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Abstract: Noisy data is always encountered in real applications, such as bioinformatics, neuroimage
and remote sensing. Existing methods mainly consider linear or generalized linear errors-in-variables
regression, while relatively little attention is paid for the multivariate response case, and how to
evaluate the estimation performance under perturbed covariates is still an open question. In this
paper, we consider the information-theoretic limitations of estimating a low-rank matrix in the
multi-response errors-in-variables regression model. By application of the information theory and
statistical techniques on concentration inequalities, the minimax lower bound is provided in terms of
the squared Frobenius loss, which recaptures the rate provided under the clean covariate assumption
in previous literatures. Hence our result further indicates that though under the more realistic
errors-in-variables situation, no more samples are required so as to achieve a rate-optimal estimation.
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1. Introduction

Recent decades have witnessed a fruitful results on high-dimensional statistics, includ-
ing theory and application; see the books [1,2] for an overall review. In order to deal with
the curse of dimensionality, different statistical models have been proposed with certain
low-dimensional structures, such as sparse linear regression, low-rank matrix regression
and so on. Specifically, the multi-response regression model, which is an important in-
stance of matrix regression, has been deeply investigated in theoretical aspects [3,4] and
widely used in real applications such as neuroimage analysis [5,6]. Consider the following
multi-response regression model

Y = XO" +e¢, 1)

where @ € R%1*% js the unknown underlying parameter matrix, Y € R"*% is the
response matrix, X € R"*41 is the covariate matrix, and € € R"*% is the noise matrix.
The parameter matrix ©* is usually endowed with some structured constraints such as
low-rankness in order to achieve consistent estimation.

There are mainly two research directions in the field of high-dimensional statistics.
On the one hand, researchers seek to construct estimators with fast convergence rates.
On the other hand, it is also important to understand the fundamental or information-
theoretic limitations of any estimator in order to evaluate the corresponding performance.
The former goal can be achieved by establishing upper bounds on estimation errors via
statistical techniques such as concentration inequalities, while the latter one requires tools
from information theory to derive lower bounds on some quantitative criteria.

Given an arbitrary estimator of the true unknown parameter, many criteria can be
utilized to evaluate the quality of the estimate. From the decision-theoretic framework, it is
typical to introduce a loss function which represents the loss induced by the estimating
procedure. Then in the minimax formalism, a worst-case loss function is constructed
and then minimized to characterize the optimal rate. Inequalities for hypothesis test and
Fano’s inequality are often used to derive lower bounds for the worst-case loss with the
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help of estimating some information-theoretic quantities such as the mutual information,
Kullback-Leibler (KL) divergence, and total variation distance; see, e.g., [7,8].

Note that when d, = 1 and the underlying parameter ®* is endowed with vector
sparsity, model (1) reduces to sparse linear regression and attracts a lot of works focusing
on the minimax estimation. For example, Ye and Zhang [9] and Raskutti ef al. [10] provided
lower bounds on minimax rates of convergence for estimation via standard information-
theoretic techniques, respectively; Wang et. al. [11] established the minimax optimal rates
of convergence and constructed an adaptive optimal estimator by virtue of the proposed
aggregation strategy. For the low-rank problem, researchers mainly focused on the matrix
completion problem and established the minimax optimal rate; see, e.g., [12-14]. Ja and
Kutzarova [15] considered general low-rank matrix recovery problems and provided the
worst-case error utilizing the Gelfand widths of certain identity mappings between finite-
dimensional Schatten spaces.

All of the above mentioned works were based on the assumption that the covariates
are collected with clean data, which is standard in theoretical analysis. However, this
assumption may always be violated in real world problems due to instrumental constraints
or a lack of observations. This is to say that the obtained covariates are usually perturbed
with certain measurement error. What if we ignore the measurement error and naively
apply methods for clean covariates in this noisy case? The answer is depressing since it has
been shown in [16] by simulations that this operation can only lead to misleading results.
Therefore, it is more necessary and realistic to investigate statistical models in which only
perturbed observations of true covariates are observed.

Recently, researchers began to devote to errors-in-variables regression problems and
most of the results were established for statistical inference of linear or generalized linear
regression; see, e.g., [17-20] and references therein. In the information-theoretic aspect, Loh
and Wainwright [21] and Li and Wu [22] considered linear errors-in-variables regression
and established the minimax lower bound for estimating a sparse vector via calculating
the corresponding KL divergence over certain sparse sets for vectors, respectively.

