape Design for a Plate Model

In this section, we present a numerical procedure for the shape optimization concerning a thin

plate model.
Let Q = [0,1] x [0,1] C R? corresponds to the middle surface of a thin plate with a variable
thickness h(x, y).

Define now
V={wecW>Q) : w=00nd0},

which corresponds to a simply supported plate.
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Consider the problem of minimizing in V' x B the functional

Jwh) =5 [ HGy) (Vo) da
subject to
V2{(H(x,y) Vio(x,y))] - P(xy) =0, in©,
where

Hey) = 01— ud),

h = h(x,y) is variable plate thickness, E is the young elasticity model and ws = 0.3.
Also, we define

B= {h : QO — Rmeasurable : hy;,, < h(x,y) < hyay and /Qh(x,y) < COhmux} ,

where 0 < ¢y < 1 and
C*={weV : V?[H(x,y)V?w(x,y))] — P(x,y) =0, in Q}.
Observe that

inf h
(w, h)lgc*xB J(w,h)

— ot { ing )}

heB weC*

= inf {sup 1nf /Q H(x,y)[V? w(x,y)]? dx — (@, V2[H(x,y)V?w(x,y)] — P(x,y))Lz}}}

heB weV

heB wev

- eil (o)

where

= inf {sup H(x,y)[V?®(x,y))? dx + (@, P>Lz}}

D*={MeY* VZM—-P=0,inQ, and M = 0, on O}.

Summarizing, we have got

. . 1 M?
inf  J(w,h) = inf 7/ ——dx ;.
(w,h)€C*xB (mmep+xB | 2 Ja H(x,y)
In order to obtain numerical results, we suggest the following primal dual procedure:

1. Setn =1and
hy(x) = cohmax-

2. Calculate w, € V solution of equation
V2(H(x,y)Vwu(x,y)) = P(x,y),

where
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3. Calculate h,,.1 € B such that
I (M, 1) = mf] (My, h),
where
M, = Hu(x,y)V? wy,
12
Lr M
2 Ja H(x,y)

4. Setn :=n+ 1 and go to step 2 until an appropriate convergence criterion is satisfied.

]*(th) =

We have developed numerical results for ¢y = 0.75, E = 200 10%, P(x,y) = 2 10*> N, hyi, =
0.45 % (0.12) m and hyx = 0.12 m.
We have also defined

h(x,y) = t(x,y)hmax,

where
045 <t(x,y) <1, ae in Q.

For the optimal solution w = w(x, y), please see Figure 24.
For a corresponding optimal solution t = f(x, y), please see Figure 25.

%107

Figure 24. Optimal solution w(x,y) for a simply supported plate.
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09
0.85
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Figure 25. Optimal shape solution ¢(x, y) for a simply supported plate.

Remark 17. For such a simply-supported plate model, for the numerical solution of equation
V2[H(x,y)V? w(x,y)] = P,

with the boundary conditions

w = 0ondQ),
firstly we have solved the equation

V2 —P=0
with the boundary conditions

v = 0on Q.

Subsequently, we have solved the equation
H(x,y)V?w(x,y) = o(x,y)

with the boundary conditions
w = 0on 00

Here we present the software developed in MAT-LAB.

e S 38 38 36 36 3 3 3 o o o K S S e e

1. clear all
global m8 d d2xwo d2ywo H el ho xo b5
m8=40;
d=1.0/m§;
wb=0.3;
e1=200*10°/(1 — w5?);
ho=0.12;
A=zeros((m8 —1)2, (m8 — 1)?);
for i=1:(m8 — 1)?
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A(1,)=1.0;

x0(i,1)=0.55;

x3(i,1)=0.55;

end;

1b=0.45*ones((m8 — 1)2,1);
ub=ones((m8 — 1)2,1);
b=zeros((m8 — 1)2,1);
b(1,1)=0.75*(m8 — 1);

for i=1:(m8-1)

for j=1:m8-1

£(1,j,1)=1.0;

L@,j1)=1/2;

P(i,j,1)=2*10%; end;

end;

for i=1:m8
wo(:,1)=0.001*ones(m8-1,1);

end;

m2=zeros(m8-1,m8-1);

for i=2:m8-2

m2(i,i)=-2.0;

m2(i,i-1)=1.0;

m2(i,i+1)=1.0;

end;

m2(1,1)=-2.0;

m2(1,2)=1.0;
m2(m8-1,m8-1)=-2.0;
m2(m8-1,m8-2)=1.0;
Id=eye(m8-1);

i=1;

m12=2*Id-m2*d? /d?; m50(:,:,i)=inv(m12);
2(:;,1)=m50(:,:,1)*(-P(:,i,1)*d?);

for i=2:m8-1

m12=2*Id-m2*d? / d>-m50(:,:,i-1);
m>50(;,:,i)=inv(m12);
2(:,1)=m50(;,;i)*(-P(:4,1)*d?+2(:,i-1));
end; v(:,;m8)=zeros(m8-1,1);

for i=1:m8-1
v(:,m8-1)=m>50(:,:,; m8-1)*v(:, m8-i+1)+z(:,m8-i);

end;

: 22 February 2024
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k=1;

b12=1.0;

while (b12 > 107%) and (k < 12)

k

k=k+1;

for i=1:m8-1

for j=1:m8-1

H(,i,1)=L(j,i,1) * ho®/12%1;
f1G,4,1)=v(j1)/H(ji,1);

end;

end;

i=1;

m12=2*Id-m2*d? / d%;
m70(:,:,i)=inv(m12);
z1(:,)=m70(.,:,i)*(-f1(:,i,1)*d?);

for i=2:m8-1

m12=2*Id-m2*d? /d?-m70(:,:,i-1);
m70(:,:,i)=inv(m12);
21(:4)=m70(:,:i)*(-f1(:,i,1)*d?>+z1(:,i-1));
end;

w(:,m8)=zeros(m8-1,1);

for i=1:m8-1

w(:,m8-1)=m70(:,:;,; m8-i)*w(:,;m8-i+1)+z1(:,m8-i);
end;

d2xwo(:,1)=(-2*w(;,1)+w(:,2))/d?%;

for i=2:m8-1

d2xwo(: 1) =(W(:i+1)-2*w(: i) +w(:,i-1))/d?;
end;

for i=1:m8-1

d2ywo(:i)=m2*w(:,i)/ d?;

end;

k9=1; b14=1.0;

while (b14 > 107%) and (k9 < 30)

k9

k9=k9+1;
X=fmincon(’beamNov2023A3’,x0,A,b,[ ], [ ] 1b,ub);
bl4=max(abs(xo-X))

x0=X;

end;
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b12=max(max(abs(w-wo)))
wo=w;

x3=x0;

for i=1:m8-1

for j=1:m8-1
L(j,i,1)=xo((i-1)*(m8-1)+j,1);
end;

end;

end;

for i=1:m8-1

x8(i,1)=i*d;

end;

mesh(x8,x8,L);

With the auxiliary function "beamNov2023A3’, where

3 o e 8 38 36 36 36 36 3 3 3 o o 38 38 36 6 S S A E

1. function S=beamNov2023A3(x)
global m8 d d2xwo d2ywo H el ho xo b5
S=0;
for i=1:m8-1
for j=1:m8-1
x1(j,i)=x((m8-1)*(i-1)+,1);
end;
end;
for i=1:m8-1
for j=1:m8-1
S=S+1/((x1(j,1))3)/ho3 /el * (H(j,i,1))? * (d2xwo(j, i) + d2ywo(j,i))? * 12;
end;

end;

B R R S S R X R X St S X

Remark 18. About the numerical results obtained for this plate model, a final word of caution is necessary.

Indeed, the full convergence in such a case is hard to obtain so that we have obtained just approximations
of critical points with the functional close to its optimal value. It is also worth emphasizing we have fixed the
number of iterations so that the solution and shape obtained are just approximate ones.
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32. A Note on the First Maxwell Equation of Electromagnetism

Let Q; C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 90;.

Suppose E : Q; — R3 is an electric field of C! class in Q.

Let Q) C Q)1 be also an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by S = 9Q).

Observe that there exists a scalar field V : (3 — R such that

V2V = divE, in Q,

and
VV-n=0,onS =090.
Here n denotes the normal outward field to S.
Observe also that
V2V = divVV = divE,
so that defining
h=VV —E,
we have that
divh =0, in Q.

Hence, from such results and the divergence Theorem, we get

/E~nd5 - /(VV)-ndS—/h-ndS
S S S

- / div h dV = 0. (187)
Q
Summarizing, we have got
/ E-ndS=0.
S
Consider now a charge g localized at the center of a sphere (), of radius R > 0 and boundary

Sy = 0.
The electric field on the sphere surface generated by gy is given by

27 4megRZY

where n; is the normal outward field to S.
Clearly

1T g0 2 40
B mpdSy = —— 19 (47R%) = 10,
/sz 212 45 47e) Rz( 7R) €0

Consider again the set (2 but now with a charge g localized at a point x inside the interior of (),
which is denoted by Q°.

At first the electric field E generated by 4o is not of C! class on Q.

However, there exists R > 0 such that

Br(x) c Q@ =0Q°

Define Q3 = Q \ Br(x).
Therefore, E is of C! class on Q3.
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Denoting the boundary of ()3 by S3, from the previous results, we may infer that

E'l‘lngZO,
S3

so that

E-ndS; = /E-nde/ E-ndS;
53 S aBR(X)

- /E-nds—‘LO
S 0
0

Therefore, we have got

/E-ndS:q—O
S €0

Assume now on () we have a density of charges p(x).

For a small volume AV consider a punctual charge g localized in x € ) such that

9o ~ p(x)AV
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(188)

Denoting by AE the electric field generated by g, from the previous results we may infer that

[AEnds =T~ P)AV.
S €0 €0
Such an equation in its differential form, stands for:

p(x) dv

/dE-ndS:
S €0

Integrating in (2 we may obtain

/SE-ndS _ //dE-ndVdS

P 4y
O &

so that

/EndS P

Q €

From this and the Divergence Theorem, we have

/E-ndS:/ diVEdV:/ PX) 4y
S Q Q €

Summarizing, we have got

/ divEdV:/ P 4y
(@) QO &

This is the integral form of the first Maxwell equation of electromagnetism.

(189)

For this last equation, the set (3 C () is rather arbitrary so that for () as a ball of small radius
r > 0 with center at a point x € )1, from the Mean Value Theorem fot integrals and letting r — 0", we

obtain
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divE= LY, in0y.
€0

This last equation stands for the differential form of the first Maxwell equation of
electromagnetism.

Remark 19. Summarizing, in this section we have formally obtained a mathematical deduction of the first
Maxwell equation of electromagnetism.

33. A Note on Relaxation for a General Model in the Vectorial Calculus of Variations

Let 3 C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).
Consider a function g : RN*" — R twice differentiable and such that

g(y) = +oo, as |y| = +oo.

Define a functional G : V. — R by

1
G(Vu) = 3 /Qg(Vu) dx,
where
V = {W"2(;RN) : u=uyonoQ}.

Moreover, for f € L?(Q; RN), define also

J(u) = G(Vu) = (u, f) 2.
We assume there exists & € R such that

a = inf J(u).

ueV

Observe that from the convex analysis basic theory, we have that

a = inf J(u)
uev

= inf )W)

= inf{(GoV)*(u) — (u, f)2}. (190)

ueV

On the other hand

(GoV)™(u) H(u)

= inf AG(Vw) + (1= A)G(Vo
(/\/(U/w))G[O,l]xB(u,/\){ (Vo) +( )G(Vo)}

< G(Vu), (191)

where
B(u,A) ={(v,w) €V : Aw+ (1 —A)v=u}.

From such results, we may infer that

inf J**(u) = inf {H(u) = (u, f)12} = inf J(u).
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Furthermore, observe that
AVw+ (1-A)Vo = Vu,
so that
Vo = Vu+A(Vo—Vw)
= Vu+AVg, (192)
where ¢ = v —w € Wy ((Q;RN) so that
V¢ =Vov—-Vu,
and
Vw = Vv — Vé¢.
Therefore,
Vw=Vo—-V¢=Vu+AVp—-V¢=Vu—(1-A)Ve.
Replacing such results into the expression of H, we have
H(u) = inf AG(Vu—-(1-A1)V 1-A)G(Vu+AVe)},
()=, inf {AG(Vu— (1= A)V¢) + (1= N)G(Tu+AVg))
where
= Wy (;RN).
Joining the pieces, we have got
e =W
= inf{H(u) —{u, f)r2}
= inf {AG(Vu—(1-2A)V¢)+ (1 —-A)G(Vu+AVep) — (u, f)2}.

(Apu)e[0,1]xVoxV

This last functional corresponds to a relaxation for the original non-convex functional.
The note is complete.

33.1. Some Related Numerical Results

In this subsection we present numerical results for an one-dimensional model and related relaxed
formulation.

For Q) = [0,1] C R, consider the functional | : V — R where

2/ —1 dx + = /u— 2dx,

V={uecW2Q) : u(0)=0and u(1) = 1/2},

feYy=y"=1%Q).
Based on the results of the previous section, denoting Vp = W&'Z(Q), we define the following
relaxed functional J; : [0,1] x V x Vj — R, where

B =5 [ (0 = @0 =12 22 (AR - 1R 5 [ fR
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Indeed, we have developed an algorithm for minimizing the following regularized functional
J>:[0,1] x V x Vj — R, where

R(Au,9) = hA )+ 5 [ ("2 dx,

for a small parameter e3 > 0.
For the case in which f(x) = sin(7tx) /2, for the optimal solution u, please see Figure 26.
For the case in which f(x) = cos(7tx)/2, for the optimal solution u, please see Figure 27.
For the case in which f(x) = 0, for the optimal solution u, please see Figure 28.

0.5

045 b

04r b

0.35 ]

0.25 ]

0.15 b

01 F 1

0.05 ]

Figure 26. Optimal solution u(x) for the case f(x) = sin(7mx)/2.

0.5

0.45 ]

04r b

0.35 ]

0.25 ]

0.2 ]
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0.05 ]

Figure 27. Optimal solution u(x) for the case f(x) = cos(mx)/2.
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Figure 28. Optimal solution u(x) for the case f(x) = 0.

We highlight to obtain the solution for this last case which f = 0 is harder. A good solution was
possible only using
Xp = 0

as the initial solution concerning the iterative process.
Here we present the software in MAT-LAB developed.

