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Abstract: We propose a forward-only multi-layer encoding-decoding framework based on the prin-
ciple of Maximal Coding Rate Reduction (MCR?), an information-theoretic metric that describes a
statistical distance between two sets of feature vectors up to the second moment. The encoder directly
transforms data vectors themselves via gradient ascent to maximize the MCR? distance between
different classes in the feature space, resulting in class-wise mutually orthogonal subspace represen-
tations. The decoder follows a process symmetric to the encoder, and transforms the subspace feature
vectors via gradient descent to minimize the MCR? distance between the reconstructed data and the
original data. We show that the encoder transforms data to linear discriminative representations
without breaking the higher-order manifolds, preserving higher-moment correlation/information. It
is exactly due to this information-preserving property that the decoder is able to reconstruct the data
with high fidelity.
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0. Introduction and Related Work

One important goal of modern machine learning is to learn and model complex
Bv distributions of real-world data. A typical learning paradigm is to establish an (often
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0.1. Auto-Encoding

One typical approach to encoding-decoding is the “Auto Encoder” (AE) [1,2], which
learns an encoding mapping f from x to z and a decoding mapping g from z back to x:

x,0 zZ, N
fx0p) 8(z0g) e

V4 )

To make the learned distribution p(z) close to a target p(z), we minimize some dis-
tance metric, e.g., the KL-divergence: min Dk (P, p). Between two arbitrary degenerate
distributions in high-dimensional spaces, however, KL-divergence is often intractable. In
practice, one instead minimizes instead certain bounds of the distance, e.g., the variational
bound in variational auto-encoding (VAE) [3,4]. The exact distribution/structure of p(z|X, 6)
is thus unclear.

0.2. Coding Rate Reduction

Recently, [5] [6] proposed a novel objective for learning a linear discriminative repre-
sentation (LDR) for multi-class data, called “coding rate reduction”. Unlike conventional
discriminative methods only trying to predict class labels, the LDR learns the structure
of the data, and is more suitable for both discriminative and generative purposes. [6]
maps distributions of the input data on multiple nonlinear submanifolds to multiple distinc-
tive linear subspaces. Intuitively, this approach generalizes nonlinear PCA [1] to settings
where one simultaneously applies multiple nonlinear PCAs to data on multiple nonlinear
submanifolds.

In this work, we extend the work of [6] and show that the coding rate reduction principle
is also suitable for encoding-decoding purposes, and that one can build a pipeline that
learns LDRs in the feature space and also reconstructs high-fidelity data in a forward-only
fashion without back-propagation. The manifold structures can be learned directly from
data itself, free of explicit parameterization.

1. Problem Formulation

In this section, we first explain the objective formulations for the forward (encoding)
mapping and the backward (decoding) mapping, and then cover the details of the network
structure. The main measurement of “closeness” between data distributions is the coding
rate reduction metric [5]. Our goal is to come up with a encoding-decoding scheme:

x ™z % 3)

such that the learnt features Z of different classes are maximally discriminative, and the
reconstructed data X is the “closest” to the real data X by the coding rate reduction metric.

1.1. Encoding mapping via maximal coding rate reduction

The (labeled) training data X is the concatenation of data of all k classes: X =
[Xl,Xz,...,Xk} € RP*™, where X/ € RP*™ denotes the j-th class’s data matrix, D is
the dimension of each data sample, and m; is the number of samples of class j. Following
the notation in [6], we use the matrix II/(i,i) = 1 to denote the membership of sam-

ple i belonging to class j (and I/ = 0 otherwise). For any general encoding mapping
f(-,0¢) : x = z from X to an optimal representation Z € RAxm;

x,0
LN )
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we wish to make each class’s features more discrimative of others by maximize the coding
rate reduction objective [5]:

max AR(Z |TL,¢) = ~ log det (1+azz") - iﬁlo det (1+w,Z1VZ" )
z T2 2 %8 J /

=1 ()
R(Z|e)
Re(Z|1Le)
where & = ﬁ, Kj = ﬁ, v = % forj=1,...,k, and Z* denotes the transpose of

Z. For simplicity we denote AR(Z |I1,€) as AR(Z), assuming II, € are known and fixed.
The first term R(Z |e) is the coding rate of the whole set of features Z (coded as a Gaussian
source) with precision €; the second term R.(Z |IT, €) is the weighted average coding rate
of the k subsets of feature, each coded as a Gaussian.

