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Abstract: Applying a procedure similar to that of E.S. Bring, by using a 4th degree Tschirnhaus trans-

formation, it was possible to transform the Bring-Jerrard normal quintic (BJQ) equation into a De 

Moivre form (DMQ), so that it could be solved by radicals. The general solution by radicals of the 

De Moivre equations of any degree is presented. By the same procedure the BJSx (normal sextic) 

equation was taken to another one without the 2nd, 4th and 6th terms which was transformed into a 

cubic (solvable) equation. By applying a 6th degree Tschirnhaus transformation to the BJSp (normal 

septic) equation its Bring-Jerrard binormal (without the 2nd, 3rd, 4th and 5th terms) form was obtained. 
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 1. Introduction  

So far there have been many unsuccessful attempts to solve the general quintic equa-

tion by radicals by mathematicians of all times: E. Tschirnhaus (1651-1708), A. De Moivre 

(1667-1754), E.S. Bring (1736-1798), L. Euler (1707-1783), G. F. Malfatti (1731-1807), E.B. 

Jerrard (1804-1863), G. N. Watson (1886-1965), E. S. Dummit (paper, 1991) and many oth-

ers. However, since Paolo Ruffini (1765-1822), Niels Henrik Abel (1802-1829) and Évariste 

Galois (1811-1822) wrote about proofs that the general quintic is not solvable by radicals, 

these attempts, have been greatly reduced. The meaning of the phrase by radicals refers to 

the roots of such equations as functions of the coefficients, obtained them by means of a 

finite number of algebraic operations. The main objective of this paper is to present an 

approach to solve quintics by radicals, following a procedure similar to that of Bring. 

 In this work we develop the foundations (section 2.1) for obtaining the general for-

mulae for solving the De Moivre equations, in section 2.2, in order to apply it to solve the 

general quintic. The method used for solving the quintic is described in section 2.3. Ap-

plications of the method to reduce general equations of degrees 3, 4, 5 to the De Moivre 

form and solve them by radicals are shown in sections 3.1, 3.2, and 3.3. Sextic is solved in 

section 3.4. Septic is treated in 3.5. Comments and Conclusions are presented in section 4. 

2. Foundations and Methods 

As is known, a general quintic monic equation 𝑓(𝑧) = 𝑧5 + ∑ 𝑍5−𝑗𝑧
5−𝑗5

1 = 0, can be re-

duced by sequential Tschirnhaus transformations of the 1st, 2nd and 4th degree, to the Bring-

Jerrard normal form, 𝑥5 + 𝑞𝑥 + 𝑟 = 0. For achieving this, E. S. Bring, in 1786 used a 4th 

degree transformation the following expressions for coefficients: c =  + γ, b = σd + ζ and 

a = (3pd+4q)/5 [1-3], in order to avoid increasing the degrees of the auxiliary equations. 

On the other hand, when it is possible to eliminate inter-sequential terms, by any 

transformation that allows it, such as the 2nd, 4th, 6th... terms of a general monic equation, 

𝑧𝑛 + ∑ 𝑍𝑛−𝑗𝑧
𝑛−𝑗𝑛

1 = 0, it results: 

For odd n:                      𝑦𝑛 + ∑ 𝑌𝑛−2𝑝𝑦
𝑛−2𝑝 + 𝑌0 = 0

𝑛−1

2
𝑝=1 ;  (1a) 

For even n:                        𝑦𝑛 +∑ 𝑌𝑛−2𝑝𝑦
𝑛−2𝑝 = 0

𝑛/2
𝑝=1   (1b) 
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and, if the coefficients can respond as: 𝑌𝑛−2𝑝 = (−1)
𝑝𝐶𝑛−2𝑝 (

𝑌𝑛−2

𝐶𝑛−2
)
𝑝

= (−1)𝑝𝐶𝑛−2𝑝𝛼
𝑝, for 

𝛼 =
𝑌𝑛−2

𝐶𝑛−2
, the De Moivre equation of odd or even degree, (2) and (3) below, arises: 

   {
For 𝑛 odd:   𝑦𝑛 + ∑ (−1)𝑝𝐶𝑛−2𝑝𝛼

𝑝𝑦𝑛−2𝑝 − 𝐶0 = 0
𝑛−1

2
𝑝=1

For 𝑛 even:    𝑦𝑛 +∑ (−1)𝑝𝐶𝑛−2𝑝𝛼
𝑝𝑦𝑛−2𝑝 − 𝐶0 = 0

𝑛

2
−1

𝑝=1

},   or 

𝑦𝑛 − 𝐶𝑛−2𝛼𝑦
𝑛−2 +⋯+ 𝐶𝑛−2𝑝𝛼

𝑝𝑦𝑛−2𝑝 −⋯± 𝐶𝑛−2(𝑛−12 )
𝛼
𝑛−1

2 𝑦 − 𝐶0 = 0   (2) 

𝑦𝑛 − 𝐶𝑛−2𝛼𝑦
𝑛−2 +⋯+ 𝐶𝑛−2𝑝𝛼

𝑝𝑦𝑛−2𝑝 −⋯± 𝐶𝑛−2(𝑛−22 )
𝛼
𝑛−2

2 𝑦2 − 𝐶0 = 0   (3) 

As will be shown in 2.1, any De Moivre’s equation can be solved by radicals. 

2.1.  Foundations.  

In general, a monic equation of degree n, 𝑧𝑛 + ∑ 𝑍𝑛−𝑗𝑧
𝑛−𝑗𝑛

1 = 0, reduced to the De 

Moivre form (2) and (3) can be compared with the expansion of (𝑢 + 𝑣)𝑛, converted into 

a De Moivre equation. Such expansion can be represented either by the well-known power 

of a binomial, or by an identity which has the natural De Moivre structure, i.e.:   

(𝑢 + 𝑣)𝑛 ≡ (
𝑛
0
)𝑢𝑛 + (

𝑛
1
) 𝑣𝑢𝑛−1 +⋯+ (

𝑛
𝑛 − 1

) 𝑣𝑛−1𝑢 + (
𝑛
𝑛
) 𝑣𝑛 

(𝑢 + 𝑣)𝑛 ≡ 𝐶𝑛−2(𝑢𝑣)(𝑢 + 𝑣)
𝑛−2 − 𝐶𝑛−4(𝑢𝑣)

2(𝑢 + 𝑣)𝑛−4 +⋯+ 𝐶0 

The last identity is constructed by using the sum of symmetric terms within the first 

identity and completing the factors (𝑢 + 𝑣)𝑖 with the missing elements. Then, passing all 

terms to the left-hand side, we convert the identity into an equation.  For example: 

 (𝑝 + 𝑞)3 = 𝑝3 + 3𝑝2𝑞 + 3𝑝𝑞2 + 𝑞3 = 3𝑝𝑞(𝑝 + 𝑞) + 𝑝3 + 𝑞3   →   (𝒑 + 𝒒)𝟑 − 𝟑𝒑𝒒(𝒑 + 𝒒) − (𝒑𝟑 + 𝒒𝟑) = 𝟎 

(𝑝 + 𝑞)4 = 𝑝4 + 4𝑝3𝑞 + 6𝑝2𝑞2 + 4𝑝𝑞3 + 𝑞4 = 4𝑝𝑞(𝑝2 + 𝑞2) + 6𝑝2𝑞2 + 𝑝4 + 𝑞4 + [4𝑝𝑞(2𝑝𝑞) − 4𝑝𝑞(2𝑝𝑞)] 

= 4𝑝𝑞(𝑝 + 𝑞)2    + 𝑝4 + 𝑞4 − 2𝑝2𝑞2      →      (𝒑 + 𝒒) 𝟒 − 𝟒𝒑𝒒(𝒑 + 𝒒)𝟐 − (𝒑𝟐−𝒒𝟐)𝟐 = 𝟎  

(𝑝 + 𝑞)5 = 𝑝5 + 5𝑝4𝑞 + 10𝑝3𝑞2 + 10𝑝2𝑞3 + 5𝑝𝑞4 + 𝑞5   

= 5𝑝𝑞(𝑝3 + 𝑞3) + 10𝑝2𝑞2(𝑝 + 𝑞) + 𝑝5 + 𝑞5 + [5𝑝𝑞(3𝑝2𝑞 + 3𝑝𝑞2)  − 5𝑝𝑞(3𝑝2𝑞 + 3𝑝𝑞2)]  

=    5𝑝𝑞(𝑝 + 𝑞)3 − 5𝑝2𝑞2(𝑝 + 𝑞) + 𝑝5 + 𝑞5  →  (𝒑 + 𝒒)𝟓 −  𝟓𝒑𝒒(𝒑 + 𝒒)𝟑 + 𝟓𝒑𝟐𝒒𝟐(𝒑 + 𝒒) − (𝒑𝟓 + 𝒒𝟓) = 𝟎  

(𝑝 + 𝑞)6 = 𝑝6 + 6𝑝5𝑞 + 15𝑝4𝑞2 + 20𝑝3𝑞3 + 15𝑝2𝑞4 + 6𝑝𝑞5 + 𝑞6 = 6𝑝𝑞(𝑝4 + 𝑞4) + 15𝑝2𝑞2(𝑝2 + 𝑞2) + 20𝑝3𝑞3 + 𝑝6 + 𝑞6  

+ [6𝑝𝑞(4𝑝3𝑞 + 6𝑝2𝑞2 + 4𝑝𝑞3) − 6𝑝𝑞(4𝑝3𝑞 + 6𝑝2𝑞2 + 4𝑝𝑞3)]    + [15𝑝2𝑞2(2𝑢𝑣) − 15𝑝2𝑞2(2𝑢𝑣)] 

            +[2𝑝3𝑞3 − 2𝑝3𝑞3]       →          (𝒑 + 𝒒)𝟔 − 𝟔𝒑𝒒(𝒑 + 𝒒)𝟒 + 𝟗𝒑𝟐𝒒𝟐(𝒑 + 𝒒)𝟐 − (𝒑𝟑 + 𝒒𝟑)𝟐 = 𝟎 

This feature of (𝑢 + 𝑣)𝑛, of naturally becoming the De Moivre structure, see eq. (4) 

below, allows us to take it as a model with which to compare equations (2), (3), and solve 

them using 𝑦 = 𝑢 + 𝑣, 𝛼 = 𝑢𝑣,  𝐶𝑛−2 = 𝑛 and 𝐶0 = 𝛽𝑛. 

(𝑢 + 𝑣)𝑛 − 𝑛(𝑢𝑣)(𝑢 + 𝑣)𝑛−2 +⋯∓ 𝐶𝑛−2𝑝(𝑢𝑣)
𝑝(𝑢 + 𝑣)𝑛−2𝑝 ±⋯− 𝛽𝑛 = 0 (4) 

Moreover, and even better, the coefficients  𝐶𝑛−2𝑝 of equation (4), n even or odd, 

can be structured as a right triangle, with 𝑛 rows and 𝑝 columns (𝑝 = 0,1, …), see Table 

1, where the one-dimensional coefficients 𝑪𝒏−𝟐𝒑 in eq. (4), when placed in the right trian-

gle, change to a two-dimensional expression 𝑪𝒏,𝒑.  In this way, the coefficients  𝐶𝑛−2𝑝 

can be calculated as diagonal sums in a style similar to that of Pascal's or Tartaglia’s trian-

gle. The factors 𝛼𝑝 in the terms of (4), and the 𝛽𝑛, are also easily obtained. The following 

properties of the terms can be visualized as: 

• For odd 𝑛 ≥ 5,  absolute values of extreme internal coefficients in (2) are:  
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|𝐶𝑛−2| = |𝐶𝑛−2(𝑛−1)
2

| = 𝑛.   (5a) 

   The same definition, expressed in two dimensions, in Table 1 below, becomes:  

                          |𝐶𝑛,1 | = |𝐶𝑛,(𝑛−1)
2

| = 𝑛.  (5b) 

• Filling the far right inside the even n lines with the value 2, or -2, helps us to build all 

the results down. But, such numbers are not real coefficients! They are just filler num-

bers, to construct diagonal sums (eq. (6) below) in table 1.  

• For even n ≥ 4, the last term occurs for p = n/2 and for n ≥ 5 for p = (n-1)/2.  

• Results of diagonal sums (including the filler numbers 2 or -2) respond to: 

                    |𝐶𝑛,𝑝| = (−1)
𝑝(|𝐶(𝑛−2),(𝑝−1)| + |𝐶(𝑛−1),𝑝|)  (6) 

•  If 𝑛 is odd, 𝛽𝑛 = 𝑢
𝑛 + 𝑣𝑛 . But, if 𝑛 is even,  𝛽𝑛 = (𝑢

𝑛/2 ± 𝑣𝑛/2)2, and sign ± in-

side 𝛽𝑛 is given by, ± = (−1)(𝑛/2−1). Thus, if we consider n even and 𝑛/2 odd, sign 

within 𝛽𝑛, is +;  but, if 𝑛/2 is even, sign is −.  Check this in Table 1:`  

n↓ p→ 0 1 2 3 4 5 6 …              βn 

1 1        −(𝑢 + 𝑣) 

2 ❶ -2       −(𝑢2/2 + 𝑣2/2)2 

3 1 -❸           −(𝑢3 + 𝑣3) 

4 1 -❹ 2      −(𝑢4/2 − 𝑣4/2)2 

5 1 -5 5      −(𝑣5 + 𝑣5) 

6 1 -❻ 9 -2     −(𝑢6/2 +  𝑣6/2)2 

7 1 -7 ⓮ -7     −(𝑢7 + 𝑣7) 

8 1 -8 ⓴ -16 2    −(𝑢8/2 −  𝑣8/2)2 

9 1 -9 27 -30 9    −(𝑢9 + 𝑣9) 

10 1 -10 35 -50 25 -2   −(𝑢10/2 +  𝑣10/2)2 

11 1 -11 44 -77 55 -⓫   −(𝑢11 + 𝑣11) 

12 1 -12 54 -112 105 -36 ❷  −(𝑢12/2 −  𝑣12/2)2 

13 1 -13 65 -156 182 -91 ⓭  −(𝑢13 + 𝑣13) 

Table 1.  Rectangular triangle: the result of diagonal sums of the coefficients is displayed vertically down-

wards. This rule allows us calculate all the coefficients. 

2.2.  Solving the general De Moivre Equation by radicals.   

Next is obtained the general solution, by radicals, of the De Moivre equation, where, 

as will be seen, it depends only on 𝛼 or 𝑌𝑛−2, and 𝛽𝑛 or 𝑌0.  To do so, let us first com-

pare the equation of degree n odd (7), in De Moivre's form, with (8), below 

𝑦𝑛 − 𝑌𝑛−2𝑦
𝑛−2 + 𝑌𝑛−4𝑦

𝑛−4 − 𝑌𝑛−6𝑦
𝑛−6 +⋯± 𝑌1𝑦 − 𝑌0 = 0 

𝑦𝑛 − 𝐶𝑛−2𝛼𝑦
𝑛−2 + 𝐶𝑛−4𝛼

2𝑦𝑛−4 − 𝐶𝑛−6𝛼
3𝑦𝑛−6 ∓⋯± 𝐶𝑛−2(𝑛−12 )

𝛼
𝑛−1

2 𝑦 − 𝐶0 = 0 (7)  

     (𝑢 + 𝑣)𝑛 − 𝑛(𝑢𝑣)(𝑢 + 𝑣)𝑛−2 +⋯∓ 𝐶𝑛−2𝑝(𝑢𝑣)
𝑝(𝑢 + 𝑣)𝑛−2𝑝 ± …± 𝐶𝑛−2(𝑛−12 )

𝛼
𝑛−1

2 𝑦 − 𝛽𝑛 = 0    (8) 

Where, for 𝑦 = 𝑢 + 𝑣, 𝑌𝑛−2 = 𝐶𝑛−2𝛼 = 𝑛(𝑢𝑣) and 𝑌1 =  𝐶1𝛼
𝑛−1

2 = 𝑛𝛼
𝑛−1

2 :  
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𝑌𝑛−2 = 𝑛𝛼

𝛼 =
𝑌𝑛−2

𝑛
= 𝑢𝑣

  ;      
𝑢 =

𝑌𝑛−2

𝑛𝑣
,

𝑣 =
𝑌𝑛−2

𝑛𝑢

   ;      
𝑌𝑛−2𝑝 = 𝑐𝑛−2𝑝𝛼

𝑝 = 𝑐𝑛−2𝑝 (
𝑌𝑛−2

𝑛
)
𝑝

𝑌0 = 𝐶0 = 𝛽𝑛 = 𝑢
𝑛 + 𝑣𝑛

 

These relationships give rise to auxiliary equations and their solutions: 

𝑢2𝑛 − 𝑌0𝑢
𝑛 + (

𝑌𝑛−2

𝑛
)
𝑛

= 0 →    𝑢𝑛 =
𝑌0

2
+
1

2
√𝑌0

2 − 4(
𝑌𝑛−2

𝑛
)
𝑛

  →   𝑢 = √𝑌0
2
+
1

2
√𝑌0

2 − 4(
𝑌𝑛−2

𝑛
)
𝑛𝑛

 

𝑣𝑛 = 𝑌0 − 𝑢
𝑛   →   𝑣𝑛 =

𝑌0

2
−
1

2
√𝑌0

2 − 4(
𝑌𝑛−2

𝑛
)
𝑛

 →   𝑣 = √𝑌0
2
−
1

2
√𝑌0

2 − 4(
𝑌𝑛−2

𝑛
)
𝑛𝑛

  

