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Abstract. In this article, first we are going to review the concept of
ordinary frames , in more general case in measure spaces, namely, gc-frames.
We try to develop the use of measure space in describing frames. Then by
means of the ge-frames, we shall introduce gn-operators, which we shall show
that each trace class operator has a vector-valued integral representation and
vice-versa.
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1 Introduction

Frame were first introduced in 1952 by Duffin and Schaeffer [11], reintroduced
in 1986 by Daubechies, Grossman, and Meyer [10]. In the last twenty years,
the theory of frames have been employed in numerous applications such as
filter bank theory [5], sigma-data quantization [4], signal and image process-
ing [6], sensor networks [18], and wireless communications [15]. However, a
large number of new applications have emerged.

One of the main virtues of frames is that, given a frame we can get
properties of a function and reconstruct it only from the frame coefficients,
a sequence of complex numbers[13, 16].

Various generalizations of frame theory have been proposed recently. For
example, bounded quasi-projectors [14], frames of subspaces [3, 7], pseudo-
frames [17], oblique frames [9, 12], outer frames [2], g-frames [21], and contin-
uous g-frames [1]. All of these generalizations are useful in many applications
and can be regarded as special cases of continuous g-frames.

The point of view of the g-frames is based on operator theory. The point of
view of the gc-frames is completely different and it is based on reconstruction
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a quantity by means of a repeated sequence of members of a Hilbert space,
which is worthy in applications. However, we shall consider it in more general
case, generalization of the ordinary frames according to repeated Lebesgue
integrals.

In Section 2, we will introduce gc-frames, which is a generalization of
ordinary frames, and we will explain some definitions,examples and theorems
related to it. Finally, in Section 3, we will introduce GN operators and explain
some definitions and some theorems related to these operators.

Throughout this paper H will be a Hilbert space. Also, (X, u) will be a
measure space and {(Yz, pz) }zex will be a class of measure spaces. We shall
denote by My the class of all mappings of a measure space to H. Also H;
will be denote the unit ball of H.

Definition 1.1 [1] Let L*(X, H) be the class of all measurable mappings
f: X — H such that

113 = /X £ ()2 < oo.

By the polar identity we conclude that for each f,g € L*(X, H), the mapping
x = (f(x),g(z)) of X to C is measurable, and it can be proved that L*(X, H)
1s a Hilbert space with the inner product defined by

(f.9) = /X (F(x), g(x))dp.

We shall write L?>(X) when H = C.

Definition 1.2 [8] Let {fn}nen be sequence in H. We say that {fn}tnen s
a frame for H if there exist constants 0 < A < B < 0o such that

AP <Y1 fus WP < BIIAIP, he H.

neN
The next definition is the continuous version of frames.

Definition 1.3 [8/ Let f : X — H be weakly measurable (i.e. for each
h € H, the mapping x — (f(x),h) is measurable). We say that f is a c-
frame (continuous frame) for H if there exist constants 0 < Ay < By < 0o
such that

AP < [ K@) Pdn < BRI, e R
The following Lemmas can be found in operator theory text books [19, 20],

which we shall use them.

Definition 1.4 (c-frame)[8] Let F' : X — H be a mapping such that the
mapping © — (h, F(z)) of X to C is measurable (i.e. weakly measurable) for
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each h € H. F s called c-frame for H if there exists 0 < A < B < oo such
that for any h € H

Alln|? < /X \(h, F(2))|? du < BI|h>.

Lemma 1.5 [§] Let u : K — H be a bounded operator with closed range
Ry.Then there exists a bounded operator ut : H — K for which

w'f=f feR,.
Also, u* : H — K has closed range and (u*)" = (ul)*.

Lemma 1.6 [8] Let u : K — H be a bounded surjective operator. Given

y € H , the equation ux = y has a unique solution of minimal norm, namely,
—uf

z=u'y.

Lemma 1.7 [8] Let u be a self-adjoint bounded operator on H. Let

my, = inf (uh,h) and M, = sup (uh,h).
[Ih]1=1 [|h]|=1

Then, my,, M, € o(u).
Definition 1.8 /8] Let (X,u) is a -finite measure space

P(X)={p: X = C| ¢ is measurable and ||p|lz < oo},

where [[plls = ([ llp(@)|[2du)*

For each f,g € 12(X), the mapping x — (f(x), g(x)) of X to C is measur-
able, and it can be proved that 1>(X) is a Hilbert space with the inner product
defined by

(fg)1e = /X (F (@), g(2)) di.