However, until now, relatively little attention is paid for multivariate regression model
(1) with measurement error. Although it is a natural and simple idea to vectorize both the
coefficient and response matrices to reduce the original multivariate model to the univariate
response one, so that the above mentioned results can be applied directly. Unfortunately,
the low-rankness of a matrix is rather different from the sparsity of a vector due to the more
sophisticated manifold structure [23]. Moreover, the multivariate nature of the responses
enables one to build more complex models for modern large-scale association analysis,
such as fMRI image analyses [6] and physiological network analyses [24], and thus has a
substantial wider application than that of the univariate model.

In this paper, we study the information-theoretic limitations for multi-response errors-
in-variables regression. The estimation on the lower bound is first reduced to a multiway
hypothesis testing problem, and then Fano’s inequality [8] is applied to lower bound
the error probability. The main contributions of this paper are as follows. First, the KL
divergence involved in mutual information is estimated with the help of a concentration
inequality on random matrix multiplication. Then we establish lower bounds on the
minimax loss function in terms of the squared Frobenius norm for a certain class of low-
rank matrices. This lower bound agrees with the upper bound given before in our another
work [25] up to constant factors, implying the optimality of the proposed estimator therein.
Moreover, the minimax lower bound recaptures the rate provided under the clean covariate
assumption in previous literatures [12,14,15], a result that further indicates that though
in the more realistic errors-in-variables situation, no more samples are required so as to
achieve a rate-optimal estimation.

The remainder of this paper is organized as follows. In Section 2, we provide back-
ground on the multi-response errors-in-variables regression model and minimax estimation
problems. In Section 3, we establish our main results on lower bounds on minimax estima-
tion. Conclusions and future work are discussed in Section 4.
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We end this section by introducing some notations for future reference. All vectors are
column vectors following classical mathematical convention. For 4 > 1, let I; stand for the
d x d identity matrix. For a matrix X € R"%4 et Xij (i=1,...,n,j=1,2,---,d) denote its
ij-thentry, X; (i =1,...,n) denote its i-throw, X; (j = 1,2, - - ,d) denote its j-th column.
When X is a square matrix, i.e.,, n = d, we use diag(X) stand for the diagonal matrix
with its diagonal elements equal to X11, X2y, - - - , Xz45. We write Apin(X) and Amax(X) to
denote the minimal and maximum eigenvalues of a matrix X, respectively. For a matrix
@ € RN %, define d = min{dy,d,}, and denote its singular values in decreasing order by
r1(®) > 0p(©) > ---04(®) > 0. We use |||-||| to denote different types of matrix norms
based on singular values, including the nuclear norm |[|®|||, = Z}i:l 0j(®), the spectral

or operator norm |||G)|||Op = 01(0), and the Frobenius norm ||®|||; = /trace(@'0) =
27:1 ‘7]'2<@)-

2. Problem setup

In this section, we provide a detailed description of the multi-response errors-in-
variables regression model and then the minimax estimation problem.

Consider the high-dimensional multi-response regression model which represents the
relationship between the response vector Y;. € R%2 and the covariate vector X;. € R%

Y, =0 X +e. fori=1,2,---,n, )

where ©* € R%1*% is the unknown parameter matrix, and ;. € R% is the observation
noise of the response vector independent of X;. (V i,7). Model (1) can be expressed in
a more compact matrix form. More precisely, define the multi-response matrix ¥ =
(Y1, Yo, -+, Y,) T € R"™% with similar definitions for the covariate matrix X € R"*“1 and
the noise matrix € € R"*2 by the corresponding vectors {X;. }7_ and {e; }_,, respectively.
Then model (2) is re-written as

Y = XO" +e. 3)

We work within the high-dimensional scenario in which the number of covariates or
responses (i.e., d or dp) may be possibly more than the sample size n. It is well known
that consistent estimation cannot be achieved under this high-dimensional regime unless
the parameter space is imposed with additional low-dimensional structures, such as low-
rankness in matrix estimation problems. Particularly, assume Ry < min{dj,d,}, and we
shall consider the following low-rank matrix set throughout this paper

0'e= (Hgo 8) } )

Note that any matrix ® € Vf;lo 4, is of rank(®) = Ry, and thus @ is exact low-rank due to

Vi, = {@ € Rh x4
dydy

the assumption Ry < min{dy,d}.