1. clear all
global m8 d u e3
m8=100;
d=1/mS§;
€3=0.0005;
for i=1:2*m8+1
x0(i,1)=0.36;
end;
b12=1.0;
k=1;
while (b12 > 1077) and (k < 60)
k
k=k+1;
X=fminunc(’funDecember2023’,x0);
b12=max(abs(xo-X))
xX0=X;
u(m8/2)
end;
for i=1:m8

x(i,1)=i*d;
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end;

plot(x,u);

438 38 38 36 36 3 3 3 3 o o S S S K

With the main function "funDecember2(023"

438 36 36 6 3 3 S S o A A K KK

1. function S=funDecember2023(x)
global m8 d u e3
for i=1:m8
u(i,1)=x(,1);
v(i,1)=x(i+m8§,1);
yo(i,1)=sin(pi*i*d)/2;
end;
L=(1+sin(x(2*m8+1,1)))/2;
u(ms,1)=1/2;
v(m8,1)=0.0;
du(1,1)=u(1,1)/d;
dv(1,1)=v(1,1)/d;
for i=2:m8
du(i,1)=(u(i,1)-u(-1,1))/d;
dv(i,1)=(v(i,1)-v(i-1,1))/d;
end;
d2u(1,1)=(-2*u(1,1)+u(2,1))/d?%;
for i=2:m8-1
d2u(i,1)=(u(i-1,1)-2*u(i,1)+u(i+1,1)) /d?;
end;
S=0;
for i=1:m8
S=S+1/2% L ((du(i,1) — (1 — L) *do(i, 1)) — 1)%;
S=S+1/2% (1 — L) * ((du(i,1) + L * dv(i,1))?> — 1)
S=S+(u(i,1) — yo(i,1))?;
end;
for i=1:m8-1
S=S+e3*d2u(i,1)%

end;

A A A AR A XK
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33.2. A Related Duality Principle and Concerning Convex Dual Formulation

With the notation and statements of the previous sections in mind, consider the functionals
J:V—=TRandJ3:[0,1] x V x Vj — R where

J(u) = G(Vu) —1—%/Qu-udx— (u, f) 2,

and
Js(Au,¢) = AG(Vu—(1—-A)Ve)+ (1 —A)G(Vu+AVe)

+%/Q(u—(1—)\)¢)‘(u—(l—/\W)dx

+(1 2/\) /Q(u+2\¢)-(u+/\(p) dx

“AMu—(1=X)p, fl2— A=A {u+A¢, f) 2. (193)

Here we have denoted
V={ueW2RY) : u=uyonoQ =S},

Vo = Wy (O RN),
Y =Y* = LA(O;RN*)

and
Y, = Y{ = L2(O;RN).
Observe that
I (u) < o J3(A, u, ).
Moreover,
) = —(Vu—(1-A)V,01) + AG(Vu — (1 1)Vg)

—(Vi— (1= A)V,v5) 2+ (1 — A)G(Vu+ AV)
(= (= N3+ 5 [ (= (1= 2)9) - (4= (1= A)g) dx

—(u+ A, 0} 2 + (IEA)/()(qu/\(p).(quA(p) dx

+(Vu—(1-A)Vp,v])2+ (Vu—(1—-A)Ve,v]) ;2
+u—(1—-AN)p,v3)12+ (u+Ap,v1)12
“AMu—(1=1)¢, f2 — (1 =A)(u+Ap, f)2. (194)
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Therefore,
Js(Au, ) > viléfy{—@lrvi‘hz +AG(v1)}
1
+ inf {—(vp,v5)12 + (1 = A)G(v2) }
v EY

+inf {=(oa03)a 5 [ (00) (00)

v3€Y]

+oinf {=on o+ U5 [ o) (o) e

v4€Y]

+ inf {(Vu—(1-A)Ve,vi)2+ (Vu—(1-A)V¢,v7)2
(M,LP)EVXVO

+(u—(1—-2A)p,v3) 12+ (u+Ap,vy)12
—AMu—(1=N)¢, f2— (1 =A)(u+Ap, f)2}
o (d) ()
—F3(v3,A) — Fi (v, M)
+/S(Uf)ij”j(u0)i d5+/5(05)ijnj(uo)i ds,
YA€ (0,1),ucV, ¢ € Vo,v" € A", (195)

where

G*(v") = sup{(v,0")12 = G(0)},

veY

A
Ff(v3,A) = sup {<03,0§>Lz—§/01;3.v3 dx}

v3€Y]

1 * *
= 5/003 - 03 dx, (196)

1-A
Ff(v;,A) = sup {(m,vZ}Lz—( 5 )/004-04(196}

v4€Y]

1

= m /(; Uy Uy dx. (197)

Furthermore, A* = A} N A5 where
AT = {0* = (v],03,03,0}) € [Y'PP x [{]? : —div (v]); — div (v3); + (03); + (v})i — f; = 0, in Q},
and

A; = {v* = (v],05,05,05) € VP x [Yi]?

—(=14+A)div (0]); — Adiv (03); + (=1 +A)(03); + A(0}); =0, in Q}.  (198)

Summarizing, we have got
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i f A'/ 7
(A,uqa)e(lg}l)xVxVO]S( " (P)
vl (0
> inf {—AG* () —(1-A)G* 2 )
> s i {20 () - 0o (52
—F5(v3,A) — Fy (03, A) + /aQ(UT)ijnj(uo)i ds + /aO(U;)ij”jWO)i ds}}- (199)

Remark 20. We highlight this last dual function in v* is convex (in fact concave) on the convex set A*.

33.3. A Numerical Example

For Q) = [0,1] C R consider a functional | : V — R where

) = g fmin{( () 172 06) + 12 dat 5 [ (w2 dx
_ %/O(u’)z dx—/0|u’|dx+%/0(u—f)2 dx, (200)

where
V={ueW?Q) : u0)=0and u(1) =1/2},
Y=Y"=12(Q)and f €Y.
DefineG:Y — Rand F: V — Rby

G(u') = % (u')? dx—/ || dx,
and 1
_* 2
F(u) = 2 ot dax,
respectively.

Denoting Vy = W&’z(Q), define also J1 : V x Vp x (0,1) — Rby

N, ¢, A) = AGW = (1=-A1)¢") +(1-M)G(u' +A¢")
FAF(u— (1= A)g) + (1 — A)F(u+ Agp)

f<u,f>L2. (201)
Observe that
(AG)*(07) = Slélf;{@bvi‘hz—m(m)}
e (3
_ % /Q (0%)? dx + /Q ot dx, (202)
(1=1)G)*(03) = Slélf;{@zfvﬁhz—(1—?\)G(vz)}
* U*
- a-ne ()
1

_ 2(1%)/0(03)2 dx+/0|v§|dx, (203)
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(AF)*(v3) = SHGI;{@&U@LZ—AF(%)}

= = Q(1;3)2 dx, (204)

and

(T=A)F)*(v1) = 5116};{@4/01&2 — (1 =A)F(v4)}

- a-0F (i)
= s (11_A) /Q (05)? dx. (205)

Denoting v* = (v, ,v}) € [Y*]4, define J* : [Y*]* x (0,1) — Rby

R = a6 (5

ol (Du(1) + v3(1)u(1). (206)

Similarly as in the previous section, we may obtain
B0 = {;gg* f’“(v*f”} '
where A* = A] N A3,
Af={0" €Yt (0]) +(03) 05 —vj + £ =0, in 2},
and
As ={(0"A) € Y] x (0,1) : —(1—=A)(¥5) +A(03) + (1 —A)vj — Ao} =0, in Q}.
From such expressions of A] and A5 we may obtain
v3 = (1) +Af,

and
v = (v3) + (1= A)f.
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Replacing such expressions for v and v} into the expression of [*, and from now and on denoting
v* = (v},v3) € [Y*]2, we may obtain J} : [Y*]? x (0,1] — R where

* [,k _ _i *\2 o *
B ) = —gp [0 dr— [ foildx

1 *\2 *
‘TA)/ (05) dx—/0|vz|dx

m/ A
57 (@) + (=02 ax
+07 (1)u(1) + 03 (1)u(1). (207)

Consequently, we have got

inf J(u) > sup { inf Jj(o* )\)}

uev orelysp (AE(0)
In order to obtain numerical results we have designed the following algorithm:

1. Setn=1and A, = 1/2.
2. Calculate (v*), € [Y*]? such that

Ji((@)n,An) = sup Ji (0%, An).

v*e[y*]z

3. Calculate A, 1 € (0,1) such that

Ji (@), Ap) = inf)ff((v*)n,A)-

Ae(0,1
4. Setn :=n + 1 and go to item (2) until the satisfaction of an appropriate convergence criterion.

We have developed numerical results for the following cases

1.

f(x) = sin(mx)/2,
2.

f(x) = cos(mx)/2,
3.

f(x)=0.

Observe that for the optimal point we have

vy =u—(1-2A)¢,

and
vy = U+ Ag,

so that

u=Avy + (1 —A)vy.

For the optimal solution u((x) found for the cases (1), (2) and (3), please see the Figures 29, 30
and 31, respectively.
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Figure 29. Optimal solution ug(x) for the case f(x) = sin(7x)/2.
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Figure 30. Optimal solution u(x) for the case f(x) = cos(mx)/2.
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Figure 31. Optimal solution ug(x) for the case f(x) = 0.

Here we present the concerning software in MAT-LAB.

1. clear all

global m8 d L vl v2 v3 v4 yo dvl dv2 el

m8=140;

d=1/mS§;

e1=0.0001;

L=1/2;

for i=1:2*m8

x0(i,1)=0.01;

end;

for i=1:m8

yo(i,1)=sin(pi*i*d)/2;

end;

x1=1/2;

k=1;

b12=1;

while (b12 > 107%) and (k < 100)

k

k=k+1;

X1=fminunc(’funFeb24’ x0);

b12=max(abs(X1-x0))

x0=X1;

X2=fminunc(’funFeb24A’,x1);

x1=X2;
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L=(sin(x1)+1)/2;
L
end;
u(ms,1)=1/2;
for i=1:m8-1
u(i,1)=L*v3(i,1)+(1-L)*v4(,1);
end;
for i=1:m8
x(i,1)=i*d;
end;
plot(x,u);
Here the auxiliary function "funFeb24"
I ————
1. function S=funFeb24(x)
global m8 d L vl v2 v3 v4 yo dvl dv2 el
for i=1:m8
v1(i,1)=x(i,1);
v2(i,1)=x(m8+i,1);
end;
for i=1:m8-1
dv1(i,1)=(v13i+1,1)-v1(i,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1))/d;
end;
S=0;
for i=1:m8
S=S+1/2/sqrt(L? + el) x v1(i,1)? + sqrt(v1(i, 1)? + el);
S=S+1/2/sqrt((1 — L) +el) x v2(i,1)* + sqrt(v2(i, 1) + el);
end;
for i=1:m8-1
v3(i,1)=dv1(i,1)+L*yo(i,1);
v4(i,1)=dv2(i,1)-(L-1)*yo(i,1);
S=S+1/2/sqrt(L? +el) x v3(i,1)> +1/2/sqrt((1 — L)? +el) * v4(i,1)?;
end;
S=5-(v1(m8,1)+v2(m8,1))/d/2;
AR AR AAA AR AAA A

Finally, the auxiliary function "funFeb24A"

S 438 38 36 36 3 3 3 3 S S A 36 36 3 A A A K KK KA AN K
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1. function S1=funFeb24A(y)
global m8 d L vl v2 v3 v4 yo el
L=(sin(y)+1)/2;
for i=1:m8-1
dv1(i,1)=(v13{i+1,1)-v1(i,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1))/d;
end;
S=0;
for i=1:m8
S=S+1/2/sqrt(L? +el) * v1(i,1)* + sqrt(v1(i, 1) +el);
S=S+1/2/sqrt((1 — L) +el) x v2(i,1)% + sqrt(v2(i, 1) + el);
end;
for i=1:m8-1
v3(i,1)=dv1(i,1)+L*yo(i,1);
v4(i,1)=dv2(i,1)-(L-1)*yo(i,1);
S=S+1/2/sqrt(L? + el) x v3(i,1)% +1/2/sqrt((1 — L)% + el) x v4(i, 1)?;
end;
S=S-(v1(m8,1)+v2(m8,1))/d/2;
S1=-S;

3 o 8 8 36 36 36 36 3 3 3 S S K N KKK

34. One More Note on Relaxation for a General Model in the Vectorial Calculus of Variations

Let 3 C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).
Consider a function g : RN*" — R twice differentiable and such that

g(y) = +oo, as |y| = +o0.

Define a functional G : V. — R by

G(Vu) = %/Qg(Vu) dx,

where
V = {W"2(;RN) : u=uponoQ}.

Moreover, for f € L?(Q; RN), define also
J(u) = G(Vu) = (u, f) 2.
We assume there exists & € R such that

a = inf J(u).

ueV
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Observe that from the convex analysis basic theory, we have that
a = inf J(u
inf J(u)
inf J**(u)
= inf{(GoV)*(u) — (u, f)2}. (208)
ueV
On the other hand
(GoV)™(u) < H(u)
m
= inf AiG(Vo;
(A (01, om))EBX By (1,A) {]; = ])}
< G(Vu), (209)
where
m
B= {A: (Moo Am) €R™ 2 A >0, Vje{l,---,m}, and Z/\jzl},
j=1
and
m
Bi(u,A) =<v=_(v1, - ,om) € [V]" : ZAjvj = u}.
j=1
From such results, we may infer that
nf T () = B . '
inf J**(u) = inf {H(u) = (u, f);2} = inf J(u)
Furthermore, observe that
m
ZAJ-VU]- = VM,
j=1
and
m—1
Am=1=3 A,
j=1
so that
m—1
Vo, = Vu-) Aj(Voj — Vo)
j=1
m—1
= Vu+ X% AV, (210)
]:

where ¢; = —v; + vy € WS'Z(Q; RN) so that
V(P]' = —V'U]' + Vo,

and
Vo = Vo + Ve, Vi€ {1, ,m}.

Therefore,
m—1
VZJ]' = Vo, — V(P] =Vu+ kzl MV — V(P]
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Replacing such results into the expression of H, we have
m—1 m—1 m—1
H(u) = inf AiG | Vu + Vo — Vi | +AnG | Vu+ MV | e
(Ap)Bx (Voym—? { ]; ! ( k; ) k:zl

where we recall that
Vo = Wy (O, RN).

Joining the pieces, we have got

ueV uecV

=

inf J(u) = inf J"(u)
u) = (u,f)12}

m—1 m—1
= inf { Y AG (Vu + ) MV - V@-)

(wAP)EVXBx (Vo)™ [ i3 k=1

+AnG (Vu + i AkV¢k>
k=1
—(u, f)2}-

This last functional corresponds to a relaxation for the original non-convex functional.
The note is complete.

