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Abstract: State transition in the multiple-levels system has the great potential applications in the 
quantum technology. In this article we employ a deterministic approach in complex space to analyze 
the dynamics of the 1s-2p electron transition in the hydrogen atom. The electron’s spin motion is 
embodied in the framework of quantum Hamilton mechanics that allows us to examine the transi-
tion dynamics more precisely. The transition is driven by an oscillating electric field in the 𝑧 −di-
rection. The electron’s transition process can be visualized by monitoring its motion in the complex 
space. The quantum potential and the total energy proposed in this paper provide new indices to 
observe the dynamic changes of electrons in the transition process. 

Keywords: two-level transition; electron dynamics; spin dynamics; spin angular momentum per-
turbation   

1. Introduction 
The multiple-level system has widely applications in different scientific fields, such 

as the atomic clock, information storage, and quantum computing, and so on [1-5]. Quan-
tum transitions in multiple-level states have been studied in different systems with some 
studies focusing on the excitation resources and the theoretical methods [6-15]. The hy-
drogen atom is one of the basic system considered in the level-energy transition problem. 
In the trajectory interpretation of quantum mechanics, Bohmian mechanics is one of the 
most used theories to model the quantum systems. However, Bohmian mechanics is de-
veloped based on the Schrödinger equation which has no spin counterpart. Therefore, the 
original Bohm’s guidance law is not adapted to the system with spin particle. To include 
the spin effect, a modified guidance law was proposed [16] to study spin-dependent Bohm 
trajectories associated with an electronic transition in hydrogen. This modified guidance 
laws provides a trajectory-based platform for researchers to study the electron’s energy-
level transitions [17-21]. 

In addition to the modified Bohmian guidance law, many studies deal with the com-
plex-extended quantum systems, such as complex energy [22,23], complex time [24-26], 
complex space [27-29], complex photonic lattices [30], and so on. After the weak value 
method has been proposed, the eigenvalues of the measured quantity are not constrained 
to the real number [31-34]. Corresponding to the experimental concept, the weak meas-
urement is able to observe a quantum system in a minimum interfering condition so that 
it allows scientists to acquire the classical-counterpart physical quantities of the quantum 
system with the complex eigenvalues. The quantum trajectory has been observed in dif-
ferent systems by means of the weak measurement [35-42]. The features of the non-Her-
mitian system and parity time have been detected by using the weak value method [43-
46]. In 2021, two experiments revealed that the imaginary number in quantum mechanics 
has the physical meaning in reality [47,48]. According to these experimental results, the 
complex number appeared in the Schrödinger equation is not merely a mathematical tool 
but has an actual physical meaning [49,50].      
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Quantum Hamilton mechanics (QHM) is one of the trajectory interpretation of quan-
tum mechanics. It is established on the foundation of the complex-space structure within 
which all physics quantities are complex-valued [51]. The quantum operators, quantiza-
tion rules, uncertainty principle, correspondence principle, quantum probability, spin, 
and all other fundamental properties of quantum mechanics can have their corresponding 
trajectory-based descriptions underlying the framework of QHM in the complex domain 
[52-55]. It was found that the spin motion of the electron in the hydrogen atom is inde-
pendent of the wave function, and is determined solely by the geometrical property of the 
complex- space structure [56,57]. The combined orbital and spin motion in the hydrogen 
atom can therefore be precisely described in detail under the framework of QHM. It pro-
vides us the most finery model to discuss the electron’s transition in the hydrogen energy 
levels.    

In this article, we apply an oscillating electric field to the hydrogen electron to ana-
lyze its transition dynamics by means of QHM. The transition trajectory, the time evolu-
tion of the electron’s total energy, and the time responses of the transition process are 
presented in addition to the occupation probability, which is the only information that 
quantum mechanics can provide. The paper is organized as follows. QHM as the main 
framework will be briefly introduced in Section 2, where the dynamics and the trajectories 
of the hydrogen electron in the complex spherical coordinate are analyzed to reveal the 
forces and the quantum potential acting on the electron. Section 3 will derive the spin 
dynamics from the Schrödinger equation and the wavefunction-independent feature of 
the spin dynamics will be demonstrated by means of the hydrogen electron in the ground 
state. With the established orbital and spin dynamics, the 1s-2p transition dynamics in the 
hydrogen atom will be considered in Section 4. Conclusions and discussions are given in 
Section 5.  

 

2. Quantum Hamilton Mechanics 

2.1 Quantum Motion in Arbitrary Force Field 
In this section we will introduce the quantum Hamilton mechanics (QHM) to analyze 

the quantum motion under the action of the potential field 𝑉(𝑟, 𝜃, 𝜙) in the complex 
spherical coordinates (𝑟, 𝜃, 𝜙) ∈ ℂଷ. The quantum Hamiltonian [56] of the particle in the 
quantum state 𝜓(𝑟, 𝜃, 𝜙) is described by 

𝐻 =
1
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ℏ
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where the canonical momentum ൫𝑝௥ , 𝑝ఏ , 𝑝థ൯ ∈ ℂଷ is related to 𝜓 via the following rela-
tions, 
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The complex action function 𝑆 is related to 𝜓 via 𝑆 = −𝑖ℏ ln 𝜓. If Eqs. (2.2) is substituted 
into Eq. (2.1), we recover the Schrödinger equation,  

ℏଶ

2𝑚
∇ଶ𝜓 + (𝐻 − 𝑉)𝜓 = 0,                                                      (2.3) 

where 𝐻 = 𝐸 is the conserved total energy of the particle. The quantum Hamiltonian (2.1) 
can be used to derive the Hamilton equations of motion of the particle as follows, 

𝑟̇ =
𝜕𝐻

𝜕𝑝௥

=
ℏ

𝑖𝑚

1

𝜓

𝜕𝜓

𝜕𝑟
+

ℏ

𝑖

1

𝑚𝑟
,                                                 (2.4𝑎) 

𝜃̇ =
𝜕𝐻

𝜕𝑝ఏ

=
ℏ

𝑚𝑟𝑖

1

𝜓

𝜕𝜓

𝜕𝜃
+

ℏ

𝑖

cot𝜃

2𝑚𝑟ଶ
,                                         (2.4𝑏) 

𝜙̇ =
𝜕𝐻

𝜕𝑝థ

=
1

𝑚𝑟sinଶ𝜙

ℏ

𝑖

1

𝜓

𝜕𝜓

𝜕𝜙
.                                               (2.4𝑐) 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 July 2022                   doi:10.20944/preprints202207.0284.v1

https://doi.org/10.20944/preprints202207.0284.v1


 3 of 17 
 

 

In terms of ൫𝑟̇, 𝜃̇, 𝜙̇൯, the quantum Hamiltonian 𝐻 can be rewritten in a classical analog 
form: 

𝐻 =
𝑚

2
ቂ𝑟̇ଶ + ൫𝑟𝜃̇൯

ଶ
+ ൫𝑟𝜙̇sinθ൯

ଶ
ቃ + 𝑉୘୭୲ୟ୪,                                  (2.5) 

