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Abstract: In this paper, we have established some new bounds of Fejér type Hermite-Hadamard
inequality for k—fractional integrals involving r—times differentiable preinvex functions. It is
noteworthy that in the past there was no weighted version of left and right sides of the Hermite-
Hadamard inequality for k-fractional integrals for generalized convex functions available in
literature.
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1. Introduction

In various disciplines of science, the Hermite-Hadamard inequality for convex
functions is studied as it develops a link between convex function theory and integral
inequalities. Many generalizations of convex functions have been discovered recently.
Researchers have also shown a lot of interest for generalizing this concept for preinvex
functions.

Let ¢ be a convex function such that ¢ : Q C R — R and 0,0, € Q with o, < 03,

then

(o]

is the well known Hermite-Hadamard inequality for convex functions.
The generalization of inequality (1) is given by Fejér [2], as follows:

w("”+‘7b)/¢ dt</</> (e < P12+ 9(%) /¢ @

Where ¢ : [04;05] — R is a nonnegative, integrable function and symmetric about
t= 2t
2
Due to wide application of fractional calculus and Hermite-Hadamard inequalities
in different fields of sciences, researchers are working on k—fractional integrals for
extending work on Hermite-Hadamard type inequalities
In [11], Sarikaya et al. proposed the following inequalities as follows.

Theorem 1. Let ¢ : [05,0,) C R — Rwith0 < 0, < 0y, and p € L[o,, 03] be a convex
function. If ¢ is positive on [0y, 0p), then the following inequalities hold:

lp(mﬁ-%) < I'(a+1)

BRTCARRIE)
2 = 2(0p — )" '

8 w(en) + I p(on)| < B2
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20f18
22 wzth[? > 0.
23 Here, the symbols ], },’a is the left-sided while ]},’b be the right-sided Riemann Liouville
2a  fractional integrals of the order p € R that are defined in [4]
p L/ -1
Jo,y(t) = —/ (t—s)P~ly(s)ds, 0 < o, < t < 0,
r(p) Oa
and , ”
b (f) = /b — HPlp(s)ds, 0 < o, < t
]Ublrb< ) F(b) f (S ) l[J(S) s, 0< Oq St < 0p.
2 For p = 1, the fractional integral becomes the classical integral.
26 We now give the definition of k-fractional integral which is mainly due to [9].

Definition 1. The left sided Riemann Liouville k-fractional integrals of order p, k > 0 are
defined as:
t

g;kl/’(f) = kl”kl(b) /(t —s)%_ltp(s)ds, 0<o, <t<oy,

Oa
and the right sided Riemann Liouville k-fractional integrals of order p, k > 0 are defined as:

T

o) = gy [ = 0F s 0< o <t <,
! kT(p) |
2z where Y € Ly ([og, 0p]).
28 T. Antczak [1] gave the idea of invex sets as:

20 Definition 2. A set () C R be an invex w.r.t the map N : QO x Q) — R if for every ,, 03 € Q)
o ands € [0,1], o, +sX(0g,03) € Q.

31 The generalization of convex functions is given by Weir and Mond [12].

Definition 3. Let Q) C R is an invex set and ¢ : QO — R is called a preinvex function w.r.t. R

if
Yoy +5R(0a,03)) < tg(0a) + (1 —5)¢p(0p)-
32 Y o,,0, € Qands € [0,1].
33 If X(0y, 03) = 04 — 03, , then in classical sense , the preinvex functions become convex
;s functions.
35 The following lemma for n—times differentiable preinvex functions is proposed by

ss Sikander et. al (see [8]).
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sz Lemma 1. Let Q) C [0, c0) be an open invex subset with respect to X : Q) x QO — R . Suppose
s ¥ Q — R isafunction such that p\") exists on Qand p") is integrable on [0, 07 + R (0, 07)]
so forr € N, v > 1, then for every o,, 0, € Q with X(0y,04) > 0, the following equality holds:

$(0a) + ¢(0a + N(op, 0a))

2

~ I(p+1)
2(X(0y, 04) )
'=HT(p +1)(

_ N(‘T,(Ta))K 1 o (x .
I zr(p+;<i1) (D19 (0 + R (03, 00)) = 9 (03]

