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Abstract: In remote sensing applications, one of the key points is the acquisition, real-time pre-

processing and storage of information. Due to the large amount of information present in the form 

of images or videos, compression of this data is necessary. Compressed sensing (CS) is an efficient 

technique to meet this challenge. It consists in acquiring a signal, assuming that it can have a sparse 

representation, using a minimal number of non-adaptive linear measurements. After this CS 

process, a reconstruction of the original signal must be performed at the receiver. Reconstruction 

techniques are often unable to preserve the texture of the image and tend to smooth out its details. 

To overcome this problem, we propose in this work, a CS reconstruction method that combines the 

total variation regularization and the non-local self-similarity constraint. The optimization of this 

method is performed by the augmented Lagrangian which avoids the difficult problem of non-

linearity and non-differentiability of the regularization terms. The proposed algorithm, called 

denoising compressed sensing by regularizations terms (DCSR), will not only perform image 

reconstruction but also denoising. To evaluate the performance of the proposed algorithm, we 

compare its performance with state-of-the-art methods, such as Nesterov's algorithm, group-based 

sparse representation and wavelet-based methods, in terms of denoising, and preservation of edges, 

texture and image details, as well as from the point of view of computational complexity. Our 

approach allows to gain up to 25% in terms of denoising efficiency, and visual quality using two 

metrics: PSNR and SSIM. 
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1. Introduction 

Compressed sensing (CS) has already attracted great interest in various fields. 

Examples include medical imaging [1,2], communication systems [3–6], remote sensing [7], 

reconstruction algorithm design [8], image storage in databases [9], etc. Compressed 

sensing provides an alternative approach to Shannon vision to reduce the number of 

samples, and/or reduce transmission/storage costs. There are other approaches that also 

address this issue, such as random sampling [10]. Compressed sensing recovery is a linear 

optimization problem. The most common CS retrieval algorithms explore the prior 

knowledge that a natural image is sparse in certain domains, such as in the wavelet 

domain, where simple and efficient noise reduction is possible [11–14], or in the discrete 

gradient domain that we will develop in this work.  

Image recovery in these application domains can be formulated as a linear inverse 

problem, which can be modeled as follows:  

f = A u + ε (1) 

𝑓 ∈ ℝ𝑀  is the observed noisy image, 𝑢 ∈ ℝ𝑁is the unknown clean image, and ε is an 

additive noise and 𝐴 ∈ ℝ𝑀×𝑁 is a linear operator. Given 𝐴, image reconstruction extract  𝑢̂ 
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from 𝑓 making classical least-squares approximation alone not suitable. To stabilize 

recovery, regularization techniques frequently used, giving a general reconstruction model 

of the form: 

  arg min
𝑢

1

2
‖𝐴 𝑢 − 𝑓‖2

2 + 𝜆 𝜙𝑟𝑒𝑔(𝑢), (2) 

where, 𝜆 > 0 is a regularization parameter and ‖ ‖2 denotes the 𝑙2 norm. The fidelity 

term, ‖ 𝐴 𝑢 − 𝑓 ‖2
2, forces the reconstructed  image to be close to the original image. The 

regularization term, 𝜙𝑟𝑒𝑔(𝑢), actually perform the noise reduction. 

Many optimization approaches for regularization based image inverse problems have 

been developed. Particularly, the total variation (TV) based approach has been one of the 

most popular and successful approaches; Chambolle [15] introduced the dual approach to 

the unconstrained real valued case. Later, Beck and Teboulle [16] present a fast 

computational method based on gradient optimization approach for solving the TV-

regularized problem. Recently, several methods based on total variation have been 

proposed for hyperspectral image [17,18] denoising an essential preprocessing step to 

improve image quality. 

However, since the total variation model favors the piecewise constant image 

structures, the total variation models tend to over smooth the image details, it tends to 

smooth out the fine details of an image. To overcome these intrinsic draw backs of the total 

variation model, we introduce a non-local self-similarity constraint, as a complementary 

regularization into the model. The non-local self-similarity can restore high quality image. 

To make our algorithm robust, an augmented Lagrangian method is proposed to solve 

efficiently the above inverse problem. 

The remainder of this paper is organized as follows. In section 2, the basics of the 

methods used to image restoration are presented. The tools of denoising image considered 

in the proposed framework are described in section 3. Section 4 presents our proposed 

algorithm, called DCSR. The experimental results from the processing of Lena, Barbara 

and Cameraman images, available in the public and royalty-free, database 

https://ccia.ugr.es/cvg/dbimagenes/index.php, and the comparison with competing 

methods are discussed in Section 5. Finally, conclusions are given in Section 6.  

 

2. Related Works 

2.1. Compressive sensing   

The aim of compressive sensing [19,20] is to acquire an unknown signal, assuming to 

have a sparse representation while using the minimal number of linear non adaptive 

measurements. After wards, recover it by means of efficient optimization procedures. The 

three points of compressive sensing theory are the sparsity of the received signals, 

incoherent measurement matrix and robust algorithm of reconstruction. 