A basic solution immediately appears, 𝑦1 = 𝑢 + 𝑣. The solution for odd 𝒏 arises by 

multiplying 𝑢  and 𝑣  by the unit roots, 𝜔𝑚  = 𝑒
𝑗(𝑚

2𝜋
𝑛 ), giving exactly the necessary 𝑛 

roots, by using  𝑦𝑘 = 𝜔𝑘−1𝑢 + 𝜔𝑛−(𝑘−1)𝑣, as follows:  

  𝑦𝑘 = 𝜔𝑘−1√
𝑌0

2
+
1

2
√𝑌0

2 − 4(
𝑌𝑛−2

𝑛
)
𝑛𝑛

+ 𝜔𝑛−(𝑘−1)√
𝑌0

2
−
1

2
√𝑌0

2 − 4 (
𝑌𝑛−2

𝑛
)
𝑛𝑛

    (9) 

        For:      

            𝑦1 = 𝑢 + 𝑣 = 𝜔0𝑢 + 𝜔𝑛𝑣
𝑦2 = 𝜔1𝑢 + 𝜔𝑛−1𝑣
𝑦3 = 𝜔2𝑢 + 𝜔𝑛−2𝑣

∷∷∷:
𝑦𝑛−1 = 𝜔𝑛−2𝑢 + 𝜔2𝑣
𝑦𝑛 = 𝜔𝑛−1𝑢 + 𝜔1𝑣

        
𝑘 = 1…𝑛

𝑚 = 0,1,… , 𝑛 
𝜔0 = 𝜔𝑛 = 1

   (10) 

Now, comparing the equation of even degree 𝒏, in (1) or (11), and the De Moivre's 

form (3), with the binomial form (12), below:  

   𝑦𝑛 − 𝑌𝑛−2𝑦
𝑛−2 + 𝑌𝑛−4𝑦

𝑛−4 −⋯± 𝑌𝑛−2𝑝𝑦
𝑛−2𝑝 ∓⋯± 𝑌2𝑦

2 − 𝑌0 = 0 (11) 

𝑦𝑛 − 𝐶𝑛−2𝛼𝑦
𝑛−2 +⋯± 𝐶𝑛−2𝑝𝛼

𝑝𝑦𝑛−2𝑝 −⋯± 𝐶
𝑛−2(

𝑛−2

2
)
𝛼
(𝑛−2)

2 𝑦2 − 𝐶0 = 0  (3) 

(𝑢 + 𝑣)𝑛 − 𝑛(𝑢𝑣)(𝑢 + 𝑣)𝑛−2 +⋯± 𝐶
𝑛−2

𝑛−2

2

(𝑢𝑣)
𝑛−2

2 (𝑢 + 𝑣)𝑛−2
𝑛−2

2 − 𝛽𝑛 = 0 (12) 

Where: for 𝑣 =
𝑌𝑛−2

𝑛𝑢
, 𝑢 =

𝑌𝑛−2

𝑛𝑣
, and  𝑌0 = 𝐶0 = 𝛽𝑛 = (𝑢

𝑛/2 ± 𝑣𝑛/2)
2

, two auxiliary 

equations, become created: 

𝐶𝑛−2 = 𝑛;    𝑌𝑛−2 = 𝑛𝛼;    𝛼 = 𝑢𝑣; 𝑌𝑛−2𝑝 = 𝐶𝑛−2𝑝𝛼
𝑝;    𝑌0 = 𝛽𝑛 = (𝑢

𝑛/2 ± 𝑣𝑛/2)
2
 

           𝑢𝑛 −√𝑌0𝑢
𝑛
2 ∓ (

𝑌𝑛−2

𝑛
)
𝑛
2
= 0 → 𝑢 = √√𝑌0

2
+
1

2
√𝑌0 ± 4 (

𝑌𝑛−2

𝑛
)

𝑛

2

𝑛
2

 (13) 

 𝑣
𝑛

2 = 𝑌0 − 𝑢
𝑛

2         →     𝑣
𝑛

2 =
√𝑌0

2
−
1

2
√𝑌0 ± 4(

𝑌𝑛−2

𝑛
)

𝑛

2
  →   𝑣 = √√𝑌0

2
−
1

2
√𝑌0 ± 4(

𝑌𝑛−2

𝑛
)

𝑛

2

𝑛
2

 (14) 

The basic solution, 𝑦1 = 𝑢 + 𝑣 = 𝜔0𝑢 + 𝜔𝑛𝑣, and the others (with the same defini-

tions), 𝑦𝑘 = 𝜔𝑘−1𝑢 + 𝜔𝑛−(𝑘−1)𝑣, for even 𝒏, are: 
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  𝑦𝑘 = 𝜔𝑘−1
√√𝑌0

2
+
1

2
√𝑌0 ± 4(

𝑌𝑛−2

𝑛
)

𝑛

2

𝑛
2

+ 𝜔𝑛−(𝑘−1)
√√𝑌0

2
−
1

2
√𝑌0 ± 4(

𝑌𝑛−2

𝑛
)

𝑛

2

𝑛
2

   (15) 

 

  
𝑦1 = 𝑢 + 𝑣 = 𝜔0𝑢 + 𝜔𝑛𝑣
𝑦2 = 𝜔1𝑢 + 𝜔𝑛−1𝑣
𝑦3 = 𝜔2𝑢 + 𝜔𝑛−2𝑣

∷∷∷∷∷
       𝑦𝑛−1 = 𝜔𝑛−2𝑢 + 𝜔2𝑣
  𝑦𝑛 = 𝜔𝑛−1𝑢 + 𝜔1𝑣

 for 
𝑘 = 1…𝑛

𝜔𝑚 = 𝑒
𝑗(𝑚2𝜋

𝑛
)

𝑚 = 0,1, … , 𝑛

, and the sign ± of 4 (
𝑌𝑛−2

𝑛
)

𝑛

2
 is ± = (−1)(

𝑛

2
−1)  

2.3.  Reducing any monic quintic equation to the De Moivre form.  

1. First, apply a 1st degree Tschirnhaus transformation (TschT) to the general monic 

quintic to obtain its reduced form without the 2nd term, 𝑧5 + ∑ 𝑍5−𝑗𝑧
5−𝑗5

2 = 0; then a 

2nd degree TschT to the reduced equation to obtain the principal form without the 1st 

and 2nd term, 𝑦5 + ∑ 𝑌5−𝑗𝑦
5−𝑗5

3 = 0; and, apply the Bring’s expression of the 4th degree 

TschT, y4 + dy3 + cy2 + by + a - x = 0 to the principal, with coefficients: c = d + γ,  b = σd 

+ ζ, and a = (3pd + 4q)/5, to obtain the normal form, x5 + qx + r = 0, also called Bring-

Jerrard normal form (BJQ). The BJQ is required to follow with the next point 2. 

2. Apply another TschT of the 4th degree, x4 + dx3 + cx2 + bx + a - w = 0, by using the fol-

lowing expressions for the coefficients, c = d + h + i,  b = f d + h + j  and  a = 4q/5, to 

the BJQ (x5 + qx + r = 0), to obtain the De Moivre Quintic (DMQ), 𝑤5 −𝑊3𝛼𝑤
3 +

𝑊1𝛼
2𝑤 −𝑊0 = 0.  Notice that by using this new 4th degree TschT, with different co-

efficients than those used by Bring in the previous 4th degree TschT, we were able 

to obtain the De Moivre form from the BJQ in a simple way.  

3. Solve the obtained DMQ equation by comparing it with the quintic binomial power, 
(𝑢 + 𝑣)5 − 5𝑢𝑣(𝑢 + 𝑣)3 + 5𝑢2𝑣2(𝑢 + 𝑣) − (𝑢5 + 𝑣5) = 0.   

4. And finally, reverse all the transformations and changes made, until returning to the 

initial equation to determine its original roots. To undo them, it was necessary to 

obtain the inverse formulas that solved both the Tschirnhaus transformations used 

and all necessary changes.  

5. Something like this was also applied to the sextic equation. To become familiar 

with this method, it is applied in a simple way to equations of degrees 3 and 4, and 

then its (longer and more laborious) application to the quintic equation is developed. 

3. Results 

3.1 Solving the Cubic Equation 

A first degree Tschirnhaus transformation, 𝑦 = 𝑥 +
𝑏

3
, is applied to the general monic 

equation of the 3rd degree to eliminate the 2nd term. This transforms the resultant directly 

into the De Moivre cubic structure. A flowchart that summarizes this calculation is: 

𝑓(𝑥) = 𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑 = 0 ↓                                   ←                                     𝑥 = −
𝑏

3
+ 𝑦 

↓
→  &    𝑔(𝑥) = 𝑦 − (𝑥 +

𝑏

3
) = 0 →  𝑅𝑒𝑠[𝑓(𝑥), 𝑔(𝑥)] = 𝑦3 − 𝑌1𝑦 − 𝑌0 = 0 →  𝑦1,2,3 ↑ 

Figure 1.    Flowchart showing the steps to solve cubic Equation (BJQ) 

The expressions of 𝑌1 and 𝑌0, calculated through the Sylvester matrix become:   

                     {
𝑌1 = −(𝑐 −

1

3
𝑏2) 

𝑌0 = −(
2

27
𝑏3 −

1

3
𝑏𝑐 + 𝑑)

}  (16) 
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𝑥𝑘 = −
𝑏

3
+ 𝜔𝑘−1

√𝑌0+√𝑌0
2−(

𝑌1
3
)
3

2

3

+ 𝜔𝑛−(𝑘−1)
√𝑌0−√𝑌0

2−4(
𝑌1
3
)
3

2

3

  

    𝑥1 = −
𝑏

3
+ 𝜔0𝑢 + 𝜔3𝑣      

𝑥2 = −
𝑏

3
+𝜔1𝑢 + 𝜔2𝑣

𝑥3 = −
𝑏

3
+𝜔2𝑢 + 𝜔1𝑣

  (17) 

As seen, by using the solution for 𝑦𝑘 , odd n in (10), and undoing the change to 𝑥 =

−
𝑏

3
+ 𝑦, we obtain a formula similar to Cardano’s [5]:3 

3.2 Solving the Quartic Equation  

Starting from a reduced quartic without the 2nd term (to simplify, not required), 

𝑓(𝑥) = 𝑥4 + 𝑐𝑥2 + 𝑑𝑥 + 𝑒 = 0, we apply a 2nd degree Tschirnhaus transformation, 𝑔(𝑥) =

𝑥2 + 𝑝𝑥 + 𝑞 − 𝑦, in order to eliminate the 2nd and 4th terms from the resultant and obtain 

its De Moivre form (DMF), whose general solution is directly given by equation (13): 

𝑓(𝑥) = 𝑥4 + 𝑐𝑥2 + 𝑑𝑥 + 𝑒 = 0                      ←                  𝑥1,2 =
−𝑝±√𝑝2−4(𝑞− 𝑦𝑘)

2
   

↓
→&𝑔(𝑥) = 𝑥2 + 𝑝𝑥 + 𝑞 − 𝑦 = 0

𝑅𝑒𝑠.
→  ∑ 𝑌𝑗𝑦

𝑗
4

𝑗=0
= 0

𝑌3=0
𝑌1=0
→  𝑦4 + 𝑌2𝑦

2 + 𝑌0 = 0
(13)
→  𝑦𝑘 ↖ 

Figure 2.    Flowchart of the steps to solve the Bring-Jerrard Normal Quintic Equation (BJQ) 

Observe that undoing the 2nd degree transformation 𝑔(𝑥) means that each value of 

the resultant y, gives rise to two values in x. See some details of this procedure: 

The resultant of 𝑓(𝑥)&𝑔(𝑥), is: 𝑓(𝑦) = 𝑦4 + 𝑌3𝑦
3 − 𝑌2𝑦

2 + 𝑌1𝑦 − 𝑌0 = 0 (18) 

where, 

{
 
 

 
 

𝑌3 = 𝑐 − 2𝑞

𝑌2 = −(𝑐𝑝
2 + 𝑐2 +  3𝑑𝑝 − 6𝑐𝑞 +  6𝑞2 + 2𝑒)

𝑌1 = 𝑑𝑝
3 − 2𝑐𝑝2𝑞 +  𝑐𝑑𝑝 +  4𝑒𝑝2 −  2𝑐2𝑞 −  6𝑑𝑝𝑞 + 6𝑐𝑞2 −  4𝑞3 − 𝑑2 + 2𝑐𝑒 − 4𝑒𝑞

𝑌0 = −(𝑒𝑝
4 − 𝑑𝑝3𝑞 + 𝑐𝑝2𝑞2 +  𝑐𝑒𝑝2 −  𝑐𝑑𝑝𝑞 −  6𝑑𝑝𝑞 −  6𝑒𝑝2𝑞 + ⋯ .

                    …+ 𝑐2𝑞2 +  3𝑑𝑝𝑞2 − 2𝑐𝑞3 + 𝑞4 − 𝑑𝑒𝑝 + 𝑑2𝑞 − 2𝑐𝑒𝑞 + 2𝑒𝑞2 + 𝑒2) }
 
 

 
 

 (19) 

Making 𝑌3 = 𝑌1 = 0 we obtain, the value 𝑞 = 𝑐/2 and three values of 𝑝 coming 

from a 3rd degree equation. With 𝑌2 and 𝑌0 known we have: 𝑦4 − 𝑌2𝑦
2 − 𝑌0 = 0, whose 

roots, written directly from the general solution (13) for even DMF, are:  

𝑦𝑘 = 𝜔𝑘−1𝑢 + 𝜔𝑛−(𝑘−1)𝑣 =  𝜔𝑘−1
√√𝑌0±√𝑌0+𝑌2

2/4

2
+ 𝜔𝑛−(𝑘−1)

√√𝑌0±√𝑌0−𝑌2
2/4

2
  

 𝑦1 = 𝜔0𝑢 + 𝜔4𝑣      
𝑦2 = 𝜔1𝑢 + 𝜔3𝑣
𝑦3 = 𝜔2𝑢 + 𝜔2𝑣
𝑦4 = 𝜔3𝑢 + 𝜔1𝑣

  (20) 

The roots 𝑥𝑖 of 𝒈(𝒙) = 𝒙𝟐 + 𝒑𝒙 + 𝒒 − 𝒚 = 𝟎,  become:  

              𝑥𝑘 =
−𝑝±√𝑝2−4(𝑞−𝑦𝑘)

2
=
−𝑝±√𝑝2−4(𝑞−(𝜔𝑘−1𝑢+𝜔𝑛−(𝑘−1)𝑣))

2
  (21) 

           𝑥𝑘 =

−𝑝±√𝑝2−4

[
 
 
 

𝑞−

(

 𝜔𝑘−1
√√𝑌0±√𝑌0+𝑌2

2/4

2
+𝜔𝑛−(𝑘−1)

√√𝑌0±√𝑌0−𝑌2
2/4

2

)

 

]
 
 
 

2
 (22) 

This would be a Cardano-style version of the solution of the quartic equation. 

However, notice that the De Moivre quartic equation, 𝑦4 − 𝑌2𝑦
2 − 𝑌0 = 0, would also 

admit to be solved in a shorter way, making the change 𝑦2 = 𝑧 → 𝑦 = ±√𝑧, reducing it to 
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a quadratic equation, 𝑧2 − 𝑌2𝑧 − 𝑌0 = 0, which would greatly simplify its solution. See 

this formula not depending on 𝑢 and 𝑣: 

𝑦 = √𝑧 = ±
√𝑌2±√𝑌2

2+4𝑌0

2
  →  𝑥 =

−𝑝±√𝑝2−4(𝑞−𝑦)

2
=

−𝑝±√𝑝2−4

[
 
 
 
𝑞∓
√𝑌2±√𝑌2

2+4𝑌0

2

]
 
 
 

2
  (23) 

In the first case, or Cardano’s case, six sets of possibilities arise for the four roots of 

the quartic equation from the three values of p, and in the quadratic three sets arise, but 

only one is true: the one that returns the original equation, 𝑥4 + 𝑐𝑥2 + 𝑑𝑥 + 𝑒 = 0;  i.e., 

we have to check simultaneously all the possible solutions to see which one is valid.  

3.3 Solving the 5th Degree Equation by radicals 

To do this, it is required to transform the Bring-Jerrard normal quintic equation 

(BJQ),  𝑓(𝑥) = 𝑥5 + 𝑞𝑥 + 𝑟 = 0, to the De Moivre form in order to solve it. 

To transform the BJQ to the De Moivre quintic form (DMQ), without the 2nd and 4th 

terms and with the relationship between the 3rd and 5th terms, (Y3)2 = 5Y1, we will use a 

new 4th degree Tschirnhaus transformation, 𝑔(𝑥, 𝑦) = 𝑥4 + 𝑑𝑥3 + 𝑐𝑥2 + 𝑏𝑥 + 𝑎 − 𝑦 = 0, 

on the BJQ, f(x) = x5 + qx + r = 0. For this purpose, we had to modify the expressions of the 

Bring coefficients as new ones: a = 4q/5, b = f d + h + g and c = d + h + i. This added a new 

variable, necessary to eliminate 𝑌2 (instead of 𝑌3) and thus manage to construct the DMQ. 