                          in which the terms in the bracket constitute the classical counterpart of the kinetic energy, 
and 𝑉୘୭୲ୟ୪ = 𝑄 + 𝑉 represents the total potential which contains the quantum potential 
𝑄 and the external potential 𝑉(𝑟, 𝜃, 𝜙): 
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                          In Bohr’s atomic model, the dominant potential is the Coulomb potential 𝑉(𝑟) which at-
tracts the electron to the nucleus so that the electron eventually will fall on the nucleus; 
however, it never happens in reality. Eq. (2.6) proposes an explanation of how atom can 
keep balanced between the quantum potential 𝑄 and the Coulomb potential 𝑉(𝑟). The 
quantum potential 𝑄, which is responsible for all the quantum effects, can be recognized 
as the potential barrier, which stops the electron crashing on the nucleus. The quantum 
potential 𝑄 is related to the wavefunction 𝜓(𝑟, 𝜃, 𝜙) as 

𝑉୘୭୲ୟ୪ = 𝑉 + 𝑄 =
ℏଶ

2𝑚

(∇𝜓)ଶ

𝜓𝜓∗
.                                               (2.7) 

                          In fact, the quantum potential determines the spatial distribution of the electron in the 
atomic model for the reason that it is inversely proportional to the probability density 
function 𝜓𝜓∗ as shown in Eq. (2.7). 

2.2 Orbital Dynamics of Electron in Hydrogen Atom 
   The central-force field in the hydrogen atom is specified by the Coulomb potential: 

𝑉 = 𝑉(𝑟) =
−𝑒ଶ

4𝜋𝜀଴𝑟
,                                                            (2.8) 

where 𝑟 is the distance between the electron and the nucleus. The solution of the Schrö-
dinger equation (2.3) with 𝑉 = 𝑉(𝑟) is separable as 

𝜓௡௟௠೗
(𝑟, 𝜃, 𝜙) = 𝐶𝑅௡௟(𝑟)𝛩௟௠೗

(𝜃)Ф௠೗
(𝜙),                                     (2.9) 

where 𝑙 and 𝑚௟ denote the orbital quantum number and the magnetic quantum number, 
respectively. The three separated functions are related to the Laguerre polynomial 
𝐿௡ି௟ିଵ

ଶ௟ାଵ (𝑟), associated Legendre polynomial 𝑃௟
௠೗(cos𝜃), and the exponential function as 

follows:  
𝑅௡௟(𝑟) = (2𝑟 𝑛⁄ )௟𝑒ି௥ ௡⁄ 𝐿௡ି௟ିଵ

ଶ௟ାଵ (2𝑟 𝑛⁄ ),                                    (2.10𝑎) 
𝛩௟௠೗

(𝜃) = 𝑃௟
௠೗(cos𝜃),      𝑙 = 0,1,2, ⋯ , 𝑛 − 1,                         (2.10𝑏) 

Ф௠೗
(𝜙) = 𝑒௜௠೗థ,           𝑚௟ = 0, ±1, ±2, ⋯ , ±𝑙.                       (2.10𝑐) 

The eigenenergy 𝐸௡ is related to the principle quantum number 𝑛 as 

𝐸௡ = − ቆ
ℏଶ

2𝑚𝑎଴
ቇ

1

𝑛ଶ
,                                                        (2.11) 

where 𝑎଴ is the Bohr radius. By inserting the wavefunction (2.9) into Eqs. (2.4), we obtain 
the equations of motion for the electron moving in the eigenstate: 
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where the dimensionless radius 𝜌 = 𝑟 𝑎଴⁄  and the dimensionless time 𝜏 = 𝑡ℏ (2𝑚𝑎଴
ଶ)⁄  

are applied.  
The total potential that the electron encounters in the hydrogen atom can be obtained 

by inserting the wave function (2.9) to Eq. (2.6),  
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where the terms with bar denote the dimensionless form. The terms within the bracket 
constitute the quantum potential 𝑄ത  and cause the formation of the shell structures in the 
hydrogen atom. The derivatives of 𝑉௡௟௠೗

 with respect to 𝜌 , 𝜃 , and 𝜙  give the total 
forces acting on the electron: 

𝑓̅
௡௟௠೗

ఘ
= −

2

𝜌ଶ
+

1

2𝜌ଷ
(4 + cotଶ𝜃) −
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One can picturize how the electron moves in a specific eigenstate by analyzing the total 
forces acting on it. Taking the 1s state with (𝑛, 𝑙, 𝑚௟) = (1,0,0) as an example, the total 
force can be acquired from Eqs. (2.14) with the ground-state wavefunction, 𝑅ଵ଴(𝜌) = 𝑒ିఘ 
and 𝛩଴଴(𝜃) = Ф଴(𝜙) = 1, 

𝑓̅
ଵ଴଴
ఘ

= −
2

𝜌ଶ
+

1
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(4 + cotଶ𝜃),   𝑓ଵ̅଴଴
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The position satisfying 𝑓̅
ଵ଴଴
ఘ

= 𝑓ଵ̅଴଴
ఏ = 𝑓̅

ଵ଴଴
థ

= 0 is called the equilibrium position and is 
found as 

𝜌ୣ୯ = 1,    𝜃ୣ୯ = 𝜋 2⁄ .                                                   (2.16) 
The electron has the tendency to stay at the equilibrium position since it is the most stable 
place in a dynamic sense. The tendency of being at 𝜌ୣ୯ = 1 (or equivalently, 𝑟 ୯ = 𝑎଴),  
is compatible with the probability distribution 𝑃ଵ଴(𝜌) = 4𝜋𝜌ଶ𝑒ିଶఘ , which achieves its 
maximum at the Bohr radius 𝑎଴, i.e., at the equilibrium position 𝜌ୣ୯ = 1. The correspond-
ence between the particle dynamic and the wave probability is one of the significant fea-
tures of the hydrogen electron revealed by QHM. Another feature shows that the electron 
mostly lays on the 𝑥 − 𝑦 plane since 𝜃ୣ୯ = 𝜋 2⁄ . The electron cloud may have the bright-
est (intense) part focusing on a ring with radius 𝑎଴ on the 𝑥 − 𝑦 plane if combining the 
two features together. The radial force at 𝜃ୣ୯ = 𝜋 2⁄  is 

𝑓̅
ଵ଴଴
ఘ (𝜌, 𝜋 2⁄ ) = 𝑓̅

௏
ఘ(𝜌) + 𝑓̅

ொ
ఘ(𝜌) = −

2

𝜌ଶ
+

2

𝜌ଷ
,                                (2.17) 

where the subscripts 𝑉 and 𝑄 denote the Coulomb force and the quantum force, respec-
tively. Obviously, the quantum force is much greater than the Coulomb force when 𝜌 <

1, which means that the quantum force forbids the electron crashing on the nucleus. This 
is the third remarkable feature of the hydrogen electron revealed by QHM. 
    The motion of the electron in the ground state can be obtained from Eqs. (2.12): 

𝑑𝜌

𝑑𝜏
=

2

𝑖

1 − 𝜌

𝜌
,    

𝑑𝑧ఏ

𝑑𝜏
=

𝑧ఏ

𝑖𝜌ଶ
,    

𝑑𝜙

𝑑𝜏
= 0.                                     (2.18) 