34.1. A Related Duality Principle and Concerning Convex Dual Formulation

With the notation and statements of the previous sections in mind, consider the functionals
J:V—=Rand J3:BxV x [Vj]" — R where

J0) = G(Va) + 5 [ wdy— (u, )2

and

J3(A, u, ¢) Z <Vu+ Z/\k‘Pk_v‘P])
+AnG ( u+ Z AkV¢k>
_ /\ m—1
2 7/ <u+ 2 /\kcpk—qu]) . <u+k21/\kgbk—v¢j> dx
= -
+—’")/ <u +mf; /\k(pk) : (u +mf;1 Akgbk) dx
2 Ja k=1 k=1
m—1 m—1
-1 A <”+ Y. Ak¢k_¢j’f>
j=1 k=1 12

m—1
—(Am) <u + ) Mt f> . (211)
k=1 12

Here we have denoted

V={uecW2RY) : u=uyonaQ =S},
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Vo = Wy (O RN),
Y =Y* = L2(; RN

and
Y, = Yy = L2(O;RN).
Observe that
*(u) < min Au, ).
P min o JOy9)

Moreover,

]3<A/ u/()b) = <VM + Z AkV(Pk - V4)]/ (Ul) >

>_|

12

§ \
L

<VM + Z AV — V¢]>

m—1

m—1
—(Vu+ Y AVey, (v}‘)m> + AmG <w+ Y AkV¢k>
L2

k=1 k=1

< Z kgbk (P]/ (03) >
k=1 L2
/\ m—1
7 <u+ ZAkG”k—%) - (u—l— ZAkgbk—(pj) dx
1 k=1

<”+ Z MePrs Us)m>
L2

7/0 <u+ v /\k¢k> <u+1§/\k¢k> dx

m—1 —
+) <Vu+ 2 ANV — Vo, (v{)j>
j=1 k=1

m

§'N
Lol

L2

m—1
+ <Vu + Y MV, (v;‘)m>
k=1 2
m—1 m—1
+) <u+ Y A — ¢ (vé);>
j=1 12

k=1

m—1
+ <”+ Y M (vﬁ)m> —(u ) (212)
L2

k=1
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Therefore,

m—1
]3()\,14,(/)) > 1 inf Z (*<(”01)]‘, (UT)]‘>L2 +)L]G((Z)1)]))}

inf {—((v1)m, (0])m)r2 + AnG((v1)m)}

(U])mEY

(
m—1 A
+ inf {]21 (—<<o3)j,(v§)j>L2+21/0(03)]..@3)]- dx>}

vzelYq]m1

©inf {_<(v3)m,(v§)m>Lz+)‘2’"/Q(vs>j.(va>jdx}

(v3)meY

m—1 m—1
(1,9)EV x (Vo)1 {]; < k; KVér — ¢, ( 1)]>L2

m—1
+ <Vu + Y AV, (v{)m>
L2

k=1

m—1 m—1
+ ) u+2v¢k—¢j,v§>
j=1 k=1

L2

m—1
—I—<u+ Y Ak (Ué‘)m> —(u, >L2}
L2

m—1 *Y *
= - Y AG (%3’) — AnG* (“;i’”)

j=1

= ) (B)j ((03)j, A7) = (B3)u(©3)my Am)

+ Z/((Ui)k)ijnj(uo)i ds,
k=175
VA€BucV, ¢pc (V)" Lo c A, (213)
where

G*(v%) = sup{(v,0%)12 = G(0)},

veY

R} (5);4) = sup {{(wa)y 05)0z = [ (00 (o0)y

v3€Yq

1 .
= Mj/g(m;-(vg,); dx, Vi€ {1, ,m}. (214)

Furthermore, A* = A} N A5(A) where

Al = {v* = (v1,93) € [Y*]" x [Y{]" (div ((01))i + ((v3);)i) — fi =0, in Q}

Bt

and

AN = {o" = (o7,03) € [YT)" < [¥q]"

MY div (7)) — div ()i — Ak 3 ((@5)): + (@) = 0,

j=1 j=1
inQ, Vke {1,--- ,m—1},Vie {1,--- ,N}}. (215)



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2024

161 of 210

Summarizing, we have got

> .
(i) BV (Vo)1 J3(A, u, )

inf { sup 4 — o460 (L1
AEB V¥ EA* -:1 /\]

i F3 ((v3) A )+ Z/ (1) )Ijn](uo) dS}} (216)

v

Remark 21. We highlight this last dual function in v* is convex (in fact concave) on the convex set A*.

35. A General Convex Primal Dual Formulation with a Restriction for an Originally Non-Convex
Primal One

Let QO C R3 be an open bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).
Consider the functional | : V — R where

J(u) = %/()Vu-Vudx+%/Q(u2—,B)2dx
—(u, f) 2, (217)

where & > 0,8 > 0,7 >0,V = Wy*(Q) and Y = Y* = L2(Q).
Define F; : V -+ Rand F : V x Y* — Rby

_ : K2 ax—
Fi(u) = Z/QVu Vudx+2/0u dx — (u, f)r2,
and
Bu,0y) = —W?v) 2—1—5/ u? dx
00 ooty )
1 *\2 *
+5/Q(v0) dx—i—,B/QvO dx. (218)

Define also Ff : Y* — Rand F; : Y* x Y* — R by

F*(v]) = sup{(w,v]);2—Fi(u)}
ueV
_ Ul+f
and
Fy(v1,05) = sup{—(u,v])2 — Fa(u,vp)}
ueV
_ 1 (99)?
 2Ja2v5—-K
1 2
2 (o) dx— / < dx. 220
- [ @32 dx—p [ o d (220)

if vy € B*, where
B = {of € Y* : [loflle < K/2},
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for some appropriate K > 0 to be specified.
At this point we define
Va={ueV : fuflo <Ksj,

At={ueV :uf>0inQ},
Vi=Wn A+,
D* ={v] € Y : ||v]]|e < 5/4K},
for appropriate K3 > 0 to be specified, and J{ : D* x B* — R by
Ji (v1,09) = —F (v7) + Fx (07, 99)-

Moreover, we define J; : V| x D* x B* — Rby

K
Ja(u,v1,05) = ]T(UT/US)+71H0T—(—7V2+K)u||§
+— Lot = (=205 + K)u|3
10aK3" ! 0 z
Observe that 5
o Jx (u, v, vt 1 1 1
(v3) —yV24+K 205 —-K 5a K35
32]5(” 01, 75) 2 2 1
20— Ky (— K)? + —— (=20} + K)?,
auz 1( ,)/V + ) +5tXK§( UO+ )
and ) ( )
05 (u,03,05) _ 2 1 .
Now we set K1, K, K3 such that
Ki > max{K,K3,1,a,B,v,1/a,1/v,1/B},
K> max{Ks,1,a,B,7v,1/a,1/v,1/B},
and K3 =~ 3.

From such results and constant choices, we may obtain

det{d] . J5 (1,07, 95)} =

a(vy)? ou? ouov;

K1 (—yV?+204)?

- 0 2Kq (—yV? + 203 @)
( o 2k +Uo)>+(

in V] x D* x B*.
Define now

—yV2 4+ 20})?

C {er 50{[(% + ( ')/v + Uo)>Kd ’

2
)5 (u, 05, v5) J3 (u, 0}, 05) (azmu, vi‘,vé)>

).

162 of 210

(221)

(222)
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where we assume that ¢y > 0 is such that if vj € C*, then
det{éﬁlv{]ﬁk(u, vi,v5)} >0, in B*NC*.

Finally, we also suppose the concerning constants are such that B* N C* is convex.
With such statements, definitions and results in mind, we may prove the following theorem.

Theorem 5. Let (ug,0],05) € Vi x D* x (B* N C*) be such that
05 (uo, 93, 05) = 0.
Under such hypotheses,

0] (ug) =0,

and
- Ky 2 A 2
J(uo) = f(“0)+7|| — yV7ug +205ug — flI2

_ : Kl 2 Ak 2
- ulgél {](u)+ 5 | —yV=u+205u — f|5

= sup { inf ];(u,vf,vg)}

USEB* (M,’UT)GleD*
= J5(uo, 01, 0p)- (223)
Proof. The proof that
6] (1) = —yV?ug + 205ug — f =0
and
J(uo) = J5 (uo,97,95),

may be done similarly as in the previous sections and will not be repeated.
Furthermore, since
5]; (uOr Z,}T/ @8) =0,
vy € B* x C* and 5 is concave in v on Vi x D* x B*, we have
J2(uo, 01,89) =~ inf  J5(u,07,0),
(u,v7)€Vy xD*
and
* LS N 3 k Ak *
J3 (10,07, 09) = sup J;(uo, 07, 0p)-
vy €B*

From such results and the Saddle Point Theorem we may infer that

K R
J(uo) = J(uo) + 71|| — yV2ug + 265u — f|3

sup { inf ]i‘(u,v’{,vg)}

'IJSEB* (u,vi‘)eleD*

= J5(uo, 07, 9). (224)

Finally, from evident convexity,
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_ Ki 2 Ak 2
J(uo) = J(uo) + = Il = vVuo + 20510 — fl2
K
_ inf {](u)+1|| —7V2u+263u—f||%}. (225)
ueVy 2
Joining the pieces, we have got
- Ky 2 . 2
J(uo) = J(uo) + | = vV7uo + 20510 — f|2
. Kq 2 sk 2
= ing {100+ S = v9u+ 2050 - 13}
= su inf T35 (u, 05, v
USEE*{(L[,UT)GWXD* 2( ! 0)}
= J5(uo, 07, p)- (226)

The proof is complete.
O

36. A General Convex Dual Formulation for an Originally Non-Convex Primal One

In this section we develop a convex dual formulation for an originally non-convex primal

formulation.
Let Q C R3 be an open bounded and connected set with a regular (Lipschitzian) boundary
denoted by 9Q).
Consider the functional | : V — R where
J(u) = %/QVu-Vudx—k%/Q(uz—ﬁ)zdx
—(u, f)2 (227)

wherea >0,> 0,7 >0,V = Wg’z(ﬂ) and Y = Y* = L2(Q).
At the moment, fix a matrix K; > 0 and K > 0 to be specified.
DefineF; :V =+ R, K :V =+ Rand F3: V xY* = R, by

Fi(u) = %/{)Vu-Vudx—i—%/Quzdx
—(u, )12, (228)
i K 2

BE(u) = Z/QVu~Vudx+E/Qu dx, (229)

* * 1 * *
F(u,08) = —(u?,v)) 2 +K/Qu2 dx+ﬂ/0(vo)2 dx+/3/000 dx + (u, f) 2.

Define also Ff : Y* — Rand F; : Y* — R,

F (o) = Slelg{wrvi‘hz—ﬂ(u)}

1 (v1)
= = —— dx, 230
z/a—gv2+1< g (230)
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F;(v3) = sup{(u,v;3)> — F2(u)}
ueV
*\2
N N C VN (231)

2Ja —IV2+K
At this point we also define
B = {05 €Y : |lolle < K/2},
Vo={ueV : |ulo <Kz},
At={ueV :uf>0inQ},
Vi=Wn A+,

D*={v" € Y" : ||v"]|e < 5/4K},

for an appropriate K3 > 0 to be specified.

Furthermore, we define F; : D* x D* x B* — R by

F5(v1,03,0) = sug{—<u,vi‘+v§>p—Fs(u,vé)}
ue

1 it - )7,

2Ja " 205 - 2K
1 * *
~5 /Q(vo)2 dx — /3/000 dx. (232)

Moreover, we define J; : D* x D* x B* — R by

X

Ji(u,01,05) = —Fy(v1) — Fa(03) + F5 (01, 03, vp)

and J; : D* x D* x B* — R by

J3(v1,03,05) = Ji(of,03,05)
Ky
—i-?/o(v{—v;)Z dx
2
LS Y vito—f
Y - dx. 233
2 Ja (—%VM—K —20} + 2K * (233)

Now observe that

9%J3 (v, 3, 0 1 1 1 1
]2(1*3 o) __ - KR — B ) .
() —IV2+K “IVZ+K 2K—205) —2K+20
and )
0°J5 (v3,v3,95) _ 1 K+ K2 - 1
9(v3)? ~IV24+K (—2K+205)2  —2K + 20}
and .
1 1
9*J; (01,03, %) (—gv2+1< N 2K72v6) 1

= —K; — K? — .
v} 0v} ! 2K — 205 —2K + 20}
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We set K1 > K,
K> Kj,

and K3 ~ /3. Moreover, after a re-scale if necessary, we assume « = 0.15.
From such results and constant choices, with the help of the software MATHEMATICA, we may
obtain

2
62]* (U*,U*, U*) 82]*(0*, U*,U*) 62]* (U*,U*, U*)
det{&%i,v;];(vi‘,z;;,vé)} = 2\%+ %% 201,72, 5 (01,03, 0q

9(v7)? u? ouodv;
=0 <2K1((—7V2 +205)2 +4(— V2 + 2v;;))) . (234)

Define now
H(vp) = 2((—=yV? +205)* + 4(—yV> +20p)),

Observe that we may obtain ¢y > 0 such that if v € (C* x B¥), then
det{03. .. J (v1,03,95)} > 0,

where
Cr = {Ué eyY* . H(US) > COId}-

Furthermore, we assume K > 0 and ¢y > 0 are such that C* N B* is convex.
With such statements, definitions and results in mind, we may prove the following theorem.

Theorem 6. Let (03, 05,0;) € D* x D* x (B* N C*) be such that

513 (61, 95,05) = 0.

Under such hypotheses,
6] (uo) = 0,
and
J (uo)
= su inf J5(v5,03,05)
USEE* {(Z}){,’UE)ED*XD* 2V R0 }
= J2(01,03, %) (235)
Proof. The proof that
J(uo) =0,

—yV2uy +205ug — f =0,
and
J(uo) = J2 (01,83, 9),
may be done similarly as in the previous sections and will not be repeated.
Furthermore, since
13 (6, 3,95) = 0,

vy € B*NC* and J; is concave in vy on D x D* x B*, we have
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X (oak Ak oAk : * * ko ak
J2 (01, 030) = (v;,v;)lglf)*xo* J3 (01,03, 0p),
and
X (oak o Ak Ak Ak AX
J2(01,33,9) = sup J5(91,03,p).
*
vy EB*
From such results and the Saddle Point Theorem we may infer that

*

J(uo) = J5(97,93,%p)
= su inf vy, 05,08
: uP ) (et 05 e D*fz( 1/02,75)

= J30%,05,00). (236)

The proof is complete.
O

37. A Note on the Special Relativistic Physics

Consider in R3 two observers O and O’ and related referential Cartesian frames O(x, y,z) and
O'(x',y,2") respectively.
Suppose a particle moves from a point (xg, Yo, zo) to a point (xg + Ax, yo + Ay, zo + Az) related to
O(x,y,z) on a time interval At.
Denote
I = AX? + Ay2 + AZ?,

and I, = At.
In a Newtonian physics context, we have

I = Ax% + Ay? 4+ A2 = Ax? + Ay + A2,

and
L, = At =AY,

that is, I and I, remain invariant.
However, through experiments in higher energy physics, it was discovered that in fact is I3 which
remains invariant (this had been previously proposed in the Einstein special relativity theory in 1905),

where
I = — AP + Ax* + Ay? + A2,

so that

—CA + Ax? +Ay2 + A2 = _CZAt/Z +Ax12 +Ay/2 —|—Az’2 — I,

for any pair of observers O and O'. Here ¢ denotes the speed of light, and in the case in which v,v' < ¢

we have the Newtonian approximation
At = At.