2 GC-frames

In this section we shall introduce ge-frames which is the generalization of the
ordinary frames.

Definition 2.1 Let f : X — My, © — f, and let for each x € X, f; :
Y, = H. We say that f is weakly measurable if

(@) for each x € X, fo : (Yo, o) = H is weakly measurable, and

(i1) for each h € H, the mapping

X € oz /Y (Lo (y), B

is measurable.
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We are now ready to give the central definition.

Definition 2.2 We say that f : X — My is a ge-frame (generalized con-
tinuous frame ) for H if f is weakly measurable and there erist constants
0 < Ay < By < oo such that

Agllhl? < //f Rduo s < By|[hl[2, h e H.

We call Ay and By the gc-frame bounds. The gc-frame f is called o tight gc-
frame if Ay and By can be chosen so that Ay = By, and a Parseval gc-frame
provided that Ay = By = 1. If just the right hand inequality satisfies then we
say that f is a gc-Bessel mapping for H with gc-Bessel bound By.

By the following example, each c-frame for H is indeed a gc-frame for H.

Example 2.3 Let f: X — H be weakly measurable. Let g : X — Mpg be a
ge-frame for H where (Y, \) is a finite measure space with \(Y') = 1. Let for
eachz € X andy €Y, g.(y) = f(x). Then we get

A|[H][? < /| W) Pdu < By||h|%, he H,

which is the usual c-frame.

Let f: X — Mg be a gc-Bessel mapping for H with gc-Bessel bound By.
We define the ge-pre-frame mapping Ty : L?(X) — H as a vector-valued

mapping by
h>=/ / (fus h)gdpedp, he H.
xJy,
Since
| / / (s hgdpady] < / | / (Fos Bydpialgldp
X Jy, X Y
< / | / (Fos By dpia i) /2( / lg[2dp)2
X Y. X
< BY?|lgll2lInll,

Ty is well-defined. Since
1/2
ITr(g)l| = sup [(T(g), h)| < B} |lgll
heH,

Ty is a bounded linear mapping. Let T} : H — L?(X) be its adjoint. We
have

(TF(h),g) = (h,Ts(g // (h, f2)gdudp.
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Since for each h € H, the mapping

[ ey x s o [ b gdn,
Y. Y

belongs to L?(X),
(T3 (h), ) = ¢ /Y o £ )dpi g).

Thus the gc-analysis operator is defined by

Ty s H - LX), Tj(0) = [ (£,

By composing Ty and T, we obtain the ge-frame operator
S¢g:H — H, S¢(h)=TT"(h).
Let f: X — My be a ge-frame with frame bounds A; and Bf. Then
Afl < Sy < Byl

Hence S is a positive invertible operator.
Let f : X — My be a gc-Bessel mapping. Then the ge-pre-frame and
ge-frame operators are vector-valued mappings which are defined by

Ty(g) = /X o(x) /Y fodpadu, g€ L2(X)
where

Trio) ) = [

g(x)/ (fe, RYdpsdp, h e H
X Y.

and

Sy(h) = Ty( /Y tpydw)= [ | ROyAT / Sodpsdp, he H

/X/Yz<h, f)dps /n<fw,h>d%du
IR

! /Y (o £ )dpe 2.

where

(S(h), h)

We now give a characterization of ge-frames in term of the ge-pre-frame
operator. It is not involve any knowledge of the frame bounds.
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Lemma 2.4 Let f: X — My be a gc-Bessel mapping. Then the following
assertions are equivalent:

(2) The frame operator Sy is invertible .

(i1) The mapping [ is a gc-frame.

(1i3) The ge-pre-frame operator Ty is surjective.

Proof: (i) = (i1) Let Sy be invertible. Since
inf (T¢TF
nf (/T (), 1) € o(S),
infrem, (TT7(h),h) > 0. Hence f is a ge-frame for H.
(12) = (it3) Let f be a ge-frame for H with ge-frame lower bound Ay. Since
Agl[pI* < TF(WI1?, he H

T} is surjective.
(73i) = (i) Let Ty be surjective. Then there exists A > 0 such that

Al[pll < [IT7 (W), b € H.

Thus f is a ge-frame for H. So Sy is invertible. (]
The following Theorem indicates a relation between operators and com-
positions with gc-frames.