_ (N(oy,00))" T(p+1)
2T(p+r)

x /01 [(1 — )1y (—1)rsl’+r_1} gb(r) (04 + X (0, 04))ds,

(0 + (05, 00)) + 0 - #(00)]

s wherep > 0andr > 1

a1 In this paper, we have developed new Fejér type Hermite-Hadamard identities
a2 for higher order differentiable generalized convex functions for k—fractional integrals.
a3 Then, we have developed both left and right hand side of weighted Hermite-Hadamard
s inequalities.

ss 2. Main Results

a6 In the main section, we make the assumption ||¢||,, = sup |p(t)|, where
t€[oa,oa+X(0p,0a)]

e ¢ [0a;00 +R(03,0,)] — Ris a continuous function, (") is the r-th derivative of ¥ w.r.t.

s variable s and L[og, 03] is the collection of all real-valued Riemann integrable functions

as defined on the interval [0y, 03].

so Lemma 2. Let Q) C R be an open invex set and N such that X : O x (3 — R be a mapping.
+ Suppose, p : Q0 — R is a differentiable mapping such that (") € L{o,, 0, + N(0y,, 04)] where
R(0p,04) > 0. Ifw : [04,05 + N(0p,04)] — [0, 00) is an integrable mapping, then ¥/ o,, 03, € Q,
s then we have the following equality:

Ll

o
N

o]

= lp(m)(au + %N(‘Tbr%»

L
m=0 mN(Ub Ua)k+r m

[ r " 1]‘b£+ N(Ub Ua)) ¢(Uﬂ)+< )rJrl]p(T]:Jr N(l?’b Ua))+¢(0a+N(Ublau)):|
+(=1)
( <ab,au>>””
[]pal;r N(0},04)) _(8f)(w) + IbcrkJr IR(03,02)) (gf)(UH—FN(Ub,Ua))}
1

— i ) @O+ Nl

®)
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where

Ji Ji e J3 uE 000+ (o, 00)) (), s € [0, D).

r integrals
w(s) =

L fia k gb(U'a +uR(0y,0,))(du)’, s € [%,1].

r integrals
———

s« Proof. Consider

/Ol w(s)tp(r) (07 + sX(0y, 04))ds

/o% /os /Os ..-/Osu%*lsi’(mz +uN(0p,0a)) (du)"

r integrals

———

xp") (0, + sX (o, 0,) )ds

/ [ [ [ =0 g+ u(ey,00) )

r integrals

") (0 + R (0, 04) )ds
= h+h

From the first integral, we have

L :/0; /OS /OS.../OSu]%_%(Ua+uN(c7b,c7a))(du)r

r integrals
——

x ) (0, 4 s (0, 07) )ds

- R(0, 0q) // /7_1 (00 + uR(0op, 7)) (du)"

r integrals
| —

1

x U (g, 4 sR (0, 07) 02

_N%%/ L et o+ ey o) ey

r—1 integrals
————

x U (g, + 5N (0, 04) )ds
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Y (o + %N(‘Thr‘fa))
N(0p, 0a)

/O% /0% .,./Oésg—lcp(aﬂ +SN(‘7b/(Tu))(ds)r

v integrals

e | L oo

r—1 integrals
————

I =

x U (g, + 5N (0, 04) )ds

ss After generalization, we obtain

L = D(og+1 No*b,cfa / / /srl (0 + $R (0, 02)) (ds)"

N (0, 04)
r integrals
———

(r—2)
ARG N“W) // /Sk ¢ (0a + (0, 0)) (ds) !

R(0yp,0,)
(R (b, 7 r—1 integrals
N e’

o

¥+ W) 1
ST </0 I

—l—(—l)rlw(m(zz:;iz’\zégifa)) (/O% S%_lﬁb(% + SN(‘Tb/‘Ta))ds>

(o, + sN(Ub,Ua))(ds)2>

+(—1)fm </O sE19(00 + sR(0p, 00) )b (0 +sN(Ub,UH))>ds.
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56 After simplification

I

Y= (0 + N(0p, 02)) /% b
2r=1R (a3, 07) 0

¢(r—2)(0'a+%N(0'b,0'u)) /% b
22(R(op o)’ \Jo

B (1 i)

+(-1)! lp(o&;é%g;fm (/0% sE1p (0, + sN(op, U'u))ds>
.1
(R(0p,0a))"