Let 𝑥 ∈ ℝ𝑁 be a signal having a sparse representation and its sparsity is 𝐾, (𝐾 ≪ 𝑁), 

so that 𝑥 can be expressed as: 

𝑥 =  𝜓 𝑢  (3) 

where, 𝜓 = (𝜓1, 𝜓2, … , 𝜓𝑁) is the basis matrix, 𝑢 ∈ ℝ𝑁×1 the column vector of weighting 

coefficients with  

 𝑢𝑖 = 〈 𝑥𝑖 , 𝜓𝑖  〉 = 𝜓𝑇𝑥  (4) 

using 𝜙 ∈ ℝ𝑀×𝑁 as a sensing matrix of dimension 𝐾 < 𝑀 ≪ 𝑁. The obtained signal is:  

𝑓 = 𝜙 𝑥 =  𝐴 𝑢  (5) 
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with  𝐴 = 𝜙 𝜓−1.  𝐴 is an 𝑀 × 𝑁 matrix that  verifies the restricted isometry condition of  

order 𝐾: 

                        1 − 𝛿𝐾 ≤
‖ 𝐴𝑢 ‖2

2

‖ 𝑢 ‖2
2 ≤ 1 + 𝛿𝐾  ,           0 < 𝛿𝐾 < 1                                          (6) 

 

The reconstruction of 𝑥 from 𝑓  can be obtained via the 𝑙1 norm minimization as:  

 

𝑢̂ = min  ‖ 𝑢 ‖1  subject to 𝑓 = 𝐴 𝑢  (7) 

More often, when 𝑓 is contaminated by noise, the equality constraint comes: 

 
    𝑢̂ = min‖𝑢‖1  subject to ‖𝐴𝑢 − 𝑓‖2

2  ≤ 𝜀 (8) 

where 𝜀 > 0 represents a predetermined noise level. For an appropriate scalar weight 

𝛼, we can obtain the following variant of (8): 

 

min 
𝑢

1

2
‖𝐴𝑢 − 𝑓‖2

2  +  𝛼 ‖𝑢‖1  (9) 

Problems (8) and (9) are equivalent in the sense that solving one will determine the 

parameter in the other such that both give the same solution. If 𝑥 is sufficiently sparse and 

the measurement matrix 𝜓 is incoherent with orthogonal basis 𝜙, then 𝑥 can be 

reconstructed by solving the 𝑙1 norm minimization problem.   

There are several iterative reconstruction algorithms to solve the problem, such as 

orthogonal matching pursuit (OMP) [21] and approximate message passing (AMP) [22], 

an extension of the AMP; denoising based AMP (D-AMP) [23] employs denoising 

algorithms for CS recovery and can get a high performance for nature images. 

2.2. Augmented Lagrangian  

Augmented Lagrangian method [24] is a new technique that appears with the core 

idea, which is a combination between the standard Lagrangian function and quadratic 

penalty function, also known as the method of multipliers.  

Considering the following constrained optimization problem: 

 

min
𝑢

𝑓(𝑢)  subject to  𝐻 𝑢 = 𝑔  (10) 

where 𝑢 ∈ ℝ𝑁, 𝑔 ∈ ℝ𝑀and 𝐻 is a matrix of dimension 𝑀 × 𝑁, i.e., there are 𝑀 linear 

equality constraints.   

The augmented Lagrangian function for this problem is given by: 

 𝐿(𝑢, 𝜆, 𝜌) = 𝑓 (𝑢)  −  λT(𝐻𝑢 − 𝑔) +
𝜌

2
 ‖𝐻𝑢 − 𝑔‖2

2  (11) 

such as, 𝜆 ∈ ℝ𝑀 is a vector of the Lagrange multiplier and 𝜌 > 0 is the augmented 

Lagrangian  penalty parameter for the quadratic infeasibility term [25]. As described in 

Algorithm 1, the so-called augmented Lagrangian method consists in finding the global 

optimal point of the optimization problem, which has two vectors, the Lagrangian 

multiplier λ and the signal 𝑢, that need to be solved. Through the alternate iteration 

method to keep one vector fixed and to update the other, the solution can be obtained 

successfully until the stopping criterion is satisfied. 
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Algorithm 1: Augmented Lagrangian method 

Initialization: 𝑘 = 0, 𝜌 > 0,  𝜆0, 𝑢0 

Iterations : for 𝑘 = 𝑘 + 1 until the stopping criterion is  

 satisfied, repeat steps 1-2 

           1. Keep 𝜆 fixed and update 𝑢 : 

                  𝑢𝑘+1 =    min 
𝑢

𝑓(𝑢) − 𝜆𝑘
𝑇(𝐻𝑢 − 𝑔) +

𝜌

2
‖𝐻𝑢 − 𝑔‖2

2 

           2. Keep 𝑢 fixed and update 𝜆: 
   𝜆𝑘+1 = 𝜆𝑘 + 𝜌(𝐻𝑢𝑘+1 − 𝑔) 

 Output : 𝑢 the optimal solution. 

 

3. Technical framework for image denoising 

It is well known that existing several methods for image denoising, including total 

variation image regularization [26], wavelet thresholding [27], non-local means [28], basis 

pursuit denoising [29], block-matching and 3D filtering [30], among others. These 

methods can perform image smoothing/denoising as well as preserve edges to a certain 

extent. If we can obtain more precise measurements of the original images than the 

corresponding noisy images, then we can reconstruct the image well by CS theory. In 

particular, we can them into two classes, as special cases of the proposed framework. 

3.1. Regularization  functions 

 The total variation has been introduced in first by Rudin, Osher and Fatemi [31], as a 

regularizing criterion for solving inverse problems. Total variation model is a 

regularization terms demonstrate high effectiveness in preserving edges and recovery 

smooth regions. The use of total variation regularization in the area of compressive 

sensing makes the reconstructed images sharper by preserving the edges or boundaries 

more accurately. Then, the total variation (TV) model can be written as: 

𝑇𝑉(𝑢) =  ‖𝐷 𝑢‖𝑝  (12) 

where 𝑢 ∈ ℝ𝑁 represents an image,  𝐷 =  [𝐷ℎ , 𝐷𝑣] and 𝐷ℎ, 𝐷𝑣   denote the horizontal and 

vertical gradient picture, respectively. The 𝑙𝑝 norm could either be the 𝑙2 norm 

corresponding to the isotropic TV, or the 𝑙1 norm corresponding to the anisotropic TV.  By 

definition, 𝑙𝑝 norm is ‖ 𝑢 ‖𝑝 =  ( ∑ |𝑢𝑖|
𝑝  𝑁

 𝑖=1 )
1

𝑝. In this paper, we consider  𝑝 equal to 1. 