Fig. 1a displays some complex trajectories projected on the real 𝑥 − 𝑧  plane (𝜙 = 0), 
which are solved from Eq. (2.18) with different initial positions. The electron is moving 
oscillatory with the same period as can be observed in Fig. 1b. In particular, the electron 
almost stays at the equilibrium radius 𝜌ୣ୯ = 1 if its initial position is on it, as Fig. 1c 
shows. It is clear to see from Fig. 1d that the oscillating trajectory has the period of 2𝜋. 
The periodic trajectory is the fourth feature of the hydrogen electron, which represents the 
energy conversation. Please note that the electron’s motion can happen in any value of  
𝜙 between 0 and 2𝜋 since the wavefunction is spherically symmetric and 𝜙̇ = 0. 
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Figure 1. (a) The complex trajectories in the real 𝑥 − 𝑧  plane starting from initial positions: 
(𝜌(0), 𝑧ఏ(0)) = (0.4,0.8), (1,0.1), (1, −0.7), and (0.2, −0.4), are displayed, respectively, by solid-
blue line, solid-red line, dashed-purple line, and solid-yellow line. (b) The four trajectories with 
different initial positions have the same period of 2𝜋. (c) The time responses of 𝑥ோ = Re(𝜌sin𝜃) os-
cillate with respect to its equilibrium position 𝑥ோ = 1. (d) The time responses of 𝑧ோ = Re(𝜌cos𝜃) 
oscillate with respect to its equilibrium position 𝑧ோ = 0. 

 
 

Fig. 2a illustrates the complex trajectories of the electron in the 2𝑠 state projected on 
the real 𝑥 − 𝑧 plane. The equations of motion for the 2𝑠 state read, 

𝑑𝜌

𝑑𝜏
= 𝑖

𝜌ଶ − 6𝜌 + 4

𝜌(𝜌 − 2)
,    

𝑑𝑧ఏ

𝑑𝜏
=

𝑧ఏ

𝑖𝜌ଶ
,    

𝑑𝜙

𝑑𝜏
= 0.                                 (2.19) 

We notice that there are two equilibrium positions in the radial direction and one in the 
azimuthal direction, 

𝜌ୣ୯ = 3 ± √5,    𝜃ୣ୯ = 𝜋 2.                                                 (2.20)⁄  
Two equilibrium positions in the radial direction reflect that there are two shell structures 
of the electron cloud (probability distribution) separated by the boundary 𝜌 = 2. The elec-
tron is allowed to move either in the first shell 0 < 𝜌 < 2 or the second shell 𝜌 > 2. The 
trajectories illustrated in Fig. 2a can be divided into two groups. The inner group corre-
sponds to the motions in the first shell and the outer group corresponds to the motion in 
the second shell. The shell structure is formed by the spatial distribution of the total po-
tential, 

𝑉തଶ଴଴ = 𝑉ത + 𝑄ത = −
2

𝜌
+ ൤−

2

(2 − 𝜌)ଷ
+

1

2𝜌ଶ
(4 + cotଶ𝜃)൨ .                     (2.21) 

In fact, the quantum potential contributes the most part of the shell structure as repre-
sented by Eq. (2.21). Fig. 2b illustrates the total potential in the radial direction. The two 
equilibrium positions 𝜌ୣ୯ = 3 ± √5 are at the lowest points in the two shells of 𝑉തଶ଴଴.  

 

(a) (b) 

(c) (d) 

𝑧𝑅 
𝑧𝑅 

𝑧𝑅 
𝑥𝑅 

𝑥𝑅 

𝑥𝑅 
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Figure 2. (a) The Electron’s trajectory in the real 𝑥 − 𝑧 plane with initial positions (𝜌(0), 𝑧ఏ(0)) =

(0.4,0.8), (3 − √5, 0.1), (1, −0.7), and (3, −0.4) are represented, respectively, by solid-blue line, 
solid-red line, solid-yellow line, and dashed-purple line. (b) The real-part total potential in the 1s 
state and 2s state, 𝑉തଵ଴଴  and 𝑉തଶ଴଴ , has the equilibrium radius at 𝜌ୣ୯ = 1  and 𝜌ୣ୯ = 3 ± √5 , 
respectively. 

 

3. Spin Dynamics of Electron in Hydrogen Atom 

3.1 Spin Dynamics in Complex Space 
The eigenstate of the hydrogen electron with zero orbital angular momentum (𝑙 = 0) 

is spherically symmetric and decays more or less exponentially with increasing distance 
from the origin. It is noted that the electron in the state with zero orbital angular momen-
tum, such as 1𝑠 or 2𝑠 state, still has nonzero probability distribution in the azimuthal 
direction. However, the motion with zero orbital angular momentum could happen only 
if the electron is oscillating along the straight line connecting the electron and the nucleus 
in a classical sense. In QHM this contrary observation between the quantum perspective 
and classical perspective about the zero angular momentum can be explained. From Eq. 
(2.18) and Eq. (2.19) we can see that the electron is not only moving in the radial direction 
but also in the azimuthal direction in both 1s and 2s states. This azimuthal motion is 
caused by a special term (4 + cotଶ𝜃) 4𝜌ଶ⁄  in the total potential, which in turn generates 
a force component cos𝜃 2𝜌ଶsinଷ𝜃⁄  in the 𝜃-direction, as can be seen in Eq. (2.14b). Thus, 
the electron moves in the azimuthal direction even if the orbital angular momentum is 
zero. This is the most significant feature of the electron and is recognized as the spin mo-
tion 

The combined orbital and spin motion of the electron is described by (2.4b) 

𝑚𝑟ଶ𝜃̇ = 𝑝ఏ + 𝑝௦ =
ℏ

𝑖

𝑑ln𝛩௟௠೗
(𝜃)

𝑑𝜃
+

ℏ

2𝑖
cot𝜃,                                     (3.1) 

where 𝑝ఏ  and 𝑝௦ denote the orbital angular momentum and the spin angular momen-
tum, respectively. The spin angular momentum 𝑝௦ is responsible for the angular motion 
when the orbital angular momentum 𝑝ఏ  is zero: 

𝑚𝑟ଶ𝜃̇ = 𝑝௦ =
ℏ

2𝑖
cot𝜃.                                                        (3.2) 

                          The evaluation of the mean value of the spin angular momentum 𝑝௦ at the Bohr radius 
(𝜌 = 1) gives the following results: 

〈𝑚𝑟ଶ
𝑑𝜃

𝑑𝑡
〉 =

ℏ

2
〈𝜌ଶ

𝑑𝜃

𝑑𝜏
〉 = ±

ℏ

2
,                                              (3.3) 

where the positive and negative signs represent the spin up and spin down, respectively. 
Spin is a unique quantum feature that has no classical counterpart. However, in the frame-
work of QHM, spin motion can be demonstrated in a classical manner. What makes QHM 
so special that it can describe explicitly the electron’s spin motion? The answer is hidden 

(a) (b) 

𝜌ୣ୯ଵ 
𝜌ୣ୯ଶ 

𝜌 

𝑉തଶ଴଴ 

𝑉തଵ଴଴ 

Re(𝑉ത்) 
𝑧𝑅 

𝑥𝑅 

Inner shell Outer shell 
Inner 
shell 

Outer shell 
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in the extension of the space dimension. The spin angular momentum can never be shown 
by Eq. (3.3) if the extension to complex space is not considered.  