After solving the De Moivre quintic equation obtained, DMQ, in the process of undoing 

the previous transformation performed to the BJQ, we need the inverse formula that 

solves that equation, to have the expression of the original variable 𝑥.  But for that, we 

will need a new 2nd degree transformation 𝐺(𝑥, 𝑧) =  𝑥2 +𝑚𝑥 + 𝑛 − 𝑧 = 0, on 𝑔(𝑥, 𝑦
𝑘
) to 

transform its resultant, 𝑅2(𝑧(𝑦𝑘)) = 𝑧
4 + ∑ 𝑍4−𝑗𝑧

4−𝑗4
1  = 0, by making 𝑍3 = 𝑍1 = 0 into a 

4th degree De Moivre form, 𝑧4 + 𝑍2𝑧
2 + 𝑍0 = 0. Notice that, the four roots 𝑧𝑖 of it, will 

come out using the five roots 𝑦𝑘  of the first resultant of the solved 5th degree De Moivre 

equation. Thus, the inverse formula of 𝐺(𝑥, 𝑧),  𝑥 = 𝐺−1(𝑧𝑖(𝑦𝑘)) = −
𝑚

2
±
√𝑚2−4(𝑛−𝑧𝑖(𝑦𝑘))

2
,  

gives us two roots for 𝑥.  Then in sum, these two values of 𝑥(𝑧𝑖(𝑦𝑘)), depend on the four 

values of 𝑧(𝑦𝑘). But, only one value of 𝑥 (depending on 𝑦𝑘) out of the possible ones, 

4x2=8, shall satisfy the original BJQ, 𝑓(𝑥) = 𝑥5 + 𝑞𝑥 + 𝑟 = 0. The values of 𝒎(𝑦𝑘) and 

𝒏(𝑦𝑘) which satisfy the BJQ will be chosen. Although we will go deeper into this process, 

the changes made and undone for solving the BJQ equation are summarized as follows: 

                                   f(x)            ←     𝑥 = −
𝑚

2
±
√𝑚2−4(𝑛−𝑧𝑖(𝑦𝑘))

2
    ←  x = G−1(zi(yk)) 

          ↓                                                       ↑ 

       f(x) & g(x,y)        g(x,y) → g(x,yk) & G(x,z)        G(x,z)→  G(x,zi(yk)) 

           ↓                ↑          ↓                 ↑        (24) 

         R1(y)              yk       R2(z(yk))           zi(yk)   

           ↓                ↑          ↓                 ↑ 

        DM1(y)  →  →  →  ┘       DM2(z(yk))  →  →  → ┘   

Figure 3.    Flowchart of the steps to solve the Bring-Jerrard Normal Quintic Equation (BJQ) 

Next are some details of this procedure by using the free open-source mathematics 

software system Sagemath (https://www.sagemath.org/). Let us start performing the 4th 

degree transformation (g(x,y)) on the BJQ equation (f(x)) to obtain its resultant. 

var('a,b,c,d,e,f,g,h,i,j,k,l,x,y,p,q,r,s,t,u,v,T,K,L,M,N') 
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cb = x^5 + q*x + r 

res = cb.resultant(-y + x^4 + d*x^3 + c*x^2 + b*x + a,x).poly(y) 

As said, the modified Bring expressions of the coefficients c, b and a, present in the 

4th degree transformation applied to the BJQ, reduced the order of auxiliary equations to 

degrees less than 5, and, allowed us to obtain the desired expression of the DMQ:  

 

c = d + h + i,          b = f*d + h + g,          a = 4*q/5 (25) 

 

(Recall that coefficients used by E. S. Bring in his original 4th degree transformation on the principal 

form to obtain the BJQ were:  c = d + γ,  b = σd + ζ  and  a = (3pd+4q)/5 ). 

The resultant equation, for 𝑌4 = 0 by doing a = 4q/5, can be written as: 𝑅1(𝑦) = 𝑦
5 +

∑ 𝑌5−𝑗𝑦
5−𝑗5

2 = 𝑦5 + 𝑌3𝑦
3 + 𝑌2𝑦

2 + 𝑌1𝑦 + 𝑌0 = 0, where:  

𝑌3 = 1/5(5𝑑
2(2𝑞 +  5𝑟)  +  20𝑑𝑔𝑞 +  40𝑑ℎ𝑞 +  10ℎ2𝑞 +  20𝑑𝑖𝑞 +  20ℎ𝑖𝑞 +  10𝑖2𝑞 

+  25𝑑ℎ𝑟 +  25𝑑𝑖𝑟 +  5(4𝑑2𝑞 +  5𝑑𝑟)𝑓 −  2𝑞2  +  25𝑔𝑟 +  25ℎ𝑟) 

𝑌2 = −1/25(25𝑑
3𝑓2(4𝑞 + 5𝑟) + 100𝑑2𝑓2ℎ 𝑞 + 100𝑑2𝑓2𝑖𝑞 + 200𝑑2𝑓𝑔𝑞 +  200𝑑2𝑓ℎ𝑞 

+  200𝑑𝑓𝑔ℎ𝑞 +  200𝑑𝑓ℎ2𝑞 +  200𝑑𝑓𝑔𝑖𝑞 +  200𝑑𝑓ℎ𝑖𝑞 −  100𝑑2ℎ𝑞2  

−  100𝑑2𝑖𝑞2  +  250𝑑2𝑓𝑔𝑟 +  500𝑑2𝑓ℎ𝑟 +  125𝑑𝑓ℎ2𝑟 +  250ℎ2𝑓𝑖𝑟

+  250𝑑𝑓ℎ𝑖𝑟 +  125𝑑𝑓𝑖2𝑟 −  25(4𝑞2  +  3𝑞𝑟)𝑑3  +  100𝑑𝑔2𝑞 +  200𝑑𝑔ℎ𝑞 

+  100𝑔2ℎ𝑞 +  100𝑑ℎ2𝑞 +  200𝑔ℎ2𝑞 +  100ℎ3𝑞 +  100𝑔2𝑖𝑞 +  200𝑔ℎ𝑖𝑞 

+  100ℎ2𝑖𝑞 −  40𝑑𝑔𝑞2  −  80𝑑ℎ𝑞2  −  20ℎ2𝑞2  −  40𝑑𝑖𝑞2  −  40ℎ𝑖𝑞2  

−  20𝑖2𝑞2  +  125𝑑2𝑔𝑟 +  125𝑑𝑔2𝑟 +  125𝑑2ℎ𝑟 + 500𝑑𝑔ℎ𝑟 + 375 𝑑ℎ2𝑟

+ 125𝑔ℎ2𝑟 +  125ℎ3𝑟 +  250𝑑𝑔𝑖𝑟 +  250𝑑ℎ𝑖𝑟 +  250𝑔ℎ𝑖𝑟 +  250ℎ2𝑖𝑟 

+  125𝑔𝑖2𝑟 +  125ℎ𝑖2𝑟 −  250𝑑ℎ𝑞𝑟 −  250𝑑𝑖𝑞𝑟 −  5(4𝑞2  +  50𝑞𝑟 

                                +25𝑟2)𝑑2  −  4𝑞3  −  25𝑔𝑞𝑟 −  25ℎ𝑞𝑟 −  125𝑑𝑟2  −  125ℎ𝑟2  −  125𝑖𝑟2  

−  5(8𝑑2𝑞2  −  25𝑑3𝑟 +  5𝑑𝑞𝑟)𝑓) 

 𝑌1 = 𝑑
4𝑓4𝑞 +  43𝑑4𝑓3𝑔𝑞 +  4𝑑3𝑓3ℎ𝑞 +  2𝑑4𝑓2𝑞2  +  5𝑑4𝑓𝑓3𝑟 +  5𝑑3𝑓3ℎ𝑟 +  5𝑑3𝑓3𝑖𝑟 

+  6𝑑2𝑓2𝑔2𝑞 +  12𝑑2𝑓2𝑔ℎ𝑞 +  6𝑑2𝑓2ℎ2𝑞 −  4𝑑4𝑓𝑞2  −  12/5𝑑3𝑓2𝑞2  

+  4𝑑3𝑓𝑔𝑞2  −  4𝑑3𝑓ℎ𝑞2  −  12/5𝑑2𝑓2ℎ𝑞2  −  4𝑑2𝑓ℎ2𝑞2  −  8𝑑3𝑓𝑖𝑞2  

−  12/5𝑑2𝑓2𝑖𝑞2  −  8𝑑2𝑓ℎ𝑖𝑞2  −  4𝑑2𝑓𝑖2𝑞2  +  𝑑4𝑞3  +  15𝑑3𝑓2𝑔𝑟 

+  15𝑑3𝑓2ℎ𝑟 +  15𝑑2𝑓2𝑔ℎ𝑟 +  15𝑑2𝑓2ℎ2𝑟 +  15𝑑2𝑓2𝑔𝑖𝑟 +  15𝑑2𝑓2ℎ𝑖𝑟 

−  7𝑑4𝑓𝑞𝑟 +  5𝑑3𝑓2𝑞𝑟 −  7𝑑3𝑓ℎ𝑞𝑟 −  7𝑑3𝑓𝑖𝑞𝑟 −  5𝑑4𝑓𝑟2  +  4𝑑𝑓𝑔3𝑞 

+  12𝑑𝑓𝑔2ℎ𝑞 +  12𝑑𝑓𝑔ℎ2𝑞 +  4𝑑𝑓ℎ3𝑞 + 𝑑4𝑞2  −  4𝑑3𝑔𝑞2  

−  24/5𝑑2𝑓𝑔𝑞2  +  2𝑑2𝑔2𝑞2  −  24/5𝑑2𝑓ℎ𝑞2  

 − 4𝑑2𝑔ℎ𝑞2  −  24/5𝑑𝑓𝑔ℎ𝑞2  −  24/5𝑑𝑓ℎ2𝑞2  −  4𝑑𝑔ℎ2𝑞2  +  ℎ4𝑞2  +

 4𝑑3𝑖𝑞2  −  8𝑑2𝑔𝑖𝑞2  −  24/5𝑑𝑓𝑔𝑖𝑞2  +  4𝑑2ℎ𝑖𝑞2  −  24/5𝑑𝑓ℎ𝑖𝑞2  −

 8𝑑𝑔ℎ𝑖𝑞2  +  4𝑑ℎ2𝑖𝑞2  +  4ℎ3𝑖𝑞2  +  6𝑑2𝑖2𝑞2  −  4𝑑𝑔𝑖2𝑞2  +  8𝑑ℎ𝑖2𝑞2  +

 6ℎ2𝑖2𝑞2  +  4𝑑𝑖3𝑞2  +  4ℎ𝑖3𝑞2  +  𝑖4𝑞2  +  12/5𝑑3𝑞3  −  28/25𝑑2𝑓𝑞3  +

 12/5𝑑2ℎ𝑞3  +  12/5𝑑2𝑖𝑞3  +  15𝑑2𝑓𝑔2𝑟 +  30𝑑2𝑓𝑔ℎ𝑟 +  15𝑑𝑓𝑔2ℎ𝑟 +

 15𝑑2𝑓ℎ2𝑟 +  30𝑑𝑓𝑔ℎ2𝑟 +  15𝑑𝑓ℎ3𝑟 +  15𝑑𝑓𝑔2𝑖𝑟 +  30𝑑𝑓𝑔ℎ𝑖𝑟 +

 15𝑑𝑓ℎ2𝑖𝑟 + 𝑑4𝑞𝑟 −  5𝑑3𝑓𝑞𝑟 −  𝑔𝑞𝑟 +  10𝑑2𝑓𝑔𝑞𝑟 −  4𝑑3ℎ𝑞𝑟 −

 7𝑑2𝑔ℎ𝑞𝑟 −  4𝑑2ℎ2𝑞𝑟 −  5𝑑𝑓ℎ2𝑞𝑟 +  𝑑ℎ3𝑞𝑟 +  3𝑑3𝑖𝑞𝑟 −  10𝑑2𝑓𝑖𝑞𝑟 −

 7𝑑2𝑔𝑖𝑞𝑟 −  𝑑2ℎ𝑖𝑞𝑟 −  10𝑑𝑓ℎ𝑖𝑞𝑟 +  3𝑑ℎ2𝑖𝑞𝑟 +  3𝑑2𝑖2𝑞𝑟 −  5𝑑𝑓𝑖2𝑞𝑟 +

 3𝑑ℎℎ2𝑞𝑟 +  𝑑𝑖3𝑞𝑟 +  29/5𝑑3𝑞2𝑟 +  5𝑑4𝑟2  −  5𝑑3𝑓𝑟2  +  5𝑑2𝑓2𝑟2  −

 5𝑑3𝑔𝑟2  +  5𝑑3ℎ𝑟2  −  5𝑑2𝑓ℎ𝑟2  +  5𝑑2ℎ2𝑟2  +  10𝑑3𝑖𝑟2  −  5𝑑2𝑓𝑖𝑟2  +
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 10𝑑2ℎ𝑖𝑟2  +  5𝑑2𝑖2𝑟2  +  𝑔4𝑞 +  4𝑔3ℎ𝑞 +  6𝑔2ℎ2𝑞 +  4𝑔ℎ3𝑞 +  ℎ4𝑞 −

 12/5𝑑𝑔2𝑞2  −  24/5𝑑𝑔ℎ𝑞2  −  12/5𝑔2ℎ𝑞2  −  12/5𝑑ℎ2𝑞2  −  24/

5𝑔ℎ2𝑞2  −  12/5ℎ3𝑞2  −  12/5𝑔2𝑖𝑞2  −  24/5𝑔ℎ𝑖𝑞2  −  12/5ℎ2𝑖𝑞2  −  14/

25𝑑2𝑞3  −  28/25𝑑𝑔𝑞3  −  56/25𝑑ℎ𝑞3  −  14/25ℎ2𝑞3  −  28/25𝑑𝑖𝑞3 −

 28/25ℎ𝑖𝑞3  −  14/25𝑖3𝑞3  +  5𝑑𝑔3𝑟 +  15𝑑𝑔2ℎ𝑟 +  5𝑔3ℎ𝑟 +

 15𝑑𝑔ℎ2𝑟 +  15𝑔2ℎ2𝑟 +  5𝑑ℎ3𝑟 +  15𝑔ℎ3𝑟 +  5ℎ4𝑟 +  5𝑔3𝑖𝑟 +

 15𝑔2ℎ𝑖𝑟 +  15𝑔ℎ2𝑖𝑟 +  5ℎ3𝑖𝑟 −  5𝑑2𝑔𝑞𝑟 +  5𝑑𝑔2𝑞𝑟 −  5𝑑2ℎ𝑞𝑟 −

 5𝑑ℎ2𝑞𝑟 −  5𝑔ℎ2𝑞𝑟 −  5ℎ3𝑞𝑟 −  10𝑑𝑔𝑖𝑞𝑟 −  10𝑑ℎ𝑖𝑞𝑟 −  10𝑔ℎ𝑖𝑞𝑟 −

 10ℎ2𝑖𝑞𝑟 −  5𝑔𝑖2𝑞𝑟 −  5ℎ𝑖2𝑞𝑟 +  17/5𝑑2𝑞2𝑟 −  𝑑𝑓𝑞2𝑟 +  17/5𝑑ℎ𝑞2𝑟 +

 17/5𝑑𝑖𝑞2𝑟 −  5𝑑3𝑟2  −  5𝑑2𝑔𝑟2  +  10𝑑𝑓𝑔𝑟2  −  20𝑑2ℎ𝑟2  +  10𝑑𝑓ℎ𝑟2  −

 5𝑑𝑔ℎ𝑟2  −  20𝑑ℎ2𝑟2  −  5ℎ3𝑟2  −  15𝑑2𝑖𝑟2  −  5𝑑𝑔𝑖𝑟2  −  35𝑑ℎ𝑖𝑟2  −

 15ℎ2𝑖𝑟2  −  15𝑑𝑖2𝑟2  −  15ℎ𝑖2𝑟2  −  5𝑖3𝑟2  +  9𝑑2𝑞𝑟2  −  3/125𝑞4  −

 𝑔𝑞2𝑟 −  ℎ𝑞2𝑟 +  5𝑔2𝑟2  +  10𝑔ℎ𝑟2  +  5ℎ2𝑟2  +  2𝑑𝑞𝑟2  +  2ℎ𝑞𝑟2  +

 2𝑖𝑞𝑟2  +  5𝑑𝑟3 

The other factor 𝑌0 will not be needed for now. As a next step we will expand the  

coefficient 𝑌2  in factors of the variable d, to obtain:  𝑌2 = 𝐷3𝑑
3 + 𝐷2𝑑

2 + 𝐷1𝑑 + 𝐷0 = 0, 

and, following Bring, remove them sequentially, (𝐷3 = 𝐷2 = 𝐷1 = 𝐷0 = 0). So, the varia-

bles f, h, 𝑔, i, will become known and 𝑌2 eliminated: 

𝐷3 = −(4𝑓
2𝑞 +  5𝑓2𝑟 −  4𝑞2  +  5𝑓𝑟 −  3𝑞𝑟) 

𝐷2 = −1/5(20𝑓
2ℎ𝑞 +  20𝑓2𝑖𝑞 +  40𝑓𝑔𝑞 +  40𝑓ℎ𝑞 −  8𝑓𝑞2  −  20ℎ𝑞2  −  20𝑖𝑞2  +  50𝑓𝑔𝑟 

+  100𝑓ℎ𝑟 +  50𝑓𝑖𝑟 −  4𝑞2  +  25𝑔𝑟 +  25ℎ𝑟 −  50𝑞𝑟 −  25𝑟2) 