 

A non-local self-similarity (NLS) is another significant property of natural images, it 

was proposed in the first time in the work for image denoising [32]. It depicts the 

repetitiveness of the textures [33,34] or structures embodied by natural images, which is 

maintaining properties of initial image (the sharpness and edges) and obtaining in this 

steps. First, it divides image  𝑢 size 𝑁 into many overlapped blocks 𝑢𝑖  of size √𝑛  × √𝑛 , 

 at location 𝑖 ,   𝑖 = 1, 2, . . , 𝑁. Second, search (𝑚 − 1) similar blocks and denoted 𝑆𝑢𝑖 a set 

including 𝑚 best block to 𝑢𝑖 in the training window with  (𝐿 × 𝐿) size. Third, for each 𝑆𝑢𝑖 

transform the blocks belonging to 𝑆𝑢𝑖  into 3D array by the superposition denoted by 𝑍𝑢𝑖  . 

𝑁𝐿𝑆(𝑢) = ‖𝜃𝑢‖1 = ∑ ǁ𝑇3𝐷(𝑍𝑢𝑖)ǁ1

𝑁

1

  (13) 

such that 𝑇3𝐷is the operator of an orthogonal 3D transform, and 𝑇3𝐷(𝑍𝑢𝑖)  the             

transform coefficients for 𝑍𝑢𝑖  . 𝜃𝑢 be the column vector of all the transform coefficients 

of image 𝑢 with size 𝐾 = √𝑛  × √𝑛 × 𝑚 built from all the 𝑇3𝐷(𝑍𝑢𝑖) arranged in the 

lexicographic order. 
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3.2. Wavelet denoising 

Wavelet shrinkage denoising attempts to remove whatever noise present and retain 

whatever signal is present regardless of the frequency content of the signal. In the wavelet 

domain, the energy of a natural signal is concentrated in a small number of coefficients; 

noise is, however, spread over the entire domain. The basic wavelet shrinkage denoising 

algorithm consist of three steps: 

• Discrete wavelet transform (DWT) [35]; 

• Denoising [36]; 

• Inverse DWT. 

The following is the measurement model: 

 𝑓 = 𝑢 + 𝜀  (14) 

where, 𝑢 is the original image of size 𝑀 × 𝑁  corrupted by an additive noise 𝜀. The goal 

is to estimate the denoised image 𝑢̂ from noisy observation 𝑓. The elimination of this 

additive noise can be under the assumption that the appropriate choice of decomposition 

basis allows discrimination of the useful signal (image) from noise. This hypothesis 

justifies, in part, the traditional use of denoising by thresholding. There are two 

thresholding methods frequently used. The soft-thresholding function (also called the 

shrinkage function):  

𝑑𝑗
𝑢(𝑘) = {

𝑑𝑗
𝑦(𝑘) − 𝑆 if     𝑑𝑗

𝑦(𝑘) > 𝑆  

𝑑𝑗
𝑦(𝑘) + 𝑆     if       𝑑𝑗

𝑦(𝑘) < −𝑆 

0          otherwise

  (15) 

The other popular alternative is the hard-thresholding function: 

𝑑𝑗
𝑢(𝑘) = {

𝑑𝑗
𝑦(𝑘) 𝑖𝑓      |𝑑𝑗

𝑦(𝑘)| > 𝑆

0       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 (16) 

such that, 𝑑𝑗
𝑦(𝑘) is the wavelet coefficients of the measured signal at level 𝑗, the 

estimation of the wavelet coefficients of the useful signal, denoted 𝑑𝑗
𝑢(𝑘) with the 

threashold 𝑆 = 𝜎√2 𝑙𝑜𝑔 𝑁, where 𝑁 is the number of pixels for the test image and 𝜎 

represents the noise standard deviation. 

4.  Our efficient image denoising scheme 

In what follows, we substitute the aforementioned results (12) and (13) into (9), we     

obtain the following problem : 

 

arg  min
𝑢

1

2
‖𝐴𝑢 − 𝑓‖2

2 + 𝜏 𝑇𝑉(𝑢) + 𝜇 𝑁𝐿𝑆(𝑢)  (17) 

Lets us recall that  𝑇𝑉(𝑢) = ‖𝐷 𝑢‖1  and  𝑁𝐿𝑆(𝑢) = ‖𝜃𝑢‖1 = ∑ ǁ𝑇3𝐷(𝑍𝑢𝑖)ǁ1
𝑁
1  

     The problem can be converted into an equality-constrainted problem by 

introducing  𝑤 and 𝑥, 

 

 

 

min
𝑤,𝑢,𝑥

1

2
‖𝐴𝑢 − 𝑓‖2

2 + 𝜏 ‖𝑤‖1 + 𝜇 ‖𝜃𝑥‖1 subject  to  𝐷𝑢 = 𝑤, 𝑢 = 𝑥 (18) 

where 𝜏 and 𝜇 are control parameters. Augmented Lagrangian function of (18) is as follow: 

 

                 ℒ𝐴(𝑤, 𝑢, 𝑥) =  
1

2
‖𝐴𝑢 − 𝑓‖2

2 + 𝜏 ‖𝑤‖1 + 𝜇 ‖𝜃𝑥‖1 −  𝛾𝑇(𝐷𝑢 − 𝑤) − 𝜑𝑇(𝑢 − 𝑥) + 
𝜇

2
‖𝐷𝑢 − 𝑤‖2

2 +
𝛽

2
‖𝑢 − 𝑥‖2

2 (19) 
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where 𝜇 and 𝛽 are the penalty parameters corresponding to ‖𝐷𝑢 − 𝑤‖2
2 and ‖𝑢 − 𝑥‖2

2 

respectively. 