From the expression of I3 we obtain

oA A Ay AP
A2 T T A T

JAP A A2 AZ?
A2 T AR T AR E'

(237)



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2024

168 of 210
Thus,
Aszﬂz Aﬂz%iAyz%iAzﬂ At
At? APE APE AP? ) AL
Ax?>  Ay? AZ?
_ 2 Y
= Ot aETaE Tae (238)
so that

2 A2 Ay A2
Gwﬂ_“%&+g+&)

At Cz . Ax,z I Ay’z i AZ’2
NN N

Letting At, At' — 0, we obtain
2

AN
ot 1_(0/)2'

c2

In particular for constant v and v’ = 0 we have

AP ? 1 02

(5) =15
2

A =1 At
C

Consider now that O is at rest and O’ has a constant velocity

so that

ve

where {ej, 5, e3} is the canonical basis for R3 related to O.

Consider O(x,y,z) and O’(x, y, z) such that the axis x’ coincide with the axis x, axis y’ is parallel
to axis y and axis z’ is parallel to z.

Since v is constant, we have

_ Ax
At’
and
v =0.
Assuming x(0) = 0, and the initial time t = 0, we have Ax = x, and At = t so that
2
;o v
t 1-— sz t,
so that
2 - )
. 1C:t20 ¢)
-5 iz
and thus
(-#)
t = d
UZ
s

On the other hand we have v/ = 0.
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We may easily check that the solution
x — ot

_2

c2

lead us to v/ = 0.
Indeed,

Ve N
At At

so that, considering that v is constant, we obtain

e e e IO S
that is,
dx' 0
at
Thus,
d (x’ - Z—;)
dr v
so that
2
v
x4/1— Z=a
for some constant ¢; € R so that
X' =c,
for some c; € R.
Therefore
, dx 0
U = W = U

Summarizing, for the Newton mechanics we have

t =t
X' =x—ut,
!
y =y
and
7=z

On the other hand, for the special relativity context, we have the following Lorentz relations

t—%)

(-

t—ﬁ.
T2

x — ot
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and
7 =z
37.1. The Kinetics Energy for the Special Relativity Context
Consider the motion of a particle system described by the position field
r:Qx[0,T] — RY,
where Q C R3, [0, T] is a time interval and
r(x,y,z,t) = (ct, X1(x,y,2,1), Xa(x,y,2,1), X3(x,y,2,t)).
In my understanding, this is the special relativity theory context.
The related density field is denoted by
p:Qx[0,T] = RT,
where
p(x,y,2,t) = molp(x,y, 2, 1),
my is total system mass at rest, and ¢ : Q x [0, T] — C is a wave function such that
/Q 0(x,y,2,1)[2 dx =1, Vt € [0, T].
The Kinetics energy differential is given by
or or
dE. = —dm — - —
‘ "ot ar
where
o o _ (9% 0% %) (X 3% 9%
ot ot  \' ot ot ot "ot ot ot
0X1\? | (9X2)? | [(9X3)°
- _2 21 722 728
- = () + (%) < (%)
= -2+ (239)
where ) ) )
o (K, (%), (%
ot ot ot )~
Moreover, -
dm = 702|4>(x,y, z,t)|? dxdydz,
Ji-2
c
so that
dE. = &z(c2 — o)) |p(x,y,2,t)|*> dxdydz
Ji-z
= mocy/ 2 — v2|p|* dxdydz. (240)
Thus,

Ec(t) = /QdEC = /Qmocx/ 2 — v2|¢p|* dxdydz.
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In particular for a constant v (not varying in (x, y, z, t)), we obtain

Ec(t) = moey/ c2 — 02

Hence if v < ¢, we have
Ec(t) = mq c?.

This is the most famous Einstein equation previously published in his article of 1905.

37.2. The Kinetics Energy for the General Relativity Context

In a general relativity theory context, the motion of a particle system will be specified by a field
(rof): Q% [0,T] - R*

where
(rod)(x,t) = (ct, X1(di(x, 1)), Xo(d1(x, 1)), X3(d(x,1))),

where
a(x, t) = (up(t), ur(x, 1), uz(x, t), us(x,t)),

Ll()(t) =1,
x = (x1,x2,x3) €QC RS,

and t € [0, T], where [0, T] is a time interval.
The corresponding density is represented by

(poi): QA x[0,T] - RT,

where
(po)(x,t) = mo|p(a(x,£))[>,

my is total system mass at rest and ¢ : Q) x [0, T| — C is a complex wave function such that

[ @0, 1) /=gl det{#(x, )} dx = 1, vt € [0,T]

where
dx = dxq dx; dxs,
or
8 = 37]

Sik =8 8 Vi ke {0,1,2,3}.

and g = det{gj}.
Now observe that

or 9r _ Or Juj Or Jduy

ot ot Ouj ot Ouy Ot

or  Or Ouj duy

ouj Juy ot ot

ou; ou
_ . ] k
= Sk o (241)
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Observe that 5
Jr or _ Uidug 5 o
ot ot Sk ar . C T
Moreover, the Kinetics energy differential is given by
Jor or
dEC — —dm E * g,
where o
dm = ———|p(i1(x,1))|*\/—g| det{n’ (x,t)}]| dx,
Vi-%
c
so that the total Kinetics energy is expressed by
T
Eo= [ [ decat,
0 JO
that is,
E = /T/ (2 o) |g(a(x, 1) Py /—g| det{ (x, )} | dxdt
0 JO /1 — 2
2
T
= / /mocx/c2—02|4)( (x,1))|*\/—g| det{a (x, t)}| dxdt
0 JO
ou;
_ / [ mocy/ —g5, a;k (x,1))[2/—g| det{d (x, £)}| dxdt. (242)

Summarizing, for the general relativity theory context

T ou; Ju . .
EC:/O /Qmoc —gjka—:a—;‘|¢(u(x,t))\2\/—7g| det{a’(x,t)}| dxdt.

38. About an Energy Term Related to the Manifold Curvature Variation

In this section we consider a particle system motion represented by a field
r:Q— R4

of C? class where here O = Q) x [0, T], ) € R%is an open, bounded and connected set, and [0, T] is a
time interval.
More specifically, point-wise we denote

r(u) = (ct, X1 (u), Xa(u), X3(u)),

where ug = t, and u = (ug, uy, up, u3) € Q.
Now, define
_ar(w
g] o all] !

and
Sik = 8" 8 Vi k€{0,1,2,3}.

Moreover

(&} = {gu} ",
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and
g = det{gj}.

We assume

or(u) .
{ 3 forje {0,1,2,3}}

]

is a basis for R*, Yu € Q.
At this point we define the Christofel symbols, denoted by F;k, by

1 9kp . 9gjp  9Igjk .
I _ Z,lp ) 2okp | Zojp 7o)k
T 58 { au; + du,  duy [ Vi, k1€ {0,1,2,3}.

Theorem 7. Considering these last previous statements and definitions, we have that

0’r(u) _ or(u)
aujauk gk aul

, Vi k€ {0,1,2,3}, Yu € Q.
Proof. Fixu € Qand j, k,m € {0,1,2,3}.
Observe that

1
1—‘5'kg1m = zgmlglp{

_ 1 98k | 98jp 98k
= —gh{ =Py 2 oF
2 Ju; dup  duy

_ 1) gen , 98jm _ 98k
ou; oup  OJuy
0 (or(u) or(u) n 0 (or(w) or(w)\ 0 (or(u) dr(u)
du; \ dup  duy dup \ duj  duy dup \ Ju;j duy

1] r(w) or(u) 4 0%r(u) or(u)
2 | dugduj  duy umdu;  Juy

98ky . 9gjp  Igjk
Ju; dup  dup

NI

NI~

0%r(u) _or(u) 0%r(u) or(u)
Jujouy  Ouy  Juyduy  Ju;

B 0%r(u) or(u) 0°r(u) ' ar(u)}

umdu;  Juy oupmduy  Ou;

2 oujoux oujoug  Jduy

0’r(u) or(u)
B aujauk' oy (243)

1 {82r(u) or(u) n 0%r(u) _ ar(u)}

Summarizing, we have got

! or(u) or(u) _r _ 0°r(u) or(u)
K 9u;  Ouy, 8 1m oujdu Oy

Since

or(u) .
{ 3 forj e {0,1,2,3}},

]



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2024

174 of 210
is a basis for R*, we may infer that
0%r(w) _ 1y or(u)
e =T o , Vj,ke€{0,1,2,3}, Vu e Q.
The proof is complete.
O
38.1. The Energy Term Related to Curvature Variation
We define such an energy term, denoted by E,, as
1 ; d or(u) d
== Jkglp Z_ /=g
Eq(¢,r) 2 /Qg J ou; (¢ oy ) ou; (4) duy ) au,
where du = duyduydusdug.
Here ¢ : 3 — Cis a complex wave function representing the scalar density field.
Now observe that
0 ( or(w)\ 9 ([ . Jr(u)
Ju; ¢ ouy ou; ¢ dup
_ [ 9¢ or(u) n 0%r(u) (99" 0x(u) e 0%r(u)
— \ Qu; duy au]-auk ou; Oup Ou;duy
— 874784) |¢|2 (u) a2 ( )
ou; au oujouy aulau
99" *r(u) Or(u)
4)8141 oujouy  duyp
op r d
1gr 20 Prw) or(u)
ou; aulau,, ouy
d¢ I¢* 2
= du; ou; Skp + 11T, mo
¢ T]k Ssp+ 975 (P Fr Srk- (244)

From such results, we may infer that

1 i« 0P 0p*
Egr) = 5 [ g5 sh g

du; duy
1 .
+f/ g g T TS, grs 19 /—g du
ik
/gr <8u +4’au>‘/ du. (245)

39. A Note on the Definition of Temperature

The main results in this section may be found in similar form in the book [16], page 261.

Consider a system with N = Z]N:Ol N; and suppose each set of N; particles has a set of C; possible
states.

Therefore, the number of states of such N; particles is given by
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where we have considered simple permutations as equivalent states.
Define

S] = IH(AF]'),

and define the system entropy, denoted by S, as

where A > 0 is a normalizing constant.

Thus,
e, (E)Y
_ ]
S=A) In ( ),
j=1 ]
so that

No

=

If Nj is large enough, we have the following approximation

In particular for C; = 1, Vj € {1,---,Np} we obtain

=1

No No
j=1
At this point we define the following local density Nj where

. 2
S - BEDE

lp(x, 2

where

No
p(x, 1) = Z; | (x, ).
=

Here, ¢; : 0 — C denotes the wave function of the particles corresponding to the system part N;.
The final definition of Entropy is given by

No
S(x,t)=A (2 Sj(x,t)>
j=1
where

Si(x,t) = —Nj(x,t)In(Ki(x,1)

i)l | (x, )2
= N ( o) (246)

Here we highlight the position field for each particle system part N; is given by

f‘]'(X, t) =X+ I']'(X, t)r
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where 1; is related to the internal energy, that is, related to the atomic/electronic vibrational motion
linked with the concept of temperature, as specified in the next lines.
The total kinetics energy is given by

1 Mo ori(x,t) dri(x,t)
E(x,t)=—=Y m .|4)‘(x,1f)|2 ] b .
2]; Pil™ ot ot

At this point, we define the scalar field of temperature, denoted by T(x, t), such as symbolically

Bj 1
OE  T(x,t)
More specifically, we define
No %
T(x,t) = Ts]’
J=1 9¢;

so that

1 <Ny ' orj(x,t)  9r(xt)
—2 X2y myp; 9%, t) == - 5

_ABN (14PN
Aler 1“( o7 1

T(x,t) =

39.1. A Note on Basic Thermodynamics

Consider a solid O  R3 where such a Q is an open, bounded and connected set with a regular
(Lipschitzian) boundary denoted by 0().

Denoting by [0, T] a time interval, consider a particle system where the field of displacements is
given by

ri(x,t) = r(x,t) +u(x, t) + (r3);(x,t),

where r : Q) x [0,T] — R is a macroscopic displacement field, u : Q) x [0,T] — R is the elastic
displacement field and (r3); : Q x [0, T] — R denotes the displacement field related to the atomic and
electronic vibration motion concerning the concept of temperature, as specified in the previous section.
In particular for the case in which
r(x, f) =x,

we define the heat functional, denoted by W, as

1T ou(x,t) du(x,t)
w = E/o /Qp(x,t) TR dx dt

T
—/ /F udx dt
0 Q

1 T
2 /0 /Q Hijeij(a)e (w) dx dt

1M T ,0(r3)(x, 1) A(13);(x, 1)
+2].Z%/o /()mpj|¢j(x,t)| o g dxdt, (247)

where
No
p(x,t) = Y my |oj(x, 1)
j=1



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2024

177 of 210

is the point wise total density,
1 rT
2 /o /Q Hijpeij(u)ey (u) dx dt

is a standard elastic inner energy for small displacements u, F(x, t) is the resulting field of external
forces acting point wise on (), and for the term

1M 7 20(x3)(x,t) 9(r3);(x,t)
221/0 [ ooy )PEE T SRS v ar

we are refereing to the definitions and notations of the previous section.
At this point we denote

1M T ,0(r3);(x, 1) 9(x3);(x, 1)

and

1T du(x,t) du(x,t)
Er = E/o /Qp(x,t) ST dx dt

ot
T
—/ /F u dx dt
0 (@)

1 /T
+§ /0 /Q Hijkle,-j (u)eg(u) dx dt. (248)
Hence W = Et + E;;, and from the previous section we may generically denote
0 E;yy =T 68,

Therefore
OW = SET + 0E;;, = 6ET + T 4S.

For a standard reversible process we must have  Er = 0.
so that
0 W =TéS.

For a general case in which other types of internal energy (such as E; indicated in the previous
sections and even E;;,) are partially and irreversibly converted into a ET type of energy, in which

dET #0,

we may have
0 W < TéS.