Lemma 2.5 Let K be a Hilbert space and f : X — My be a gc-Bessel
mapping for H with gc-pre-frame operator Ty and upper bound By¢. Let
u: H — K be a bounded linear mapping. Then

(i) uf : X - Mg, x — uf, is a ge-Bessel mapping for K with gc-pre-frame
operator T,y = uTy and gc-frame operator Sy = uSyu*.

(id) If f is a gc-frame for H then uf is a ge-frame for K if and only if u is
surjective.

Proof: (i) It is clear that uf : X — My is weakly measurable. Since
J U] b ki P < |l PBAIRIE, ke K
x Jv.
uf is a ge-Bessel mapping. Let g € L?(X). For each k € H

(Tus(g), k) = / / Vuto, k) dady

- [ / ) for 0 (1)) dptaclp

qu( ) k‘>

So Ty = udy. Also, we have

Sup = TugTyy = Tup(Tfu") = uTTfu" = uSsu”.
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(#9) It is clear by the Lemma 2.4.
O

Let f be a gc-frame for H with ge-frame operator Sy. Then S;l fisa
ge-frame for H with ge-frame operator

Se1p=S8718;87 1 =571

So for any h € H we have the following retrieval formulas

and
h=S7USp(h) = Ssog(Ss(h)
1 —1
|/ (7). 57" ) / Sy e

Jo st |7

In the next Theorem, T;{ will be the pseudo-inverse of T .

Theorem 2.6 Let f: X — My be a gc-frame for H. Then we have:
(i) Let g € L*(X) and h = T¢(g). Then

ol = [ 1 [ (b adamaPs+ [ o)~ [ (S5 ) P
X JY, X x

(
Y,
(ii) For each h € H, T}(h) = [, (h,S; " f.)dp..
(iid) || TF72 = |I1S ).

Proof: (i) Since

Tyla— [ aS7 ) = h=Ty(T3 )

h—Ty(T;S;)(h) =0,

9= [ hS7 1) € kex(Ty) = (R(TH)*

Since [y (b, S3 ' f)dp. € R(T}),

9112 = |19 — /Y (h S3F |3+ | /Y (h, ST F Y | 2
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1¢) Since by the Lemma 1.6, T T(h) is the unique solution of minimal norm
Y f

of Tt(g) = h, so
/ |g($) - / <h7 Sflfz>d:ux|2dﬂ =0.
b's Ya

Hence, g = [, (h, S)?lf)du, = T}(h).
iii) Since f is a ge-frame for H, by the Lemma 2.5, S7 ' f is also a ge-frame.
Y f
Therefore

ITfII> = sup / | / (h, S7 " fo)dpr P dp
heH; JX =

sup ||T%*_. . (h)|?

heg}l“ S’flf( )”

1Tg1 1P = 11571

O

Christensen [8] proved that every frame in a complex Hilbert space is a

multiple of a sum of three orthonormal bases. Now, we shall show that a

derived vector-valued integral of a gc-Bessel mapping is a multiple of a sum
of three orthonormal bases.

Theorem 2.7 Let f : X — My be a gc-Bessel mapping with gc-pre-frame
operator Ty and e = {eq}acx be an orthonormal basis for H. Let {dq}sex
be the canonical orthonormal basis for 1(X). Let u : H — 1*(X) be the
isomorphism which maps e, to 6o. Then:

(i) If 0 < € < 1 then there exist oryhonormal bases €' = {e’, }aex,i =1,2,3

for H such that
/fd || f”(1+62+63).

(ii) Let 0 < € < 1 and Tyy : I*(X) — 13(X) be positive. Then there exist
orthonormal bases €' = {e }nex,i = 1,2 for H such that

[ ran =11y

Proof: (i) If [|T¢|| = 0 then T} = 0. Therefore, for each h € H,
Jy (f. hydp. =0, so (i) is satisfied. Now, let |[T¢|| > 0. Let w : H — H be
defined by

1 1-cTpu

20 2 |ITl

w =

Since || — w|| < 1, w is invertible. So by using the polar decomposition we
can write w = vp, where v is an unitary and p is a positive operator. But,


https://doi.org/10.20944/preprints202206.0365.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 June 2022 d0i:10.20944/preprints202206.0365.v1

GN-operators 9

|Ipl] < 1, so we can write p = §(z + z*), where 2, 2* are unitary operators.

Thus
|||

1—c¢

Tu = (vz4vz" —1I).
For each a € X, we have

Tru(eqa) =

Ty (0a)
- [/ ) o
- /Yafadua.