To solve (18), we use the augmented Lagrangian method iteratively, as follow: 

 

{

(𝑤𝑘+1, 𝑢𝑘+1, 𝑥𝑘+1) =   arg min
𝑤,𝑢,𝑥

  ℒ𝐴(𝑤, 𝑢, 𝑥) 

𝛾𝑘+1 = 𝛾𝑘 − 𝜇(𝐷𝑢𝑘+1 − 𝑤𝑘+1)

𝜑𝑘+1 = 𝜑𝑘 − 𝛽(𝑢𝑘+1 − 𝑥𝑘+1)

 (20) 

 

Here, the subscript 𝑘 denotes the index of the iteration and 𝛾, 𝜑 are the Lagrangian 

multipliers associated with the constraints 𝐷𝑢 = 𝑤, 𝑢 = 𝑥 , respectively. 

        Due to the non differentiability of problem (19), we used the alternative direction 

method to solve efficiently a problem, which alternatively minimizes one variable while 

fixing the other variables, to split (19) into the following three sub-problems. For 

simplicity, the subscript 𝑘 is omitted without confusion. 

• Update  𝑤 

Given 𝑢 and 𝑥, the optimization problem associated with 𝑤 as follow: 

arg min
𝑤

 𝜏‖𝑤‖1 − 𝛾𝑇(𝐷𝑢 − 𝑤) +
𝜇

2
‖𝐷𝑢 − 𝑤‖2

2 (21) 

according to [37], the solution of w sub-problem is written as: 

𝑤̃ =  max {|𝐷𝑢 −
𝛾

𝜇
| −

𝜏

𝜇
, 0}  sgn (𝐷𝑢 −

𝛾

𝜇
) (22) 

      where max {∙} represents the larger number between two elements, and sgn(∙) is a      is a 

piecewise function defined as follows:  

sgn(𝑥) = {
−1 if   𝑥 < 0
0 if   𝑥 = 0
1 if   𝑥 > 0

 

 

• Update  𝑢 

Given 𝑤 and 𝑥, the sub-problem associated with 𝑢 is equivalent to 

arg min
𝑢

1

2
‖𝐴𝑢 − 𝑓‖2

2 − 𝛾𝑇(𝐷𝑢 − 𝑤)−𝜑𝑇(𝑢 − 𝑥) +
𝜇

2
‖𝐷𝑢 − 𝑤‖2

2 +
𝛽

2
‖𝑢 − 𝑥‖2

2 (23) 

which simplifies to the linear system 

(𝐷𝑇𝐷 + (
𝛽

𝜇
+

1

𝜇
) 𝐼)   𝑢 =  

1

𝜇
𝐴𝑇 𝑓 + 𝐷𝑇 (𝑤 −

𝛾

𝜇
) + (

𝛽

𝜇
𝑥 −

𝜑

𝜇
) (24) 

We observe that 𝐷𝑇𝐷 is a positive semi definite tridiagonal matrix. Since 𝜇 and 𝛽 are both 

positive scalars, the matrix on the left-hand-side of the above system is positive definite 

tridiagonal.  

• Update 𝑥 

Given 𝑤 and 𝑢, the 𝑥 sub-problem becomes 

 

arg min
𝑥

 𝜇 ‖𝜃𝑥‖1 + 
𝛽

2
‖𝑢 − 𝑥‖2

2 − 𝜑𝑇(𝑢 − 𝑥)  (25) 

 the problem (25) can be reformulated below: 
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arg min
𝑥

  
1

2
‖𝑥 − 𝑟‖2

2 +
𝜇

𝛽
‖𝜃𝑥‖1 (26) 

 

Considering 𝑟 = 𝑢 − 𝑐 with 𝑐 =
𝜑

𝛽
 , as a noisy observation of 𝑥, the error (or noise) 𝑒 = 𝑥 −

𝑟 follows a probability law, not necessarily Gaussian, with zero mean and variance 𝜎2. 

According to the central limit theorem or law of large numbers, the following equation 

holds: 

1

𝑁
‖𝑥 − 𝑟‖2

2 =
1

𝐾
‖𝜃𝑥 − 𝜃𝑟‖2

2 (27) 

 

with  𝑒, 𝑥, 𝑟 ∈  ℝ𝑁 and 𝜃𝑥 , 𝜃𝑟  ∈  ℝ𝑖 for 𝑖 = 1, … , 𝑁 

equivalent to 

‖𝑥 − 𝑟‖2
2 =

𝑁

𝐾
‖𝜃𝑥 − 𝜃𝑟‖2

2 (28) 

incorporating (28) into (26) leads to 

arg min
𝑥

 
1

2
‖𝜃𝑥 − 𝜃𝑟‖2

2 +
𝐾𝜇

𝑁𝛽
‖𝜃𝑥‖1 (29) 

since the unknown variable 𝜃𝑥 is component-wise separable in (29), such that  

𝜃𝑥̂ = soft(𝜃𝑟 , √2𝜑), 𝜑 =
𝐾𝜇

𝑁𝛽
 , 𝐾 = √𝑛  × √𝑛 × 𝑚 (30) 

𝜃𝑥̂ = sgn(𝜃𝑟) max{|𝜃𝑟| − √2𝜑,   0} (31) 

 

Thus, the closest solution from 𝑥 sub-problem (25) is follow:  

 

𝑥̃ =  Ω(𝜃𝑥̂) 
(32) 

where  Ω is the reconstruction operator. 

Based on the discussions above, we get the algorithm for solving (17) shown below: 

 

Algorithm 2:  The proposed algorithm (DCSR) 

Input: The observed measurement 𝑓, the measurement matrix 𝐴 

Initialization: 𝛾0 = 𝜑0 = 0,𝑢0 = 𝑓, 𝑤0 = 𝑥0 = 0 

  while Outer stopping criteria unsatisfied do 

  while Inner stopping criteria unsatisfied do 

        solve 𝑤 sub-problem by computing equation (22) 

        solve 𝑢 sub-problem by computing equation (24) 

        solve 𝑥 sub-problem by computing equation (32) 

  end while 

 Update multipliers by equation (20) 

  end while 

Output : The final image 𝑢 is restored. 