Remark 22. Indeed, in general the vibrational motion related to E;,, is of relativistic nature so that in fact we
would need to consider

1y T 2 d(r3)j(x, 1) 9(r3)j(x,t)
Eu=3 X fy ol \/cZ— g SR g dx

40. A Formal Proof of Castigliano Theorem

In this section we present the mathematical formalism of a result in elasticity theory known as the
Castigliano’s Theorem.
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Let QO C R? be an open, bounded and connected set with a regular (Lipischitzian) boundary
denoted by 0Q.
In a context of linear elasticity, consider the functional | : V' — R where

N

J(u) = Eiy — (uj, fi)r2 — Y ui(x)) Py,

=1
u = (uy,up,u3) € Wg'Z(Q;R3) =V, f=(fufof3) € L2(LR3),Y = Y* = L2((;R3), and
P;eR, Vie{1,2,3}, je{l,---,N}

for some N € N.
Here we have denoted

1
Ein = 5 /()Hijkleij(u)ekl(”) dx,

1 (0u; Ou;
egiluy=z=—+==1.
l]( ) 2 <8x] + axi
Moreover H;jy is a fourth order positive definite and constant tensor.
Observe that the variation of | in u; give us the following Euler-Lagrange equation

N
—(Hjjien (1)) j — fi — Y_ Pijé(xj) = 0, in Q. (249)
j=1
Symbolically such a system stands for

oJ(u) _ .
o, 0,vie {1,2,3},

so that N
O(Ein — (ui, fi) 2 — Ljzy wi(xj) Pyj)
aui
We denote u € V solution of (249) by u = u(f, P), so that multiplying the concerning extremal
equation by u; and integrating by parts, we get

=0, Vie{1,2,3}. (250)

Hy(u(f,P),f,P) = 2Eu(u(f,P))— (ui(f,P), fi)r2 —Ji ui(xj, f, P)P;
= 0,VfeY*, PcRN, (251)
Therefore ]
a5, () £,P) =0,
so that
o <<ui<f, P +Ji m(xj,f,mpmz) -0,
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that is
dE;, n O(Ein — (ui, fi)12 — Zjlil ui(x;) Pij) duy
dPi]' auk aPl'j 12
) N
3P, (ui, fiy2 + ), ui(x;) Py
ij j=1
= 0. (252)
From this and (249) we obtain
dE;
dPl: — ui(xj) =0,
so that
dE; d (1
) = 5t = a5 (3 [, HowestulF Peutut s, P) ),
Vie {1,2,3},Vje{1,---,N}.
With such results in mind, we have proven the following theorem.
Theorem 8 (Castigliano). Considering the notations and definitions in this section, we have
dE; d (1
ui(xj) = szln = ap; <2 /Q Hijxpeij(u(f, P))ex (u(f, P)) dx) ,
Vie {1,2,3},Vje{1,---,N}.
40.1. A Generalization of Castigliano Theorem
In this subsection we present a more general version of the Castigliano theorem.
Considering the context of last section, we recall that
N
Hi(u(f,P),f,P) = 2Ei(u(f,P)) = (ui(f,P), fi)12 — Y ui(xj, f, P)P;
j=1
= 0,YfeYs, PeR¥W, (253)
Therefore, for x;, € Q) such that
xp #x;, Vi€ {1,---,N},
we have p
(77 () 2,2 0m)) =0,
dfl LZ
so that
d
24 (Bl P)) 0020 )
1
d N
-\ a7 (wi(f,P), fiyye + Y wi(xj, f, p)Pyj) 2 |, 6(xk)
i j=1 12

= 0, (254)
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that is
(7 Eututr,P1) 60m) )
dfl' n ’ ’ k 12
+<£k@mwﬁm>< (F,P). Sz Eu]JPzJ§?“ »
12
—<aaﬂ (( i(f,P), fi) LZ_Z” xj, f+p) l])"sx(xk)>
L2

-0 (255)

From such results, we may obtain

(37 Enlu(F, D) 0(0) ) = 1), 85012 = 0

so that

that is

(o) = (7 EnulfP),0x))

Vi € {1,2,3}, Vx; € Q such that x; # xj, Vj € {1,---,N}.
With such results in mind, we have proven the following theorem.

Theorem 9 (The Generalized Castigliano Theorem). Considering the notations and definitions in this
section, we have

w(se) = (7 Enu(fP),0(x))
Vi e {1,2,3}, Vx, € Qsuch that x; # x;, ¥j € {1,--- ,N}.

40.2. The Virtual Work Principle

Considering the definitions, results and statements of the previous section and subsection, we
may easily prove the following theorem.

Theorem 10 (The virtual work principle). Let x; € Q) such that x; # x;,¥j € {1,--- ,N}.
For a virtual constant load Py, € R on x; at the direction of uy(x;), define now J : V.— R where
N
J(u) = Ein — (ui, fi)p2 — Y ui(x)Pyj — Prug(xp).

=

Under such hypotheses,

d Eiy (u(f, P, Py))
uk(x1)=< Py L >Plk K

vk € {1,2,3}, Vx; € Q) such that x; # xj, Vj € {1,---,N}.

Proof. The proof is exactly the same as in the Castigliano Theorem in the previous section except by
setting the virtual load Py = 0 in the end of this calculation and will not be repeated. O
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41. A Convex Dual Formulation for an Originally Non-Convex Primal Dual One

In this section we develop a convex dual variational formulation suitable for an originally
non-convex primal dual one.

Let QO C R3 be an open bounded and connected set with a regular (Lipschitzian) boundary
denoted by o).

Consider the functional | : V — R where

J(u) = %/QVu~Vudx+%/Q(u2—,B)2dx
—(u, 2 (256)

where & > 0,8> 0,7 >0,V = Wy*(Q) and Y = Y* = [2(Q).
Define the functionals F{ : VX Y* X Y* > R, K : VXY*"xXY*  >Rand F3: VxY*xY* >R

by
Fy(u,v,05) 2/ <vl +Zvou~|—§u + = (vo) ) dx,
2 K K *\2 2
F3(u, 07, 0p) 2/ v+ ViU Su +§(Uo) +f) dx,
and )
F3(u,v7,v5) 2/ ,B)) dx,
respectively.

Definealso J; : V x Y* x Y* — Rby

Ju (1, 0%, 05) = By (1,07, 05) + Fa(1, 05, 05) + Fa (1,0}, 05).

Observe that
Ji(w,v7,v5) = Fi(u,v],0v5) + F2(u, 07, v5) + F3(u, 07, vp)
= —(01,93)12 — (v, 03) 12 — (u,05) 12 + F1 (u, 07, v5)
—(v1,v6) 12 — (v5,v7) 12 — (w,vg) 12 + Fa(u, 07, vp)
—(vg,v9) 12 — (u,vi) 12 + F3(u, v1,vg)
+(v1,03) 12 + (v, 03) 12 + (u,05) 2
+(v1,v6) 12 + (05, 07) 12 + (1, 08) 2
<03/U;>L2 + (u,v39) 12
> 8 = (o) — (0 08) 2+ i )
o Ty A (800802 = (08,002 = ()2 + ol o)
ol 108550 (i) + a0 50))
* a1 . (0930 (20 G 08)
+(01,06) 12 + (05, 07) 12 + (1, 0g) 2
(v0,v9) 2 + (U, vip) 2}
> —F(v3,v}3,v5) — By (vg,v5,05) — F3 (vg,v3), Vo' € A* N B, (257)
where

A" =ATNA;NA;,



Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 February 2024

182 of 210
Al = {v* = (v3, v}, 05,08, 05,08,05,0]) € [Y*]S tv3+vg =0, inQ},
As={o" e [Y']® : v +05+05=0,inQ},
A3 ={0v" € [Y*]8 t U5 +0vg+ 0] =0, inQ},
B* ={v* ¢ [Y*]B 13 > vg > € vy < —g inQ}
for an appropriate real constant 0 < ¢ < 1.
Moreover, for v* € B*, we have
Fi (03,03,05)
= sup {{(v,v3) 12 + (vy, 03 )12 + (1, v5) 12 — Fi(u,03,05) }
(u,05,05) EVXY*xY*
—40j05 + K((0])° + (02)%)
- /Q 2(—4+ K20} dx
1
+5 /Q(v%)2 dx, (258)
Fi (0%,93,%8)
= sup {{(v3,v¢) 12 + (vy, v7) 12 + (1, v8) 12 — F2(u, 03, v5) }
(u,05,05) EVXY*xY*
/ (=7V?08)* + (05)* +2(=7V20;)v; + (v3)?
= dx
Q 2Kvg
1
—I—f/ v*zdx—/ vl dx 259
> Q( 6) Of 6 (259)
F; (g, 07p)
= sup  {(vg,95) 2 + (u,07p) 12 — F3(u, 01, 05) }
(u,v5)EVXY*
(v50)? 1 2
= - /Q yres dx — /Q(zxﬁv;) dx + 3 /0(03) dx. (260)

Here we define J* : [Y*]® — R by
J*(v") = —F; (03,93, 05) — Fy (v6,07,05) — F5(v5, 019)-
It is worth highlighting we have got

inf Ji(u,0f,08) > sup J(0%).
(1,0%,05) EV X Y* X Y* (w21, %) v*eA*I?WB* ©)

Finally, we also emphasize that J* is convex (in fact concave) in the convex set A* N B* so that we
have obtained a convex dual formulation for an originally non-convex primal dual one.

42. A Convex Dual Variational Formulation for a Burger’s Type Equation

LetQ =[0,1] C R.
Consider the Burger’s type equation

{ Viyy —U Uy =0, inQ), (261)

u(0) =1, u(1) = 0.
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Here v > 0 is a real constant.
Define the Galerkin type functional | : V' — R where

J(u) = %/Q(vuxx —u ux)2 dx,

and
V={uecW2Q) : u(0) =1, and u(1) = 0}.

Denoting Y = Y* = [?(Q), define F; : V x Y* - Rand F, : V x Y* — R by

1
Fi(u,07) = 5 / (Vitxy — u uy + 0 + Ku? + Ku?)? dx,
0
and )
Fy(u,07) = E/ (vf + Ku? + Ku?)? dx,
Q

respectively. Here K > 0 is an appropriate large real constant.
Definealso J; : V x Y* — R by

J1(u,07) = F(u,0]) + F2(u,07),
Observe that

Jiwvy) = F(u01)+ FE(u,01)
= —(0] + Vitax, V)12 — (1, 03) 12 — (ux,03) 2 + F1 (u,07)
—(v1,07) 12 — (u,05) 12 — (ux, 0g) 12 + F2(u, 07)
+(v] 4+ Vityy, )) 12 + (U, 05) 12 + {1y, 03) 12
+(01,97) 12 + (1, v5) 12 + (Ux, Vg) 12

inf  {—(v1,0))12 — (v2,03) 12 — (v3,03) 12 + F1(v1,02,03) }
(v1,02,03)€[Y]?

+ inf {—(v1,07) 12 = (02,95) 12 — (v3,05) 12 + Fa(v1,02,03) }
(v1,v2,03)€[Y]3

©nf (0 Vit 032+ (i, 03) 2+ (i, 03) 0
(u07)EVXY*

+(01,07) 12 + (,05) 12 + (ux, vg) 12}
(g3, 03) — 5 (03,03, )
+v(v1)x(0)up(0),¥(u,v]) € Vx Y*, Vo* € A*N B, (262)

Y

where
A* = {v* = (v],03,03,03,05,05) € [Y*]° 1 v(v])xx + 03 — (03)r =0, inQ},

B* = {v*" € [Y*]6 03 >0,07>0,03+0;, =0, inQand v;(0) =v;(1) = 0}.

Moreover, denoting

—_

£ (v1,09,03) = /Q(vl — VU3 + Kv% + Kv%)2 dx,

N

and ,
F1(”1,7Jz, v3) = > /0(01 + Kv% + KU%)Z dx,
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for v* € B*, we have
F{ (v}, 03,03)
= sup  {(01,95) 2 + (v2,03) 12 + (v3,05) 12 — Fi(v1,02,03) }
(01,02,03)€[Y]3
1 (20305 + 2K ((03)* + (v3)%)) 1 2
= d = ) d 2
2(1(2 _ 1) /Q UZ x+ 2 /0(04) X, ( 63)
5 (v3,v5,v5)
= sup  {(01,07) 12 + (v2,05) 12 + (v3,08) 12 — F2(v1,02,03) }
(01102103)6[1@3
1 () 1o (vg)? 1[0
= Ko o dx—i—ﬁ - dx—l—E/Q(vﬂ dx. (264)

Here we define J* : [Y*]® — R by

J*(v") = =Fi (v}, 03,03) = F3 (07,05, 05) + v(03)x(0)u0 (0)-
It is worth highlighting we have got

inf  Ji(u,0]) > sup J'(v").
(H,UI)EVXY* v*€A*NB*

Finally, we also emphasize that J* is convex (in fact concave) in the convex set A* N B* so that we
have obtained a convex dual formulation for an originally non-convex primal dual one.
Remark 23. The conditions which define B* must be replaced by those concerning the reqularized set
Bl ={v* € [Y*]° : v} >¢ vs >¢ v} + 05 =3¢ in Qand vj(0) = vj(1) = ¢}

for an appropriate real constant 0 < e < 1. Therefore, through B, we may define an approximate dual
formulation so that will be particularly interested in the system behaviour as

e— 0.

43. A Convex Dual Variational Formulation for an Approximate Navier-Stokes System

Let Q C R? be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by Q2 = S.

Consider the approximate incompressible and time independent Navier-Stokes system, where

szu—uux—vuy—szo,

vWV?0 —uvy—vo,— P, =0,
V2P+u§+v§+2uyvx =0, in ),
u=ugy v="uvy P=DP, ono() = S.

(265)

Here v > 0 is a real constant. Moreover, n denotes the outward normal field to () = S.
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Define the Galerkin type functional | : V — R, where
J(u,0,P) = %/Q(vv2u —U Uy — OV Uy — Py)? dx
+% /Q(UVZU —u vy —vvy, — Py)? dx
+% /Q (V2P + 12 + 02 + 2u,0,)2 dx, (266)

and
V={u=(u,0,P) € W2,;R? : u=uy, v=10yand P = PyondO}.