+(-1) </0% s%_llp(aa + sN(03, 02) ) (0 + sR (03, au))ds> )

sz On substituting t = 0, + sX(0y, 05), we get

(=1 (g, + 1N 2 ot 3R(0p,00)
Lo~ ¥ (0a+ % (?U))/U I g B gy

21X (0, 0 ) F 7a

D (0a + IR (0n, 00)) /‘Tﬂ%“(”b”ﬂ)(t 3 Ja)gfl(l)(t)dt
2-2(R(ey, ) EH2 T

o (0n + AR(0p, .U'a""lN(Uro'ﬂ) b_
(1) 29’ (0a + 3 (?J:i)l)/ 2 (t—oa)F lp(t)dt
2(N(0p, 0a)) F g

1 0a % 0p,0a
_'_(_1)1’71 lp((‘;—z(—i_ EN()(;bp/::u,)) / + N( b )(t_o'a)%ilcp(t)dt
b, 0a)) 7
0 %N 03,04
e [T g
Op,0a))* 7a
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se  From the definition of k—fractional integrals, we have
o UV 3R (0, 00)KTi(P) b o(0)
1 21X (0, Ua)%ﬂ (a3 R(ap0m) =
U (0a + §N(0p,00))KTk(P) pi o(00)
_ b (0a+3R(03,00)) — a
22(N(ay, 00)) £ ’
+( 1)1’ le (Uﬂ+ N(Ublgﬂ))krk(p) b,k 4)(0,)
2(X(0y, U))ﬁr 1 (ot i) ="
_'_(_1)1’71 lP(Ua + EN(Ub’ Uﬂ))krk(b) b,k 4)(0_ )
(N(Ub o ))%4’1‘ (l7,;+%N(0’b,(7,,))* !
r krk(p) bk
1) ———=J .
o (N(ep aa))%w](aﬁ%mab,aa))—(3f)(‘7“)
ss After summing the above series, we get
I e e s LD N #(c0)
b m=0 2R (g, 0, )I%H*m (ca 3R (o)) =
r 1 bk
-1 2)- 4
" (R(op Uu))%Jrr LV ig,+ 1) - (8F)(0) @)

o Similarly from the second integral, we have

o

r—1 ,p,(m) 1
U (0q + ZN(Ub,Ua)) bk
(-t Te(P)J;
mg() 2MN (0, aa)%*’*’” (0t 3R(72.00)) +

r 1 bk
+(=1) —————kTx(p)J (00 + R(o,00)) 5
) (N(O’b,o’a))%Jr’ (b (0a+1IR(03,00)) (gf o (0p, 0,

L = ¢(Ua+N(0'b,0'a))

o1 On adding (3)and (4), we obtain the required result. [
o2 Lemma3. Fork =r =1, we get Lemma 1 of [7].

P(0a + 3R(0p, 00))
N(0y, ‘th)hJrl

* [](tra+ IR(0p,00))— 9(0a) +]p

(oa+5 Ntfb(r

0+ (0, 0)|

(R0}, 0% >>b+1

x[ (0t I (o))~ (&) () + fa +%N(Wa))+(gf)(aa+N(a,,,au))]

= 1"(1i)) /01 w(s)Y' (o7 + sV (0, 0,) )ds
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where

w(s) = fo ub— 1¢(Ua + uR(0y,04))du, s € [0, %)
JE(—w)P (o + uN(op, 04))du, s € [3,1].

es Lemmad4. If ¢ : |04, 04 + R(0y,04)] — R is an integrable function which is also symmetric
ea about o, + %N(U’b,(fu) with 0, < 04 + N(0y, 04),then

bk
](T,,+N (0,02))— (0”)

= [] 1[’(0}1 + N(‘Tblau)) + I (Ca+R(0p,00)) — lIJ(Ua)}, (6)

125 (00 + R(op, 0a))

es wherep >0

es Proof. Since ¢ is symmetric about o, + 1R(03,04), we have (201 + R(0p, 04) — t) =
oz P(t), forall t € o4, 04 + N(0p, 04)]. Taking 207 + N(0y,04) —s =t

TPE (00 + R(0p, 02))

1 (711+N((7b,0'ﬂ)
RS (0 +N(ey, o) —5]F ' p(o)ds
1 U'a"rN(U' ,(Ta) b
= o6 b (t—oq)F 1¢(2(71 + V(0 04) — t)dt