 

The algorithm detailed above is used to recover corrupted images by white Gaussian 

noise and salt pepper noise.  

Comparative performance of competing methods to recovery noisy images is 

discussed in the next section. 
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5. Experimental results and discussion 

In this section, we describe the experiments undertaken with both simulated and real 

data sets to verify the efficiency and practicability of the proposed method. To evaluate 

the performance of the proposed algorithm, DCSR, we compare it with three other 

popular CS recovery algorithms: The first algorithm, wavelet thresholding, denoising 

natural images by assuming they are sparse in the wavelet domain. It transforms signals 

into a wavelet basis, thresholds the coefficients, and then inverses the transform. The 

second algorithm, NESTA is based on Nesterov’s smoothing technique, extended to TV 

minimization by modifying the smooth approximation of the objective function. The third 

algorithm, group-based sparse representation (GSR) enforces image sparsity and self-

similarity simultaneously under a unified framework in an adaptive group domain.  

We used three images, Barbara and Cameraman gray-scale images with size of 

256 × 256 and color Lena image 512 × 512 in our experiments, see Figure 1. 

 

 
                        (a)               (b)                                            (c) 

Figure 1.  Test images used in the experiments.  (a) Barbara, (b) Cameraman, (c) Lena. 

          In the simulations, two types of noise were used: the additive white Gaussian noise 

(AWGN) measured by its standard deviation 𝜎 and its mean 𝑚 and the salt and pepper 

noise. 

The salt and pepper noise on image has the following form: 

where 𝑝 = (𝑝1, 𝑝2, … , 𝑝𝑛) ∈ ℝ𝑛 pixels and 𝑣𝑚𝑎𝑥 is the pixel intensity of salt pixels and  𝑣𝑚𝑖𝑛  

is the pixel intensity of pepper pixels. The sum 𝑞 = 𝑞1 + 𝑞2 is the level of the salt and 

pepper noise. 

 

5.1. Visual Quality Comparison  

        First, we evaluate the performance of our DCSR algorithm by performing 

experiments on Barbara image corrupted by white Gaussian noise with standard 

deviation 𝜎 ranging from 20 to 80. Figure 2 shows the recovery image results with 

different values of noises 𝜎 . 

  

                                                𝜂(𝑝) = {
𝑣𝑚𝑎𝑥       with probability 𝑞1

  𝑣𝑚𝑖𝑛      with probability 𝑞2
                                                   (33)  
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                (a)  (b)       (c)          (d) 

 
Figure 2. Visual comparison of the reconstruction quality of the proposed DCSR algorithm for 

different noise levels. (a) 𝜎 = 20, (b)  𝜎 = 50, (c) 𝜎 = 60, (d)  𝜎 = 80. 

 

From Figure 2, it can be seen that the details of Barbara image are preserved very well 

after denoising with noise from 20 to 80. 

The pleasant visual quality is important for a viewer. In order to verify the 

superiority of the proposed method, we compare it with GSR algorithm, wavelet 

denoising and NESTA algorithm. We obtain a recovered image from each solver. 

Comparison experiments are shown in Figures 3, 4 and 5. 

 

                                                    
                      (a)   (b) (c) (d) 

  

Figure 3. Visual comparison of the reconstruction quality of GSR algorithm for different noise levels. 
(a) 𝜎 = 20, (b)  𝜎 = 50, (c) 𝜎 = 60, (d) 𝜎 = 80. 

 

 

              (a)   (b) (c)          (d) 

  
Figure 4. Visual comparison of the reconstruction quality of the wavelet denoising algorithm for 

different noise levels. (a) 𝜎 = 20, (b)  𝜎 = 50, (c) 𝜎 = 60, (d)  𝜎 = 80. 

 

 

             (a)   (b) (c)   (d) 

Figure 5. Visual comparison of the reconstruction quality of NESTA algorithm for different noise 

levels. (a) 𝜎 = 20, (b)  𝜎 = 50, (c) 𝜎 = 60, (d) 𝜎 = 80. 
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This image Barbara is relatively complex with rich texture and geometry structure. 

The images reconstructed by NESTA algorithm are visually unpleasant and lose some 

important details, for wavelet denoising if  the standard deviation 𝜎 is set too large 

(greater than 50) the image noise can not be suppressed. Also, one can see that GSR is 

effective in suppressing the noises. By comparing, the proposed method provides the 

most visually pleasant results in both edges and textures. 

Secondly, we handle the proposed approach to process the impulsive noise salt and 

pepper in various noise levels varying from 20% to 70% and compared its denoising 

performance with several denoising algorithms: GSR algorithm, NESTA algorithm and 

wavelet denoising. Figure 6 provides visual results for different algorithm and several 

noise levels, it can be found that the image Cameraman has been reconstructed very well 

by our algorithm, DCSR, even with high noise level greater than 50%.  We can conclude 

that DCSR method presents the best quality image compared to other methods. 

                                       

                             Noise level 20%                      

                                       

                       Noise level 50%                                   

                                       

                            Noise level 60%                                     

                                                

                          Noise level 70%                                        

                              

Figure 6.  Visual comparison of the reconstruction quality for different noise levels in the case of salt 

and pepper (see column 1 located on the left side). The algorithms used are, DCSR, GSR, wavelet 

denoising and NESTA: The denoised images are arranged in columns 2, 3, 4 and 5 respectively. 
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5.2. Image Quality Metrics  

The image processing community has long been using PSNR and MSE as fidelity  

metrics. The formulas are simple to understand and implement; they are easy and fast to 

compute and minimizing MSE is also very well understood from a mathematical point of 

view. 