𝐷1 = − 1/5(40𝑓𝑔ℎ𝑞 +  40𝑓ℎ
2𝑞 +   40𝑓𝑔𝑖𝑞 +  40𝑓ℎ𝑖𝑞 +  25𝑓ℎ2𝑟 +  50𝑓ℎ𝑖𝑟 +  25𝑓𝑖2𝑟 

+  20𝑔2𝑞 +  40𝑔ℎ𝑞 +  20ℎ2𝑞 −  8𝑔𝑞2  −  16ℎ𝑞2  −  8𝑖𝑞2  +  25𝑔2𝑟 

+  100𝑔ℎ𝑟 +  75ℎ2𝑟 +  50𝑔𝑖𝑟 +  50ℎ𝑖𝑟 −  5𝑓𝑞𝑟 −  50ℎ𝑞𝑟 −  50𝑖𝑞𝑟 

−  25𝑟2) 

𝐷0 = −8𝑓𝑔ℎ𝑞 −  8𝑓ℎ
2𝑞 −  8𝑓𝑔𝑖𝑞 −  8𝑓ℎ𝑖𝑞 −  5𝑓ℎ2𝑟 −  10𝑓ℎ𝑖𝑟 −  5𝑓𝑖2𝑟 −  4𝑔2   

−  8𝑔ℎ𝑞 −  4ℎ2𝑞 +  8/5𝑔𝑞2  +  16/5ℎ𝑞2  +  8/5𝑖𝑞2  −  5𝑔2𝑟 −  20𝑔ℎ𝑟 

−  15ℎ2𝑟 −  10𝑔𝑖𝑟 −  10ℎ𝑖𝑟 +  𝑓𝑞𝑟 +  10ℎ𝑞𝑟 +  10𝑖𝑞𝑟 +  5𝑟2 

The Sagemath command, to solve equations used to obtain the values of f, 𝑔, ℎ and i, is:  

solve(D3==0,f) 
𝑓 = −1/2(5𝑟 ±  𝑠𝑞𝑟𝑡(64𝑞3  +  128𝑞2𝑟 +  5(12𝑞 +  5)𝑟2))/(4𝑞 +  5𝑟), 

Notice that any of the two solutions of the variable f is a number, since f depends only 

on the known coefficients q and r. From now on, we will refer to f as another known con-

stant number, in addition to q and r. 

solve(D2==0,g) 
𝑔 = 1/5(4(2𝑓 +  5𝒉 +  5𝒊 +  1)𝑞2  −  20(𝑓2𝒊 + (𝑓2  +  2𝑓)𝒉)𝑞 −  25((4𝑓 +  1)𝒉 +  2𝑓𝒊 

−  2𝑞)𝑟 +  25𝑟2)/(8𝑓𝑞 +  5(2𝑓 +  1)𝑟) 

Note that in this result, the variable 𝑔 becomes linearly dependent (first-degree) on 

the unknown variables h and i. A simplified expression of 𝑔 could be then: 𝑔 = 𝑃𝒉 +

𝑄𝒊 + 𝑅 where P, Q and R become numerical factors. Substituting the not simplified 𝑔, 

namely, the original g, into the expression of 𝐷1, we obtain a function dependent on h and 

i. Let’s call it D1H. Putting D1H as an equation in h, equal to zero, results in a 2nd degree 

equation. Solving it we obtain h: 
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solve(D1H==0,h) 

ℎ = −1/5(960𝑓4𝒊𝑞3  −  64(5𝒊 +  1)𝑞5  −  64(4𝑓3  +  10𝑓2𝒊 −  3𝑓2)𝑞4  −  125(5(4𝑓3  

−  3𝑓)𝒊 −  (16𝑓2  +  16𝑓 −  5)𝑞 +  4𝑞2)𝑟3  −  625𝑟4  +  200(15𝑓2𝒊𝑞 

+  (13𝑓2  +  5𝑓 −  5𝒊)𝑞2  −  7𝑞3)𝑟2  −  80(5(𝒊 +  2)𝑞4  −  15(𝑓4  

+  2𝑓3)𝒊𝑞2  +  (4𝑓3  −  10𝑓2  +  10(𝑓2  +  𝑓)𝒊 −  3𝑓)𝑞3)𝑟 ±  𝒔𝒒𝒓𝒕(𝟓𝟏𝟐(𝒇𝟐  

+  𝒇 −  𝟏)𝒒𝟕  +  𝟐𝟓𝟔𝒒𝟖  +  𝟐𝟓𝟔(𝒇𝟒  −  𝟔𝒇𝟑  +  𝟑𝒇𝟐)𝒒𝟔  −  𝟏𝟓𝟔𝟐𝟓(𝒇 

−  𝟏)𝒓𝟔  +  𝟑𝟏𝟐𝟓(𝟐𝟎𝒇𝟑  −  𝟐(𝟖𝒇 −  𝟓)𝒒 −  𝟏𝟓𝒇)𝒓𝟓  +  𝟔𝟐𝟓((𝟕𝟔𝒇𝟐  +  𝟒𝟎𝒇 

+  𝟔𝟓)𝒒𝟐  −  𝟒𝟎𝒒𝟑  +  𝟓(𝟒𝒇𝟒  −  𝟐𝟕𝒇𝟐)𝒒)𝒓𝟒  +  𝟏𝟓𝟎𝟎𝟎((𝟔𝒇𝟐  +  𝟓𝒇)𝒒𝟑  

−  𝟒𝒒𝟒  −  (𝟐𝒇𝟒  +  𝟓𝒇𝟑)𝒒𝟐)𝒓𝟑  +  𝟒𝟎𝟎((𝟏𝟑𝒇 −  𝟖𝟖)𝒒𝟓  −  𝟑(𝟔𝒇𝟑  −  𝟓𝟎𝒇𝟐  

−  𝟗𝒇)𝒒𝟒  −  𝟏𝟓(𝒇𝟓  +  𝟔𝒇𝟒)𝒒𝟑)𝒓𝟐  −  𝟑𝟐𝟎(𝟏𝟓𝒇𝟓𝒒𝟒  −  (𝟐𝟓𝒇 −  𝟐𝟖) 

                                       𝒒𝟔  +  (𝟏𝟒𝒇𝟑  −  𝟐𝟒𝒇𝟐  −  𝟑𝒇)𝒒𝟓)𝒓)(𝟖𝒇𝒒 +  𝟓(𝟐𝒇 +  𝟏)𝒓))/(𝟏𝟗𝟐𝒇𝟒𝒒𝟑  

−  𝟏𝟐𝟖𝒇𝟐𝒒𝟒  −  𝟔𝟒𝒒𝟓  −  𝟏𝟐𝟓(𝟒𝒇𝟑  −  𝟑𝒇)𝒓𝟑  +  𝟐𝟎𝟎(𝟑𝒇𝟐𝒒 − 𝒒𝟐)𝒓𝟐  

−  𝟖𝟎(𝟐(𝒇𝟐  +  𝒇)𝒒𝟑  +  𝒒𝟒  −  𝟑(𝒇𝟒  +  𝟐𝒇𝟑)𝒒𝟐)𝒓), 

Notice that obtained roots, h1 and h2, both depend linearly (first-degree) on i, since 

the expression inside the square root present in each hi depends only on the known num-

bers f, q and r. This quadratic result of h could be then simplified to a linear expression 

something like: h = S + T*i ± U, with numerical values for S, T and U.  

The character of this 2nd degree equation, of giving roots linearly dependent on the 

variable i causes that, instead of being 6 the final degree, 2x3 = 6, becomes 1x3 = 3 < 5. This 

crucial and unexpected feature determines the resolution of the quintic, punching a hole in 

the Ruffini, Abel and Galois theorems on the impossibility of solving it. Let us check it: 

Substituting the chosen value of h in the unknown g; and then h and g in 𝐷0, we 

obtain a function D0I (dependent only on i).  Making D0I equal to zero, we obtain a 3rd 

degree solvable equation. We solve it and have its three roots in numerical form. We shall 

choose that i that returns the original Bring equation.  

Substituting now the numerical value of i, in g and in h, we would have completed 

the numerical values of f, g, h and i, thus eliminating 𝑌2. Next, these numerical values of 

f, g, h and i are entered into the expressions of a, b and c in 𝑌3, 𝑌1 and 𝑌0.  

At this time, it only remains to ensure that the relation (𝑌3)2 = 5𝑌1 is satisfied, which 

depends only on the variable d (the only remaining unknown). Expressing it as an equa-

tion, (𝑌3)2 − 5𝑌1 = 0, we obtain a 4th degree equation in d.  We solve it and choose that root 

out of the four, d1, d2, d3, d4, satisfying the relation (𝑌3)2 = 5𝑌1, that gives us back the original 

Bring equation, 𝑥5 + 𝑞𝑥 + 𝑟 .  Thus, with 𝑌4 = 𝑌2 = 0,  the resultant 𝑅1(𝑦)  is trans-

formed into another equation with the De Moivre structure, 𝑦5 + 𝑌3𝑦
3 + 𝑌1𝑦 + 𝑌0 = 0, 

with all its coefficients already known, meeting the relation (𝑌3 )2 = 5𝑌1,  and solvable 

through the general formula shown in equation (10), for quintics. Let’s write it:   

𝑦𝑘 = 𝜔𝑘−1√
𝑌0

2
+
1

2
√𝑌0

2 + 4(
𝑌3

5
)
55

+ 𝜔𝑛−(𝑘−1)√
𝑌0

2
−
1

0
√𝑌0

2 + 4(
𝑌3

5
)
55

  

      𝑦1 = 𝜔0𝑢 + 𝜔5𝑣      
𝑦2 = 𝜔1𝑢 + 𝜔4𝑣
𝑦3 = 𝜔2𝑢 + 𝜔3𝑣
𝑦4 = 𝜔3𝑢 + 𝜔2𝑣
𝑦5 = 𝜔4𝑢 + 𝜔1𝑣

 (26)  

Thus, we have succeeded in transforming any BJQ (and hence to any general 

quintic equation) to the radically soluble De Moivre form, fulfilling our main goal of 

demonstrating that any quintic is radically soluble.   

Next, we need to undo, first, the 4th degree transformation, 𝑔(𝑥) = 𝑥4 + 𝑑𝑥3 +

𝑐𝑥2 + 𝑏𝑥 + 𝑎 − 𝑦 = 0, applied to the Bring equation 𝑥5 + 𝑞𝑥 + 𝑟 = 0, up to the orig-

inal roots 𝑥(𝑦𝑘) of the quintic, depending on the five roots 𝑦𝑘 = 𝜔𝑘−1𝑢 + 𝜔(𝑛−𝑘−1)𝑣. 

Although simple, it is a long process and involves obtaining the inverse formula of 
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𝑔(𝑥). To do so, 𝑔(𝑥) must be transformed also into a De Moivre quartic by a 2nd 

degree transformation, 𝐺 (𝑥, 𝑧) = 𝑥2 +𝑚𝑥 + 𝑛 − 𝑧 = 0. Let’s see: 

     𝑔(𝑥, 𝑦𝑘) = 𝑥
4 + 𝑑𝑥3 + 𝑐𝑥2 + 𝑏𝑥 + 𝑎 − 𝑦𝑘 = 0  &  𝐺 (𝑥, 𝑧) = 𝑥

2 +𝑚𝑥 + 𝑛 − 𝑧 = 0     → … 

     . . ⤑  𝑅2(𝑧(𝑦𝑘)) = 𝑧
4 + ∑ 𝑍4−𝑗𝑧

4−𝑗4
1  = 0 

𝑍3=𝑍1=0
→      𝐷𝑀2(𝑧(𝑦𝑘)) = 𝑧

4 + 𝑍2𝑧
2 + 𝑍0 = 0.   

            Figure 4.  Flowchart of the steps to solve the quartic Equation  

Where, 𝑚, 𝑛,  𝑍2 and 𝑍0 (by making 𝑍3 = 0 = 𝑍1) become known as function 

of the roots 𝑦𝑘 . Moreover, by making a new change 𝑤 = 𝑧2 → 𝑧 = √𝑤, a simpler 

equation, 𝑤2 + 𝑍2𝑤 + 𝑍0 = 0, is obtained. Thus, four roots for 𝑧(𝑦𝑘) arise (2x2=4). 

This means that undoing up to x, using all possible values of variables f12, g1, h12, i123, 

d1234, m123, n1, w12, z12, and x12 requires many simultaneous calculations, only one sat-

isfying the original Bring equation, 𝑥5 + 𝑞𝑥 + 𝑟 = 0. 

var('a,b,c,d,e,f,g,h,i,j,k,l,m,n,x,y,z,p,q,r,s,t,u,v,T,K,L,M,N') 

cb = x^4 + d*x^3 + c*x^2 + b*x + a - y  

res = cb.resultant(x^2 + m*x + (-d^2 + d*m + 2*c)/4 - z,x).poly(z) 

The resultant with 𝑍3 = 0, for 𝑛 = −𝑑2 + 𝑑𝑚 + 2𝑐/4, is: 𝑧4 + 𝑍2𝑧
2 + 𝑍1𝑧 + 𝑍0 = 0: 

𝑍2 =   1/8(3𝑑
4  −  6𝑑3𝑚 +  3𝑑2𝑚2  −  12𝑐𝑑2  +  20𝑐𝑑𝑚 −  8𝑐𝑚2  +  4𝑐2  +

                                      16𝑏𝑑 −    24𝑏𝑚 −  16𝑎 +   16𝑦)        

𝑍1 = − 1/8(𝑑
6  −  6𝑐𝑑4  +  8𝑏𝑑3  −  (𝑑3  −  4𝑐𝑑 +  8𝑏)𝑚3  −  16𝑏𝑐𝑑 +  8(𝑐2  +  𝑦)𝑑2  

−  8𝑎𝑑2  +  (3𝑑4  −  14𝑐𝑑2  +  8𝑐2  +  20𝑏𝑑 −  32𝑎 +  32𝑦)𝑚2  +  8𝑏2  

−  (3𝑑5  −  16𝑐𝑑3  +  20𝑏𝑑2  −  16𝑏𝑐 +  16(𝑐2  +  2𝑦)𝑑 −  32𝑎𝑑)𝑚) 

𝑍0  =  −3/256𝑑
8  +  3/64𝑑7𝑚 −  9/128𝑑6𝑚^2 +  3/64𝑑5𝑚^3 +  3/32𝑐𝑑6  

−  11/32𝑐𝑑5𝑚 +  15/32𝑐𝑑4𝑚2  −  9/32𝑐𝑑3𝑚3  +  11/16𝑐2𝑑3𝑚 

+  7/16𝑏𝑑4𝑚 −  23/32𝑐2𝑑2𝑚2  −  3/4𝑏𝑑3𝑚2  +  1/4𝑐2𝑑𝑚3  

+  11/16𝑏𝑑2𝑚3  +  1/8𝑐3𝑑2  −  3/8𝑐3𝑑𝑚 −  𝑏𝑐𝑑2𝑚 −  𝑎𝑑3𝑚 

+  1/4𝑐3𝑚2  +  𝑏𝑐𝑑𝑚2  +  15/8𝑎𝑑2𝑚2  −  1/2𝑏𝑐𝑚3  −  2𝑎𝑑𝑚3  

−  1/256(3𝑑4  −  16𝑐𝑑2  +  64𝑏𝑑 −  256𝑎 +  256𝑦)𝑚4  −  1/8𝑑4𝑦 

+ 𝑑3𝑚𝑦 −  15/8𝑑2𝑚2𝑦 +  2𝑑𝑚3𝑦 +  1/16𝑐4  +  1/4𝑏𝑐2𝑚 +  1/4𝑏2𝑑𝑚 

+  3/2𝑎𝑐𝑑𝑚 −  𝑎𝑐𝑚2  −  3/2𝑐𝑑𝑚𝑦 +  𝑐𝑚2𝑦 −  1/4(𝑑2  −  2𝑐)𝑏2  

−  1/32(7𝑑4  +  16𝑎 −  16𝑦)𝑐2  −  𝑎𝑏𝑚 + 𝑏𝑚𝑦 + 1/8(𝑑4 − 16𝑦)𝑎 + 𝑎2

− 1/8(𝑑5 − 4𝑐𝑑3 + 4𝑐2𝑑)𝑏 +  𝑦2 

Making 𝑍1 = 0, we obtain a 3rd degree equation in m. This value depends on 𝑦𝑘.   