T
/f.du_szue: |17l
% 1 -

Since, vz and vz* are unitary operators, vze and vz*e are orthonormal bases
for H. Thus

Therefore

(vze +vz¥e —e).

/fd ” f”(e—l— +e?),

where, e! = {¢ }ocx,i = 1,2,3 are orthonormal bases for H.
(ii) Since, Ty s : 1*(X) — I2(X) is positive and u is a unitary

T,
T

where w is a unitary operator. We have

/ fd || f||(u—1w+u—lw*).

Thus T
/ fd,U: H f||(€1+e2),
Y. 2€
where, ¢! = {e! }oex,i = 1,2 are orthonormal bases for H. O

The following theorem shows that the role of two gc-Bessel mapping can
be interchanged .

Theorem 2.8 Let f,g: X — Mg be a gc-Bessel mapping for H with gc-
Bessel mapping bounds By and By such that for each x € X, fp + (Y, ) —
H and g, : (Zy, M) — H . Then the following assertions are equivalent:

(i) For each h € H, h—foY (h, fz) dumfz godzdt.

(i3) For each h € H, h = fX fZ (hy gz)dAy fY fedupdu.

(ii3) For each h,k € H, =y fy (h, fo)dpz fZ G, kYdpdp.
(iv) For each h € H, Hth fX Sy, (s fo)dpa [ (ges h)ydAodp.
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Proof: (i) = (ii) Let f,k € H. We have

R = /Yz(fx,h>dux / (kg2

</X /Z (K, go)dAs /Y fedppdp, ).

Hence, k = [, fzm<k7gw>d)\m me fedpgdp.
(i3) = (417) It is clear.

(iv) = (i) Let
roy = [ [ ROyATT / gud

It is clear that F': H — H is linear. Since

IE@ = sup [(F(b). k)

= Ssup |/ / <hvfm>dﬂ'$/ <g$ak>d/\sz|
keHy X JY, Zg

sup ( / | / (. Fo)dpal2dps)V/2( / | / (h, g2 A [2dps) /2
keH, X - X Zy

1/2

BY?BY2||nl],

F € B(H). For each h € H we have
(hoh) = |InP?

— /;(/1/1<h’fw>dﬂw /zz<gw’h>d’\wd“
</X /Yz<h, Fa)dpta /Z aedodyi, ).

Hence, for each h € H, h = [ sz (hy fu)dpy fZ$ GudApdt.
(#i1) — (iv) Tt is clear. O

IA

IN

Definition 2.9 Let f,g: X — My be a gc-Bessel mapping for H. We say
that f,g is a dual pair if one of the assertions of the Theorem 2.8 holds.

Now, we show that for a dual pair the lower gc-frame condition automat-
ically is satisfied .

Theorem 2.10 Let f,g : X — Mg be a dual pair. Then f and g are
gc-frames for H.

Proof: For each h € H we have

(/X|/y$ {h, fw>d“w|2du)”2(/xlfzm (gos hYdN 2 dp) /2
Bg(/X|/Yw<h7fw>du$|2du)l/2|h||.

171

IA

IA
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B:?|[h][? < / | / (o fo)dpio P
X Y.

So f is a ge-frame for H, and similarly, g is a ge-frame for H. O
The following theorem will indicate all of the dual pairs of a ge-frame.

Theorem 2.11 Let f,g: X — My be a gc-frame such that for each z € X,
fosge s Yo, p) — H. Let h € H. Then :
(i) In the retrieval formula

/ / h), fu)dps / fedpzdp,

fy f)du. has least norm among all retrieval formulas.

(i7) For each heH, h= [, wa h, g.) wa fedpg if and only if there exists
a gc-Bessel mapping | : X — My such that g = Sf_lf + | where for each
ke H, [, (k1)du. €ker(Ty).

Proof: (i) Let ¢ € L*(X) and h = [ q(z) [, fedpdp. Then for each
ke H
(hk) = / / B, fa)dpis / (for ) dptdp

= /}(Wf)/yffz,k)duwdu-
/| (8700, 1) = o)) / oy )

= [ [ 7.0~ a@dne [ (k) =0,
x Jv, Y,

So Ty( [y (S7 ' (h), f)du. — q) = 0. Hence, [y, (S;'(h), f.)dp. — q € ker(Ty).
Since L*(X) = ker(Ty) ® RT7},

||q\|2f\|/ £)du. — ql? +||/ £y,

and (4) is proved.
(i) Let for each h € H, h = [ fn(h,gac)d,uz sz fedpzdu. Let ng;lf =1.
By the Theorem (2.8), for each h, k € H

( /Y (k. LYy, /Y b f)dn) = /Y (k. g.)dp. /Y (h, f)dp)
- /Y (kS5 Yy, /Y h, £ yp)
= (kh) — (k) = 0.