 PSNR (peak signal-to-noise ratio, unit: dB) [38] is the ratio between the maximum 

possible power of a signal and the power of noise. The higher PSNR value means the better 

visual quality. PSNR is defined as follows: 

PSNR = 10 log10
(2𝑘−1)

2

MSE
  (34) 

MSE =  
1

𝑀𝑁
∑ ∑(𝑢(𝑖, 𝑗) − 𝑢̂(𝑖, 𝑗))

2
𝑁

𝑗=1

𝑀

𝑖=1

 (35) 

MSE represents the mean square error between two images, 𝑢 is the initial image and 𝑢̂ is 

the reconstructed image of size 𝑀 × 𝑁, 𝑖 and 𝑗 represent the image row and column pixel 

position respectively, 𝑘 is the number of bits of each sample value. 

As an alternative to data metrics described above, better visual quality measures 

have been designed taking into account the effects of distortions on perceived quality.       

Note that, structural similarity (SSIM) textures [39] is a proven to be a better error metric 

for comparing the image quality and it is in the range [0, 1] with value closer to one 

indicating better structure preservation. 

SSIM = 𝑙(𝑢, 𝑢̂) × 𝑐(𝑢, 𝑢̂) × 𝑠(𝑢, 𝑢̂) (36) 

 such that, 𝑙(𝑖, 𝑗) is the luminance comparison defined as a function of the mean 

intensities 𝜇𝑖 and 𝜇𝑗 of signals 𝑖 and 𝑗 : 
 

𝑙(𝑖, 𝑗) =
2𝜇𝑖𝜇𝑗 + 𝑐1

𝜇𝑖
2 + 𝜇𝑗

2 + 𝑐1

 

 The contrast comparison 𝑐(𝑖, 𝑗) is a function of standard deviations 𝜎𝑖 and 𝜎𝑗 , and 

takes the following form: 

(37) 

 

 

 

𝑐(𝑖, 𝑗) =
2𝜎𝑖𝜎𝑗 + 𝑐2

𝜎𝑖
2 + 𝜎𝑗

2 + 𝑐2

 

 

The structure comparison 𝑠(𝑖, 𝑗) is defined as follows: 

(38) 

 

 

  

𝑠(𝑖, 𝑗) =
𝜎𝑖𝑗  + 𝑐3

𝜎𝑖𝜎𝑗 + 𝑐3

 (39) 

 

where, 𝜇𝑖 and 𝜇𝑗 represent the mean value of images 𝑢 and 𝑢̂ respectively.  𝜎𝑖
2 and 𝜎𝑗

2 

represent the variance of images 𝑢 and 𝑢̂ respectively.  𝜎𝑖𝑗 is the covariance of images 𝑢 

and 𝑢̂.  𝑐1, 𝑐2 and 𝑐3 are constants. 

Specifically, it is possible to choose  𝑐𝑖 =  𝐾𝑖
2𝐷2,   𝑖 = 1 and 𝐾𝑖  is a constant,  

such as 𝐾𝑖 ≪ 1 and 𝐷 is the dynamic range of the pixel values (𝐷 = 255 corresponds to a 

grey-scale digital image when the number of bits/pixel is 8). 
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5.3. Quantitative assessment  

    In this sub-section, we evaluate the quality of image reconstruction. We compare 

these methods furthermore quantitatively; the peak signal to noise ratio (PSNR) and 

structural similarity (SSIM) indices are calculated for the images with different algorithms.  

    Remember that, at first gray image Barbara was contaminated by Gaussian white 

noise with different values of standard deviation σ and denoising with different 

algorithms. The results of the PSNR values by various algorithms are shown in Figures 7-

10. Let us recall that, the higher PSNR indicates superior image quality and a good 

performance of algorithm. The values of PSNR illustrate that, obviously, DCSR yields a 

higher PSNR than the other three methods. 

 
                                                       PSNR: 38.75 dB                 PSNR: 35.16 dB                PSNR: 34.67 dB                   PSNR: 33.59 dB     

                                                  

Figure 7.  PSNR for different noise levels using the proposed DCSR. From left to right 𝜎 = 20, 50, 

60 and 80 respectively. 

        PSNR: 34.07 dB                 PSNR: 29.10 dB                   PSNR: 27.39 dB                 PSNR: 24.49 dB                       

 

Figure 8.  PSNR for different noise levels using GSR algorithm. From left to right 𝜎 = 20, 50, 60 and 

80 respectively. 

                                                        PSNR: 27.03 dB                   PSNR: 20.18 dB                  PSNR: 19.02 dB                  PSNR: 17.45 dB               

 

Figure 9.  PSNR for different noise levels using wavelet denoising. From left to right 𝜎 = 20, 50, 60 

and 80 respectively. 
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      PSNR: 24.19 dB                  PSNR: 19.15 dB                    PSNR: 18.08 dB                  PSNR: 15.46 dB  

 

Figure 10.  PSNR for different noise levels using NESTA algorithm. From left to right 𝜎 = 20, 50,   

60 and 80 respectively. 

Figure 11 presents the performance analysis of four denoising methods for grayscale 

image corrupted by additive white Gaussian noise. We can clearly see that DCSR our 

algorithm exhibits the best performance with high PSNR (low noise level) and also with 

low PSNR (high noise level).  

 

                                             

Figure 11.  Grayscale image corrupted by additive white Gaussian noise (AWGN): Performance 

analysis of four denoising methods. 

To quantitatively evaluate the effectiveness of our reconstruction-de-noising method, 

the test image used is corrupted by salt and pepper noise with different noise levels.. Table 

1 shows the quantitative assessment results PSNR and SSIM of our algorithm, DCSR, for 

several values of the noise levels, as well as results obtained using GSR, wavelet and 

NESTA. 
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Table 1. Quality metrics results on different algorithms for different values of noise levels. 