𝑚 =  −1/3(1/2)(2/3)(−𝐼sqrt(3)  

+  1)((3𝑑4  −  14𝑐𝑑2  +  8𝑐2 +  20𝑏𝑑 −  32𝑎 +  32𝑦)2/(𝑑3  −  4𝑐𝑑 +  8𝑏)2  

−  3(3𝑑5  −  16𝑐𝑑3 +  16𝑐2𝑑 +  4(5𝑑2 −  4𝑐)𝑏 −  32𝑎𝑑 +  32𝑑𝑦)/(𝑑3  −  4𝑐𝑑 

+  8𝑏))/ 
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                                    (2(3𝑑4  −  14𝑐𝑑2  +  8𝑐2 +  20𝑏𝑑 −  32𝑎 +  32𝑦)3/(𝑑3 −  4𝑐𝑑 +  8𝑏)3  

−  9(3𝑑5  −  16𝑐𝑑3 +  16𝑐2𝑑 +  4(5𝑑2 −  4𝑐)𝑏 −  32𝑎𝑑 +  32𝑑𝑦)(3𝑑4

−  14𝑐𝑑2 +  8𝑐2  +  20𝑏𝑑 −  32𝑎 +  32𝑦)/(𝑑3 −  4𝑐𝑑 +  8𝑏)2 +  27(𝑑6 −  6𝑐𝑑4

+  8𝑐2𝑑2  −  8𝑎𝑑2  +  8𝑑2𝑦 +  8(𝑑3 −  2𝑐𝑑)𝑏 +  8𝑏2)/(𝑑3 −  4𝑐𝑑 +  8𝑏)  

+  72𝑠𝑞𝑟𝑡(9𝑎2𝑑4 +  4/3𝑏2𝑐3 −  16/3𝑎𝑐4 +  9𝑏4 −  48𝑎𝑏2𝑐 +  128/3𝑎2𝑐2

+  2/3(2𝑏3  −  9𝑎𝑏𝑐)𝑑3 −  256/3𝑎3 −  1/3(𝑏2𝑐2 −  4𝑎𝑐3 −  6𝑎𝑏2 +  144𝑎2𝑐)𝑑2

+  1/3(27𝑑4 −  144𝑐𝑑2 +  128𝑐2 +  192𝑏𝑑 −  768𝑎)𝑦2 +  256/3𝑦3

−  2/3(9𝑏3𝑐 −  40𝑎𝑏𝑐2 −  96𝑎2𝑏)𝑑 +  2/3(9𝑏𝑐𝑑3 −  27𝑎𝑑4 +  8𝑐4 +  72𝑏2𝑐 

−  128𝑎𝑐2 − (2𝑐3 +  3𝑏2 −  144𝑎𝑐)𝑑2 +  384𝑎2 −  8(5𝑏𝑐2  +  24𝑎𝑏)𝑑)𝑦)/(𝑑3

−  4𝑐𝑑 +  8𝑏))(1/3) −   1/6(1/2)(1/3)(𝐼sqrt(3) +  1) 

                               + (2(3𝑑4  −  14𝑐𝑑2  +  8𝑐2  +  20𝑏𝑑 −  32𝑎 +  32𝑦)3/(𝑑3 −  4𝑐𝑑 +  8𝑏)3

−  9(3𝑑5 −  16𝑐𝑑3 +  16𝑐2𝑑 +  4(5𝑑2  −  4𝑐)𝑏 −  32𝑎𝑑 +  32𝑑𝑦)(3𝑑4  

−  14𝑐𝑑2  +  8𝑐2  +  20𝑏𝑑 −  32𝑎 +  32𝑦)/(𝑑3  −  4𝑐𝑑 +  8𝑏)2  +  27(𝑑6  

−  6𝑐𝑑4  +  8𝑐2𝑑2  −  8𝑎𝑑2 +  8𝑑2𝑦 +  8(𝑑3  −  2𝑐𝑑)𝑏 +  8𝑏2)/(𝑑3  −  4𝑐𝑑 

+  8𝑏)  +  72𝑠𝑞𝑟𝑡(9𝑎2𝑑4  +  4/3𝑏2𝑐3  −  16/3𝑎𝑐4  +  9𝑏4  −  48𝑎𝑏2𝑐 

                                  + 128/3𝑎2𝑐2  +  2/3(2𝑏3  −  9𝑎𝑏𝑐)𝑑3  −  256/3𝑎3  −  1/3(𝑏2𝑐2  −  4𝑎𝑐3  

−  6𝑎𝑏2  +  144𝑎2𝑐)𝑑2  +  1/3(27𝑑44 −  144𝑐𝑑2 +  128𝑐2  +  192𝑏𝑑 

−  768𝑎)𝑦2  +  256/3𝑦3  −  2/3(9𝑏3𝑐 −  40𝑎𝑏𝑐2  −  96𝑎2𝑏)𝑑 +  2/3(9𝑏𝑐𝑑3  

−  27𝑎𝑑4  +  8𝑐4  +  72𝑏2𝑐 −  128𝑎𝑐2  −  (2𝑐3  +  3𝑏2  −  144𝑎𝑐)𝑑2  +  384𝑎2  

−  8(5𝑏𝑐2  +  24𝑎𝑏)𝑑)𝑦)/(𝑑3  −  4𝑐𝑑 +  8𝑏))(1/3)  +  1/3(3𝑑4  −  14𝑐𝑑2  

+  8𝑐2  +  20𝑏𝑑 −  32𝑎 +  32𝑦)/(𝑑3  −  4𝑐𝑑 +  8𝑏),  

𝑚 =  −1/3(1/2)(
2
3
)(𝐼sqrt(3)  

+  1)((3𝑑4  −  14𝑐𝑑2  +  8𝑐2 +  20𝑏𝑑 −  32𝑎 +  32𝑦)2/(𝑑3  −  4𝑐𝑑 +  8𝑏)2  

−  3(3𝑑5 − 16𝑐𝑑3 + 16𝑐2𝑑 + 4(5𝑑2 − 4𝑐)𝑏 − 32𝑎𝑑 + 32𝑑𝑦)/(𝑑3 − 4𝑐𝑑

+ 8𝑏))

/(2(3𝑑4 − 14𝑐𝑑2 + 8𝑐2 + 20𝑏𝑑 − 32𝑎 + 32𝑦)3/(𝑑3 − 4𝑐𝑑 + 8𝑏)3  −  9(3𝑑5  

−  16𝑐𝑑3 +  16𝑐2𝑑 +  4(5𝑑2 −  4𝑐)𝑏 −  32𝑎𝑑 +  32𝑑𝑦)(3𝑑4 −  14𝑐𝑑2 +  8𝑐2  

+  20𝑏𝑑 −  32𝑎 +  32𝑦)/(𝑑3 −  4𝑐𝑑 +  8𝑏)2 +  27(𝑑6 −  6𝑐𝑑4 +  8𝑐2𝑑2  

−  8𝑎𝑑2  +  8𝑑2𝑦 +  8(𝑑3 −  2𝑐𝑑)𝑏 +  8𝑏2)/(𝑑3 −  4𝑐𝑑 +  8𝑏)  

+  72𝑠𝑞𝑟𝑡(9𝑎2𝑑4 +  4/3𝑏2𝑐3 −  16/3𝑎𝑐4 +  9𝑏4 −  48𝑎𝑏2𝑐 +  128/3𝑎2𝑐2

+  2/3(2𝑏3  −  9𝑎𝑏𝑐)𝑑3 −  256/3𝑎3 −  1/3(𝑏2𝑐2 −  4𝑎𝑐3 −  6𝑎𝑏2 +  144𝑎2𝑐)𝑑2

+  1/3(27𝑑4 −  144𝑐𝑑2 +  128𝑐2 +  192𝑏𝑑 −  768𝑎)𝑦2 +  256/3𝑦3

−  2/3(9𝑏3𝑐 −  40𝑎𝑏𝑐2 −  96𝑎2𝑏)𝑑 +  2/3(9𝑏𝑐𝑑3 −  27𝑎𝑑4 +  8𝑐4 +  72𝑏2𝑐 

−  128𝑎𝑐2 − (2𝑐3 +  3𝑏2 −  144𝑎𝑐)𝑑2 +  384𝑎2 −  8(5𝑏𝑐2  +  24𝑎𝑏)𝑑)𝑦)/(𝑑3

−  4𝑐𝑑 +  8𝑏))(
1
3
)
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                                  − 1/6(1/2)(
1
3
)(𝐼sqrt(3)  

+  1)(2(3𝑑4  −  14𝑐𝑑2  +  8𝑐2  +  20𝑏𝑑 −  32𝑎 +  32𝑦)3/(𝑑3 −  4𝑐𝑑 +  8𝑏)3

−  9(3𝑑5 −  16𝑐𝑑3 +  16𝑐2𝑑 +  4(5𝑑2  −  4𝑐)𝑏 −  32𝑎𝑑 +  32𝑑𝑦)(3𝑑4  

−  14𝑐𝑑2  +  8𝑐2  +  20𝑏𝑑 −  32𝑎 +  32𝑦)/(𝑑3  −  4𝑐𝑑 +  8𝑏)2  +  27(𝑑6  

−  6𝑐𝑑4  +  8𝑐2𝑑2  −  8𝑎𝑑2 +  8𝑑2𝑦 +  8(𝑑3  −  2𝑐𝑑)𝑏 +  8𝑏2)/(𝑑3  −  4𝑐𝑑 

+  8𝑏)  +  72𝑠𝑞𝑟𝑡(9𝑎2𝑑4  +  4/3𝑏2𝑐3  −  16/3𝑎𝑐4  +  9𝑏4  −  48𝑎𝑏2𝑐 

+  128/3𝑎2𝑐2  +  2/3(2𝑏3  −  9𝑎𝑏𝑐)𝑑3  −  256/3𝑎3  −  1/3(𝑏2𝑐2  −  4𝑎𝑐3  

−  6𝑎𝑏2  +  144𝑎2𝑐)𝑑2  +  1/3(27𝑑44 −  144𝑐𝑑2 +  128𝑐2  +  192𝑏𝑑 

−  768𝑎)𝑦2  +  256/3𝑦3  −  2/3(9𝑏3𝑐 −  40𝑎𝑏𝑐2  −  96𝑎2𝑏)𝑑 +  2/3(9𝑏𝑐𝑑3  

−  27𝑎𝑑4  +  8𝑐4  +  72𝑏2𝑐 −  128𝑎𝑐2  −  (2𝑐3  +  3𝑏2  −  144𝑎𝑐)𝑑2  +  384𝑎2  

−  8(5𝑏𝑐2  +  24𝑎𝑏)𝑑)𝑦)/(𝑑3  −  4𝑐𝑑 +  8𝑏))(1/3)  +  1/3(3𝑑4  −  14𝑐𝑑2  

+  8𝑐2  +  20𝑏𝑑 −  32𝑎 +  32𝑦)/(𝑑3  −  4𝑐𝑑 +  8𝑏),  

𝑚 =  2/3(1/2)(
2
3
)((3𝑑4  −  14𝑐𝑑2  +  8𝑐2 +  20𝑏𝑑 −  32𝑎 +  32𝒚)2/(𝑑3  −  4𝑐𝑑 +  8𝑏)2  

−  3(3𝑑5  −  16𝑐𝑑3 +  16𝑐2𝑑 +  4(5𝑑2 −  4𝑐)𝑏 − +32𝑎𝑑 +  32𝑑𝒚)/(𝑑3  

−  4𝑐𝑑 +  8𝑏))/ 

                                 (2(3𝑑4  −  14𝑐𝑑2  +  8𝑐2 +  20𝑏𝑑 −  32𝑎 +  32𝒚)3/(𝑑3 −  4𝑐𝑑 +  8𝑏)3  

−  9(3𝑑5  −  16𝑐𝑑3 +  16𝑐2𝑑 +  4(5𝑑2 −  4𝑐)𝑏 −  32𝑎𝑑 +  32𝑑𝒚)(3𝑑4

−  14𝑐𝑑2 +  8𝑐2  +  20𝑏𝑑 −  32𝑎 +  32𝒚)/(𝑑3 −  4𝑐𝑑 +  8𝑏)2 +  27(𝑑6

−  6𝑐𝑑4 +  8𝑐2𝑑2 𝑐 −  8𝑎𝑑2  +  8𝑑2𝒚 +  8(𝑑3 −  2𝑐𝑑)𝑏 +  8𝑏2)/(𝑑3 −  4𝑐𝑑 

+  8𝑏)  +  72𝑠𝑞𝑟𝑡(9𝑎2𝑑4 +  4/3𝑏2𝑐3 −  16/3𝑎𝑐4 +  9𝑏4 −  48𝑎𝑏2𝑐 

+  128/3𝑎2𝑐2 +  2/3(2𝑏3  −  9𝑎𝑏𝑐)𝑑3 −  256/3𝑎3 −  1/3(𝑏2𝑐2 −  4𝑎𝑐3 −  6𝑎𝑏2

+  144𝑎2𝑐)𝑑2 +  1/3(27𝑑4 −  144𝑐𝑑2 +  128𝑐2 +  192𝑏𝑑 −  768𝑎)𝒚𝟐

+  256/3𝒚𝟑 −  2/3(9𝑏3𝑐 −  40𝑎𝑏𝑐2 −  96𝑎2𝑏)𝑑 +  2/3(9𝑏𝑐𝑑3 −  27𝑎𝑑4 +  8𝑐4

+  72𝑏2𝑐 −  128𝑎𝑐2 − (2𝑐3 +  3𝑏2 −  144𝑎𝑐)𝑑2 +  384𝑎2 −  8(5𝑏𝑐2  

+  24𝑎𝑏)𝑑)𝒚)/(𝑑3 −  4𝑐𝑑 +  8𝑏))(
1
3
) +  1/3(1/2)(

1
3
) 

                                  (2(3𝑑4  −  14𝑐𝑑2  +  8𝑐2  +  20𝑏𝑑 −  32𝑎 +  32𝒚)3/(𝑑3 −  4𝑐𝑑 +  8𝑏)3

−  9(3𝑑5 −  16𝑐𝑑3 +  16𝑐2𝑑 +  4(5𝑑2  −  4𝑐)𝑏 −  32𝑎𝑑 +  32𝑑𝒚)(3𝑑4  

−  14𝑐𝑑2  +  8𝑐2  +  20𝑏𝑑 −  32𝑎 +  32𝒚)/(𝑑3  −  4𝑐𝑑 +  8𝑏)2  +  27(𝑑6  

−  6𝑐𝑑4  +  8𝑐2𝑑2  −  8𝑎𝑑2 +  8𝑑2𝒚 +  8(𝑑3  −  2𝑐𝑑)𝑏 +  8𝑏2)/(𝑑3  −  4𝑐𝑑 

+  8𝑏)  +  72𝑠𝑞𝑟𝑡(9𝑎2𝑑4  +  4/3𝑏2𝑐3  −  16/3𝑎𝑐4  +  9𝑏4  −  48𝑎𝑏2𝑐 

+  128/3𝑎2𝑐2  +  2/3(2𝑏3  −  9𝑎𝑏𝑐)𝑑3  −  256/3𝑎3  −  1/3(𝑏2𝑐2  −  4𝑎𝑐3  

−  6𝑎𝑏2  +  144𝑎2𝑐)𝑑2  +  1/3(27𝑑44 −  144𝑐𝑑2 +  128𝑐2  +  192𝑏𝑑 

−  768𝑎)𝒚𝟐  +  256/3𝒚𝟑  −  2/3(9𝑏3𝑐 −  40𝑎𝑏𝑐2  −  96𝑎2𝑏)𝑑 +  2/3(9𝑏𝑐𝑑3  

−  27𝑎𝑑4  +  8𝑐4  +  72𝑏2𝑐 −  128𝑎𝑐2  −  (2𝑐3  +  3𝑏2  −  144𝑎𝑐)𝑑2  +  384𝑎2  

−  8(5𝑏𝑐2  +  24𝑎𝑏)𝑑)𝒚)/(𝑑3  −  4𝑐𝑑 +  8𝑏))(1/3)  +  1/3(3𝑑4  −  14𝑐𝑑2  

+  8𝑐2  +  20𝑏𝑑 −  32𝑎 +  32𝒚)/(𝑑3  −  4𝑐𝑑 +  8𝑏) 

In this way, after solving 𝑧4 + 𝑍2𝑧
2 + 𝑍0 = 0, with their roots as function of 𝑚(𝑦𝑘) 

and 𝑛(𝑚(𝑦𝑘)), namely 𝑧 = 𝑧(𝑦𝑘), the undo process can be initiated. Starting from this 

equation and undoing its Tschirnhaus transformation to the original variable x, we have:  

 𝑧 4 + 𝑍2𝑧
2 + 𝑍0 = 0 → 𝑧 = ±√

−𝑍2±√(𝑍2)
2−4(𝑍0)

2
         →     𝒙 =

−𝒎±√𝒎𝟐−𝟒(𝒏−𝒛)

𝟐
  (27) 

where, 𝑍2 and 𝑍0 depend on m(y) and y (for 𝑦 = 𝑦𝑘): 
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𝑍2  =  − 1/8(3𝑑
4  −  12𝑐𝑑2  +  (3𝑑2  −  8𝑐)𝑚2  +  4𝑐2  +  16𝑏𝑑 −  2(3𝑑3  −  10𝑐𝑑 

+  12𝑏)𝑚 −  16𝑎 +  16𝒚) 

𝑍0  =  −3/256𝑑
8  +  3/32𝑐𝑑6  −  7/32𝑐2𝑑4  +  1/8𝑐3𝑑2  −  1/256(3𝑑4  −  16𝑐𝑑2  +  64𝑏𝑑 

−  256𝑎 +  256𝑦)𝑚4  +  1/16𝑐4  +  1/64(3𝑑5  −  18𝑐𝑑3  +  16𝑐2𝑑 

+  4(11𝑑2  −  8𝑐)𝑏 −  128𝑎𝑑 + 128𝑑𝑦)𝑚3  −  1/4(𝑑2   −  2𝑐)𝑏2  

−  1/128(9𝑑6  −  60𝑐𝑑4  +  92𝑐2𝑑2  −  32𝑐3 

                                − 16(15𝑑2  −  8𝑐)𝑎 +  32(3𝑑3  −  4𝑐𝑑)𝑏 +  16(15𝑑2  −  8𝑐)𝒚)𝑚2  

+  1/8(𝑑4  −  4𝑐2  −  16𝒚)𝑎 +  𝑎2  −  1/8(𝑑5  −  4𝑐𝑑3  +  4𝑐2𝑑)𝑏 

+  1/64(3𝑑7  −  22𝑐𝑑5  +  44𝑐2𝑑3  −  24𝑐3𝑑 +  16𝑏2𝑑 −  32(2𝑑3  −  3𝑐𝑑 

+  2𝑏)𝑎 +  4(7𝑑4  −  16𝑐𝑑2  +  4𝑐2)𝑏 +  32(2𝑑3  −  3𝑐𝑑 +  2𝑏)𝒚)𝑚 

−  1/8(𝑑4  −  4𝑐2)𝒚 + 𝒚𝟐 

Then, these last results allow us to reach the inverse formula for the BJQ: 

        𝑥 =

−𝑚(𝑦𝑘)±√𝑚(𝑦𝑘)
2−4

[
 
 
 

𝑛(𝑦𝑘)−
√−𝑍2(𝑦𝑘)±√(𝑍2(𝑦𝑘))

2−4𝑍0(𝑦𝑘)

2

]
 
 
 

2
     (28) 

For 𝑦𝑘 = 𝜔𝑘−1√
𝑌0

2
+
1

2
√𝑌0

2 + 4(
𝑌3

5
)
55

+ 𝜔𝑛−(𝑘−1)√
𝑌0

2
−
1

0
√𝑌0

2 + 4(
𝑌3

5
)
55

 

Thus, any quintic can be solved by radicals, as was the main goal of this work.  