1 a+R(0p,04) b
g e
K
= ]pa’a+N(0’qu)) lp(U“)'
68 D

oo Lemma 5. Let () C R be an open invex set and N such that X : O x (3 — R be a mapping.
w0 Suppose, P : QO — R is a differentiable mapping such that ") € L{o,, 0, + N(0y, 0,)] where
n N(op,0q) > 0. Ifw : [0,,0, + N(0p,0,)] — [0, 00) is an integrable mapping, then ¥ 0,, 03, € Q,
72 then we have the following equality:

f (=)™ (@) + (1) ) (04 + R(0y, 02))
n=0 2(R(0p, 0q) )P T

|:](U'H+N (0p,0a))— (P(Ua) + ]f;;kJrgb(O'a + N(Ubrau))}

(-1 ) ]o’a+N (05,04)) (gf)(ffa) + ]oa-s-(gf)(ffu + R(0y,04))
(N(0y, 02))*

N krklua) /o1 w(s)p") (0q + sR (0, 02))ds, %

where

s) = /Os /OS.../OSu%*%(Ua+uN((7b,(7a))(du)’

r integrals
———

Jr/ls /15 . /15(1 — ) 1900 + uR(0p, 02)) (du), s € [0,1].

r integrals
——
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73 Proof. Consider

/ol w(s)9") (00 + sR(0p, 0a) ) ds

LU [k 0t + uston, 00y

——
r integrals

xp") (0, + sX (0, 0,) )ds

+/01 /1/1 ../15(1—u)%*lqa(oa+uN(ffb,ffu))(du)r

—_———
r integrals
xw(r) (07 + sX(0y, 04))ds
= hL+Dh

7a From the first integral, we have

L = /01 /Os/()S.../Osu%_lq)(aa+uN(Ub,au))(du)r

r integrals
N———

x ") (o, + 5N (0, 04) )ds

B N((T;,Ua) /OS /OS "'/Osu%_léb(%-l—uN(Ub,Ua))(du)V

—_———
r integrals

(r-1) !
X P (07 + sX(0y, 04) o

s k| Lk oo

r—1 mtegrals

x =V (0, + sR(0y, 07) )ds

75

_ U (0 + R(0m, %)) / / / ;

L = R (o), 02) sk ¢p(oa + sR(0p, 04)) (ds)
r integrals
~————

e | L o

r—1 mtegrals

x iV (0, + sR(0y, 0) )ds.
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7 On generalizing the result, we have

- = (g, + Uh 02)) / / / + sR(0y,00)) (ds)"

R(0op,0,)
r integrals
———

T / [ [ sE e+ i(on, 00 )

r—1 zntegrals

A |y Aot st

r—2 zntegmls

'+( 129 ‘T”N "h %)) </ / sE (00 + R (e, vu))(d;)z)

E)
+<_1y1¢<0& ) ([t + s, )
+(—1)7W (/Olsillp(au + sR(03,0)) (0 +sN(c7b,aa))>ds.

- After simplification

pow PR (g, 40
¥ 2((622:23‘)%‘7“)) (/015‘2—1¢(aa + R (0, aa))ds)
[ )

. r 2P (04 + R(0p,00)) : 1 b
+(_1) (N(O'b,O'a))ril (/O 8 1¢(Ua+SN(Ub/Ua))ds>

r—19(0a + N(0p,0a)) ! b 0, + sX(ay, 0,))ds
+(-1) (R(0p,00))" (/0 SEg (o + R (o, a))d)

v
(R(0p, 0a))"