Method                Noise level  PSNR SSIM 

                           20% 

 Ours  (DCSR)                     50% 

                           60% 

                           70% 

33.97 0.99 

30.08 

27.03 

0.95 

0.93 

25.24 0.92 

                             20% 

GSR algorithm                     50% 

                            60% 

                            70% 

26.70 

24.66 

0.80 

0.78 

23.61 

22.40 

0.74 

0.69 

                           20% 

Wavelet denoising             50% 

                           60% 

                           70% 

31.68 0.89 

28.61 0.86 

26.69 0.79 

24.84 0.74 

                           20% 

NESTA algorithm               50% 

                           60% 

                           70% 

18.88 0.39 

16.71 

16.33 

16.03 

0.38 

0.37 

0.36 

The best results are highlighted in bold type font. Table 1 indicates that, the PSNR and 

SSIM values obtained by NESTA are lower, indicating that there are a limitation on the 

restoration images although being a successful image recover method. GSR and wavelet 

obtain intermediate PSNR values and SSIM values. Table 1 validates that our method has 

superiority in image reconstruction compared with the three methods. 

This performance is confirmed by Figure 12 which illustrates the PSNR output 

variations with respect to the input PSNR.  

 

Figure 12.  Grayscale image corrupted by salt and pepper noise: Performance analysis of four 

denoising methods. 

The next challenge is to apply this DCSR algorithm to color, or multidimensional, 

images. This is esential since most digital images used in the modern world are not 

grayscale, but usually operate in either the RGB or YCbCr color spaces. Both these colors 

paces are 3-dimensional. 

 We evaluate the proposed DCSR algorithm on color image Lena. Lena is a good test 

image because it has a nice mixture of detail, flat regions, shading area and texture. We 

mainly compare our proposed method to wavelet denoising and GSR algorithm.  
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 As mentioned previously, two types of noise are used in these experiments: AWGN with 

a standard deviation  𝜎  and several salt and pepper noise levels. 

At the beginning, additive white Gaussian noise with different values of standard 

deviation 𝜎 = 20, 50, 60 and 80 are added to this testing image to generate the noisy 

observations.  

Denoising results of this image with different algorithm are shown in Figure 13. From 

Figure, the proposed method achieves the highest scores of PSNR in all the cases, which 

fully demonstrates that the denoising results by the proposed method are the best both 

objectively and visually. 

 
                                                       Noisy image                      The proposed DCSR        Wavelet denoising           GSR algorithm 

 

                                                              PSNR: 22.11 dB                       PSNR: 26.35 dB                PSNR: 24.47 dB               PSNR: 23.78 dB 

                                                             
                                                             𝝈 =  𝟐𝟎                        
 
                                                                 PSNR: 14.17 dB                    PSNR: 22.07 dB                    PSNR: 20.66 dB            PSNR: 20.19 dB 

                                                            
                                                                      𝝈 =  𝟓𝟎                        

 
                                                                 PSNR: 12.57 dB                  PSNR: 21.18 dB               PSNR: 19.75 dB                PSNR: 19.56 dB 

                                                             
                                                                       𝝈 =  𝟔𝟎                                                           

 
                                                                 PSNR: 10.07 dB                 PSNR: 20.03 dB                  PSNR: 18.38 dB                PSNR: 19.11 dB 

                                                         
                                                                          𝝈 =  𝟖𝟎                                                                                                    

 Figure 13.  Restoration results of the AWGN-corrupted Lena image for different values of 𝜎 (see 

column 1 located on the left side of the figure). The algorithms used, the proposed DCSR, wavelet 

denoising and GSR, are arranged in columns 2, 3 and 4 respectively. 
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Figure 14. Color image corrupted by AWGN: Performance analysis of three denoising methods. 

Figure 14 illustrates the output results evaluated at different noise levels. DCSR 

algorithm presents good denoising performance with distinctive results in presence of 

high noise levels.  

 

In this second step, we added the salt and pepper noise with different noise level 10%, 

15%, 20% and 30% to Lena to obtain the noised observations, respectively. Then, we apply 

our denoise algorithm to restore the noisy images and compared it with the others two 

algorithms: wavelet denoising and GSR algorithm. Figure 15 indicates that DCSR achieves 

results with better visual quality. This performance is confirmed by Figure 16 which 

illustrates the PSNR variations with respect to the input PSNR. The robustness of our 

algorithm towards the noise level is verified to a certain level. 

 

 

Figure 16. Color image corrupted by salt and pepper noise: Performance analysis of three denoising 

methods. 

From these results, the proposed method achieves the highest scores of PSNR and 

SSIM in all the cases, which fully demonstrates that the restoration results by the proposed 

method are the best both objectively and visually 
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                                                   Noisy image                 The proposed DCSR            Wavelet denoising              GSR algorithm 

 
                                                         PSNR: 15.16 dB                  PSNR: 23.06 dB                      PSNR: 22.49 dB                  PSNR: 20.21 dB        

                                                 

                                           Noise level 10%                 

 
                                                         PSNR: 13.39 dB                    PSNR: 21.57 dB                  PSNR: 20 .61 dB                 PSNR: 18.57 dB 

                  

                                          Noise level 15%               

         PSNR: 12.21 dB                     PSNR: 20.29 dB                      PSNR: 18 .47 dB                 PSNR: 16.57 dB       

        

                                           Noise level 20%         

                         PSNR: 10.41 dB                  PSNR: 18.59 dB                    PSNR: 15 .57 dB                  PSNR: 13.4 dB 

      

                             Noise level 30%         

 

 Figure 15.  Restoration results of the salt and pepper noise-corrupted Lena image for different values of  

𝜎 (see column 1 located on the left side of the figure). The algorithms used, the proposed DCSR, wavelet 

denoising and GSR, are arranged in columns 2, 3 and 4 respectively. 