Denoting Y = Y* = [?(Q), define F; : VXY* = R K :VxY" - R F:VxY" — R,
F:VxY" 2R FE:VxY" -Rand F: V xY* - Rby

Fi(u,vi)) 2/ (vV2u — u ux — v uy — Py + Ku® + Ku3 + Ko? +Ku +05)? dx,

Fy(u,vgy) 2/ vvzv—uvx—vvy Py—l—Ku + Ko? + Kov? +KU +050)? dx,
1

Fy(u,0%) = E/Q(VZPJrufc+v§+2uyv,(+1<u§ + Ko, + Koy + Kuy, + v5)? dx,
Fy(u,v5y) = 2/ (Ku? + Ku? + Ko? +I<u +050) dx,

F5(u,vg) = 2/ (Ku? + Ko? + Kv? —i—Kv +v5y)? dx,

and
Fs(u,vy) = /(Ku —|—Kv + Ko? +Ku + v3)% dx,

respectively. Here K > 0 is an appropriate large real constant.
Define also J; : V x [Y*]> — R by

J1(w,v50,v50,070) = Fi(u,v5)) + Fa(u, vg))
+F3(u,v7) + Fs(u, v5)
+Fs(u,vg) + Fs(u, v7). (267)
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Observe that

J1(w,v50,060,070) = Fi(u,v59) + F2(u,vg9)
+F3(u, v5) + Fa(u, vi;)
+F5(u, v59) + Fo(u,v7)
= (v + vV — Pe,0) 12 — (1,03) 12 — (12, 03) 2

0,v3) 12 — (uy, v5) 2 + F1(u,v5)
Us0 +vVio — Py, vg) 12 — (1, v7) 12 — (0x, 0g) 2
0,09) 12 — (vy, 07p) 12 + F2(u, v50)
3 + V2P, 05y )12 — (i, 03) 12 — (0, 033) 2
Ux, 01g) 12 — (1y, 015) 12 + F3(w,07)
050, V16) 12 — (U, 017) 12 — (U, Vig) 12
0, 019) 12 — 1y, V30) 12 + Fa(w, v5p)
V60, V31) 12 — (U, U2) 12 — (U, U33) 2
0,034)12 — vy, U35) 12 + F5(u, vgp)
070, V36) 12 — (U, Va7) 12 — (Vy, Udg) 2
02, 039) 12 — {1y, 030) 12 + Fo (1, v79)

—(
—(vg
—(
—(
—(
—(vs
—(
—(
—(
—(v7
—(
(080 + vV2u = Py, 0}) 12 + (1,05) 12 + (U, 03) 2
(
(vg
(
(
(
(vs
(
(
(
(v7
(

+

4
+
+
+

0,v3) 12 + {1y, v5) 2
Vg0 + V20— Py, vg) 12 + (1,05) 12 + (vx, 0F) 12
v,09) 12 + vy, V10) 12
30+ V2P, 051) 12 — (12, 035) 12 — (vy, 013) 2
Ox, Vi) 2 + (Uy, U15) 12
50, Vi) 2 + (U, Vi7) 2 + (U, Vig) 2
0,019) 12 + {1y, V30) 12
V60, V31) 12 + (1, 03) 12 + (0, U33) 12
0, V4) 12 + (0, U35) 12
V70, V36) 12 + (U, V37) 12 + {0y, U3g) 12
0x, V9) 12 + (uty, 030) 2- (268)

+ + + + +

+
+
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From such a result, we obtain
J1(w, v50, Vg0, V70)
> inf  {—(v1,01)12 = (02,03) 12 — (v3,03) 2
(v, v5)€[Y]5
—(04,v3)12 — (vs,03) 12 + Fi(01, -+, vs)}
inf ~ {—(ve,vg) 2 — (v7,07)12 — (U8, Vg) 2
(v6,++ v10)E[Y]
—(09,95) 12 — (v10, 030} 12 + F2(vs, - -+, v10) }
(011,---%01‘115)6[}’]5{7(011,vil)Lz — (v12,012) 12 — (v13, 013) 12
—(v14,074) 12 — (015, 075) 12 + B3 (011, - -+, 015) }
(016,.“{020)6[},]5{—(016r l6) 12 — (017, 017) 12 — (018, V1g) 2
—(019,v19) 12 — (020,v39) 12 + Fa(v16, - -, v20) }
(vﬂ,mif]‘zg)e[y]s{—<021r031>L2 — (022, v3) 12 — (v23,033) 12
—(v24,034) 12 — (025, V35) 12 + F5(021, -+, 025) }
(026/”3%)6[”5{—(”26/ 3612 — (027, U37) 12 — (028, V3g) 12
—(v29,039) 12 — (030, 030) 12 + F6 (026, - -+, v30) }
+ inf {(viy +vV2u — Py, 0}) 2 + (u,03) 2 + (ux, 05) 2
(u,08,0%,,05,) €V X[Y]3
+(v,v5) 12 + (uy, v5) 2
—(v%y +vV?0 — Py,vg) 12 + (1, 07) 12 + (vx, vg) 12
+(0,09) 12 + (vy, V7p) 12
+ (050 + V2P, 071 )12 + (1x, 03) 12 + (0, 013 12
+ (02, V14) 12 + (1y, 075) 12
+(050, V16) 12 + (1, V17) 12 + Uz, V1g) 12
+(0,079) 12 + {1y, 39) 12
+(vg0, 1) 12 + (1, 32) 12 + (Ux, U33) 12
+(0,034) 12 + vy, U35) 12
+(070,v26) 12 + (U2, V37) 12 + (0, V3g) 12
+(0x, U39) 12 + (Uy, V30) 2}
= —F(v],-,05) = F(vg,- - ,05p) — B (011, -+, vis5)
—F{ (vig, -+, 050) — F5 (031, -+, 035) — Fg (v36, -+, 050)
+v /an up(Voj -n) dS+ V/an vo(Vog -n) dS + /an Py(Voi; -n)dS, (269)

if v* = (v],---,03) € A*NB*, where A* = A} N A; N A3,

A7 = {o* e Y] V0] + 05 — (v5)x — (vd)y
v7 — (v12)x — (V14)y + 017
—(vig)x — (v30)y — V3 — (v39)y =0, in Q}, (270)
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* * *130 . 2% (kN %
A = {o" e [Y']” : v +vVoug — (vg)x — 05
—(v1g)y — (v5)x + 019 — (V33)x
+034 — (v35)y — (v38)y — (v39)x = 0, in Q}, (271)
Ay = {0 e Y] 1 (v])x+ (08)y + Vi =0, inQ}, (272)
B* = {v'e [Y*]3O 1 0] + 0]y =0, vg +v5 =0, v]; +05 =0,
v] >0, 95 >0, vj; >0,
UT6 Z O, v;l Z 0, 056 2 0, in Q,
v} =vg =0}, =0, on 0O} (273)

Moreover, denoting

we have

- 1
Bi(v1,---,v05) = 5 /Q(vl — 0yv3 — 0405 + K0} + Ko} + Koj + Ko?)? dx,

- 1
B(vs, - ,v10) = 2 /0(06 — UyUg — V91 + KU% + Kv% + Kv% + Kv%o)2 dx,

- 1
B(v11,- - ,v15) = 3 /Q(vu + 03y + 035 + 2014015 + Koty 4+ Kv3s + Ko?y + Kvis)? dx,

- 1
Fy(v16,- -+ ,v20) = 5 /0(016 + Kol + Kuig + Kvig + Kvgy)? dx,
- 1
F5(va1, -+ ,005) = 5 /0(021 + Kuvd, + Kuvds + Kvg, + Kuds)? dx,

- 1
Fo(ve, -+ ,v30) = 5 /0(026 + Kojy + Kvgg + Kusg + Kv3y) dx,

F vy, ,v5)
= sup  {(01,07) 12 + (v2,03) 2 + (v3,03) 12
(01, ,05)€[Y]
(v4,03) 12 + (vs,05) 12 — Fi(v1, -+ ,v5)}
1 / 20505 + 20505 + 2K((v3)% + (v5)% + (v])? + (01)?) "
204K —1) Jo :

Y
1 *\2
+5 [(0)? dx @)
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E5 (g, -+ ,v1p)
= sup {(vs,v5) 12 + (v7,07) 12 + (v8,08) 12
(06, v10)E[Y]?
(v9,08) 12 + (010, 95) 12 — F2(ve, - -+ ,v10)}
B 1 / 20505 + 20507 + 2K((v;)2 + (v§)2 + (vg)2 + (0{0)2) I
- 2(4K2-1) Ja v
1
+5 /Q (0)? dx (275)
E(0fy,- -+, vi5)
= sup  {(v11,07q)12 + (012, 012) 12 + (V13,013) 2
(v11,+ v15)€[Y]?
<vl4/ Z)T4>L2 + <U]5, Z)T5>L2 - ﬁ?'(vll/ e ,U]5>}
S By C EY (G CAUEY (U N R
4(K2=1) Jo i
1
+3 /Q(vi‘l)z dx+ (276)
Ff(”fsf' ", 03)
= sup  {(v16,016) 12 + (017, V17) 12 + (V18, V]g) 12
(016, v20)E[Y]®
(v19,v19) 12 + (v20,V30) 12 — 152(015, ee,020) }
_ 1 / ((057)% + (05g)% + (0§9)* + (v39)?) p
= R X
4K Jo 01‘6
1
+5 /0(01‘6)2 dx, 277)
Fs (03, ,035)
= sup  {(v21,031) 12 + (022, 03) 12 + (23, V33) 12
(021, v25)E[Y]S
(v24,034) 12 + (025, 035) 12 — F5(v21,- -+ ,025) }
_ 1 / ((03,)% + (033)% + (03,)% + (035)?) d
= — x
4K Jo v;l
1
+5 /Q(vél)z dx, (278)

ﬁa*(vif,r‘ ,03)

= sup  {(v26,036) 12 + (027, V37) 12 + (V28, V3g) 12
(026, v30) E[Y]®

(v29,059) 12 + (030, U30) 12 — Fe (025, - -+ ,v30) }
_ i/ ((v37)* + (v3g)* + (v39)* + (v39)?) dx
4K Jo 036

+% /Q (03)? dx. (279)
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Here we define J* : [Y*]* — R by

J'(0) = =Ko, ,05) = F (v, ,vj) = B0, 05)
—F{(vlg, -+, v30) = F5 (V31 , 035) — g (v3g, -+, 030)

Voin)ds+v [ oo(Vog-n)dS+ [ R(Voiy-m)ds, (80
+1//mu0( v]-n)dS+v aQUO( vg -n) dS + o 0(Vvi; - n) (280)
It is worth highlighting we have got

inf J1(w, vy, vgp, v79) > sup  JF(0").
(“rvéolvéorv%)GVX [Y]? v*EeEA*NB*
Finally, we also emphasize that J* is convex (in fact concave) in the convex set A* N B* so that we
have obtained a convex dual formulation for an originally non-convex primal dual one.

Remark 24. Here we highlight the conditions which define B* must be appropriately reqularized through a
small parameter
0<ex,

similarly as we have done in the previous section.

44. A D.C. Type Dual Variational Formulation for a Burger’s Type Equation

In this section we shall write a primal Galerkin type variational formulation for a Burger’s type
equation as a difference of two convex functionals (the so called D.C. approach) and establish a related
convex dual variational formulation.

Let Q) =[0,1] CR.

Consider the Burger’s type equation

Viyy —U Uy =0, in (),
{ u(0) =1, u(l) =0. (281)

Here v > 0 is a real constant.
Define a Galerkin type functional | : V — R, where

J(u) = %/Q(vuxx —u ux)2 dx,

and
V={ueW"2?Q) : u0) =1, and u(1) = 0}.
Denoting Y = Y* = [2(Q), define F,F, : V x Y* — Rand F3,F; : V — Rby
1 Ky Ky
Fi(u,05) = 5 /Q(vuxx — 1 Uy + viy + Ku? + Ku?)? dx + > /Quz dx + — /Qui dx,
1 Ky Ki
F(u,vi) = 5 /Q(vgo + Ku? + Ku?)? dx + > /Quz dx + > /Quf( dx,
_K oo Ky [ 5
F(u) = 3 /Qu dx + 5 /qudx
and

K K
F4(u):71/0u2dx+71/0u32cdx,

respectively.
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Here K, K1 > 0 are appropriate large real constants such that
Ki > K.
Definealso J; : V x Y* — R by
J1(u,050) = Fi(u,v50) + Fa(u,v50) — Fa(u) — Fa(u),

Observe that

inf u,vsy) =0,
(u,0%))€VxY* h( 50)

so that, denoting

- 1
Fl(vl,vz,vg,):5/()(01—0203+KU%+K03 dx+—/ v2) dx—i——/ v3)? dx,

K
B> (vg,v5,06) = 2/ (v + Kvg + Ko?)? dx + — > / dx—l—?]/n(%)z dx,

- K K
F5(z1,22) = 71 /0(21)2 dx + 71 /0(22)2 dx,

we have

0<i(uvs) = Fi(u,vs)+ Fa(u,v5) — Fs(u) — Fa(u)
w21, )2 — (Ux, 23) 12 + F1 (1, 05)

z3)12 — (Ux, 23) 12 + B2 (u, v50)

Yz + (ux,23) 12 — F3(u)

iz + (ux, z3) 12 — Fa(

)12 — (x,23) 12 + Fi (1, v59)

- u/Z§>L2 = (ux,z3) 12 + F2(u, v59)

+ sup {(z1,27)p2 + (22,23) 12 — F3(21,22)}

(z1,22)€Y

sup {(z3,23) 12 + (24,23) 12 — Fa(2z3,24)}
(23/24)€Y

= —(z1,u)p2 — (Ux, 23)12 + F1 (1, v5)
—(u,z3) 12 — (Ux, 23) 12 + F2(u, 050)
+F5(z],25) + Ff(24,2;), Yu eV, (25, -+ ,z;) € [Y*]4. (282)

u)

IN
|

From such results, similarly as obtained in [5], we may infer that
0= inf u,vs
(u,vgi)GVth( 50)

inf  {—(u,z1,) 2 — (ux, 23) 12 + F1 (1, 050)
(u,v%,)EVXY

—(u,z3) 12 — (Ux, 23) 2 + Fa(u,050) }
+E5(23,25) + Ff(23,23), V25 = (zf,- -+ ,z}) € [Y*]4. (283)

IN
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On the other hand, observe that
—(u, 21, )2 — (ux, 23) 2
—(Vixx + 050,07 ) 12 — (4,03) 12 — (U, 03) 12 + F1 (1, 05))
—(u,z3) 12 — (Ux, 23) 12
—(v50, V) 12 — (4, v1) 12 — (x, U5) 12 + F2(u, v5p)
+(Vitxx + 50, 07) 12 + (4, 03) 12 + (x, 03) 2
+(v50, U6 ) 12 + (4, 01) 2 + (U, U5) 2
> inf —{1vy,z —(v3,z
> int (o) - (s
—(v1,07) 12 — (02,03) 12 — (v3,03) 2 + Fi(v1,02,03) }
+ inf {—(v4,253) 12 — (v5,2]) 12
(va,05,06) (Y] ’ i
—(v6,0g) 12 — (v4,03) 12 — (v5,03) 12 + F2(0s,05,06) }
+ inf  {(vuxx +050,07) 12 + (4,05) 12 + (1x, 03) 12
(u,05))€VXY
+(050, ) 12 + (4, v3) 12 + (Ux, V5) 2}
= —F(v],03,03,2,23) — B (0}, 03,05, 23, 21) — v(07)x(0)u(0), (284)
if v* = (v3,---,v;) € A* N B*, where
A* = AN A3,
A} ={v" € [Y*]® ¢ v(v])xx + 05 — (v5)x +0f — (v5)x =0, in O},
As ={v*" €[Y*]® : vi+v; =0, v} >0, v, >0,inQ},
and
B* = {v* € [Y*]® : v} (0) = vi(1) = 0}.
At this point we recall that
Fi (v5,v3,93,21,23)
= sup {{v2,21) 12 + (v3,23) 12
(v1,02,03)€[Y]?
+(v1,07) 12 4 (02,03 ) 12 + (v3,03) 12 — Fi(v1,02,03) }
_ K @3 @)
T2 Ja (2Koj +Kp)2— (v])?
/ (01)*((v3 +27) (03 +25) + K(v3 +27)* + K(v] +23)%)
+ dx
(2Kvt + Kq)? — (v%)?
1
+f/ v)? dx, 285
> @) (285)