3.4 Solving the sextic  

For the sextic equation we start from the “Bring-Jerrard normal Sextic (BJSx)” equa-

tion (required), 𝑒(𝑥) = 𝑥6 + 𝑝𝑥2 + 𝑞𝑥 + 𝑟 = 0 , which after obtained by Bring’s method, 

we will apply on it a new 4th degree Tschirnhaus transformation, 𝑔(𝑥, 𝑦) = 𝑥4 + 𝑑𝑥3 +

𝑐𝑥2 + 𝑏𝑥 + 𝑎 − 𝑦 = 0 (with the same modifications used before in the expressions of the 

Bring coefficients for the quintic)  so as to eliminate the 2nd, 4th and 6th coefficients at once 

from its resultant, 𝑅1(𝑦) = 𝑦
6 + 𝒀𝟓𝑦

5 + 𝑌4𝑦
4 + 𝒀𝟑𝑦

3 + 𝑌2𝑦
2 + 𝒀𝟏𝑦 + 𝑌0 = 0. This will al-

low us to obtain the De Moivre Sextic: 𝐷𝑀1(𝑦) = 𝑦
6 + 𝑌4𝑦

4 + 𝑌2𝑦
2 + 𝑌0 = 0, in which we 

will make the change 𝑦2 = 𝑤  to simplify it to a cubic equation, 𝑓(𝑤) = 𝑤3  + 𝑌4𝑤
2 +

𝑌2𝑤 + 𝑌0, which we already know how to work it. The following flowchart gives the steps 

to follow to solve the sextic (somewhat "similar" to those followed for the quintic):  

      e(x)       ← ← ← ← ←  xj = G-1(zi(yj))    ←   G(x, zi(yj))   ←     G(x, z) 

       ↓                                                                ↑                                                                                                               

  e(x) & g(x,y)   f(w) → f(w) & t=(w+Y4/3)    yj=sqrt(wk(tk))→ g(x, yj)&G(x, z)   ↑ 

                                 ↓         ↑           ↓                 ↑              ↓         ↑ 

     R1(y)     y2=w          ↓               wk(tk)         R3(z(yj))     zi(yj) 

       ↓         ↑           ↓                 ↑              ↓         ↑  

    DM1(y) → →→ ┘       DM2(t(w))  → → →   tk (w)        DM3(z(yj)) →→ ┘ 

Figure 5.    Flowchart of the steps to solve the Bring-Jerrard Normal Sextic Equation (BJS) 

Making the coefficient 𝑌5 = 0, for 𝑎 = 2𝑝/3, we obtain 𝑒(𝑥)&𝑔(𝑥, 𝑦): 

var('a,a0,a1,b,b0,b1,c,d,e,f,g,h,h00,h01,i,j,j00,j01,k,k0,k1,k2,k3,l,x,y, p,q,r,s,t,u,v') 
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cb = x^6 + p*x^2 + q*x + r 

res = cb.resultant(-y + x^4 + d*x^3 + c*x^2 + b*x + 2*p/3,x).poly(y) 

Resultant equation is:      𝑅1(𝑦) = 𝑦
6 + 𝑌4𝑦

4 + 𝒀𝟑𝑦
3 + 𝑌2𝑦

2 + 𝒀𝟏𝑦 + 𝑌0 = 0  (29) 

𝑌4 = 1/3(6𝑐
2𝑝 +  12𝑏𝑑𝑝 +  15𝑐𝑑𝑞 +  9𝑑2𝑟 −  2𝑝2  +  15𝑏𝑞 +  18𝑐𝑟)  

𝑌3 = − 1/27(108𝑐𝑑
2𝑝2  +  81𝑑3𝑝𝑞 −  108𝑏2𝑐𝑝 +  36𝑐2𝑝2  +  72𝑏𝑑𝑝2  −  135𝑏𝑐2𝑞 

−  135𝑏2𝑑𝑞 +  306𝑐𝑑𝑝𝑞 + 135𝑑2𝑞2  −  54𝑐3𝑟 −  324𝑏𝑐𝑑𝑟 +  162𝑑2𝑝𝑟 

+  4𝑝3  +  63𝑏𝑝𝑞 +  135𝑐𝑞2  −  162𝑏2𝑟 +  54𝑐𝑝𝑟 +  297𝑑𝑞𝑟 +  54𝑟2) 

𝑌2 = 1/9(9𝑑
4𝑝3  +  9𝑐4𝑝2  −  36𝑏𝑐2𝑑𝑝2  +  18𝑏2𝑑2𝑝2  +  36𝑐𝑑2𝑝3  +  9𝑐3𝑑𝑝𝑞 −  63𝑏𝑐𝑑2𝑝𝑞 

+ 63𝑑3𝑝2𝑞 +  45𝑐2𝑑2𝑞2  −  45𝑏𝑑3𝑞2  −  81𝑐2𝑑2𝑝𝑟 +  18𝑏𝑑3𝑝𝑟 

+  36𝑐𝑑3𝑞𝑟 +  27𝑑4𝑟2  +  9𝑏4𝑝 −  36𝑏2𝑐𝑝2  −  6𝑐2𝑝3  −  12𝑏𝑑𝑝3  

+  45𝑏3𝑐𝑞 −  63𝑏𝑐2𝑝𝑞 +  27𝑏2𝑑𝑝𝑞 +  57𝑐𝑑𝑝2𝑞 −  45𝑐3𝑞2  −  45𝑏𝑐𝑑𝑞2  

+  99𝑑2𝑝𝑞2  +  81𝑏2𝑐2𝑟 +  54𝑏3𝑑𝑟 +  54𝑐3𝑝𝑟 −  108𝑏𝑐𝑑𝑝𝑟 +  27𝑑2𝑝2𝑟 

−  27𝑐2𝑑𝑞𝑟 −  162𝑏𝑑2𝑞 + 𝑝4  −  15𝑏𝑝2𝑞 +  45𝑏2𝑞2  +  36𝑐𝑝𝑞2  +  45𝑑𝑞3  

−  27𝑏2𝑝𝑟 −  18𝑐𝑝2𝑟 −  27𝑏𝑐𝑞𝑟 +  72𝑑𝑝𝑞𝑟 +  81𝑐2𝑟2  −  162𝑏𝑑𝑟2  

+  36 𝑞2𝑟) 

𝑌1 =  − 1/81(108𝑑
4𝑝4  −  81𝑏𝑑4𝑝2𝑞 +  81𝑐𝑑4𝑝𝑞2  −  81𝑑5𝑞3  −  162𝑐𝑑4𝑝2𝑟 +  243𝑑5𝑝𝑞𝑟

+ 108𝑐4𝑝3  −  432𝑏𝑐2𝑑𝑝3  +  216𝑏2𝑑2𝑝3  −  81𝑏𝑐4𝑝𝑞 +  324𝑏2𝑐2𝑑𝑝𝑞 

−  162𝑏3𝑑2𝑝𝑞 +  108𝑐3𝑑𝑝2𝑞 −  432𝑏𝑐𝑑2𝑝2𝑞 +  432𝑑3𝑝3𝑞 +  81𝑐5𝑞2  

−  405𝑏𝑐3𝑑𝑞2  +  405𝑏2𝑐𝑑2𝑞2                  +  216𝑐2𝑑2𝑝𝑞2  −  621𝑏𝑑3𝑝𝑞2  

+  405𝑐𝑑3𝑞3  −  162𝑐5𝑝𝑟 +  648𝑏𝑐3𝑑𝑝𝑟 −  324𝑐2𝑑2𝑝2𝑟 +  216𝑏𝑑3𝑝2𝑟 

+  81𝑐4𝑑𝑞𝑟 −  729𝑏𝑐2𝑑2𝑞𝑟 +  567𝑏2𝑑3𝑞𝑟 −  702𝑐𝑑3𝑝𝑞𝑟 −  81𝑑4𝑞2𝑟  

                                 + 486𝑐3𝑑2𝑟2  −  972𝑏𝑐𝑑3𝑟2  +  486𝑑4𝑝𝑟2  +  108𝑏4𝑝2  −  24𝑐2𝑝4  

−  48𝑏𝑑𝑝4  −  81𝑏5𝑞 +  216𝑏3𝑐𝑝𝑞 −  378𝑏𝑐2𝑝2𝑞 +  540𝑏2𝑑𝑝2𝑞 

−  60𝑐𝑑𝑝3𝑞 +  405𝑏2𝑐2𝑞2  −  405𝑏3𝑑𝑞2  −  378𝑐3𝑝𝑞2  +  27𝑏𝑐𝑑𝑝𝑞2  

+  648𝑑2𝑝2𝑞2  −  405𝑐2𝑑𝑞3  −  405𝑏𝑑2𝑞3  −  486𝑏4𝑐𝑟 +  540𝑐3𝑝2𝑟 

−  648𝑏𝑐𝑑𝑝2𝑟 −  36𝑑2𝑝3𝑟 +  324𝑏𝑐3𝑞𝑟 +  972𝑏2𝑐𝑑𝑞𝑟 +  648𝑐2𝑑𝑝𝑞𝑟 

−  891𝑏𝑑2𝑝𝑞𝑟 +  324𝑐𝑑2𝑞2𝑟 −  486𝑐4𝑟2  +  1458𝑏2𝑑2𝑟2  −  486𝑐𝑑2𝑝𝑟2  

−  81𝑑3𝑞𝑟2  −  4𝑝5  −  33𝑏𝑝3𝑞 +  297𝑏2𝑝𝑞2  −  27𝑐𝑝2𝑞2  +  405𝑏𝑐𝑞3  

+  459𝑑𝑝𝑞3  −  18𝑐𝑝3𝑟 −  648𝑏3𝑞𝑟 −  648𝑏𝑐𝑝𝑞𝑟 

                                − 81𝑑𝑝2𝑞𝑟 −  162𝑐2𝑞2𝑟 −  729𝑏𝑑𝑞2𝑟 +  648𝑐2𝑝𝑟2  −  648𝑏𝑑𝑝𝑟2  

+  648𝑐𝑑𝑞𝑟2  −  486𝑑2𝑟3  +  81𝑞4  +  108𝑝𝑞2𝑟 −  54𝑝2𝑟2  −  567𝑏𝑞𝑟2  

+  486𝑐𝑟3) 

Let's leave it at that for now. The modified Bring variables to be applied to 𝑌3, since 

the expression of a was already introduced, will be: c = d + h + k and b = f d + h + j.  The 

result of these changes is factored over the variable d, obtaining: 𝑌3 = 𝐷3𝑑
3 + 𝐷2𝑑

2 +

𝐷1𝑑 + 𝐷0. Making the D’s equal to zero, 𝑌3 becomes eliminated. The following are some 

details realized in this process. For:  

c = d + h + k;                  b = f*d + h + j;  

expand(- 1/27*(108*c*d^2*p^2 + 81*d^3*p*q - 108*b^2*c*p + 36*c^2*p^2 + 72*b*d*p^2 - 

135*b*c^2*q - 135*b^2*d*q + 306*c*d*p*q + 135*d^2*q^2 - 54*c^3*r - 324*b*c*d*r + 

162*d^2*p*r + 4*p^3 + 63*b*p*q + 135*c*q^2 – 16*2*b^2*r + 54*c*p*r + 297*d*q*r + 

54*r^2)).poly(d) 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 November 2021                   doi:10.20944/preprints202111.0178.v1

https://doi.org/10.20944/preprints202111.0178.v1


 

𝐷3 = −(4𝑓
2𝑝 +  5𝑓2𝑞 −  4𝑝2  +  5𝑓𝑞 −  3𝑝𝑞 +  12𝑓𝑟 +  2𝑟) 

𝐷2 = −1/3(12𝑓
2ℎ𝑝 +  12𝑓2𝑘𝑝 +  24𝑓ℎ𝑝 +  24𝑓𝑗𝑝 −  8𝑓𝑝2  −  12ℎ𝑝2  −  12𝑘𝑝2  +  60𝑓ℎ𝑞 

+  30𝑓𝑗𝑞 +  30𝑓𝑘𝑞 +  18𝑓2𝑟 +  36𝑓ℎ𝑟 +  36𝑓𝑘𝑟 −  4𝑝2  +  15ℎ𝑞 

+  15𝑗𝑞 −  34𝑝𝑞 −  15𝑞2  +  54ℎ𝑟 +  36𝑗𝑟 +  18𝑘𝑟 −  18𝑝𝑟) 

𝐷1 = 1/3(24𝑓ℎ
2𝑝 +  24𝑓ℎ𝑗𝑝 +  24𝑓ℎ𝑘𝑝 +  24𝑓𝑗𝑘𝑝 +  15𝑓ℎ2𝑞 +  30𝑓ℎ𝑘𝑞 +  15𝑓𝑘2𝑞 

+  12ℎ2𝑝 +  24ℎ𝑗𝑝 +  12𝑗2𝑝 −  16ℎ𝑝2  −  8𝑗𝑝2  −  8𝑘𝑝2  +  45ℎ2𝑞 

+  60ℎ𝑗𝑞 +  15𝑗2𝑞 +  30ℎ𝑘𝑞 +  30𝑗𝑘𝑞 −  7𝑓𝑝𝑞 −  34ℎ𝑝𝑞 −  34𝑘𝑝𝑞 

+  36𝑓ℎ𝑟 +  54ℎ2𝑟 +  36𝑓𝑗𝑟 +  36ℎ𝑗𝑟 +  72ℎ𝑘𝑟 +  36𝑗𝑘𝑟 +  18𝑘2𝑟 

−  15𝑞2  −  6𝑝𝑟 −  33𝑞𝑟) 

𝐷0 = 4ℎ
3𝑝 +  8ℎ2𝑗𝑝 +  4ℎ𝑗2𝑝 +  4ℎ2𝑘𝑝 +  8ℎ𝑗𝑘𝑝 +  4𝑗2𝑘𝑝 −

4

3ℎ2𝑝2
−

8

3ℎ𝑘𝑝2
−

4

3𝑘22𝑝2

+  5ℎ3𝑞 +  5ℎ2𝑗𝑞 +  10ℎ2𝑘𝑞 +  10ℎ𝑗𝑘𝑞 +  5ℎ𝑘2𝑞 +  5𝑗𝑘2𝑞 +  2ℎ3𝑟 

+  6ℎ2𝑘𝑟 +  6ℎ𝑘2𝑟 +  2𝑘3𝑟 −
4

27𝑝3
−  7/3ℎ𝑝𝑞 −  7/3𝑗𝑝𝑞 −  5ℎ𝑞2  

−  5𝑘𝑞2  +  6ℎ2𝑟 +  12ℎ𝑗𝑟 +  6𝑗2𝑟 −  2ℎ𝑝𝑟 −  2𝑘𝑝𝑟 −  2𝑟2 

 

Making, 𝐷3 = 𝐷2 = 𝐷1 = 𝐷1 = 0, the values of variables f, j, h and k are obtained: 

solve(D3==0, f) 

𝑓 =  −1/2(5𝑞 +  12𝑟 ±  𝑠𝑞𝑟𝑡(64𝑝3 +  128𝑝2𝑞 +  5(12𝑝 +  5)𝑞2  −  16(2𝑝 −  5𝑞)𝑟 

+  144𝑟2))/(4𝑝 +  5𝑞), 

And a constant value for the unknown f is again obtained, as it turned out to de-

pend only on the known constant coefficients p, q, and r.  With 𝐷2 = 0 we clear j: 

solve(D2==0, j) 

𝑗 =   1/3(4(2𝑓 +  3𝒉 +  3𝒌 +  1)𝑝2  −  12(𝑓2𝒌 +  (𝑓2  +  2𝑓)𝒉)𝑝 − (15(4𝑓 +  1)𝒉 

+  30𝑓𝒌 −  34𝑝)𝑞 +  15𝑞2  −  18(𝑓2  +  (2𝑓 +  3)𝒉 + (2𝑓 +  1)𝒌 

−  𝑝)𝑟)/(8𝑓𝑝 +  5(2𝑓 +  1)𝑞 +  12𝑟) 

 

As can be seen, the value of j becomes a function of 1st degree of the unknowns h 

and k, which is similar to what happened with the quintic with the variable i. Next we 

will calculate the roots hi of 𝐷1, but with the calculated value of j also included also in 𝐷1. 