 

 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 27 January 2022                   doi:10.20944/preprints202201.0411.v1

https://doi.org/10.20944/preprints202201.0411.v1


 

 

5.4. Algorithm robustness  

  In this sub-section, we will verify the robustness of the proposed algorithm. Applied 

on test images corrupted by additive white Gaussian noise, salt and pepper noise at 

different noise level.  

           Figures (17-20) below plot the values PSNR as a function of the number of iterations 

for gray Barbara and Cameraman images and color Lena image with various algorithms.  

 From these figures, it can be concluded that as the number of iterations increases, 

all PSNR curves increase monotonically and stabilize from the 10th iteration on wards. 

This shows that all these algorithms converge very quickly. 

Nevertheless, the most robust algorithm should show a high PSNR. According to these 

figures, what ever the nature of the noise or the test image used, DCSR exhibits the highest 

PSNR, it is thus the most robust algorithm among the competing methods. 

 

Figure 17.  PSNR values of Barbara's grayscale image recovered by four competing methods as a 

function of the number of iterations. The test image is corrupted by AWGN. 

 
 

Figure 18.  PSNR values of the Cameraman grayscale image recovered by four competing methods 

as a function of the number of iterations. The test image is corrupted by salt and pepper noise. 
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Figure 19.  PSNR values of the recovered Lena color image by the competing methods vs. iterations 

number. The test image is corrupted by AWGN. 

 
 
Figure 20.  PSNR values of the recovered Lena color image by the competing methods vs. iterations 

number. The test image is corrupted by salt and pepper noise. 

5.5. Computational complexity 

In the following paragraph, we will estimate the computational complexity of the 

proposed DCSR algorithm. It is clear that the main complexity of the proposed algorithm 

comes from total variation TV and the high cost of the non-local self-similarities (NLS).  

Knowing that the computational complexity of TV is 𝑂(𝑁) [40], let us compute that of NLS: 

For an image 𝑢 of 𝑁 pixels, the average time to compute similar blocks for each reference 

block is 𝑇𝑠.  

If √𝑛  × √𝑛  represents an overlapped blocks 𝑢𝑖, 𝑖 = 1, 2, . . , 𝑁 and (𝑚 − 1) is the number of 

similar blocks denoted 𝑆𝑢𝑖 , all blocks of 𝑆𝑢𝑖  are stacked in a matrix of size (𝑛 × 𝑚) with  

complexity 𝑂(𝑛 × 𝑚2), hence a resulting complexity 𝑂(𝑁 (𝑛 𝑚2 + 𝑇𝑠)), just like the 

computational complexity of the group-based sparse representation GSR [41]. 

Therefore, we can conclude that the total computational complexity of our algorithm  is 

𝑂(𝑁(𝑛 𝑚2 + 𝑇𝑠) + 𝑁). 

It is interesting to compare the computational complexity of DCSR with competing 

methods : 

The computational complexity of NESTA algorithm is 𝑂(𝑁 + 𝑁 log2 𝑁) [42] and that of  

wavelet denoising is 𝑂(𝑁 log2 𝑁) [43]. 

Table 2 summarizes the computational complexity of the four algorithms used.   
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 The result of this comparison is as follows:  

 

𝑂(𝑁 log2 𝑁) <  𝑂(𝑁 + 𝑁 log2 𝑁) <  𝑂(𝑁 (𝑛 𝑚2 + 𝑇𝑠)) <  𝑂(𝑁(𝑛 𝑚2 +  𝑇𝑠) + 𝑁)            (40) 

Relation (40) clearly shows that our proposed algorithm is more expensive in terms of                

computational complexity by an order 𝑁. Such an increase is not excessive in view of the 

good performance of this algorithm and the current computational means allowing real 

time processing. 

Table 2.  Computational complexity. 

Algorithms         Computational complexity   

TV 𝑂(𝑁) [40]   

wavelet denoising 

              NESTA 

GSR 

 

Our algorithm DCSR   

𝑂(𝑁 log2 𝑁) [43] 

          𝑂(𝑁 + 𝑁 log2 𝑁) [42]  

       𝑂(𝑁 (𝑛 𝑚2 + 𝑇𝑠)) [41] 

 

𝑂(𝑁(𝑛 𝑚2 +  𝑇𝑠) + 𝑁) 

 

 

 

 

 

6. Conclusions 

In this paper, we proposed an original image denoising method based on compressed 

sensing that we called, denoising compressed sensing by regularizations terms (DCSR), 

by incorporating two regularization constraints: total variation and non-local self-

similarity in the model.  The optimization of this method is performed by the augmented 

Lagrangian which avoids the difficult problem of nonlinearity and non-differentiability 

of the regularization terms.  

The effectiveness of our approach was validated using images corrupted by white 

Gaussian noise and impulsive salt and pepper noise. 

Comparing DCSR in terms of PSNR and SSIM to state-of-the-art methods such as 

Nesterov's algorithm, group-based sparse representation and wavelet-based methods, it 

turns out that depending on the image texture and the type of noise corrupting the image, 

our method performs much better: we gain in PSNR at least 25%, and in SSIM at least 

11%. 

The price to pay is a slight increase in terms of computational complexity of order of image 

size, but this does not call into question the real time processing. 

Due to the robustness and the speed of convergence of DCSR algorithm, its application is 

efficient in vital and sensitive domains such as medical imaging and remote sensing. 

Our future contribution is a technological breakthrough consisting in introducing a layer 

of intelligence at the acquisition level aiming at automatically determining the image 

texture and its quality in terms of noise level, blur and shooting conditions (lighting, 

inpainting, registration, occlusion, low resolution, etc) [44–47] in order to automatically 

adjust the parameters necessary for an optimal use of the proposed DCSR algorithm. 
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