+(=1) (/01 s%fllp(aa + 5N (0, 00))p(0a + SN(U’b,Ua))dS>.
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s After substituting t = 0, + sX(0y, 0;), we have
(7‘—1) f7a+N( / tl)
11 — lp ((7“ +N(Ublaﬂ)) / e (t—(fa)%il()b(t)dt
N Ub/o—a)%+1 (o]
(r—2) R a+R(0p,04) b
_IP (0'11"'_ (;Tb ))/ b (t—U'u)k 1¢(t)dt
(R(op, 00)) £ 12 7
=3 (o, 02+ R(03,00) b
+ (‘7 +N(l‘:b )) / b (t—(Ta)k l¢(t)dt
(R(0p, 04)) F 7
-1y 2¢(%+N(Uh,%)) /””JrN(U”’U”)(t_Ua)%—l(i,(t)dt
(R(op, ) FH71 e
1P (o + R(0y, 0, 0a+X(0p,00) b
) “PEN(U ;);’%}) [ -t g
b/ a
. 1 0a+R(0p,0%) P
A g s oo
bsVa
7 Using the definition of k—fractional integral
U (0g + R(0p, 02) KTk (p) bk
h :zw a)i’fl (o 8(cp0))~ (%)
brYa
_lp(r_z)((f,l—l—N(U’b,O',Z))ka(b) bk ¢ (0a)
Pin Oa 0p,0a))—
(e, 0 F e
YU =3) (0 + R(0y, 02) )kTk (b) bk
' (R, 02)) £ 3 (et (a)) - P (72)
brYa
2 ¥ (00 + N0, 00) KT(B) ik
e (ﬂN(a ))ngrl (0 R(opa)) -9 ()
bs O
r—19(0a + R(03,02) KTk (P) bk
+( 1) a(N(o’ o )u)b—i-r (VH+N lTh U'a ) ¢(Uu)
bsVa
kT k
+(_1)rm(k—(1’)))mlzo%m%))(gf) ().
(Tb/(Ta k
s After adding the above series, we have
r—1 (m)
—m-19'"™ (0a + N(0p, 0a)) bk
o= mz—:o(_l)r " N(Uaa)l;+r—ma krk(]D)](%JFN(%%))_([)(U“)
- brYa
1
+(=1)" krk(p)]([fa-‘rN (C5,0a)) (gf)(o'u)- (8)

(N(0p, o)) £
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s From the second integral
e 9 (o) bk
L = (=) ) — 5 —kk(b)] ;> ¢(0u + R(0b, a))
— C4r—m a
m=0 N(Ubr U'a) k
1 K
+H(-1) 1 IR CAAN ©)
(R(ep, 0a)) *
82 Upon adding (8)and (9) and utilizing lemma 4, we obtain the required result. [J
83 For k = r =1, we get Lemma 3 of [7].

P(0a) + P(0a + N(0h, 7))
2(X(ay, ) )P

IFoﬁN(ab,ga))_‘/’(Ua) + ](E;‘P(Ua + (g, Ua))}

[ty 8 (0a) + Ig, (85) (0 + R(05,00))
(N(op, 00))P !

—

= F(lp) /01 w(s) Y (oz + sR(0y,04) )ds,

where
w(s) = /Os uP=1p(o + uR (03, 04) ) du

+ /15(1 — )P (0, + uR(0y, 04))du, s € [0,1].

s Theorem 2. Let Q C R be an open invex set and X be a function such that X : Q x QO — RP.
s Suppose, 1 : Q) — R is a differentiable mapping such that $\") € L{o,, 0, + N(0y, 0,)] where
s N(0y,04) > 0. If there is an integral mapping such that ¢ : [0, 04 + X(0p,04)] — [0, c0) and
e7 it is also symmetric with respect to o, + %N(O‘b,O’a). Let ‘1[1(’)

se thenV oy,0p € Q), we have the following inequality:

9 (00 + 3R(05,00))

b
m=0 sz(ab/ (7,1) Frr—m

r—m—11p r bk
8 {( 2 ](aa+ 3R (0p,00)) 9loa) +(=1) +1](og+§rz(ab,aa))+¢(a”+N(U”’U"))]
1
(1) —
(R(op, 00))
<[ iy @)+ I 890+ M)
(|90 (@] + 9 (@)|] 9k T () o
< 5 , when r is even integer
287 (p k(=14 1)) (b + k) Tk ()T (P +1 —1)
Il | #7) ()| = [ (1) | [ 1T ) _
< , when r is even integer

267 (p 4 k(14 1) (p+ kr) (b + k + k)T (P)T(p + 7 — 1)
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s Proof. Applying modulus on both sides of (3)

= 1/’(m)(‘7a + %N(‘Tbr%))

m=0 2MN(0y, 0, )%H*m

X |:( )" " 1]pal:+ N((TbLTa)) ¢(Ua)+(

F(e1y

1
kT (p)

%0 From preinvexity of ‘1/1(’)
o1 have

ri ") (o, + %N(‘Tbr%))

m=0 2mR (a3, o, )%H_m

(G i A CARCEY

1
) ——— | (sh)lon) + I
(N(Ub,a}z)) (17+ R(0p,0%))
1l /“2 // /
<
S ke du
r integrals
~——
||4>||oo/ // / _uk
ka s (1—u) du
r integrals
———
= L+
02 From the first term of (10), we have
e b
h= ka / / / / Wk )’

T mtegrals

_ FIIR) [V h r
- Fk(b)F(b+r—1)/ uk™ zfu [(1=5)[ (@)

(1—u)?® 1
2 8

K2]|¢ll oL (b) /”2 B2
Tx(p)T(p+7—1)

+| 9 ()] (é - L‘Zz)]du.