Eq. (3.3) can be proved by considering the electron in the ground state [57]. Recall 
that the radial force acting on the electron in the ground state is given by Eq. (2.15): 

𝑓̅
ଵ଴଴
ఘ

= −
2

𝜌ଶ
+

1

2𝜌ଷ
(4 + cotଶ𝜃) = 𝑓̅

஼
ఘ

+ 𝑓̅
ொ
ఘ

,                                    (3.4)  

                          which is composed of the attractive Coulomb force 𝑓̅
஼
ఘ and repulsive quantum force 𝑓̅

ொ
ఘ. 

There is no radial force acting on the electron when it is at the equilibrium position 𝜌ୣ୯ =

 1, 𝜃ୣ୯ = 𝜋 2⁄  according to Eq. (3.4). When the electron deviates from the equilibrium po-
sition, 𝑓̅

஼
ఘ and 𝑓̅

ொ
ఘ become unequal, 

                           𝑓̅
஼
ఘ

< 𝑓̅
ொ
ఘ

,    𝜌 < 1,                                                       (3.5𝑎) 
𝑓̅

஼
ఘ

> 𝑓̅
ொ
ఘ

,    𝜌 > 1.                                                      (3.5𝑏) 
                          In either case, there is a force driving the electron to return to the equilibrium position. 

Similarly, the total tangential force 𝑓ଵ̅଴଴
ఏ = 0 at 𝜃ୣ୯ = 𝜋 2⁄  can be obtained according to 

Eq. (2.15). Therefore, the electron has a stable oscillation motion around the equilibrium 
point, which can be described mathematically by 

                                           𝜌(𝜏) = 1 + Lambert𝑊(𝑒ଶ௜ఛା௖బ),                                            (3.6𝑎) 

cos൫𝜃(𝜏)൯ =
𝑐ଵ𝑒௜ఛା௖బ

ඥ𝑒୐ୟ୫ୠୣ୰୲ௐ൫௘మ೔ഓశ೎బ൯ + 𝑒ଶ௜ఛା௖బ

,                              (3.6𝑏) 

where the special function 𝑦 = Lambert𝑊(𝑥)  is defined as the solution of equation 
𝑦𝑒௬ = 𝑥. The oscillatory motion has the zero-mean property,  

〈
𝑑𝜌

𝑑𝜏
〉 = 〈

𝑑𝜃

𝑑𝜏
〉 = 0,                                                            (3.7) 

                          which leads to the zero angular momentum, 

〈𝑚𝑟ଶ
𝑑𝜃

𝑑𝑡
〉 =

ℏ

2
〈𝜌ଶ

𝑑𝜃

𝑑𝜏
〉 = 0.                                                  (3.8) 

                          This significant result reveals that the electron has no spin motion in the neighborhood of 
the equilibrium position ൫𝜌ୣ୯, 𝜃ୣ୯൯ in the 𝑙 = 0 state. The electron in such a situation is 
said to be in a spinless mode. Fig. 3a illustrates the electron’s motion in the complex 
𝜃 −plane. The zero-mean property of 𝑑𝜃/𝑑𝜏 in spinless mode can be observed in Fig. 3b.        

How the electron could have no spin motion if spin is its intrinsic feature? If it is the 
fact, then how could scientists never observe the spinless electron? The answer is that 
there is only a small region in the complex space, within which the electron has no spin 
motion. The spinless motion only happens in the neighborhood of the equilibrium posi-
tion, (𝜃ோ, 𝜃ூ) = (𝜋 2⁄ , 0). As shown in Fig. 3a, the equilibrium position (𝜃ோ, 𝜃ூ) = (𝜋 2⁄ , 0) 
is a center surrounded by closed phase-lane trajectories. Even the circling motion with 
greater radius has the faster 𝜃̇ோ as pointed by Fig. 3b, the average value of 𝜃̇ோ is still zero 
around the closed trajectories. When the initial position (𝜃ோ(0), 𝜃ூ(0)) is not in the neigh-
borhood of the equilibrium position, for example, (𝜃ோ(0), 𝜃ூ(0)) = (0,0.5), the electron’s 
motion in the complex 𝜃 −plane does not follow a closed path but a oscillatory open tra-
jectory forwarding to the negative 𝜃ோ direction, as the dotted green line illustrates in Fig. 
3c. This oscillatory trajectory has a nonzero mean value of 𝑑𝜃/𝑑𝜏 equal to −1, as Fig. 3d 
shows. This oscillating motion in the complex 𝜃 −plane leads to the following result: 

〈𝑚𝑟ଶ
𝑑𝜃

𝑑𝑡
〉 =

ℏ

2
〈𝜌ଶ

𝑑𝜃

𝑑𝜏
〉 = −

ℏ

2
,                                                (3.9) 

which can be recognized as the spin angular momentum with negative sign, i.e., the spin-
down angular momentum. 

Similarly, the angular momentum of the spin-up motion can be observed in the lower 
half region of the complex 𝜃 −plane. For instance, the oscillating trajectory forwarding to 
the positive 𝜃ோ  direction is observed with (𝜃ோ(0), 𝜃ூ(0)) = (0, −0.5), as the dotted green 
line displays in Fig. 3e. The corresponding average value of 𝑑𝜃/𝑑𝜏 is equal to 1, which is 
displayed in Fig. 3f. Hence, we have 

〈𝑚𝑟ଶ
𝑑𝜃

𝑑𝑡
〉 =

ℏ

2
〈𝜌ଶ

𝑑𝜃

𝑑𝜏
〉 =

ℏ

2
,                                                 (3.10) 
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                          which is the spin-up angular momentum.  
                              The three modes of the electron’s spin dynamics introduced above can be further an-

alyzed by solving Eq. (2.18) for 𝜃(𝜏) at 𝜌 = 𝜌ୣ୯ = 1: 
cos 𝜃(𝜏) = (cos 𝜃଴)𝑒௜ఛ ,   𝜃଴ ∈ ℂ,                                               (3.11) 

                          which has the property,  
|cos 𝜃(𝜏)| = |cos 𝜃଴| = constant.                                               (3.12) 

                          With the substitution 𝜃 = 𝜃ோ + 𝑖𝜃ூ into solution (3.12), the trajectory in the complex 𝜃 − 
plane can be obtained as follows, 

coshଶ𝜃ூ = |cos𝜃଴|ଶ + 1 − cosଶ𝜃ோ ≥ 1.                                     (3.13) 
                          It can be seen that |cos𝜃଴| = 1  is the bifurcation curve in that the 𝜃ோ  dynamics is 

bounded if |cos𝜃଴| < 1, and is unbounded if |cos𝜃଴| ≥ 1 . Hence, the trajectory corre-
sponds to the three spin modes can be divided by the boundary curve: 

|cos 𝜃| = 1 ↔ |sinh𝜃ூ| = |sin𝜃ோ|                                         (3.14) 
Along the boundary curve (3.14), the three spin regions can be defined as follows, 