Recall the standard multi-response model (3), the covariate matrix X is assumed to be
correctly observed. Unfortunately, in real applications, the covariates are usually perturbed
with noise. In this more realistic situation, one can only observe the noisy matrix Z instead
of the true covariate matrix X. Throughout this paper, we consider the following errors-in-
variables model with additive noise: For eachi =1,2,--- ,n, we observe Z;. = X;. + W,,,
where W;. € R% is a random vector independent of X;. with mean 0 and known covariance
matrix X,. When the noise covariance X, is unknown, one can try to estimate it from
the observed data by virtue of statistical techniques; see, e.g., [26]. For instance, a simple
method is to estimate X, from blank control observations which are independent of the
noise. Concretely speaking, suppose that a matrix Wy € R"*“1 is observed independently
with 7 i.i.d. vectors of measurement errors. Then the matrix %WS— Wy can be used as the
estimate of X;,. Other sophisticated variant based on this method are also discussed in [26].
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Throughout this paper, we impose a Gaussian random assumption on the model, that

is, fori =1,2,--- ,n, the vectors X;., W;. and ¢;. are Gaussian with mean 0 and covariance

matrlces Iog Hdl, 031y, and 021, respectively. For the sake of simplicity, we shall write
2

02 =02+ 73

Statistically, in order to estimate the underlying parameter ©*, researchers seek to
construct an estimator © : R"*% x R"*d2 _, R41*d2 which is a measurable function of
the observed data (Z,Y). Then the information-theoretic task is to evaluate the estimation
performance of ©. It is standard to introduce a loss function E(@, ©*), which expresses
the loss induced by the estimator ® when the true parameter belongs to some certain set,
thatis, @ € Vglo, 4, in this paper. In the minimax formalism, we aim to lower bound the
following worst-case loss in terms of the squared Frobenius norm

M(Vglo,dz) :=inf sup ]H@—@*

Ro
@ eV’

©)

where the infimum is taken over all measurable functions ® of the collected data (Z,Y).

Note that M (V dO i ) is stochastic because of the dependence of ® on the noise W and e.
Hence, lower bounds should be given in expectation or with high probability.

3. Main results

In this section, we provide the lower bound on the minimax risk which holds with
high probability. This lower bound implies that the achievable upper bound established
in [25, Theorem 1] is sharp and thus provide the information-theoretic foundation that no
estimator can perform better than the nonconvex estimator proposed in [25] in the sense of
statistical convergence rates.

Before the statement of Theorem 1, the following two lemmas are needed. The first
one is statistical which reveals a concentration inequality on random matrix multiplication,
while the second one is information-theoretical that tells us the the KL divergence between
the distributions on the response variable Y induced by two different parameters ®,®’ €

Vglo " Recall that for two distributions P and QQ with densities dP and dQ in regard to

some base measure y, the KL divergence is defined by D(P||Q) = [ log 45 1oP(dn). Let Po
denote the distribution of Y in the multi-response regression model w1th addltive errors,
when @ is given and Z is observed.

Lemma 1. Let t > 0 be any constant, and X € R™ 41 pe g zero-mean sub-Gaussian matrix with
parameters (Xy,02). Then for any fixed matrix ©® € RN*%, there exists a universal positive
constant cq such that

JLLEENELLY S ELLESRENELILE o > < — R —
P ‘ E ‘ t 2exp Con min %x, 2% +10gd2 .

Proof. By the definition of matrix Frobenius norm, one has that

IXOllF  ( lIXell: :f; IXO,ll; o (1X0,l3
pt n n '

n n
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Then it follows from elementary probability theory that
IX©| lIX©| ||X® I1XO,l; o (1X0,]3
| [ (120 ) <] = )|l <
- p a2 ‘HX(@ i3 _E X035 ‘<i
B i 1 n ~ ds
IX€,l3 [ 1X0,l3 t
> 2702 1 _
ZP ’ n ‘ - dz (d 1)

On the other hand, note the assumption that X is a sub-Gaussian matrix with parameters
(Zy,02). Then [27, Lemma 14] is applicable to concluding that there exists a universal

positive constant ¢y such that

2 2
p[[IXCUE g (IXOUEY|
n n -
2 t
=1-2 - in| —,—— | +logd, |,
exp( cmzmm(d%%% dzo*%) og 2)

which completes the proof. O

Lemma 2. In the additive noise setting, there exist universal positive constants (cq, c1) such that
with probability at least 1 — 2 exp(—con + logdy), the KL divergence between the distributions of

Y induced by any ©,0" € V?ﬁ 4, 1S upper bounded as

C I’ZU
D(Po||Pe) < =52

2 ([l©— @'y + ). ©
Proof. Foreachi =1,2,---,n fixed, by the model setting, (Y;., Z;.) is jointly Gaussian with
mean 0. Then by some elementary computations on the covariances, one has that