solve(1/3*(24*f*h^2*p + 24*f*h*j*p + 24*f*h*k*p + 24*f*j*k*p + 15*f*h^2*q + 30*f*h*k*q + 

15*f*k^2*q + 12*h^2*p + 24*h*j*p + 12*j^2*p - 16*h*p^2 - 8*j*p^2 - 8*k*p^2 + 45*h^2*q + 

60*h*j*q + 15*j^2*q + 30*h*k*q + 30*j*k*q - 7*f*p*q - 34*h*p*q - 34*k*p*q + 36*f*h*r + 54*h^2*r 

+ 36*f*j*r + 36*h*j*r + 72*h*k*r + 36*j*k*r + 18*k^2*r - 15*q^2 - 6*p*r - 33*q*r)==0,h)  

ℎ = −1/3(576𝑓4𝒌𝑝3  −  64(3𝒌 +  1)𝑝5  −  64(4𝑓3  +  6𝑓2𝒌 −  3𝑓2)𝑝4  
−  25(15(4𝑓3 −  3𝑓)𝒌 − (56𝑓2 +  56𝑓 −  17)𝑝 + 12𝑝2)𝑞3  −  375𝑞4  
+  1296(3𝑓2  +  4𝑓𝒌 +  𝑓 −  𝑝)𝑟3  +  40(45𝑓2𝒌𝑝 +  (45𝑓2  +  17𝑓 

                                − 15𝒌)𝑝2  −  23𝑝3)𝑞2  −  36(4(20𝑓 +  12𝒌 −  3)𝑝2  −  12(8𝑓3  + 𝑓2  

+  (16𝑓2  −  4𝑓 −  1)𝒌)𝑝 −  15(4𝑓3  +  10𝑓2  +  (4𝑓2  +  8𝑓 +  1)𝒌 +  𝑓 

−  2𝑝)𝑞 +  30𝑞2)𝑟2  −  16((15𝒌 +  34)𝑝4  −  45(𝑓4  +  2𝑓3)𝒌𝑝2  +  (20𝑓3  

−  34𝑓2  +  30(𝑓2  +  𝑓)𝒌 −  15𝑓)𝑝3)𝑞 −  6(16(16𝑓2  +  6(2𝑓 −  1)𝒌 

−  6𝑓 −  1)𝑝3  +  16𝑝4  −  48(3𝑓4  +  2(6𝑓3  − 𝑓2)𝒌)𝑝2  −  5(60𝑓3 
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                                 + 45𝑓2  −  15(4𝑓2  −  8𝑓 −  1)𝒌 + (112𝑓 −  3)𝑝)𝑞2  +  150𝑞3  

+  4((50𝑓2  −  18𝑓 +  60𝒌 −  39)𝑝2  +  15𝑝3  −  15(3𝑓4  +  6𝑓3 +  2(4𝑓3  

+  6𝑓2  −  𝑓)𝒌)𝑝)𝑞)𝑟 ±  𝒔𝒒𝒓𝒕(𝟓𝟏𝟐(𝒇𝟐  +  𝒇 −  𝟏)𝒑𝟕  +  𝟐𝟓𝟔𝒑𝟖  +  𝟐𝟓𝟔(𝒇𝟒  

−  𝟔𝒇𝟑  +  𝟑𝒇𝟐)𝒑𝟔  −  𝟓𝟔𝟐𝟓(𝒇 −  𝟏)𝒒𝟔  +  𝟑𝟕𝟓(𝟔𝟎𝒇𝟑  −  𝟐(𝟐𝟖𝒇 −  𝟏𝟕)𝒑 

−  𝟒𝟓𝒇)𝒒𝟓  +  𝟐𝟓((𝟖𝟗𝟐𝒇𝟐  +  𝟒𝟎𝟖𝒇 +  𝟔𝟒𝟗)𝒑𝟐  −  𝟒𝟎𝟖𝒑𝟑  +  𝟏𝟓(𝟐𝟖𝒇𝟒

−  𝟗𝟑𝒇𝟐)𝒑)𝒒𝟒  +  𝟑𝟖𝟖𝟖(𝟑𝒇𝟒  +  𝟏𝟖𝒇𝟑  +  𝟑𝒇𝟐  +  𝟐(𝟑𝒇𝟐  −  𝟕𝒇)𝒑 +  𝟑𝒑𝟐 

− 𝟒𝟒𝒇𝒒)𝒓𝟒  +  𝟒𝟎((𝟗𝟔𝟐𝒇𝟐  +  𝟖𝟔𝟑𝒇)𝒑𝟑  −  𝟔𝟗𝟐𝒑𝟒  −  𝟒𝟓(𝟔𝒇𝟒  +

 𝟏𝟗𝒇𝟑)𝒑𝟐)𝒒𝟑  +  𝟑𝟐𝟒(𝟕𝟐𝒇𝟒𝒑 −  𝟖(𝟐𝟐𝒇𝟐  −  𝟒𝒇 −  𝟏)𝒑𝟐  +  𝟖𝒑𝟑  −

 𝟓(𝟑𝟐𝒇𝟐  +  𝟏𝟒𝟖𝒇 −  𝟏𝟐𝒑 +  𝟏𝟏)𝒒𝟐 +  𝟐(𝟏𝟑𝟓𝒇𝟒 +  𝟔𝟎𝒇𝟑  −  (𝟏𝟖𝟔𝒇𝟐  −

 𝟒𝟖𝒇 −  𝟏𝟕)𝒑 +  𝟏𝟎𝟑𝒑𝟐)𝒒)𝒓𝟑  +  𝟏𝟔((𝟐𝟐𝟓𝒇 −  𝟏𝟎𝟗𝟔)𝒑𝟓  −  (𝟐𝟓𝟎𝒇𝟑 −

 𝟏𝟕𝟐𝟔𝒇𝟐  −  𝟒𝟑𝟓𝒇)𝒑𝟒  −  𝟒𝟓(𝟕𝒇𝟓  +  𝟐𝟔𝒇𝟒)𝒇𝟒)𝒒𝟐  +  𝟏𝟖(𝟔𝟒(𝟔𝒇𝟐  −  𝟒𝒇 −

 𝟑)𝒑𝟒  +  𝟏𝟗𝟐𝒑𝟓  +  𝟏𝟗𝟐(𝒇𝟒  +  𝟐𝒇𝟐)𝒑𝟑  +  𝟕𝟓(𝟖𝒇𝟐  −  𝟏𝟑𝟔𝒇 +  𝟏𝟐𝒑 −

 𝟏𝟕)𝒒𝟑  +  𝟒𝟓𝟎𝒒𝟒  +  𝟑𝟎(𝟒𝟓𝒇𝟓  +  𝟒𝟓𝒇𝟒  +  (𝟗𝒇 +  𝟏𝟐𝟕)𝒑𝟐  −  (𝟕𝟒𝒇𝟑  +

 𝟐𝟐𝟎𝒇𝟐  −  𝟕𝟗𝒇 −  𝟕)𝒑)𝒒𝟐  +  𝟖(𝟏𝟑𝟓𝒇𝟓𝒑 − (𝟏𝟏𝟑𝒇 +  𝟐𝟎𝟒)𝒑𝟑  −

 𝟑(𝟏𝟔𝟔𝒇𝟑  −  𝟗𝟔𝒇𝟐  −  𝟐𝟕𝒇)𝒑𝟐)𝒒)𝒓𝟐  −  𝟔𝟒(𝟔𝟑𝒇𝟓𝒑𝟒  −  (𝟖𝟗𝒇 −  𝟗𝟐)𝒑𝟔  +

 (𝟒𝟔𝒇𝟑  −  𝟕𝟐𝒇𝟐  −  𝟏𝟓𝒇)𝒑𝟓)𝒒 +  𝟑(𝟏𝟏𝟓𝟐𝒇𝟒𝒑𝟒  −  𝟏𝟐𝟖(𝟐𝟐𝒇𝟐  −  𝟒𝒇 −

 𝟏)𝒑𝟓  +  𝟏𝟐𝟖𝒑𝟔  +  𝟕𝟓(𝟏𝟔𝟎𝒇𝟑  +  𝟏𝟐𝟎𝒇𝟐  −  𝟏𝟐(𝒇 −  𝟑)𝒑 −  𝟒𝟎𝟓𝒇 −

 𝟑𝟎)𝒒𝟒  +  𝟐𝟐𝟓𝟎𝒒𝟓  +  𝟐𝟎((𝟏𝟏𝟕𝟒𝒇 +  𝟔𝟖𝟏)𝒑𝟐  +  𝟏𝟓(𝟏𝟎𝒇𝟑  −  𝟏𝟏𝟓𝒇𝟐  +

 𝒇)𝒑)𝒒𝟑  −  𝟏𝟔(𝟐(𝟐𝟑𝟎𝒇𝟐  −  𝟕𝟒𝟑𝒇 +  𝟗𝟓)𝒑𝟑  +  𝟑𝟎𝒑𝟒  +  𝟏𝟓(𝟑𝟎𝒇𝟒  +

 𝟕𝟖𝒇𝟑  −  𝟏𝟗𝒇𝟐)𝒑𝟐)𝒒𝟐  −  𝟑𝟐((𝟐𝟏𝟎𝒇𝟐  −  𝟐𝟒𝒇 −  𝟐𝟗)𝒑𝟒  −  𝟏𝟏𝟓𝒑𝟓  +

 𝟑(𝟔𝟑𝒇𝟒  −  𝟒𝟒𝒇𝟑)𝒑𝟑)𝒒)𝒓)(𝟖𝒇𝒑 +  𝟓(𝟐𝒇 +  𝟏)𝒒 +  𝟏𝟐𝒓))/(𝟏𝟗𝟐𝒇𝟒𝒑𝟑  −

 𝟏𝟐𝟖𝒇𝟐𝒑𝟒  −  𝟔𝟒𝒑𝟓  −  𝟏𝟐𝟓(𝟒𝒇𝟑  −  𝟑𝒇)𝒒𝟑  +  𝟏𝟕𝟐𝟖𝒇𝒓𝟑  +  𝟐𝟎𝟎(𝟑𝒇𝟐𝒑 −

 𝒑𝟐)𝒒𝟐  +  𝟑𝟔(𝟒(𝟏𝟔𝒇𝟐  −  𝟒𝒇 −  𝟏)𝒑 −  𝟏𝟔𝒑𝟐  +  𝟓(𝟒𝒇𝟐  +  𝟖𝒇 +

 𝟏)𝒒)𝒓𝟐  −  𝟖𝟎(𝟐(𝒇𝟐  +  𝒇)𝒑𝟑  +  𝒑𝟒  −  𝟑(𝒇𝟒  +  𝟐𝒇𝟑)𝒑𝟐)𝒒 −  𝟔(𝟑𝟐(𝟐𝒇 −

 𝟏)𝒑𝟑  −  𝟑𝟐(𝟔𝒇𝟑  −  𝒇𝟐)𝒑𝟐  +  𝟐𝟓(𝟒𝒇𝟐  −  𝟖𝒇 −  𝟏)𝒒𝟐  −  𝟒𝟎((𝟒𝒇𝟑  +

 𝟔𝒇𝟐  −  𝒇)𝒑 −  𝟐𝒑𝟐)𝒒)𝒓)    

Again, as with the quintic, the two roots h1,2 turn out to be also linearly dependent 

only on the variable k as well, since the expression inside the square root depends only on 

the values 𝒇, 𝒑, 𝒒, and 𝒓. As seen, coefficients can have too long expressions and when 

using Sagemath on our memory limited laptop they sometimes do not work correctly. 

Therefore, we could use shorter expressions for them, if it were necessary. For example: 

hi = H01 + H10*k ± H02; but, if we put H00 = H01 ± H02, it simplifies to: 

              hi = H00 + H10*k 

Introducing the chosen value h (with its original appearance, not simplified) in the 

expression of the variable j to make it depend only on k, we have: 

expand(1/3*(4*(2*f + 3*h + 3*k + 1)*p^2 - 12*(f^2*k + (f^2 + 2*f)*h)*p - (15*(4*f + 1)*h + 30*f*k 

- 34*p)*q + 15*q^2 - 18*(f^2 + (2*f + 3)*h + (2*f + 1)*k - p)*r)/(8*f*p + 5*(2*f + 1)*q + 

12*r)).poly(k) 

Writing a shorter expression for j, it could be reduced to: j = J00 + J01*k. Entering the 

values found for h and j in the coefficient 𝐷0 so that it depends only on k. Let us call it 

D0K.  Equaling D0K to zero, we obtain a long cubic equation in k, which will also be 

written in abbreviated form. Let’s see, for example, taking: 
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j = J00 + J01*k,       h = H00 + H01*k,      c = d + h + k,        b = f*d + h + j 

And expressing the long result of D0K in another shorter form, we have: 

D0K = K00 + K01*k + K02*k^2 + K03*k^3 = 0 

Thus, by solving this cubic equation we can have the numerical roots of D0K, k1,  k2 

and k3. Taking the ki that returns the normal sextic equation, and introducing it in the 

variables j and h we get to know them all. Thus, we will have eliminated 𝑌3  and 𝑌5 . 

Therefore, we only have to eliminate 𝑌1 to obtain: 𝐷𝑀1(𝑦) = 𝑦
6 + 𝑌4𝑦

4 + 𝑌2𝑦
2 + 𝑌0 = 0. 

To eliminate the coefficient 𝑌1, we expand it with all the numerical values already 

known as constant values of f, j, h and k introduced into the variables c = d + h + k and b 

= f d + h + j. Thus, 𝑌1 would become depending only on the last unknown variable that 

remains, d. This gives rise to a quintic auxiliary equation in d, Y1D. This auxiliary quintic 

equation is solved according to the procedure described in section 3.3. And that root of 

the five ones of the Y1D equation that returns the original Bring sextic equation is chosen. 

Thus, it was possible to eliminate in equation (29) the 2nd term (𝑌5), as well as the 

terms 4th (𝑌3) and 6th (𝑌1), and the obtained equation was:  𝐷𝑀1(𝑦) = 𝑦
6 + 𝑌4𝑦

4 + 𝑌2𝑦
2 +

𝑌0 = 0, which was easily solvable because when making the change of variable, 𝑤 = 𝑦2, 

it became a cubic equation, 𝑤3  + 𝑌4𝑤
2 + 𝑌2𝑤 + 𝑌0 = 0. This fact simplified the solution 

of the sextic equation.  That is, the requirements of satisfying the internal relation, 

(
𝑌4

6
)
2 

=
𝑌2

9
, to complete the De Moivre sextic structure, which involved a new equation and 

a new variable to be created, became unnecessary. We only needed to know the three roots 

of the reduced cubic equation, constructed according to the following process: 

  𝑦6 + 𝑌4𝑦
4 + 𝑌2𝑦

2 + 𝑌0 = 0 
𝑦2=𝑤
→   𝑤3  + 𝑌4𝑤

2 + 𝑌2𝑤 + 𝑌0 = 0,  

Changing again to a new variable 𝑡 = 𝑤 + 𝑌4/3 to obtain the De Moivre cubic, 𝒕𝟑 +

𝑻𝟏𝒕 + 𝑻𝟎 = 𝟎, where 𝑻𝟏 = 𝒀𝟐 −
𝟏

𝟑
(𝒀𝟒)

𝟐  and 𝑻𝟎 =
𝟐

𝟐𝟕
(𝒀𝟒)

𝟑 −
𝟏

𝟑
(𝒀𝟒)𝒀𝟐 + 𝒀𝟎  we can com-

pare, 𝑡3 + 𝑻𝟏𝑡 + 𝑻𝟎 = 0, for 𝑡 = 𝑢 + 𝑣, with the cubic binomial, (𝑢 + 𝑣)3 − 3𝑢𝑣(𝑢 + 𝑣) −

(𝑢3 + 𝑣3) = 0. From this, −𝑢𝑣 =
𝑻𝟏

3
, and −(𝑢3 + 𝑣3) = −𝛽3 = 𝑻𝟎. which allows us to cal-

culate, 𝑢 and 𝑣; and then: 𝑡 = 𝑢 + 𝑣; 𝑤 = −
𝑌4

3
+ 𝑡; 𝑦 = √𝑤.   