For more readability, Eq. 5 is equivalently:

1 £y -
AR(Z|II,e) = -1 1 77| — —1 1 27
max (Z|1L€) 5 ogdet( +a ) ]; > ogdet( + a; ), ©)

Re(Z|1Le)

R(Z]e)

given known class partitions of the feature set: Z = [Zl, z2,..., Zk} € Rdxm,

1.2. Decoding via coding rate matching.

The pair-wise coding rate reduction metric for two identical sets of data samples is
equal to the minimal value of zero. To match the distribution of the reconstructed data to
that of the real data, for any general decoding mapping g(-,0;) : z — % from the encoded
Z features to an optimal reconstructed X:

7z 8L X, (7)

we propose the following objective:

min'} AR({XJ’,XJ’D = Xk: Dogdet (1+a(Xfo*+Xf)2f*)>
xSt 1L T2
coding rate matching R(Zle)
. . ®)
S ixi*y - = X Xi*
1 log det (I +2aX'X ) 1 log det (I+20¢X X ) },
R¢(Z |ILe)
where a = ﬁ, if we assume that the number of data samples in X/ and X/ are equal.
]

Eq. 8 minimizes the pairwise coding rate reduction of the real data X/ and the
reconstructed data X/ of class j. If the reconstructed data is exactly identical to the real data
for all classes, the objective evaluates to zero.

2. Forward-only Encoding-decoding Pipeline

The encoding and decoding objectives (Eq. 6 and Eq. 8) are suitable for any general
parameterized functions, which can be readily modeled by deep neural networks. In
this work, we propose a non-parameterized, forward-only pipeline that does not require
training through back-propagation.
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There are two key factors that make such pipeline viable (details will be discussed in
later sections):

1. Differentiable gradients. Eq. 6 and Eq. 8 are differentiable with Z and X respec-
tively. Given any initial configuration of Z or X, one can directly apply gradient
ascent/descent steps to transform the data features to increase/decrease the objective
function, following a normalization step after each update.

2. Structure-preserving transformation. According to our numerical simulations, both
the encoding and decoding mappings (through gradient ascent/descent) preserve
the local topological relationships between data points. The encoding and decod-
ing transformations resembles a Ricci flow, which preserves local structures of the
manifold [7]. Additionally, due to the normalization (by Frobenius norm) after each
gradient update, the Riemannian metric of the manifold is constant, providing a fair
comparison of coding rate reduction metrics at different layers.

2.0.1. Encoding via Gradient-based Transformation

Consider the encoding objective in Eq.6, if we directly optimize the objective AR(Z)
as a function of the (normalized) data feature Z. The gradient ascent step is:

JAR .
Zij1xZp+1- 57 subject to || Zy1]|F = 1. )
Z

This means that at each layer, we apply a gradient ascent transformation directly on data
features themselves to incrementally improve the coding rate reduction metric AR.

The each part of the gradient aaA—ZR is computed as (refer to [8]):

*
lalogdet(l"_lxzz ) :a(I+ngZZ)7lZg€Rdxmr
2 0z Z, —
E[ERdxd
19y logdet(1+,2721") v O
> e - v (1+02,2) )z e R™™,
4,

CﬁeRd”’

where o = #. Thus the total gradient of the encoding objective with respect to Z]l; of class

jis:
—| = E Z,-Yy ¢ Z, eRVM™ 11
0z |, == ]; voL w
¢ Expansion Compression

2.0.2. Symmetric Decoding

Each of the k terms in the summation of Eq. 8 has the following gradient with respect
to the reconstructed data X/ of class j(witha = ﬁ):
j

IAR([XT, XT7) i wigin) g L cigin) 1 g
% |," a(I+ax]x] +X)X))) X - 2a(1+20X%]") %), W)
4 R .
E, c
Thus, the total gradient of the decoding objective with respect to X is
AR ([X/,XT]) i 1o\
)
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3. Pipeline Architecture

With the knowledge of the gradients, we now build the layer-by-layer pipeline for
forward-only encoder f and forward-only decoder g:

x [0 786 ¢ (14)