Yil ([0 0’50+ 0,;, OT%,
Z;. 0|’ >0 Yo+ 20| )

Then it follows from standard results on the conditional distribution of Gaussian vectors
that
Yi|Zi ~ N(@T2,21Z,, 07 (2 — T2 18,)0 + 021,,). @)

Now we can assume that ¢, and oy, are not both 0, since otherwise the conclusion follows
trivially. For different parameters ©, @’ € Vd 4y define £g 1= O (Z, — ,Z71%,)0 +

02ly,, and L is given analogously. Recalling the previous assumptions that £, = 021,
and X, = (73]1012 and noting that >, = Uf]ldl, one has that £, = (02 + 07,20)]Id1/ and thus

R | 52
Yo = <a§—§)®T®+0§Hd2 = << 2 +‘Te)ﬂRO 0 ) ®)

2
z 0 UE]Idszo
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where the second equality is due to the fact that © € Vglo 4, BY the independence of

sampling, one has that Pg is a product distribution of Y;.|Z;. overalli =1,2,--- ,n. Then
it follows immediately from (7) that

D(Pe||Pe) = Ep, {log IE’)@((?)}

- i[llo (det z@,))
= 2 det Z@)

~a)

(0 -0)'5x17) 210 —0) 2.2, 17;)

= g 10g<illeett((2(:))> + g(tr(Zé}Z@) — dz)
+ %tr((ZZz_lZX(G) -0)" (22 '5,(0 - @)z},

)
By (8), one has that Xg = X, and thus the first two terms in (9) are both equal to 0. It also
follows from (8) that 2‘@’ is also diagonal with the first Ry elements equal to % and

N\’—‘
N = /-\

x w+ 0¢
the last dy — Rg elements equal to . Since — 21 - < ﬁ, combining these arguments with
X ZU JFU' €
(9), we arrive at that :
-1 / _ NI
D(PollPe) < 55 |25 Ex(@ - @) ]F 20402 1Z(©— 0|

This inequality, together with Lemma 1 (t = d0?), yields that there exist universal positive
constants (co, c1) such that (9) holds with probability at least 1 — 2 exp(—con + logd,). The
proof is completed. [J

Theorem 1. In the additive noise setting, let 2 < Rg < di — Rg. Then there exist universal
positive constants (co, c1) such that, with probability at least 1/2(1 — 2 exp(—con +logd,)), the
minimax Frobenius loss over the matrix set Vglo b is lower bounded as

max{dy,d
MV ) >c RO¥.

(10)
Proof. The proof of this lower bound follows standard procedures in information-theoretic
analysis. Specifically, we first reduce the estimation problem on the minimax rate to a
multiway hypothesis testing problem over a suitable packing set, and then Fano’s inequality
[8] is applied to lower bound the error probability. Define the Stiefel manifold V, 4, as

follows
Vi, = {0@ e R1*2|@T0 =1,,}. (11)
Packing sets for the Stiefel manifold V,, 4, will be utilized to construct the suitable packing
set for the target set Vglo i, (cf. (4)).
For a positive number A > 0, let Mp(A) denote the cardinality of a maximal A-packing
set contained in V[I;lo, 4, N the Frobenius norm with elements {@!,02,- .. ,0Mr(A)} and M

is used as shorthand for Mp(A) in the following. It follows immediately from the standard
technique in [8] that estimation on lower bound can be transformed into a multi-way
hypothesis testing problem as

P(M(Vd 1) = 1A > > ngn]P’(@ # B), (12)
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where O is an estimator taking values in the packing set {@1, @?..., @M}, and B € R4 xd2
is uniformly distributed at random over the packing set. Then one has by Fano’s inequality

[8] that
~ I(Y;B) +1og2
>1—- ——7 9
P(© #B) >1 Tog M ,

where I(Y; B) is the mutual information between the random distributed matrix B and the
observation matrix Y € R"*%_ It now remains to upper bound the mutual information
I(Y; B). Denote P as the distribution of Y given B = ®/ when Z is observed. Noting that
Y has the mixture distribution % Zj]\il [P, we obtain that

(13)

1M 1 M
1(Y;B) = Eg [ D(Pys|[Py)| = 37 3D Poy|3; 1 Pox
Mj:l Mk:l 14
M (14)
< 7 Z D(P@jHP@k)'
jk=1

where the last inequality is due to the convexity of the KL divergence. In what follows, we
shall find a suitable packing for the set Vfi{lo, 4, to upper bound (14) by virtue of Lemma 2,
and then to ensure that (13) is strictly larger than 0. Since 2 < Ry < d; — Rg by assumption,
[28, Lemma A.6 and Proposition 2.2] are applicable to concluding that for a positive number