Thus

Therefore

do0i:10.20944/preprints202206.0365.v1
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Hence, for each k € H, [ (k,1)dp. € (RT})* = kerTy. Now, let g =
S;lf + I where for each k € H, fy (k,1)dp. € ker(Ty). We have

/)c/yz<h’ fo)dpty /Yz<gz’k>d”zd/“‘

/X/w<h,fz>d,uz/ (S7! fo + Loy k) dpipdpe

x

= e nydu [ 577 )

= nydi [ 05,7 )

Lo /Y (s f)d, [ (kL)

= ([ e [ wS7 )

= [ [ g [ (57 b
(k). x

Thus by the Theorem 2.8, for each h € H,

X JY, Y,

3 GN-operators

Let ¢ € B(K, H). The operator ¢ is called an n-operator of K to H, if there
exist families {Zo}acr € H,{Yatacr € K such that > ., [|zalll|yall < oo
and for each k € K,

o(k) = S0, o)z

a€el

Each n-operator on H is a trace class operator and vise versa, which in that
case

tr(|9l)
=inf{} " [[zall[lvall: VR EH, ¢(h)=> (hya)zar I llzallllyall < o0},
a€el acl «

In this section, we shall generalized the concept of n-operators according to
the ge-frames.
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Definition 3.1 We shall denote by L?(X, My) the class of all f : X — My
such that :

(i) For each x € X, ||f+|| : Yo — C is measurable.

(i1) The mapping [y [|f.l|dp. : X — C, x = [ ||fol|dps is measurable and

/( || fl |dpee ) 2dpe < o0.
x Jv,

It is clear that each f € L?(X, M) is a gc-Bessel mapping for H.

Definition 3.2 Let ¢ € B(K, H). We say that ¢ is a gn-operator of K into
H if there exist f € L*(X,Mpy) and g € L*(X, Mg) with fi : (Y, pe) — H
and gy : (Zyy M) = K such that

¢W:A4ﬁ%M%&hMWaMK-

We say that ¢ is o-finite gn-operator if all of the measure spaces are o-finite
. Also, we say that ¢ is a gn-operator on H if H = K.

For each gn-operator ¢ we define its gn-norm by ||¢||gn = inf M, where M
is the class of all [y [y || felldpe [ |lgzlldNedp such that f € L*(X, My)
and g € L*(X, Mg) and

¢(k):/X/ (K, gz)dAs y fedpedp, k€ K.

The following Lemma indicates a relation between operator norms and
gn-norms.

Lemma 3.3 Let ¢ € B(K,H) be a gn-operator. Then ||¢]| < ||| gn-
Proof: Let f € L*(X,Mpy), g € L*(X, M) and

¢(k):/X/ (K, gz)dAs g fedpzdp, k€ K.

H// <k,gz>dkm/ Fodpedpl|

X JZ, Y,

Sup|// <k,ga;>/\x/ (for h)dpadp)
hely JX JZy Y,

wv/mmy/MWm.
X JZ, Y.

So [|8]] < [|8]]gn- U
The next Lemma shows that compositions of gn-operators and operators

on Hilbert spaces are gn-operators, and it will indicates the representations
of the compositions according to the representations of the gn-operators.

For each k € K, we have

(Rl

IN
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Lemma 3.4 If ¢ € B(K, H) is a gn-operator, v € B(K) andu € B(H) then
udv s a gn-operator.

Proof: Let
// k,gu)d\, fmd,uzdu, ke K.

By the Theorem (2.5), for each k € K, we have

ugv(k) = // %M/nmw
- //kvwﬁ/n%w
- /X /Z (kg /YIfoduxdu-

Thus u¢v € B(K, H) is a gn-operator. O
Now, we shall show relationships among trace class operators, n-operators
and gn-operators.