7‘+1 ]13 k

W [](Ua'i‘ 1N (03,00) (gf) (0a) + ]E)

/UZw(s)lp(’)(a + sR(o 0))ds+#/ w(s) P (0, + s\ (0p, 07) )ds
0 C T B A S |

[(1=5)[¢ (@)

i Uvﬂ (o)

(0a+ 3R (03, ga))+¢(0'a + N(op, o'a))]

Oat3R(0p,00))+

(8f)(0a + N(Ub,%))} ‘

1

/2

on ) and using the fact |[¢[|o, = sup;c(o, 0, [¢(t)], we

r+1 bk
](Ua+%N(Ub,Uu))+(P(U” + (o, Uu))]

(0a+3 Ntfbo

L (&f)(oa+ N(Ub,%))} l

+s‘lp(r)(ab)Hds

[(1=5)[") (@)

+s‘1,b(’)(ab)Hds

(10)

[(1=9)|9"(0a)

+s‘tp(r)((7b)Hds

—i—s‘lp(r)(ab)ﬂdtdu
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s Making the change of variable t = 0, + uX(0y, 03) for u € [0,1]

T [P0
' ()T (b + = 1) R(op,00)

" o+ 1R (03,00) 1 1 t— o, 2 1 t—o, %Jrrizdt
/U'a 2 N(Uhlaﬂ) g N(Ublo'll)

e-2gllI(b) 97 )
TP (P 47— 1) Ny, 00)

a+lN(0’ 02) _ 2 _ by
< [T 1_1< f ”ﬂ) ( t— 0 )" dt. (11)
O 8 2\ N(op, ) R(0yp,0,)

oa From the second term of (10), we have

ST V]

zntegrals
USRI [ ([-ot )i
(_I}Z(rp)l’;r(;ﬂi”mligp) 1/2(1 )"H 2(/1/2[(1_5)’¢(r)((7a)‘ +5‘1/)(r)((7b)HdS>du
P w+’2“¢ a><;—(1;”f>

+

+s‘1p(r)(c7b)uds

+s’1p(’)(¢7b)uds

_ (=)' 2)¢ )| T (p)
L(p)T(p+r—=1) Jip

ol (-1

os By the change of variable t = 0, + (1 — u)R (03, 03)

L TRl ¢ )
’ TP +7—1)  N(0p00)

p
/Uﬂ-&-%N(Ub,aa) < t—o, )2 ( t— o, >k+r2dt
X
o N (o, 04) N (0, 04)

(1) k2T ¢ (@)
BB +r-T) R0

b
gﬂ+lN(g 0a) _ 2 _ THr—2
X/ P (10 t—on \°_1)( t—o dt. (12)
0 2 N (0, 02) 8 | \ X(0p,04)

96 Case (i) when 7 is odd integer

+
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o7 Adding (11) and (12) based on (10), we have

r=1 p(m) 1w

P (05 4 3R (0, 00))
m=0 2mN<0-b oz )%Jrrfm
X {( 1)/~ 1]pgl:+ LR (03,04))— ¢(oa) + (— )r+1]pal:+ I Ua))+¢(aa +N(Ub,aa))]

1 k
Y|P R, }

+(-1) (N(gb,gu))l%+r |:]((Ta+;N(L7bLT (gf)(o'a) +]n7+ 1N(0},00) (gf)(au + R(op Uu)) '

[[90(@)| + |90 ()] 9l T(P)
287 (b + k(=14 7)) (b + k) Tk ()T (b + 7 — 1)

e Case (ii) when r is even integer
99 Adding (11) and (12) based on (10), we have

©

r—1 lp("’l)(gﬂ + %N(Ub,%))

b
m=0  2MR(ay, 0,) KT

. {( 1)r " 1](Uu $N(0p,00))— 90 + (_1)r+1]ﬁ;f+%N(trb,aa))-i-(l)(%+N(Ub’au))]

(0a+3 Ntfbo

+(—1>r1))% [ﬂ”’" O CICOR 4

(N(Ub,% (0a+5N(03,02))
191l [ (@) | = [ (03) | [ 1T ()
2+ (b + k(=14 1) (p 4+ kr) (b + k + kr) Te(p)T(p + 7 — 1)