F; (v}, v5,0¢,25,23)
= sup  {(va,23)12 + (v5,23) 2
(v4,05,06)€[Y]?
+(ve, V)12 + (va,03) 12 + (vs5,03) 12 — Fa(vs,v5,06) }

_ (03 +23) + (v§ +23)° 1/ )2
= 3 / Kraker g f @) dx (286)
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F(z1,23) = sup  {(z1,21)12 + (z1,21)12 — F3(21,22) }
(z1,22)€[Y]?
= i/(z*)2 dx—i—L (z")2 dx (287)
2Kq Jao' 1 2K Ja'\? ’
and
Fi(z3,2;) = sup  {(z3,23)2 + (z4,24) 12 — Fa(z3,24) }
(Z3,Z4)6[Y]2
= i/ (23)? dx+i/ (z3)? dx (288)
T 2K Ja'\? 2K Ja'\ 4 :

Moreover, for Ky > 0 sufficiently large, up to a restriction for the dual variables related to a ball of
radius proportional to Kj, from the standard results on convex analysis and duality theory, we have

(ulvggl)flerXY{*<”/ZT/>L2 — (ux,23) 2
(e 08,082 — (1,93, 12— (02, 25) 2+ Fy (1, )
—(u,23) 12 — (ux, 23) 2
—(v50,06) 12 — (1,04, )12 — (ux,05) 12 + Fa (1, 050) }
= sup {—F(v],03,952,23) — F5 (v}, 05,96, 23, 24) — v(07)«(0)u(0)}. (289)
v*E€A*NB*

Consequently, from such results and (283) we have got

0= inf u,vs
(u,0%,)€EVXY I 50)

< inf { sup {—F*(v}, 05,052, 28) — F (0], 03,05, 23, 25) — v(0])< (0)u(0) }
zreY* v*CA*NB*
+F(27,25) + Fi(25,23) } - (290)

Therefore, defining J* : [Y*]'* — R by

J'(0,z") = —F'(v],03,03,2],23) — F* (v}, 05,96, 23,23) — v(0])x (0)u(0)

+E (21, 23) + i (23,21), (291)
we have got

0= inf Ji(u,v5) < inf sup J*(v%,z") ;.
(u,v;O)EVxY ZE[Y*]4 v* € A*NB*
Finally, we also emphasize that J* is concave in v* on the convex set A* N B* and convex in z*, so
that, after the supremum evaluation in v*, we have obtained a final convex dual formulation in z* for
an originally non-convex primal dual one.

45. A Convex Dual Formulation for the Rank-One Approximation of a Non-Convex Primal One

In this section, we develop a convex dual formulation for an approximate rank-one primal
formulation found in some vectorial phase transition models.

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by 0Q).

Define a functional | : V — R by
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2
J(u) = %/Q <“z’]’kl <gz; _,Bij> <gl;]; - ﬁkl)) dx — (uj, fi) 12,

where {aijkl} is a a fourth order constant positive definite and symmetric tensor, {B; j} € R3N, f=
(fi, fa f3) € L2(Q;RN) and
V =W, (Q;RN).

From now and on we denote Y = Y* = L2(Q)) and

Yl _ Yl* _ [Y]3N+N+3+1.

Definealso F; : Y] = R, F: Y| — Rand F3 : [Y]N*3+!1 - Rby

Fl (wl g/ ’7/050)
_ 1 g _ KIZI? + K|n? 24 292
= 2/ ‘xz]kl(wq ;Bl])(wkl Br) + KIG|= + K|n|= + vso X, (292)
N 3 K 2
F(w,&,1,050) =Y. Y 71 /Q (wij — &inj + KIG* + Ky > + Uso) dx,
i=1j=1
and X )
_ ™M 2 2
B(@mos) = 5 [ (KIEP+ Kl +ox)” dx,
respectively.
Here K, Ky > 0 are real constants such that K; > K > 1.
Moreover, define
Ji(u,w,&,1,0s0)
= 7<§i77j1 (vf)ij>L2 +h (wr &, 050)
+F2(wr g/ 1, 050) =+ F3(§/ 1, Z)50)
ou; , ,
+ <l (Ul>ij> — (ui, fi) 2 (293)
dx
] L2
Observe that
Ji(u,w, &, 1,0s50)
> inf —\Gitfi, )i +F Ay
2 (g,r;)ler[ly]3+N{ (&imj, (01)ij) 12 + F1(w, &, 1,vs50)
+F2(w/ gr 1, Z)50) + F3(‘:r 7, USO)}
. ou; ,
+inf { <ax]l (Ul)z’j> - <”i/fi>L2}
2
= —F,(v}), Voui € A7, (294)
where
Fo(oi) = sup  {{Gmj, (v1)ij) 2 — Fi(w, &, 11, 0s0) — Fa(w, &, 17,050) — F3(8, 17, 050) }
(Em)elY]P+N
and

At ={v; € Y'PN ¢ (v]);;+ fi=0,Vie{l,--- ,N}, inQ}.
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On the other hand

W
= —(Ginj, (v1)ij) 12 + Fi(w, &, 1, 0s0)
+F(w, ¢, 1,vs0) + F3(, 17, 050)
= —(&mj, (v1)ij) 12 — (wij, (W7)ij) 12 — (Gis (02)i) 12
=, (03)j)12 — (vs0,v4) 12 + F1(w, €, 17, vs0)
<w1]/ (w2)11>L2 (Cir (v5)i) 12
— (1, (v6)j)12 — (vs0,v7) 12 + F2(w, €, 17, Us0)
— (i, (v8)i) 12 <77]/ (09)]>L2
<050, le>L2 + F3(w & 77/ USO)
(wi
(nj,
(w;
(nj
(

+(Cir (v8)i) 12 + (1}, (v5) ) 12 + (Vs0, V) 12 (295)

Thus,

4%
> (wgzyirz;li))eyl{_<§i’77' (01)ij — (wij, (w])ij) 12 — (Gir (03)i) 12
— (1, (v3)) 12 — (vs0,03) 12 + F1(w, &, 17,050) }

inf  {—(wi;, (w3);: ,
+(wf§r'71250)€Y1{ <w1] (wZ)l]>L2 <€1 (US) >L2

—(1j, (v6)j) 12 — (vs0,v7) 12 + F2(w, &, 17, 050) }
+ inf {=(Gi, (vg)i)r2 — (1}, (v5)) 12

(&m,vs0) €[Y]PHNHL
—(vs0,v19) 12 + F3(w, &, 1, vs50) }
+ inf  {(wij, (w])ij) 12 + (G, (03)i) 12

w,&,1,050) €Y1

+

(
(j, (v3)j) 12 + (vs0, Vg )12
<w1]/ (w2)1]>L2 +(Gi, (v3)i) 2
(

<

_|_

+(nj, (v6)) 12 + (vs0,07) 12

i, (08)i) 2 + <77], (09) )12 + (50, 070) 2 }
= —F(w],0],05.03,0;) — F5 (w3, v5, 05, 07) — F5 (v5, 05, v7p),
V(w*,0v*) € A, (296)

+

where w* = (w},w}) € [Y]*N = Y3,

12N+9 _
v" = (v}, 03,3, 03,05, 05,07, 05,05, v5p) € [Y]NTT =3,

Ay = {(w",0") €Yy x Y5 ¢ (w])ij+ (w3);;=0,Vie{l, - N}, Vj€ {123}, inQ,
(v3)i+ (v3)i =0, Vie {1,--- N}, inQ,
6

v +v; + 0], =0, inQ}, (297)
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Ay ={(w",v") €Yy xY; : v] € AT},
and
A* = A5 N A;.
Furthermore,
F (w7, v, 03,03,0})

= sup  {(Ginj, (01)ij) 2 + (wij, (w])ij) 12 + (Giv (03)i) 12
(wf‘:/W/USO)EYl

+(1j, (03)j) 12 + (050, 03) 12 — Fi(w, 6,77, 050) }, (298)

T3 * * * *
Fy (wy,v35,v6,07)

= sup  {(wjj, (w3)ij) 12 + (G, (v5)i) 12
(w,&m,v50) €Y1

+(11j, (v6)j) 12 + (vs0,v7) 12 — Fa(w, &, 17, 050) }, (299)

F3 (vg, v5, vip)
= sup {(8i, (08)i) 12 + (), (vg) )12
(&,050)€[Y]PHNF1
+(vs0, v10) 12 — F3(¢, 11, 050) }- (300)
Denoting
J*(w*,0%) = —F (w],v1,v3,03,v3) — F5 (w],v5,v5,v7) — F5 (v5,05,04),
we have got

inf ](u) 2 inf Il (u/ w, C/ 1, 050)

uevV (u,w,8,m,050) €V XYq
> sup J*(w*,0*). (301)
(w*,v*)eA*

Finally, we emphasize J* is a convex (in fact concave) functional.

46. Duality for a General Relaxed Primal Variational Formulation

Let O C R? be an open, bounded and connected set with a regular boundary denoted by 9Q).
Consider a functional | : V — R where

](u):%/QVu‘Vudx—i—%/Q(uz—[S)zdx—<u,f>Lz,

where V = Wy?(Q),7 > 0,a >0,>0,Y = Y* = [3(Q),Y; = Y{ = [2((4R?), and f € L*(Q).
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We define the associated relaxed functional J; : V x V x (0,1), by
Rg ) = 5L [ (Tu— (1= N)¥9) - (Vu—(1-1)Vg) dx
+w / (Vi + AV§) - (Vi + AV§) dx
YRR ,B)de+(17/\)“/0((u+)»¢)27,8)2dx
By f>Lz — (1= A)u+Ag, f) 2. (302)

Moreover, we define, F; : VXV x (0,1) 2 R, K: VxVx(0,1) 2R, F:VxVx(0,1) =R,
F,:VxVx(0,1) R FE:VxVx(01) —-RandF:V xV x(0,1) - R, by
Ay
R(g,A) = 5 [ (Tu=(1-2)Vg)- (Tu=(1-1)Vg) dx

(1

E(u,¢,A) = _7)‘)7 /Q(Vu +AVe) - (Vu+AV¢) dx

R, )—A;‘ [ ((u— (=192 = pP

Fy(u,¢,A) = (u+Ap)* — B)? dx

Fs(u,¢,A) = =A{u = (1= A)g, f)12,
Fs(u, ¢, A) = =(1 = M) (u+ A9, f) 12,

respectively.
Observe that

Ji(u,p,u) = F(u,¢,A)+ F(u,¢,A)
F3(u, ¢, A) + Fy(u, ¢, A)
Fs(u, ¢, \) + Fe(u, ¢, ), (303)

Thus,
Ji(u,¢,u) > Fi(u, ¢, )\)+F2(u,¢,/\)
+((u—(1=1)p)* - B,v3) 2
+<(“+)\47) — B oy)p2
F5(u, ¢, A) + Fe(u, ¢, A)
F3(u, ¢, A) + Fa(u, ¢, A)
+ vlsléfy{—@& 03)12 + F3(03,A)}

+ inf {*<ZJ4, UZ>L2 + F4(’U4, A)} (304)
V€Y

where

B(v3,A) = > /v3dx

Fy(vg,A) = a —2)\)04 /Q vj dx,
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Therefore, defining £ : Y* x (0,1) - Rand Fj : Y* x (0,1) — Rby
Fi(v3,A) = sup{(v3.03)12 — F3(v3,A)
v3€Y
- b / (v3)? dx (305)
~ 204 o' 3 ’
and
Fi(vi,A) = sup{(v4.03)12 — Fa(v4,A)
v€Y
- 1 / (0])? dx (306)
T 20(1—A) Jo ¥
we may also infer that
]1(1/{,(]),}\) > Ulnf {<01,01>L2+Fl(vl,)\)}
1€
+ inf {{v2,02)12 + By (02,A)}
(1S
+ inf { (vs, div v]) ]2 —|—/ —B)vzdx —A (v5,f)Lz}
v5€Y
+ inf { (ve, div v3) ;2 —i—/ —B)v; dx —(1— A)<v6,f>Lz}
v6EY
—F(v3,A) = Ff (v}, A)
= —F(v],A) - F(03,A)
—F5(01,03,A) = Fg (03,03, A)
F3 (v3,A) — Fy (v}, M), (307)
if v* = (v],---,v;) € A" where,
A* = {o* € [Y{]* x [Y*]* : v§ > 0and v >0, in Q},
1(v1, A :—/ v1 - U1 dX,
2 (v, A :—/vz vy dx,
(05,03, 1) = [ (03 = B)os dx = Afos, f)yz,
Fo(os,03,1) = [ (02— Boj dx = (1= 1) (w6, )12,
and
Fi(vi,A) = sup{{v1,0]);2 — Fi(v1,A)}
01€Y1
= L/ v -0y dx (308)
- 2,},)\ 0 1 1 ’
Fi(v3,A) = sup{{02,03)2 — F2(v2,A)}
UzEYl

1 * *
= m /Q (5%} dx, (309)
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F5(vi,v5,A) = sup{(uvs,v])2 — F5(v5,05,A)}
v5€Y
(div (divo] +Af)° Af)?
= 2 / > dx + B / ok dx, (310)
and
Fg(v3,v3,A) = sup{(ve v7)12 — Fs(ve,vi,A)}
V€Y

_ 1 (divey + (1=A)f)? \

= 3 /Q o dx + B /Q o dx. @311)

Denoting, as above indicated, v* = (v},v3,v5,v}) € [Y7]? x [Y*]%, we define [* : [Y]]? x [Y*]?
(0,1) = Rby

P A) = —F(vi,A) - B (v3,0)
~F (07,03, A) — F; (v3,04,A)
—F5(03,A) — Ff (03, ), (312)

Observe that we have got

f > inf
L}QV] () =z (u,¢,A)ellr/1xVx[o,1] I, ¢, )
> inf *(v*, . 1
> g (e o

46.1. A Numerical Example

We have obtained numerical results for v = 0.1, x = 3.0, = 5.0 and f = 10, in (), for the special
case in which QO = [0,1] C R.
Such results have been performed through the following algorithm:

1. Setn =1and A, = 1/2.
2. Calculate v}, € A* such that

J* (03, An) = sup J*(0%, An),

v*eA*
3. Calculate A, 11 € (0,1) such that

(@ Awa) = inf T (23,0),

4. Setn := n+ 1 and go to step 2 until the satisfaction of an appropriate convergence criterion.

Here, we recall that for the optimal points

div o] +Af

207 =u—(1-AX)¢p,
and -
d1vvz+(*1—A)f:u+A¢’
20,
so that div ot + A div o N
u:A( 1vvl*+ f)+(1_/\)< 1V02+£1— )f)
203 2vy

For such a corresponding optimal u( please see Figure 32.
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For the solution u; of the primal problem obtained through the generalized method of lines,
please see Figure 33.

25

Figure 32. Optimal solution uy(x) through the concerning dual formulation.

2.5

Figure 33. Optimal solution u; (x) through the concerning primal formulation.

We may observe the solutions u#y and u; are qualitatively similar, as expected.
Here we present the software developed to perform such numerical results.