3.1. Encoding Pipeline

Assuming a fixed number of Ly layers, define the encoding mapping function as
f(X)= fo Ofo—l o---0 fyo f1(X), where Zy = f;(Z;_,) is the transformation function
acting on the input (Z,_1) to the ¢-th layer:

‘ i i 0AR ' P& i
] ] - ] — ] ] ] 7]
Z,=fi(Z, ;) =FN (ZZ +7 7 /_) =FN (Ze +7 (EgZZ — Z’VJ'CZZZ))
Z j=1
k k (15)
— j iz — j j
FN(Zz—l-ﬂ(Eg—;’)/ng)ZZ) FN( I+17<Eg—;’)/jcz> ZK)’
j= j=
where FN(+) is the Frobenius normalization function:
V4
FN(Z) = (16)
= 1z

3.2. Decoding pipeline.

Assuming a fixed number of L¢ layers, define the decoding mapping function as

8(ZL) =gr, 081,10 082081(Z1) = X, where X denotes the decoded features in the
data space (referred to as the “reconstructed data”). We use a similar procedure:

o o ) o J0AR o . 1 .\ .
X)=fi(X]_|)=FN|X|+yp—52| |=FN(X)+n(E,—-C))X)

(e ))

We make the following remarks:

1.  For encoding (f), we have that Zy = X, and the last layer outputs Z;. The deepest-
layer features Z; is then fed into the decoder (g) to produce X.

2. The structure of the pipeline bears resemblance to that of a neural network with resid-
ual connections (by the appearance of the identity matrix I). The normalization steps
can be seen as a non-linear function applied on the piece-wise linearly transformed
features (piece-wise linear by each class).

4. Numerical Simulations
In this section, we present results from the experiments to demonstrate:

1.  How the encoder transforms the data X to a linear discrimative representation (LDR)
Z, while preserving the local manifold structure;

2. How the decoder transforms/unfolds Z to X such that the principal components of
X7 align well with the those of X/ at the optimal configuration;

3. The importance of preserving the local manifold structures during encoding in order
to assure successful decoding;

4. The performance of our pipeline on the MNIST dataset.
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Figure 2. Visualization of the encoding process on 2-dimensional data vectors from 3 classes. At
deeper layers, data vectors from each class are compressed to a linear subspace. Later we show that
the higher-order “micro” manifolds are preserved in this process, allowing reconstruction/decoding
with high-fidelity.

4.1. Experiment 1: Encoding while preserving manifold structures

For each of the tow classes, we generate 500 2-dimensional (x, y) pairs as the training
data with the relationship:

(2-cos(xcosa— xsina) — xsina)

0.3cosa ! (18)

y =
where a controls the rotation around the origin.

We use a 10-layer encoder with € = 0.01 and the learning rate 17y = 0.1 and plot
the features output by each layer. Two key observations are: i. the dominant principal
components of each class becomes farther apart in deeper layers, in the last layer, the
manifolds are compressed to LDRs; ii. the local structure of the manifolds are preserved
(notice the zig-zag shapes of the manifolds). Although the manifolds are hard to visualize
in deeper layers, we demonstrate in the next experiment that the manifolds structures are
indeed preserved (Fig. 2).

4.2. Experiment 2: Decoding by manifold unfolding and component alignment

We first use a 30-layer encoder with € = 0.01 and the learning rate 17, = 0.01 and plot
the features output by the last layer (Fig. 3), which will be the starting Z which we will
decode from. We transform this last layer Z using the decoding pipeline (Section 3) and
reconstruct X to match the distribution of X. The decoder has 10 layers with the learning
rate 17, = 0.1 (Fig. 4)

Notice that the decoder does two things: i. it “unfolds” the manifolds from a compressive
state to a more expanded state; ii. it aligns the principal components of X to those of X by
gradually rotating the manifolds.