                                  Spin down region 𝑆↓  ≜  {(𝜃ோ , 𝜃ூ)|sinh𝜃ூ ≥ |sin𝜃ோ|},                       (3.15𝑎) 
  Spinless reqion 𝑆଴ ≜  {(𝜃ோ, 𝜃ூ)|sinh𝜃ூ < |sin𝜃ோ|},                       (3.15𝑏) 

Spin up region 𝑆↑ ≜  {(𝜃ோ , 𝜃ூ)|sinh𝜃ூ ≤ −|sin𝜃ோ|}.                    (3.15𝑐) 
The mean value of 𝑑𝜃/𝑑𝜏 corresponding to the three spin modes are acquired by inte-
grating 𝑑𝜃/𝑑𝜏 to one period: 

〈
𝑑𝜃

𝑑𝜏
〉 =

1

2𝜋
න ൬

𝑑𝜃

𝑑𝜏
൰ 𝑑𝜏 = ቐ

−1, ∀𝜃ோ(𝜏) ∈ 𝑆↓

0, ∀𝜃ோ(𝜏) ∈ 𝑆଴

1, ∀𝜃ோ(𝜏) ∈ 𝑆↑

ଶగ

଴

,                               (3.16) 

and corresponding angular momentum read 

〈𝑚𝑟ଶ
𝑑𝜃

𝑑𝑡
〉 =

ℏ

2
〈𝜌ଶ

𝑑𝜃

𝑑𝜏
〉 = ቐ

−ℏ/2, ∀𝜃ோ(𝜏) ∈ 𝑆↓

0, ∀𝜃ோ(𝜏) ∈ 𝑆଴

ℏ/2, ∀𝜃ோ(𝜏) ∈ 𝑆↑

.                           (3.17) 

It can be shown that 〈𝑑𝜃ூ/𝑑𝜏〉 is zero for all the three spin modes, and the nonzero 
mean value of 𝑑𝜃/𝑑𝜏 is solely contributed by 𝑑𝜃ோ/𝑑𝜏, i.e., 〈𝑑𝜃/𝑑𝜏〉 = 〈𝑑𝜃ோ/𝑑𝜏〉. In gen-
eral, the above analysis of electron’s spin dynamics is valid for all states with 𝑙 = 𝑚௟ = 0. 
The electron is found to have no spin in a very small region in the complex space, which 
is around the equilibrium point. Out of the nearby region of the equilibrium point, the 
electron has the spin motion. The spin motions can be distinguished as spin up and spin 
down according to whether the trajectory in the complex 𝜃 −plane is forwarding to the 
positive or negative 𝜃ோ direction. The nonzero mean value of 𝑑𝜃/𝑑𝜏 leads to the spin 
angular momentum ± ℏ 2⁄ .  

It has to be pointed out that the commonly known spin angular momentum ± ℏ 2⁄  
is referred to the mean value 〈𝑚𝑟ଶ𝑑𝜃/𝑑𝑡〉, but not to the instantaneous value of 𝑚𝑟ଶ𝑑𝜃/𝑑𝑡. 
Indeed, 𝑑𝜃/𝑑𝜏 or 𝑑𝜃ோ/𝑑𝜏 is oscillating with time, as illustrated in Fig. 3d and Fig. 3f. The 
oscillation period of 𝑑𝜃ோ/𝑑𝜏 is 2𝜋 whose corresponding physical time period is 𝑇 =

2𝜋(2𝑚𝑎଴
ଶ ℏ⁄ ) = 3.0385 × 10ିଵ଺ sec. This very short oscillation period of the spin angular 

momentum can only be observed with a time resolution finer than 3.0385 × 10ିଵ଺ sec. 
The experimental verification of this spin angular momentum perturbation will be the 
most remarkable discovery ever since the fundamental characteristics of the electron was 
proposed. 
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Figure 𝟑. The three spin modes of the electron in the ground-state hydrogen atom: (a) The three 
spinless trajectories are demonstrated in the complex 𝜃 −plane at 𝜌 = 1 with three initial condi-
tions of 𝜃: ൫𝜃ோ(0), 𝜃ூ(0)൯ = (0.1,0), (0.5,0), and (1,0). (b) The time responses of 𝑑𝜃ோ/𝑑𝜏 of the three 
spinless trajectories are illustrated by the dashed-dotted line, dotted line, and solid line, showing 
zero mean angular velocity 〈𝜃̇ோ〉 = 0 in the spinless mode. (c) The three spin-down trajectories are 
demonstrated in the complex 𝜃 −plane at 𝜌 = 1 with three initial conditions of 𝜃: ൫𝜃ோ(0), 𝜃ூ(0)൯ =

(0,0.5), (0,1), and (0,2); (d) The time responses of 𝑑𝜃ோ/𝑑𝜏 of the three spin-down trajectories are 
illustrated by solid-line, dotted line, and dashed-dotted line, showing mean angular velocity 〈𝜃̇ோ〉 =

−1 in the spin-down mode. (e) The three spin-up trajectories are demonstrated in the complex 
𝜃 −plane at 𝜌 = 1 with three initial conditions: ൫𝜃ோ(0), 𝜃ூ(0)൯ = (0, −0.5), (0, −1), and (0, −2). (f) 
The time responses of 𝑑𝜃ோ/𝑑𝜏 of the three spin-up trajectories are illustrated by solid-line, dotted 
line, and dashed-dotted line, showing mean angular velocity 〈𝜃̇ோ〉 = 1 in the spin-up mode. 

(a) (b) 

(c) (d) 

(e) (f) 
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3.2 Deriving Spin Dynamics from Schrödinger equation 
    In quantum mechanics, spin can only be revealed in the Dirac equation in which the 
relativity effect of the electron is considered. The reason that the spin dynamic cannot be 
exposed in the Schrödinger equation is the definition of the angular momentum in quan-
tum mechanics, not because of the lack of consideration of the relativity effect. Let us in-
spect the expression of the angular momentum in complex space firstly. The quantum 
Hamiltonian (2.1) can be expressed in terms of the action function 𝑆 = −𝑖ℏ ln 𝜓 as 

𝐻 = ቈ
1

2𝑚
൬

𝜕𝑆

𝜕𝑟
൰

ଶ

+
ℏ

2𝑚𝑖
ቆ

2

𝑟

𝜕𝑆

𝜕𝑟
+

𝜕ଶ𝑆

𝜕𝑟ଶቇ቉ +
1

2𝑚𝑟ଶ
ቈ൬

𝜕𝑆

𝜕𝜃
൰

ଶ

+
ℏ

𝑖
cot𝜃

𝜕𝑆

𝜕𝜃
+

ℏ

𝑖

𝜕ଶ𝑆

𝜕𝜃ଶ
቉ 

+
1

2𝑚𝑟ଶsinଶ𝜃
ቈ൬

𝜕𝑆

𝜕𝜙
൰

ଶ

+
ℏ

𝑖

𝜕ଶ𝑆

𝜕𝜙ଶ
቉ .       (3.18) 

The first bracket is only related to the radial motion, and we can express the remaining 
angular-related terms as: 

𝐿ଶ = ൬
𝜕𝑆

𝜕𝜃
൰

ଶ

+
ℏ

𝑖
cot𝜃

𝜕𝑆

𝜕𝜃
+

ℏ

𝑖

𝜕ଶ𝑆

𝜕𝜃ଶ
+

𝐿௭
ଶ

sinଶ𝜃
, 𝐿௭

ଶ = ൬
𝜕𝑆

𝜕𝜙
൰

ଶ

+
ℏ

𝑖

𝜕ଶ𝑆

𝜕𝜙ଶ
,             (3.19) 