I —
1. clear all
globalm8d L A3 AByouveldvldv2dv3v5v6v3v4dvlv2K5e5L1L2L3
m8=100;
d=1/mS§;
€1=0.00001;
e5=0.001;
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K5=10000.0;

A3=0.1;

A=3.0;

B=5.0;

for i=1:m8

uo(i,1)=5;

yo(i,1)=10.0;

end;

L=1/2;

for k=1:50

k

i=1;

ml12=2 +6* A*uo(i,1)?> xd*/A3 —2% AxB/A3xd>
mb50(i)=1/m12;

2(i)=m50(i) * (yo(i,1)  d*/ A3 + 4 x A x uo(i,1)% x d>/ A3);
for i=2:m8-1

m12=2 + 6 x Axuo(i,1)>*d*/ A3 —2x Ax B/ A3 xd*> — m50(i — 1);
m50(i)=1/m12;

2(1)=m50(i) * (yo(i,1) x d>/ A3 + 4% Axuo(i,1)3 xd>/ A3+ z(i — 1));
end;

w(m38,1)=0;

for i=1:m8-1
w(m8-i,1)=m50(m8-i)*w(m8-i+1)+z(m8-i);

end;

uo=w;

uo(m8/2,1)

end;

for i=1:4*m8

x0(i,1)=3.0;

end;

fori=1:1

x1(,1)=1/2;

end;

for k1=1:10

k1

k=1;

b12=1.0;

while (12 > 107%) && (k < 50)

k
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k=k+1;
X=fminunc('funFeb30LG’,x0);
b12=max(abs(xo-X))
X0=X;
end;
X1=fminunc('funFeb31LG’ x1);
x1=X1;
end;
u(m8§,1)=0;
for i=1:m8
x(i,1)=i*d;
end;
plot(x,u);

PP E RN —————

With the auxiliary function "funFeb30LG", where
1. function S=funFeb30LG(x)
globalm8d LA3 AByouveldv2dvldv3v3v4dv5v6ovlv2K5e5L11L2L3
for i=1:m8
v1(i,1)=x(i,1);
v2(i,1)=x(m8+i,1);
v3(1,1)=x(2*m8+i,1);
v4(i,1)=x(3*m8+i,1);
end; for i=1:m8-1
dvi1(i,1)=(v13i+1,1)-v1(i,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1))/d;
end;
S=0;
for i=1:m8-1
S=S+(yo(i,1)? * L> + 2 x yo(i, 1) * L * dv1(i, 1) + do1(i,1)® + 4+ B*0v3(i,1)*) /(4 ¥ v3(i,1)?);

S=S+(yo(i,1)? % (1 — L)?> + 2% yo(i,1) * (1 — L) * dv2(i,1) + dv2(i,1)> + 4 x B v4(i,1)*)/ (4 *
v4(i,1)?);

S=S+v1(i,1)%/sqrt(L* +el)/2/ A3+ v2(i,1)?/sqrt((1 — L)> 4 €1) /2/ A3;
S=S+v3(i,1)*/2/sqrt(L? +e1)/ A+ v4(i, 1)*/2/sqrt((1 — L)?> +el) / A;
end;

for i=1:m8-1

u(i,1)=L * (yo(i,1) * L + do1(i, 1))/ (v3(i,1)?) /2;

u(i,1)=u(i,)+(1 — L) * ((1 = L) *yo(i, 1) + dv2(i,1)) /2/ (v4(i, 1)?);

end;
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-
Finally, we present the auxiliary function "funFeb31LG"
1. function S1=funFeb31LG(x)
globalm8d LL1L21L3 A3 AByouveldv2dvldv3v5v6v3v4vlv2K5ed
L=(sin(x(1,1))+1)/2;
for i=1:m8-1
dv1(i,1)=(v1({i+1,1)-v1(i,1))/d;
dv2(i,1)=(v2(i+1,1)-v2(i,1))/d;
end;
S=0;
for i=1:m8-1
S=S+(yo(i,1)? * L> + 2 % yo(i, 1) * L+ dv1(i,1) + do1(i,1)® + 4 * B*v3(i,1)*) /(4 ¥ v3(i, 1)?);
S=S+(yo(i,1)? % (1 — L)?> + 2% yo(i,1) * (1 — L) * dv2(i,1) + dv2(i,1)> + 4 x B v4(i,1)*)/ (4 *
04(i,1)%);
S=S+v1(i,1)?/sqrt(L? +e1)/2/ A3+ v2(i,1)?/sqrt((1 — L) +e1) /2/ A3;
S=S+v3(i,1)*/2/sqrt(L? +el)/ A +v4(i,1)*/2/sqrt((1 — L)? +el)/ A;
end;

S1=-S;

B R e R R X 2 2

Remark 25. Observe that the functional [* is convex in A* however, the restrictions v > 0 and vy > 0in
Q) may cause a difference between the solution obtained through J* and the solution got through the primal
formulation |, a so-called duality gap.

Anyway, through such a relaxation process, utilizing the dual functional [* we may still obtain a good
qualitative approximation of the global optimal point for the primal formulation ].

Indeed, such a global solution obtained through the dual functional J* may be an excellent initial solution
for obtaining a more accurate one through the standard Newton Method, for example.

47. A Global Existence Result for a Model in Non-Linear Elasticity

Let O C R3 be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by Q2 = S.
Define a functional | : V — R by

J(u) = %/Q Hijrryij(w)yia (u) dx — (ui, fi) 12,

where n .
Ui+ ui;
vij(u) = L > Lo 5 Wom,ithm,jr

V={ucW2R? : u=2donS; CoON}.
We also denote Y = Y* = L2((Q);R3), so that f = (f1, fo, f3) € Y.

Here {H,-]-kl} is a fourth order constant, positive definite and symmetric tensor.
With such assumptions and statements in mind, we may prove the following theorem.
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Theorem 11. Assume {Hjjy } is such that

J(u) = +oo.

l[ufly—oo

Under such hypothesis, there exists ug € V such that

J(ug) = min J(u).

ueVv

Proof. From the hypotheses, there exists « € R such that
o g 100,
Let {u,} C V be a sequence such that
o< J(up) < a+ %,Vn eN.
Suppose, to obtain contradiction, there exists a subsequence {n;} C N, such that
[l = oo.
From the hypotheses, we have
J(uy,) = +oo, as k — co.

This contradicts
lim J(uy, ) =a € R.
k—o0

From such results we may infer that there exists K > 0 such that
llun|lv < K, ¥n € N.

Consequently, from this, the Sobolev Embedding and Rellich Kondrashov theorems, there exists
uy € VN L®(Q;R3) for which, up to a not relabelled subsequence, we have

uy — g, weakly in W1'4(Q; R3),
Uy — g, strongly in L4(Q),
up — up, strongly in L*(Q); R3).

Let ¢ € C(Q)).
Thus,

IN
=
=

=
=
|
—~
=
(=]
=
3

— 0, asn — co. (314)
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Since ¢ € C®(Q) is arbitrary and C®(Q) is dense in L*(Q)) we may infer that
d(un)i  9(uo)i 4
ax; ax; weakly in L*(Q)),
Vi, j€{1,2,3}.
Define W = L*(Q) with the norm
[ollw = sup{{v, ¢)12, ¢ € CZ(V), <1}
We may easily verify that
d(un)i _ 9(uo)i .
ox; — ox; strongly in W,
vi,j e {1,2,3}.
Thus,
{ 9(un)i }
ax]-
is a Cauchy sequence in W.
Hence, for each n € N there exists n;, € N such that m,[ > ny, then
(1) 1
- < 7.
H ax] Bx] W k2
where 1; may be taken as an increasing subsequence in N.
In particular, we have got
a(unk+1)i - a(unk)i l
ax]' ax] k2 '
w
Define now
g = 'a(”m)z = Iy y)i ()i
ax]' =1 ax] ax]
and
- |a<unl>z 30 [2ne)i O(un)
ax]‘ =1 ax] ax]
Observe that
9(un, )i - a(unk 1)1' Aty )i
Iglw < H S+ ) - ‘
ax]' w k=1 ax] ax] W
(U, ) =01
< =
ax]' w k=1 k2
< Hoo. (315)

From such results we may infer that g(x) € R, a.e. in Q.
Moreover, since an absolutely convergent series is also convergent, we may infer that

a(unl)i _ a(unl)z‘ + E (a(unk+])i o a(”m)i) N hi]‘, a.e. 1n Q,

E)x] Bx] =1 ax] E)x]

for some h;; € L*(Q), Vi,j € {1,2,3}.
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From such results, we have
d .
(unl)l — h,‘]', a.e. in )
an
e ) (o)
Un, )i R Uup )i . 4
ax; ax; weakly in L*(Q)),
so that 5
m = hjj, a.e. in Q.
ax]-
Consequently, we have got
Outn )i — a(uO)i, a.e. in Q).
ax]- ax]
Now fix i,j,m € {1,2,3}.
Observe that from the Cauchy-Schwarz inequality, we have
2
/ O(thn; )m O(thn) )m d
X
0 x; ox;
2
(1 )m 2 O(tn, )m
- ox; 4 ax]
< K;, VIeN (316)

for some appropriate real constant K; > 0.
Therefore, up to a not relabeled subsequence there exists vy € L?(Q) such that

Ot Jon It vy, weakly in L*(Q),

axl' ax]’
Since
Aty )m O(tn )m _ 9(u0)m a(u())m, a.e. in ),
axi ax]' axi axj
we obtain 9 d
v = (140) m (MO)”’, a.e. in ),
axi ax]’

so that

() O(un )m (1) m 9(tho)m

axi E)x] axi ax]

, weakly in L2(Q2),

Vi, j,m e {1,2,3}.
Therefore, from such results we may infer that

ij(n,) — 7ij(u0), weakly in L*(Q), Vi, j € {1,2,3}.
Moreover, since ] is convex in {;; } we finally obtain
a = liminf J(u,,) > J(ug),
l—00

so that
J(ug) = min J(u).

ueVv
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The proof is complete.
O

48. A Note on a General Relaxation Procedure for the Vectorial Case in the Calculus of Variation

Let 3 C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by dQ). Consider a continuous and bounded below functional F : V — R where

V={uecW2RN) : u=uyonoQ}.
Define H; : V — R by
Hi(u) =inf{A1F(v1) + (1 = A)F(w1); 0< Ay <1, vy,w1 €V, Moy + (1 —A)wy = u}.
Observe that as it has been shown in a previous section, we have
F*™(u) < Hy(u) < F(u), Vu € V.
Moreover, also as indicated in a previous section, we may obtain

Hl (M) = (¢1,Al)iél50><[0,1] {/\11:(11 — (1 — )\1)4)1) + (1 — A])F(M + )\14)1)},

where V) = W&’Z(Q; RN).
Reasoning inductively, having Hy : V — R, define Hy1 : V — R by

Hiy1(u) = inf{Ag 1 Hg(0rg1) + (1 — Agpr) He(wiey1) 5
0 <A1 <1, Opy1, Wei1 €V, Apgq 01 + (1= A1) gy = uj (317)
Thus
Hyyq(u) = inf | M Hie(u = (1= Agg1) i) + (1= A ) Hie (1 + Agpadrern) } -

(Pr+1 k41)EVOX[0,1

Observe that
F*™(u) < Hgyq(u) < Hg(u) < F(u), Vk € N.

Define Hy : V — R by

Hy(u) = lim Hi(u) = kig{}Hk(u), YueV.

k—+o0

Suppose, to obtain contradiction, that Hy is not convex.
Hence, there exists iI € V such that

(Ho)1(1) < Ho(1),
where
(Ho)1(u) = inf{A1Hp(v1) + (1 — A1) Ho(w1) ; 0 < Ay <1, v, wq € V, Aog + (1 — A)wy = u}.
This contradicts

Ho(u) = lim Hi(u) = kiglng(u), YueV.

k—+o0
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Therefore Hy is convex on V so that from this and
F**(u) < Hp(u) < F(u), Vu eV
we may infer that
Ho(u) = F**(u), Vu e V.

49. A Note on Another General Relaxation Procedure for the Vectorial Case in the Calculus of
Variation

Let 3 C R” be an open, bounded and connected set with a regular (Lipschitzian) boundary
denoted by dQ). Consider a continuous and bounded below functional F : V. — R where

V={ucW2RN) : u=uyonoQ}.

Fixk € N.
Define (Hy)x : V — Rby

k
AjF(vj) : 0<Aj<landv; €V, Vje{l, -k},
i=1

]

(H)i(n) = inf{

k k
Aj=Tland ) Ajvj= u} : (318)
j=1 j=1

Observe that
F*(u) < (H)ker () < (Hy)i() < F(u), Yu € V.

Define Hp : V — R by
Hy(u) = lim (Hy)k(u) = inf{(Hy)x(u)},Vu € V.
k—o0 keN

Reasoning inductively, having Hy, : V — R, we may obtain (Hy,); : V — Rby

k
(Hp)r(u) = inf{ZAme(vj) :0<A;<landv;eV, Vje{l, -k},
j=1
k k
Y Aj=1land ) A= u} : (319)
=1 =1
Observe that

() < (Hu)esa (0) < (H)e(u) < F(u), Vu € V.
Now we define
Hy1 (1) = lim (Hin)ie(u) = inf {(Hu)x(u)}, Vu €V,

Vm € N.
Therefore, we have obtained a sequence { Hy, : V — R} such that

F** (1) < Hypsr (1) < Hun(1t) < F(u), Y € V.
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Thus, we may define H : V — R by

HO(u) = Jim H,, (1) = nirglf\]{Hm(u)}, Vu e V.
Suppose, to obtain contradiction, that H? : V — R is not convex on V.
Hence, there exists iI € V such that

(H)1(2) < H(1),
where
(Ho)l(u) = inf{/\lHO(vl) + (1 — Al)HO(wl) 1 0< )\1 <1, v,w1 €V, )\1?]] + (1 — /\1)?/01 = M},

YuelV.
This contradicts
H(u) = lim Hy(u) = inlf\]{Hm(u)}, YueV.
me

m—o0

Therefore, H? is convex on V so that from this and
F*™(u) < H(u) < F(u), Vu €'V,

we may infer that
HO(u) = F**(u), Vu € V.

50. Conclusion

In the first part of this article we have developed a relaxation proposal and duality principles
suitable for a large class of models in physics and engineering.

In a second part we develop duality principles for the quasi-convex envelop of some vectorial
models in the calculus of variations.

We highlight such dual variational formulations established are in general convex (in fact concave).

Finally, in the last sections, we develop mathematical models for some types of chemical reactions,
including the hydrogen nuclear fusion and the water hydrolysis. Among such results, we highlight our
proposal of modeling the Ginzburg-Landau theory in super-conductivity as a two-phase eigenvalue
approach.

Data Availability Statement: Details on the software for numerical results avaialable upon request. e-mail:
fabio.botelho@ufsc.br.
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