L (&f)(oa+ N(Ub,%))} l

100 D
101 For k = r = 1, we get Theorem 3 of [7].
P (00 + 3R (0, 94))
N(0y, 04)P 1!
b b
l:] (0a+1R(0p,04))— ¢<U”) +](ga+%N(Ub/ga))+¢<Ua + N(szga))
LT (2w + P () (0 + N0, 02))
(e )P e e -8 iy 4 8100+ 30
1¢1leo
< T(p +2) 2P 57 ¥ (0a) ]+ [¢' ()]

102 Theorem 3. Let () C R be an open invex set and N be a function such that X : () x () — RF.
s Suppose, P : Q — R is a differentiable mapping such that ') € L{o,, 0, + N(0y, 0)] where
R(0y, 04) > 0. If there is an integral mapping such that ¢ : [0, 04 + X(0p,04)] — [0, 00) and

1

o

1

o
EY
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ws it is also symmetric with respect to 0z + 3N (0, 07). Let ’1/1(”

ws then ¥ oy, 03 € Q), we have the following inequality:

[0y @) + (217" yi™ ey + Mot )
n=0 2(R(0p, 0q))P T

X Ik o) —#(00) + T plon + N (0w, @)

]UaJrN (0,00) (gf)<‘7a) + ]oa+(gf)<‘7a + R(0p,04))
+(_ ) b+r
(N(0b, 0a))

¢ 1]oo r
BT +r—1) [+ (@)
¢l oo
Pp+r)p+r+1)T(Pp+r—1)

x[[p) (e0)| = [ ()

IN

+ ’1/)(” (op) H ; when r is odd integer

IN

] ; when v is even integer

107 Proof. Applying modulus on both sides of (7),

£ [0 @)+ (1" y a4 Nt )
#=0 2(R(0p, 0q)) P

< [ oy 0(00) 2 (0 + R (03, 00))]

12 tonon (85)(@) P4 (8) (0 + R(ey, 00)
(R(0, 72))P T

+(=1) [

_ ka /// /uk (0 + uR(0p, 7)) (du)"

r integrals

+/1$ /15 . /15(1 — ) F V(0 + uR (03, 00)) (du)” | 9 (00 + SR (03, 00)) s

r integrals
————
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on (), we have

10e  From preinvexity of ’w(r)

] =

) + (1) g e+ Mo, )
=0 2(R(0p, 0q))P T

X []57”+N(0h 02))— 4)(0“) + ]E,,Jr(l?(% + N(U’b, U’Q))i|

(e o))~ (8F) (@) + T4 (2F) (00 + R (e, 00)
+(_ ) b+r
(N(e, )

= krkqo)/ o e ot + (o)

v integrals
——

[0 [ a=wE gt + e e @) | (=99 @) + 5[ )] ) s

r integrals
——

1

o
©

After simplification and letting ||¢||, = supie(s, 0, [¢(t)|, we have

] o< rk"(rp;"g)”ji@l) /Olu}':HZ(Au((l—s)‘lp(r)(ﬁa)’+S’1P(r)(¢7b)‘)ds>du

(—1)771](7*2”(1)”001"(1)) 1 %r7 1 r
T r-1) /0(1—“) " 2</u ((1_5))4,()(%)

1o Case (i) n is odd integer
Adding (11) and (12) based on (10), we have

r—1
K(bﬂﬂ@@kﬂr—(ﬁ j Ll @] + |9 )]

+ S’l[)(r) (op) Dds) du

1 Case (ii) 7 is even integer
Adding (11) and (12) based on (10), we have

41T (P) r
(13 + ki’)(p + kr + k)r(p L7 — 1) Htgb( )(U'a)

< ~ ¢ @]

112 D
113 Fork =r =1, we have
P(0a) + P(oa + N(0p, 0a))
2(R(ap, 7))
{] OatR(0h,02))— ¢(0a) + ]§a+¢>(% + R(0y, ‘Ta))}

[Tty (89 @) + I, (8F) (0 + R(ep, 00))
(R (e, 02) P!

[ lo

< Grorp Y@+ vl
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137
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139
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142

143

144

145

146

147

148

149

3. Conclusion

The new lower and upper bounds of Fejér type Hermite-Hadamard inequalities for

r—times differentiable preinvex have been established. We have also given special cases
of our results.
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