5 > 0, there exists a subset {@!,@?,--. ,06M} C V4, r, such that H‘@j - ®kH‘F > v/Rgé for

all j # k, and log M > Ro(d1 — Ro) log(ca/6), where c; is a universal positive constant. For
j=1,---,M,set ' ‘

0= (0 0), (15)
where 0 stands for the d; X (dp — Rp) zero submatrix. Then it is easy to check that
{e,e? . .- ,eM} C ngdz andisa \/Ro(S-packingforV{ljl{lod2 since m@f — ®kmp = ‘H@f — @kH‘F >
VRod for all j # k. Moreover, one has that |||®]|HP = H|®]|||F = +/Rp, and thus
‘H@f —@kmF < 2JR;. Set A = /Ryo, then {©!,02,---,0M} defined by (15) is just

the A-packing of Vf;lo 4, that we are looking for, and the specific value of A will be deter-
mined later. Combining these arguments with Lemma 2, one sees that there exist universal
positive constants (co, c3) such that, (14) is upper bounded as

C3naj§

0202

I(Y;B) < (Ro +d2), (16)

with probability at least 1 — 2 exp(—con + logd,). Define the random event </={(16) hap-

pens}. Then it holds that P(«/) > 1 — 2exp(—con + logdy). Substituting (16) into (13)
yields that

B0 4 Blor) 21 Rt ) +log2

" Ro(d1 — Ro)log(co/0)’

(17)

Set§ = 2c44/ % for a universal positive constant ¢4, and thus A = 2c¢4/ ROM.
Then if appropriate constants are chosen, (17) is strictly above zero, say bounded below by
1/2. Specifically, it is easy to see that as long as the constants (¢, c3) are chosen to satisfy

c3noy 1
—253 (Ro+d2) < 7Ro(di — Ro) log(c2/6), and (18a)
zve
log2 < %Ro(dl — Ry) log(ca/9), (18b)

then (17) is lower bounded by 1/2. Indeed, since 2 < Ry < di — R, one has that
Ro(d1 — Rg) > 4, and (18b) holds if c; > 26. Then (18a) follows providing that ¢z <
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2oz
1o (Ro+dz)
positive constants (co, c1) such that

max{dy,dy}
n

log 2. Combining these arguments with (12), we obtain that there exist universal

P(M(Vﬁf’dz) > 1Ry > minP(® # B) > ngn]P’((:) + Bl )P()

> %(1 — 2exp(—con + logdy)).
The proof is complete. [

Remark 1. (i) Theorem 1 tells us that in the additive noise case, with high probability, about
max{dy, dy } Ry number of samples are required to estimate a dy x dy matrix of rank Ry consistently
by any method. Note that the lower bound (10) agrees with the upper bound obtained in our another

work [25, Theorem 1] when A = Q) 4/ IW) up to constant factors, implying that the

proposed error-corrected estimator in [25] is minimax optimal in the additive noise case.

(ii) Researchers have investigated the matrix completion problem and established the information-
theoretic limitations [12,14]. Specifically, for a d x d square matrix with rank Ry, Candes and Tno
[12] showed that the samples needed to recover this matrix is of the order Rod logd, while in [14],
this order turns to Rod with the additional “spikiness” imposed which refers to certain conditions
on singular vectors of the low-rank matrix. Ja and Kutzarova [15] utilized the Gelfand widths of
certain identity mappings between finite-dimensional Schatten p-spaces and showed the worst-case
error for low-rank matrix recovery scales as Rod /n. Our minimax result is applicable to the more
general multi-response regression model without the square matrix assumption on the underlying
parameter, and still recaptures the above minimax rate. The established lower bound furthermore
indicates that though in the additive noise case, no more samples are needed so as to achieve a
rate-optimal estimation.

4. Conclusion

We focused on the information-theoretic limitations of low-rank estimation for multi-
response errors-in-variables regression under the high-dimensional scaling. The lower
bound for the squared Frobenius loss over a special set of low-rank matrices was established
by virtue of the information theory and statistical techniques. This lower bound matches
the upper bound derived in our another work [18] considering the statistical estimation up
to constant factors. Further research may generalize the current result to some more general
classes or covariates that are sub-Gaussian with non-diagonal covariances. In addition,
other types of measurement errors can also be considered, such as the multiplicative or
dependent errors. The key to solving all these problems relies on a more delicate estimation
of the KL divergence under different model assumptions.
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