4.3. Experiment 3: Matching two different manifolds

In this experiment we transform a Z to match X with a different manifold structure.
Namely we feed into the decoder a Gaussian-like Z to match X, which has the sinusoidal
manifolds. We use a 20-layer decoder with learning rate 77 = 0.1:
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Figure 3. To prepare for the decoding, we first prepare the encoding process with two classes. We
then transform the compressed data vectors (right-hand side) into the original manifold as shown

below (Fig. 4).
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Figure 4. Visualization of the decoding process. The green (compressed class 1) and red (compressed
class 2) linear subspaces are the compressed data vectors from Fig. 3, juxtaposed on the blue (original
class 1) and orange (original data 2) data points from the true distribution. We transform the
compressed data vectors based on the decoding pipeline described in Section 3 until convergence.
The reconstructed data vectors (red and green) match the true data distribution with high fidelity, as
the “micro-manifolds” in the compressed state are able to expand back to the original shape.
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Figure 5. Visualization of a decoding process, where the target X are the blue and orange “spiral”
distributions, and the input Z are two random Gaussian distributions (green and red). The decoding
progress matches the second moment of the reconstructed X and the real X in the data space.
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Figure 6. The original data X (right column), the compressed data in respective linear subspaces Z
(middle column) and the reconstructed data X (left column) for a selection of MNIST digits.
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Figure 7. For different styles of digits, the decoder is able to reconstruct with high visual fidelity. For
both sub-panels, right columns are the real input X, middle columns are the transformed images Z
that lie on respective linear subspaces, and the left columns are the reconstructed images X from Z.

Notice that the principal components of X gradually align with those of X, but due to
the intrinsic differences of the manifolds (Gaussian vs sinusoidal), the reconstructed X does
not learn the local manifold structures if only using the coding rate reduction objective.

4.4. Experiment 4: MINIST

We perform encoding-decoding on randomly selected MNIST digits [9]. For each
of the 10 classes, we randomly select 200 images, resize each 28p x 28p image into a 784-
dimensional vector, and then center the data. With ¢ = 0.1 we use a 200-layer encoder
with learning rate 77y = 0.003 to arrive at the deepest Z € R784x2000 (we keep the number
of features to 784). From Z;, we reconstruct X using a 200-layer decoder with learning
rate 77¢ = 0.001. We present some selected samples to showcase the qualitative decoding
performance (Fig 6, 7).

For each digit, the left column is the reconstructed image, the middle is the deepest
features Z; plotted as an image, and the right is the original input. The reconstructed
X almost exactly replicate the original input, given a seemingly low-quality Z;. We also
notice that different modes of the same digits are also captured by the decoder (Fig. 7).
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Figure 8. Left: the cosine similarity bewteen any two pair of MNIST images (grouped by the 10
classes). In the original data space, there is no distinct similarity pattern. However, when we
transform the original image vectors X into Z, and visualize the cosine similarty of vectors from Z
(middle), we see high intra-class similarities as showcased by the block-diagonal pattern.

To investigate whether Z/ for class j is truly a linear discriminative representation,
we plot the cosine similarity matrix of the the deepest learnt features Z; and the cosine
similarity matrix of the original data X, where the data points are grouped by classes (Fig.
8). It is clear that in the Z space, the learnt data features Z/ for class j has high cosine
similarity with other data points in the same class, while far away from other classes
(shown by the 10 bright diagonal blocks on the left plot), meanwhile the unencoded X is
not a good linear discriminative representation (right plot).

Additionally, we show the stability of the decoder but plotting the decoder objective
value (Eq. 8) at different layer of g, which shows very nice convergent properties for all
classes (represented by each curve, Fig. 8 right).

5. Conclusions and Future Work

We proposed a non-parametric, forward-only, multi-layer encoding-decoding frame-
work based on the principle of maximal coding rate reduction [5], an information-theoretic
metric that measures the distance between two sets of feature vectors which are often
degenerate with high dimensions. By designing the encoding and decoding objectives
based on the coding rate reduction principle, we are able to derive gradients for both the
encoding and decoding mappings with respect to data/features themselves. The encoder
directly applies gradient ascent on data itself to maximize the distances between different
classes, while the decoder transforms the learnt features by directly applying gradient
descent to minimize the distance between the reconstructed and the original data. Through
numerical simulations, we show that the encoder transforms data to linear discriminative
representations, and the decoder reconstructs the data with high fidelity. Future work
includes investigating the exact connections to the Ricci Flow, and under what conditions
this pipeline will converge/diverge. More experiments shall also be done to investigate
the performance on larger, more complex datasets such as the Cifar [10] datasets and the
ImageNet[11] dataset.
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