Theorem 3.5 The following assertions are satisfied:
(i) If ¢ € B(K, H) is an n-operator then ¢ is a o-finite gn-operator.
(i1) Let ¢ be a o-finite gn-operator on H. If

m=[ | (g2, / fedusdn, heH
o=/ | U0 < o)

(t43) If ¢ is a gn-operator on H then ¢ is a trace class operator and ||d||gn =
tr(|gl).
Proof: (i) Let I be a countable index set and

2(‘[) = {{"Ea}QEI‘xa € C, Z |$a‘2 < OO}

acl

then

Since ¢ is an n-operator, there exist {za}aer C H,{Yataer & K such that
Zoz ||xa||||ya” < oo and

¢(k) = (k,ya)Ta, k€ K.

Without less of generality we can suppose that for each a € I, z, # 0 and

Yo 7# 0. Since {||zallllyall}acs € I*(I), there exists {aq}aer, {batacr € 1*(1)
such that ||z4]|||Yal] = ¢dabe. Thus

ok) = >k ya)a = Y (, 7202 ﬁ‘”

8 el
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Let g = {aaya/llYalltacr and f = {baza/||zalltaecr Let f: I = My, o
faand g: I - Mg, a— g, be defined by

Ao Yo

Ilyall”

where (Y, ) is any measure space with A(Y) = 1. Let X = I and u be the

counting measure. Then it is evident that f and g are weakly measurable
and for each h € H and k € K we have

ba
fu:Y — H, yl—>||—xT| and go:Y = K, y—s
To

o AaYu baxa
[ g | Gamaran = 2 ! el ™

_ aYa | baTa

= O D el

= (6(k),h)

N (k) = /X /Y (e, go)dA /Y Faddyi.

Hence, ¢ is a o-finite gn-operator.

and let {e,} be an orthonormal basis for H. We have

N /X /Z {earg)dhs /Y o)
%:/X/ZI<6mgx>d>\z /Ym<fz,6a>duwdu,

tr(¢)

Since
/XI/Zm<eaagw>d)\w /Yw<fg;,€a>duz|du
< [ [ Vewsilar [ ifeven)iduads
240)1/2 27 \1/2
< () Naatinezan = f (e P < o
and
/ |<eavgac>‘d>\x/ |<fraea>|duz<00, a.e[u].
Za Ya
Thus

/Z e ge)ld /Y e calie = /Z e 0o ealdOhe x ).

do0i:10.20944/preprints202206.0365.v1
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Hence

/X;|/Zz<ea,gz>d/\z /Yx<fm,ea>duxldu

< [ leagadllifncadldih % u)d
< [ S lea gl codldh % )
< L e PV A a2 g
- /}(/Zw||gm||dxz/Yx||fm|duzdu
2 7y\1/2 20,02 < oo,
< </X</Zz||gm||dxm> a) (/X(/Yzlleldux) a2 <
Therefore
tr(¢) = /XZ/Z <h7gx>dkz/y<fx,ea>dumdu
= /X;/szyz<eavgx><fz’ea>d(/\z X fg)
- /X /Z D e 0a) (e X )l
= /}{/meyx<fmagm>d(>\m X ﬂx)d#
(iii) Let

¢(h) = /X/ZI (h, gz )d Ay /Yz fedpzdp, he H.

Let ¢ = u|¢| be the polar decomposition of ¢. So |¢| = u*¢. By the Lemma
3.4, |¢| is a gn-operator and

o= [ (b9 / ot e B

Let {e;}es be an orthonormal basis for H. We have

Soteen <X [ [ lesadla. [ 1 fees)dnod

J

Aéé;wwwwmm%@

tr(l¢l)

IN


https://doi.org/10.20944/preprints202206.0365.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 June 2022 d0i:10.20944/preprints202206.0365.v1

GN-operators 17
< / / (D l(ejs g0} 1) /2dA) / O 1u* fasep) )P dpsedps
xJz, Y. 5
=[] Ngellan. [ sl
xJz, Y
Hence
tr(|ol) < [|¢llgn-
Since ||¢||gn < 00, ¢ is a trace class operator. Since
tr(|gl)
= inf {3 Nfzallllyall s VhEH, 6(h) =3 (hya)zar S llzallllvall < oo},
acl a€cl oY

thus [[¢][gn < tr(|¢]), so
[1¢llgn = tr(l¢]),

and the Theorem is proved. (]
The following result can be dedicated by the Theorem 3.5.

Corollary 3.6 Let ¢ € B(H). Then ¢ is a trace class operator if and only
if ¢ is an gn-operator on H.

Conclusion. Finally, we proved that ¢ € B(H) is a trace class operator if
and only if an gn-operator and this can be investigated for other operators
as well.
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