                          where 𝐿 can be identified as the orbital angular momentum and 𝐿௭ is the 𝑧 −compo-
nent angular momentum in the complex domain. Using 𝑆 = −𝑖ℏ ln 𝜓, it can be shown 
easily that 𝐿ଶ and 𝐿௭ are the functional representations of their corresponding quantum 
operators 𝐿෠ଶ and 𝐿෠௭ as 

𝐿෠ଶ𝜓 = 𝐿ଶ𝜓,   𝐿෠௭𝜓 = 𝐿௭𝜓                                                       (3.20) 
where 

𝐿෠ଶ = −ℏଶ ቆ
𝜕ଶ

𝜕𝜃ଶ
+ cot 𝜃

𝜕

𝜕𝜃
+

1

sinଶ𝜃

𝜕ଶ

𝜕𝜙ଶቇ ,   𝐿෠௭ =
ℏ

𝑖

𝜕

𝜕𝜙
.                      (3.21) 

The squared orbital angular momentum operator 𝐿෠ଶ gives rise to the quantization of the 
squared orbital angular momentum, which is described by the orbital quantum number 
𝑙(𝑙 + 1)ℏଶ. On the other hand, the quantization of 𝐿෠௭ is described by the magnetic quan-
tum number 𝑚௟ℏ. Let us consider the 2𝑝 state with (𝑛, 𝑙, 𝑚௟) = (2,1,1), as an example to 
show that 𝐿ଶ and 𝐿௭ can give exactly the same quantization result. Substituting the wave 
function 𝜓ଶଵଵ into Eq. (3.19), we have 

𝐿ଶ =
ℏଶ

4
ቈ(−3𝑖cot𝜃)ଶ + ൬

±2

sin𝜃
൰

ଶ

+ cotଶ𝜃 − 4(−cscଶ𝜃)቉ = 2ℏଶ,   𝐿௭ = ℏ,          (3.22) 

which is identical to the result given by the quantum numbers 𝑙 = 1 and 𝑚௟ = 1. The 
orbital angular momentum operator 𝐿෠ଶ roots from the convergence requirement of the 
Legendre polynomials. The admissible solutions 𝜓௡௟௠೗

 turn out to be the eigenfunctions 
of 𝐿෠ଶ with eigenvalues 𝑙(𝑙 + 1)ℏଶ, i.e., 𝐿෠ଶ𝜓௡௟௠೗

= 𝑙(𝑙 + 1)ℏଶ𝜓௡௟௠೗
. This operator formu-

lism is just the origin that excludes the spin angular momentum from 𝐿෠ଶ. However, un-
derlying the framework of QHM, we still can extract the spin angular momentum from 
𝐿ଶ, the functional representation of 𝐿෠ଶ. 

The functional representation of 𝐿෠ଶ is given by Eq. (3.19), which can be rewritten 
with the help of Eq. (2.1) and Eq. (2.5) as 

𝐿ଶ = ቂ൫𝑚𝑟ଶ𝜃̇൯
ଶ

+ ൫𝑚𝑟ଶ𝜙̇sinθ൯
ଶ

ቃ + ቈ
ℏଶ

4
cotଶ𝜃 − ℏଶ ቆ

𝜕ଶ ln 𝜓

𝜕𝜃ଶ
+

1

sinଶ𝜃

𝜕ଶ ln 𝜓

𝜕𝜙ଶ ቇ቉,       (3.23) 

in which the first bracket is the classical counterpart of the angular momentum and the 
second bracket is the quantum correction. When the electron is in the state with 𝑙 = 𝑚௟ =

0, we have 𝐿ଶ = 0, 𝜙̇ = 0 and all the 𝜓 −related terms are equal to zero. Then the re-
maining terms of Eq. (3.23) satisfy the following equation: 

൫𝑚𝑟ଶ𝜃̇൯
ଶ

= −
ℏଶ

4
cotଶ𝜃.                                                      (3.24) 

The solution of the above equation reads 

𝑚𝑟ଶ𝜃̇ =
ℏ

2𝑖
cot𝜃,                                                             (3.25) 
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which is identical to Eq. (3.2), the spin angular momentum.  
 

4. Dynamics of Electron’s States Transitions 

4.1 Energy Level Differences and Electric Field 
   The state transition problem is very similar to the orbit transfer problem in space engi-
neering. The satellite needs the thrust to transfer from a lower-altitude orbit to a higher-
altitude orbit. The required energy is needed to escape the gravitational attraction of Earth, 
which is analog to the transition energy that the electron needs to overcome the electrical 
attraction of the nucleus. However, there are two differences between two problems in 
different scales: (1) There is an additional force, the quantum force, acting on the electron; 
and (2) the states transition in hydrogen atom takes place in a complex space. 

The time-dependent wave function describing the two-level energy transition is 
given by the superposition of the wave functions: 

𝛹 = 𝐶ଵ(𝑡)𝜓ଵ𝑒ି௜ாభ௧ + 𝐶ଶ(𝑡)𝜓ଶ𝑒ି௜ாమ௧ ,                                          (4.1) 
where the subscripts 1 and 2 stand for the initial state and the final state, respectively. 
The time-dependent coefficient 𝐶ଵ(𝑡)  and 𝐶ଶ(𝑡)  are determined by the Schrödinger 
equation with  𝛹 given by Eq. (4.1): 

𝑑𝐶ଵ(𝑡)

𝑑𝑡
= −

𝑖𝑉ଵଶ

2ℏ
𝑒ି௜(ఠబିఠ)௧𝐶ଶ(𝑡),                                          (4.2𝑎) 

𝑑𝐶ଶ(𝑡)

𝑑𝑡
= −

𝑖𝑉ଶଵ

2ℏ
𝑒௜(ఠబିఠ)௧𝐶ଵ(𝑡),                                            (4.2𝑏) 

where 𝑉௜௝ = ∫ 𝜓௜
∗𝑉௘௫௧𝜓௝𝑑𝑧 and 𝜔଴ = (𝐸ଶ − 𝐸ଵ) ℏ⁄ . The external potential energy 𝑉௘௫௧  is 

provided by the electric field oscillating 𝑧 −direction,  

𝑉௘௫௧ = −
𝑒𝑧𝐸

2
𝑒ି௜ఠ ,                                                             (4.3) 

where 𝐸 and 𝜔 represent the strength and frequncy of the electric field, respectively. 
The coefficients in Eq. (4.1) determine the occupation probability of the initial state and 
the final state,  

𝑃ଵ = |𝐶ଵ(𝑡)|ଶ,     𝑃ଶ = |𝐶ଶ(𝑡)|ଶ,                                              (4.4) 
                          which provides the quantum reference of the transition condition.   
 

4.2 1s-2p State Transition 
The 2p state 𝜓ଶଵ଴ = 𝜌𝑒ିఘ ଶ⁄ 𝑐𝑜𝑠 𝜃 has two shell structures as shown in Fig.4, and can 

be described by the total potential from Eq. (2.13): 

𝑉ത்௢௧௔௟ = 𝑉ത + 𝑄ത = −
2

𝜌
+

1

4𝜌ଶ
(8 + 𝑐𝑜𝑡ଶ𝜃 + 4𝑠𝑒𝑐ଶ𝜃),                             (4.5) 

The equations of motion of the electron under the action of 𝑉ത்௢௧௔௟ is given by Eqs. (2.15): 
𝑑𝜌

𝑑𝜏
=

4 − 𝜌

𝑖𝜌
,    

𝑑𝑧ఏ

𝑑𝜏
=

2 − 3𝑧ఏ
ଶ

𝑖𝜌ଶ𝑧ఏ

,    
𝑑𝜙

𝑑𝜏
= 0.                                      (4.6) 

The two shell structures can be distinguished by the equilibrium points, which are located 
at 𝜌௘௤ = 4  and 𝜃௘௤ = 𝑐𝑜𝑠ିଵ ቀ±ඥ2 3⁄ ቁ . Therefore, there are two spherical shells in the 
upper and lower real 𝑥 − 𝑦 plane along the 𝜃௘௤ direction, as the electron cloud exhibited 
in Fig. 4c. By solving Eq. (4.6), one can obtain the electron’s trajectory in the 2p state. Fig. 
5  displays the electron’s trajectories starting from the initial positions ൫𝜌(0), 𝜃(0)൯ =

(4, 𝜋 3⁄ ) ∈ 𝑆଴ and ൫𝜌(0), 𝜃(0)൯ = (4, 𝜋 3⁄ ± 𝑖) ∈ 𝑆↓(𝑆↑), which are illustrated by the solid-
blue line and dashed-red line, respectively. It is clear to see that the electron with 𝜃ூ(0) =

0 travels in a smaller region in the real 𝑥 − 𝑧 plane; while the electron with 𝜃ூ(0) = ±𝑖 
contains the spin motion and travels farther than the one with no spin motion. It is the 
spin motion that makes the difference between the two trajectories. Fig. 5b illustrates the 
electron’s motion in the complex 𝜃 − plane. The closed trajectory circling the 𝜃௘௤ =

𝑐𝑜𝑠ିଵ ቀ−ඥ2 3⁄ ቁ represents the spinless motion, and the open trajectories correspond to 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 July 2022                   doi:10.20944/preprints202207.0284.v1

https://doi.org/10.20944/preprints202207.0284.v1


 12 of 17 
 

 

spin down and spin up motion. The electron’s spin motion has interaction with orbital 
motion in the 2p state , however, the basic feature of spinless and spin modes are still valid. 
The analysis of the interaction between orbital and spin dynamics refers to [59].  

 
Figure 4. The variation of the real-part total potential of the 2p state: (a) in the radial direction with 
equilibrium position at 𝜌௘௤ = 4 ; (b) in the 𝜃  direction with equilibrium positions at 𝜃௘௤ =

𝑐𝑜𝑠ିଵ ቀ±ඥ2 3⁄ ቁ. (c) The probability distribution (electron cloud) of the 2p state has two shells along 
the 𝜃 direction and the brightest point locates at 𝜌௘௤  along the radial direction [58]. 
 

 
 

Figure 𝟓. (a) The time evolution of the electron’s complex trajectories of the 2p state in the real 
𝑥 − 𝑧 plane. The solid-blue line and dashed-red line represent the complex trajectories with initital 
positions ൫𝜌(0), 𝜃(0)൯ = (4, 𝜋 3⁄ ) ∈ 𝑆଴  and ൫𝜌(0), 𝜃(0)൯ = (4, 𝜋 3⁄ ± 𝑖) ∈ 𝑆↓(𝑆↑) , respectively; (b) 
The electron’s trajectories in the complex 𝜃 −plane. 

 
The wave function describes the 1s-2p state transition can be obtained according to 

Eq. (4.1), 
𝛹 = 𝐶ଵ(𝜏)𝜓ଵ଴଴𝑒ି௜ாതభఛ + 𝐶ଶ(𝜏)𝜓ଶଵ଴𝑒ି௜ாതమఛ,                                           (4.7) 

where 𝐸തଵ = −1  and 𝐸തଶ = −0.25  are the energy levels of the 1s state and 2p state, 
respectively. By inserting 𝜓ଵ଴଴ and 𝜓ଶଵ଴ into Eq. (4.7), we have the following expression: 

𝛹 = 𝐶ଵ(𝜏)𝑒ିఘ𝑒ି௜ாതభఛ + 𝐶ଶ(𝜏)𝜌𝑒ିఘ ଶ⁄ 𝑐𝑜𝑠 𝜃 𝑒ି௜ாതమఛ,                            (4.8) 
                          in which the amplitude coefficients are determined by the following equations: 

                                           𝐶̇ଵ(𝜏) = 𝜌(𝜏) 𝑐𝑜𝑠 𝜃(𝜏) 𝐸ത𝑒ି௜∆ఠഥ ఛ𝐶ଶ(𝜏) 2⁄ ,                                      (4.9𝑎) 
                           𝐶̇ଶ(𝜏) = 𝜌(𝜏) 𝑐𝑜𝑠 𝜃(𝜏) 𝐸ത𝑒௜∆ఠഥ ఛ𝐶ଵ(𝜏) 2,                                         (4.9𝑏)⁄  

where 𝜔ഥ = 𝜔଴ − 𝜔. The state transition in hydrogen atom driven by electric field can be 
represented by the control block diagram as shown in Fig. 6, where the wave function (4.7) 
and the quantum dynamics (2.4) constitute the system model, and the applied electric field 
plays the role of the controller. The control procedures are stated as follows. (1) Iuput the 
time-dependent amplititude coefficients, 𝐶ଵ(𝜏) and 𝐶ଶ(𝜏), to the system model and the 
system model outputs the electron’s transition trajectories, 𝜌(𝜏) and 𝜃(𝜏). (2) The system 
outputs are then measured by sensors and sent back to the controller as the feedback 

(a) (b) (c) 

𝜌ୣ୯ 

Re(𝑉ത்) 

𝜃ୣ୯ଶ 

Re(𝑉ത்) 

𝜃ୣ୯ଵ 𝜌ୣ୯ = 4 

First 
shell 

Second 
shell 

First 
shell 

Second 
shell 

𝜌ୣ୯ 

𝑧𝑅 

𝑥𝑅 
𝜃𝑅 

𝜃𝐼 

(a) (b) 

𝑆଴ 

𝑆↓ 

𝑆↑ 

𝑆଴ 

𝑆↓ 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 19 July 2022                   doi:10.20944/preprints202207.0284.v1

https://doi.org/10.20944/preprints202207.0284.v1


 13 of 17 
 

 

signals. (3) The controller computes the error between the target state and the output state, 
and then adjusts the amplititude coefficients, 𝐶ଵ(𝜏) and 𝐶ଶ(𝜏), according to Eq. (4.9) 
based on the received feedback signals 𝜌(𝜏) and 𝜃(𝜏).  
 

 
Figure 𝟔. The control block-diagram representation of the two-level transition in hydrogen atom. 

 
Next we will perform a computational simulation of the above control block diagram, 

where the electron is lauched at the initial position ൫𝜌(0), 𝜃(0)൯ = (4, 𝜋 3⁄ ) in the 1s state 
and the transition to the target 2p state is driven by the electric field with strength 𝐸 =

8.8 × 10଼  𝑉 𝑚⁄  and frequncy 𝜔 = 1.548750 1 𝑠⁄ . The transition trajectory can be 
obtained by solving the equations of motion (2.4) with the wavefunction 𝛹 given by Eq. 
(4.7), and the result is illustrated in Fig. 7. The transition trajectory is observed to transit 
repeatedly between the 1s and 2p state, which is caused by the periodic change of the 
applied electric potential, as shown in Fig. 8a. The electron arrives at the 2p state when 
𝑃ଵ = |𝐶ଵ|ଶ = 0 and 𝑃ଶ = |𝐶ଶ|ଶ = 1, at time 𝜏 = 1328 (see Fig. 8c), where the electric field 
reaches its maximum value. After the electron reaches the farest point from the initial 
position, the applied electric field starts to decrease to its initial value and the electron 
returns to the 1s state when 𝑃ଵ = 1 and 𝑃ଶ = 0. In addition to the action of the eletric field, 
the electron’s spin dynamics also participates in the transition process. From Fig. 7 we can 
see that the time response of 𝜃ோ  is monotonically increasing or decreasing in the 
transition process and the same phenomenon can be observed in the spin dynamics as 
showm in Fig. 5a.  

 

 
Figure 𝟕. The time evolution of the 1s-2p transition trajectory in the real 𝑥 − 𝑧 plane.  
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It is worthy to be noted that the maximum external electric potential 𝑉ത௘௫௧  is less than 

0.05 (see Fig. 8a), but the energy gap between the 1s state and 2p state is ∆𝐸ത = 𝐸തଶ − 𝐸തଵ =

−0.25 + 1 = 0.75. How can the electron accomplish the transition with applied electric 
energy smaller than the energy gap? The answer lies in the quantum potential 𝑄ത. Let us 
has a closer insepection of the total energy in the transition, 

𝐸ത்௢௧௔௟ = 𝑉ത + 𝑄ത + 𝑉ത௘௫௧ + 𝐸௞ .                                                   (4.11) 
as depicted in Fig. 8b. The quantum potential 𝑄ത  during the transition process can be 
expressed by 

𝑄ത =
(4 + 𝑐𝑜𝑡ଶ𝜃)

4𝜌ଶ
+

1

4
൥

𝐶ଶ 𝑐𝑜𝑠 𝜃 ൫𝐶ଵ(𝜌 + 4)𝑒ି௜(ாതభାாതమ)ఛିఘ ଶ⁄ − 4𝐶ଶ 𝑐𝑜𝑠 𝜃 𝑒ିଶ௜ாതమఛ൯

2𝐶ଵ𝐶ଶ𝜌 𝑐𝑜𝑠 𝜃 𝑒ି௜(ாതభାாതమ)ఛିఘ ଶ⁄ + ൫𝐶ଶ𝜌 𝑐𝑜𝑠 𝜃 𝑒ି௜ாതమఛ൯
ଶ

+ 𝐶ଵ
ଶ𝑒ିଶ௜ாതమఛିఘ

൩ 

−
1

𝜌ଶ ൥
𝐶ଶ𝜌 𝑐𝑜𝑠 𝜃 𝑒ିఘ ଶ⁄ 𝑒ି௜ாതమఛ

𝐶ଵ𝑒ିఘ𝑒ି௜ாതభఛ + 𝐶ଶ𝜌 𝑐𝑜𝑠 𝜃 𝑒ିఘ ଶ⁄ 𝑒ି௜ாതమఛ
+

൫𝐶ଶ𝜌 𝑠𝑖𝑛 𝜃 𝑒ିఘ𝑒ି௜ாതమఛ൯
ଶ

൫𝐶ଵ𝑒ିఘ𝑒ି௜ாതభఛ + 𝐶ଶ𝜌 𝑐𝑜𝑠 𝜃 𝑒ିఘ ଶ⁄ 𝑒ି௜ாതమఛ൯
ଶ൩ , (4.12) 

It can be seen from Fig. 8b that 𝐸ത்௢௧௔௟  can change from its minimum value  𝐸തଵ = −1 at 
1s state to its maximum value −0.25, with the range of change far beyond the magnitude 
of electric potential 𝑉ത௘௫௧ = 0.05 (see Fig. 8a). Apparently, it is the quantum potential 𝑄ത  
that complements the lack of the transition energy and provides the quantum force 
outwarding from the nucleus that leads the electron to reach the outside shell, the 2p shell. 
A similar quantum phenomenon happens in the tunneling process, where the particle’s 
kinetic energy is found to be insufficient to overcome the potential barrier, and it is 
impossible from the viewpoint of classical mechanics to have the probability of finding 
the particle outside the potential barrier. However, the particle does appear outside the 
potential barrier. It is again the quantum potential that complement the required energy 
to the particle for overcoming the potential barrier. For more details on the classical 
interpretation of quantum effects by QHM, please refer to [60].    
     

 
Figure 𝟖. The time responses in the 1s-2p transition process: (a) The external electric potential 
energy 𝑉ത௘௫௧(𝜏); (b) The electron’s total energy 𝐸ത்௢௧௔௟(𝜏); (c) The occupation probabilities of the two 
states, 𝑃ଵ(𝜏) = |𝐶ଵ|ଶ, and 𝑃ଶ(𝜏) = |𝐶ଶ|ଶ. 

 

5. Conclusions 
The electron 1s-2p transition in the hydrogen atom driven by electric field is demon-

strated. In the framework of QHM, the system model provides a perfect platform to ana-
lyze the electron’s transition dynamics. Combining the orbital and spin dynamics together 
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in the model, the transition trajectory is oscillating between two states under the influence 
of the oscillating electric field. The electron’s total energy varies between two eigen-ener-
gies with the same period as the transition trajectory. It shows that the electron has 𝐸തଵ =

−1 at the 1s state and has the average energy of 𝐸തଵ = −0.25, when the 2p state is reached. 
The other interesting finding is that the electric potential energy in the transition process 
has the maximum value 0.04, which is much less than the energy difference ∆𝐸ത = 𝐸തଶ −

𝐸തଵ = −0.25 + 1 = 0.75. It is the quantum potential that fills this energy gap and allows the 
electron to finish the transition.  

The spin motion can only be revealed in the complex space as discussed in Section 3. 
When the orbital angular momentum is zero, the electron has an intrinsic spin angular 
momentum with values of ±ℏ 2⁄ , which represent the spin up and spin down motions, 
respectively. An significant finding is that the electron’s spin angular momentum is not a 
constant, but has a small periodic perturbation with period 𝑇 = 3.0385 × 10ିଵ଺ sec. It will 
be the remarkable finding of the electron’s fundamental property if this small perturba-
tion can be measured experimentally. According to the recent experiments of the electron 
spin [61,62], and the latest time precision improvement for the weak measurement to the 
order of 10ିଵ଼ sec [63], we believe that the progress of detecting the spin properties will 
soon beyond the human’s conventional knowledge about the spin.  
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