 𝑣 = −
𝑻𝟏

3𝑢
;         𝑻𝟎 = −(𝑢

3 + 𝑣3)       →        𝑢3 − (
𝑻𝟏

3𝑢
)
3

+ 𝑻𝟎 = 0 

       𝑢6 + 𝑻𝟎𝑢
3 −

1

27
𝑻𝟏

3 = 0 →  (𝑢3)2 + 𝑻𝟎(𝑢
3) −

1

27
𝑻𝟏

3 = 0 

                   𝑢 = √
−𝑇0+√𝑇0

2+ 4(
𝑇1
3
)
3

2

3

 ;             𝑣 = √
−𝑇0−√𝑇0

2+ 4(
𝑇1
3
)
3

2

3

,      

          𝑡𝑘 = 𝜔𝑘−1𝑢 + 𝜔3−(𝑘−1)𝑣,  for 
      𝑡1 = 𝜔0𝑢 + 𝜔3𝑣      
𝑡2 = 𝜔1𝑢 + 𝜔2𝑣
𝑡3 = 𝜔2𝑢 + 𝜔1𝑣

 where,     
𝜔𝑚 = 𝑒

𝑒
𝑘(𝑚

2𝜋
3 )

for 𝑘 = 1,2,3
𝑚 = 0,… , 3

 

Undoing the change, 𝑤 = −
𝑌4

3
+ 𝑡, for 𝑡 = 𝑢 + 𝑣 the basic cubic solution arises, to 

construct the others, based on the roots of unit 𝜔𝑚 = 𝑒
𝑗(𝑚2𝜋3 ),  𝑘 = 1,2,3: 

𝑤𝑘 = −
𝑌4

3
+ 𝑡𝑘 = −

𝑌4

3
+ 𝜔𝑘−1

√−𝑇0+√𝑇0
2+ 4(

𝑇1
3
)
3

2

3

+ 𝜔3−(𝑘−1)
√−𝑇0−√𝑇0

2+ 4(
𝑇1
3
)
3

2

3

 (30) 
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So, the roots of the equation,  𝑦6 + 𝑌4𝑦
4 + 𝑌2𝑦

2 + 𝑌0 = 0,  for 𝑦 = √𝑤, are:  

 

𝑦𝑘,3+𝑘 = ±
√
−
𝑌4

3
+𝜔𝑘−1

√−𝑇0+√𝑇0
2+ 4(

𝑇1
3
)
3

2

3

+ 𝜔4−𝑘
√−𝑇0−√𝑇0

2+ 4(
𝑇1
3
)
3

2

3

    

      𝑦1,4 = ±√−
𝑌4

3
+ 𝜔0𝑢 + 𝜔3𝑣 ;  𝑦2,5 = ±√−

𝑌4

3
+ 𝜔1𝑢 + 𝜔2𝑣 ;  𝑦3,5 = ±√−

𝑌4

3
+ 𝜔2𝑢 + 𝜔1𝑣 (31) 

On the other hand, to undo the Tschirnhaus transformation of the fourth degree, for 

returning from the  𝑦𝑘,3+𝑘 to the Bring’s sextic equation, the numerical values of  d, c, b, 

a, and those of the six roots 𝑦𝑘,3+𝑘 are substituted into the 𝑔(𝑥) = 𝑥4 + 𝑑𝑥3 + 𝑐𝑥2 + 𝑏𝑥 +

𝑎 −  𝑦𝑘,3+𝑘 = 0.  This quartic is then transformed into a De Moivre’s quartic form through 

a 2nd degree transformation, 𝐺(𝑥, 𝑧) =  𝑥2 +𝑚𝑥 + 𝑛 − 𝑧 = 0. This equation is solved and 

two roots 𝑥𝑗  are obtained, depending on the four roots 𝑧𝑖 of the De Moivre quartic re-

sultant as a function of 𝑚 and 𝑛. Of these, only one return the Bring-Jerrard Sextic equa-

tion (BJS), 𝑥6 + 𝑝𝑥2 + 𝑞𝑥 +  𝑟 = 0, which is taken. See: 

𝑔(𝑥) = 𝑥4 + 𝑑𝑥3 + 𝑐𝑥2 + 𝑏𝑥 + 𝑎 − 𝑦𝑘,3+𝑘 = 0 & 𝐺(𝑥, 𝑧) = 𝑥
2 +𝑚𝒙 + 𝑛 − 𝑧 = 0 ↓        ← 𝑥 =

−𝑚 ± √𝑚2 − 4(𝑛 − 𝒛)

2
 

    →   𝑅𝑒𝑠3[𝑔(𝑥)&𝐺(𝑥)]= 𝑧4 + 𝑍3𝑧
3 + 𝑍2𝑧

2 + 𝑍1𝑧 + 𝑍0 = 0 
𝑍3=𝑍1=0
→       𝑧4 + 𝑍2𝑧

2 + 𝑍0 = 0 → 𝒛 = ±√
−𝑍2±√(𝑍2)

2−4(𝑍0)

2
   ↑  

Figure 6.    Flowchart of the steps to undo the Tschirnhaus transformation of the 4th degree for solving the sextic.  

Calculations of the expression of n by making 𝑍3 equal to zero (𝑛 = −𝑑2 + 𝑑𝑚 +

2𝑐/4), of m by making 𝑍1 equal to zero (which creates a cubic equation), and of 𝑍2 and 

of 𝑍0 , can be observed in the process carried out for obtaining the resultant of 

𝑔(𝑥)& 𝐺(𝑥, 𝑧) in order to obtain equations similar to (26), (27), and (28), which are almost 

exactly the same as those used now to obtain the resultant of 𝑔(𝑥)& 𝐺(𝑥, 𝑧) for the sextic. 

Thus, 𝑧𝑖 = √
−𝑍2±√(𝑍2)

2−4(𝑍0)

2
. But, from 𝑥2 +𝑚𝑥 + 𝑛 − 𝑧 = 0 → 𝑥 =

−𝑚±√𝑚2−4(𝑛−𝑧)

2
, 

and then, we get the expression of the  𝑥𝑘,3+𝑘, where, as indicated, the values of 𝑍2 and 

𝑍0 are constructed based on the values of 𝑦 = 𝑦𝑘,3+𝑘 , calculated in equation (31). For sin-

gle values of 𝑧𝑖(𝑦𝑘,3+𝑘), 𝑚(𝑦𝑘,3+𝑘) and 𝑛(𝑦𝑘,3+𝑘), the expression of 𝑥 = 𝑥𝑘,3+𝑘 becomes: 

𝑥𝑘,3+𝑘 =

−𝑚(𝑦𝑘,3+𝑘)±√(𝑚(𝑦𝑘,3+𝑘))
2−4

[
 
 
 

𝑛(𝑦𝑘,3+𝑘)−
√−𝑍2(𝑦𝑘,3+𝑘)±√(𝑍2(𝑦𝑘,3+𝑘))

2−4𝑍0(𝑦𝑘,3+𝑘)

2

]
 
 
 

2
 (32) 

 

3.5 Trying to solve the septic  

Starting from the normal septic equation (BJSp), 𝑑(𝑧) = 𝑧7 + 𝑍3𝑧
3 + 𝑍2𝑧

2 + 𝑍1𝑧 +

𝑍0 = 0 , without the 2nd, 3rd, and 4th term, applying a strategy similar to that in the quintic 

it is necessary in a first step to obtain the bi-normal expression, 𝑒(𝑥) = 𝑥7 + 𝑋2𝑥
2 + 𝑋1𝑥 +

𝑋0 = 0, (without the 2nd, 3rd, 4th and 5th terms). This expression would be required because 

we would need, in a second step, to form four equations for constructing the De Moivre 

septic (DMSp) 𝑓(𝑦) = 𝑦7 + 𝑌5𝑦
5 + 𝑌3𝑦

3 + 𝑌1𝑦 + 𝑌0 = 0,  to compare it with the binary 

identity 𝑦7 − 7𝛼𝑦5 +  14𝛼2𝑦3 −  7𝛼3𝑦 − 𝛽7 = 0. Namely, three equations for eliminating 

the 2nd, 4th and 6th terms and the last equation to satisfy the internal condition, (𝑌5/7)
3 −

2(𝑌5/7)(𝑌3/14)
2 + (𝑌1/7) = (𝛼)

3 − 2(𝛼)(𝛼2) + 𝛼3 = 0. This expression would relate the 

three coefficients, in function of the last unknown d. After obtaining d, we would deter-

minate 𝛼 = 𝑢𝑣 and 𝑢7 + 𝑣7, and we would have the DMSp to solve it by radicals. 
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But, as it is known, so far it has not been possible to eliminate four terms of a general 

monic equation of degree less than 10 [7]. We have succeeded, however, in eliminating 

four terms at once from the general monic equation of degree 7, or septic, and this is our 

only contribution to this problem in this paper. It was not possible to eliminate the three 

inter-sequential terms (2nd, 4th and 6th) of the septic. That is, we have only developed the 

first step of the problem, and we have decided to leave the septic problem up to this point. 

This explains the reason for the title of this section. The steps, using Sagemath without the 

calculation details (more than two hundred pages of this type), are: 

 

1) var('a,b,c,d,e,f,g,h,i,j,k,m,n,h,i,j,k,l,x,y,p,q,r,s,t,u,v') 

 

cb = x^7 + p*x^3 + q*x^2 + r*x + s 

res = cb.resultant(-y + x^6 + f*x^5 + e*x^4 + d*x^3 + c*x^2 + b*x + (4*e*p + 5*f*q + 

6*r)/7,x).poly(y) 

 

from This result we obtained the resultant: 

 𝑓(𝑦) = 𝑦7 + 𝑌5𝑦
5 + 𝑌4𝑦

4 + 𝑌3𝑦
3 + 𝑌2𝑦

2 + 𝑌1𝑦 + 𝑌0 = 0 (33) 

 Using specially related coefficients (to avoid auxiliary equations of degree > 6) as:  

e = f + g 

d = m*f + g 

c = f + h + j + k 

b = t*f + h + i + j + k 

 

2) expanding 𝑌5, a first part of coefficients of the variable f are obtained: 

𝑌5 = F12.f 2 + F11.f + F10 (34) 

3) expanding 𝑌4 the second part of coefficients of the variable f arise:  

𝑌4 = F23.f 3 + F22.f 2 + F21.f + F20 (35) 

Making the coefficients of the variable f equal to zero, Y5 and Y6 become eliminated. 

We obtained the following results and interpretations for variables t, m, h, i, j, k and g: 

 

solve(F12==0,t)  

t = Results in a linear function of only the variable m 

 

solve(F23==0,m)  

It results in an equation of 5th degree (depending only on m) that we know how to 

solve according to section 3.3.  So, t and m depend only on the constants p, q, r, s and 

will be treated as numbers. 

 

solve(F11==0,h) 

h = Results in a linear function of g, i, j, k. 

solve(F22==0,g) 

g = Results in a linear function dependent only on i. 

Entering the expression of g in h we obtain h as a linear function of i, j, k. And, intro-

ducing again the expressions of g and h in the expression of F10 and solving, we have: 

solve(F10==0,i) 
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i = Results in a quadratic expression depending only on the number m, thus it will be 

treated also as a number, i0 (and g = g0 as well). 

Entering the expressions of g0 and h, in F21 is obtained a long expression, depending 

on j and k that can be simplified as  

F21 = a0.j2 +  (b1.k + b0) .j +(c2.k2 + c1.k + c0),  (36) 

where a0, b1, b0, c2,c1, c0 are numbers. Using Sagemath for solving it, we have: 

solve(a0*j^2 + (b1*k + b0)*j + (c2*k^2 + c1*k + c0)==0,j) 

[j == -1/2*(b1*k + b0 ± sqrt((b1^2 - 4*a0*c2)*k^2 + b0^2 - 4*a0*c0 + 2*(b0*b1 - 

2*a0*c1)*k))/a0,  

 j == -1/2*(b1*k + b0 - sqrt((b1^2 - 4*a0*c2)*k^2 + b0^2 - 4*a0*c0 + 2*(b0*b1 - 

2*a0*c1)*k))/a0] 

Introducing, after checking, the correct root j in F20, it is obtained another long ex-

pression that can be in the same way as above, simplified to:   

j = -1/2(b1*k + b0 – SQ)a0 (37) 

i = i0 (38) 

h = d1*j + d2*k + d0 (39) 

g = g0 (40) 

SQ = sqrt((b1^2 - 4*a0*c2)*k^2 + b0^2 - 4*a0*c0 + 2*(b0*b1 - 2*a0*c1)*k))/a0 = sqrt(L2*k^2 + L1*k + L0) (41) 

Applying SQ3 = SQ.SQ2, to leave only coefficients in SQ and coefficients in the vari-

able k, so that after separating them, putting them on both sides of the equal sign and 

squaring them, we can obtain the following auxiliary equation: 

    M3*k^3 + M2*k^2 + M1*k +M0 + (N2*k^2 + N1*k +N0)*sqrt(L2*k^2 + L1*k + L0) = 0 (42) 

(M3*k^3 + M2*k^2 + M1*k +M0)^2  =  ((N2*k^2 + N1*k +N0)*sqrt(L2*k^2 + L1*k + L0))^2 

     solve((M3*k^3 + M2*k^2 + M1*k +M0)^2 - ((N2*k^2 + N1*k +N0)*sqrt(L2*k^2 + L1*k + L0))^2==0,k) 

[0 == (L2*N2^2 - M3^2)*k^6 + (2*L2*N1*N2 + L1*N2^2 - 2*M2*M3)*k^5 + (2*L1*N1*N2 + L0*N2^2 + (N1^2 + 

2*N0*N2)*L2 - M2^2 - 2*M1*M3)*k^4 + (2*L2*N0*N1 + 2*L0*N1*N2 + (N1^2 + 2*N0*N2)*L1 - 2*M1*M2 - 

2*M0*M3)*k^3 + L0*N0^2 + (L2*N0^2 + 2*L1*N0*N1 + (N1^2 + 2*N0*N2)*L0 - M1^2 - 2*M0*M2)*k^2 - M0^2 + 

(L1*N0^2 + 2*L0*N0*N1 - 2*M0*M1)*k] (43) 

Thus, the resulting previous equation can be simplified to a sixth-degree equation,  

         K6*k^6 + K5*k^5 + K4*k^4 + K3*k^3 + K2*k^2 + K1*k + K0 = 0  (44) 

which, according to the previous section 3.4, we know how to resolve. All these results 

were also checked with numerical coefficients and approximate solutions for p, q, r, s. 

Entering, after checking, the valid value of k as a number in j, we know j. Entering k 

and j in h we know h. In this way, all the variables are numbers and so we will have elim-

inated Y6, Y5 and Y4. Substituting all the variables with their numerical value in Y3 and 

equaling it to zero, an auxiliar equation of the 4th degree results and the value of f (the only 

unknown variable) becomes known. In this way, four terms become eliminated, which 

was really the main goal of this section. 

4. Final Comments and Conclusions 
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The modified expressions chosen for the Bring coefficients, within the fourth degree 

Tschirnhaus transformation (4dTschT), applied to the Bring-Jerrard normal form (BJQ), 

allowed us to transform it into a De Moivre quintic equation (DMQ), where the variables 

g and h, become linearly dependent on the variable i within a second-degree expression.  

Similarly, when we worked the sextic, with the same transformation, j and h also became 

linearly dependent on the variable k. This convenient feature made the degrees of the 

resulting auxiliary equations (1x3) less than 5 for the quintic and (n – 1 = 5) less than 6 for 

the sextic, which led us to obtain radical solutions for both types of equations.  

It is important to remember that one of the contributions of E. S. Bring in 1786 to 

mathematics was to take out three terms from the general quintic equation using an orig-

inal 4th degree transformation with a particular relation among coefficients. For centuries 

this was impossible, because of the use of a 3dTschT on the quintic that always it took to 

an auxiliar equation 2x3 = 6 > 5. May be Bring was trying, really, to solve the quintic. 

In the same line of reasoning, we tried successfully to transform the BJQ into the 

DMQ, to solve it by radicals, through another 4dTschT using different Bring’s coefficients. 

The same trick worked for the Bring-Jerrard normal form of the sextic (BJSx), 𝑥6 + 𝑝𝑥2 +

𝑞𝑥 + 𝑟 = 0, to transform it into an equation without the 2nd, 4th and 6th terms, which was 

transformed into a cubic, solvable by radicals. Namely, it was not necessary to satisfy the 

internal conditions of the sextic, simplifying its solution. 

And, applying again the Bring’s trick, through a 6dTschT to the Bring-Jerrard normal 

form of the septic (BJSp), 𝑧7 + 𝑍3𝑧
3 + 𝑍2𝑧

2 + 𝑍1𝑧 + 𝑍0 = 0, we could take out four terms 

(2nd, 3rd, 4th and 5th terms) from the resultant and arrived at the binormal form, 𝑥7 + 𝑋2𝑥
2 +

 𝑋1𝑥 + 𝑋0 = 0.  

Although it was not possible to solve the septic equation in this work, we achieved 

the important step of the elimination of four terms of this equation, which can be consid-

ered as a first part of its solution, if this were possible. Notice that until now it had not 

been possible to obtain the elimination of four terms at once from a seven-degree equation.  

G. B. Jerrard was the only one who indicated that with his method it was possible to 

eliminate at once four and more terms from n-degree equations [6]. However, according 

to Lord William R. Hamilton's review [7] of his work, “with Jerrard's method, elimination 

of four terms is only possible for polynomials of degree n ≥ 10”. 

The flowcharts presented in each case suggest that the choice of valid values can be 

easily programmed by making simultaneous calculations and checking all possible re-

sults. Although this is somewhat cumbersome, it in addition requires sufficient memory 

on the computer or laptop used to run simultaneously all the valid or invalid results.  

We also managed to detect that for the case of the general equation of degree n, even, 

it is necessary to eliminate n/2 inter-sequential terms (2nd, 4th, 6th, ...) at once and thus, 

the resultant can be transformed into an equation of degree n/2, making the change, z = 

y2. If these actions were possible and the equation of degree n/2 were solvable by radicals, 

it is not necessary to fulfill the internal relations of the De Moivre form of even degree n, 

but only an equation of degree n-1 is required to be solved.   

The solutions of the general quintic and general sextic equations by radicals 

obtained in this work seem to contradict the theorems of Galois (1832) [8][5], Abel (1828) 

[5] and Ruffini (1799) [5] on the impossibility of solving general monic equations of 

degree n ≥ 5, by radicals. The reasons for achieving the solution of the quintic in this 

work was that, following a procedure similar to Bring’s, we were able to achieve the 

linear dependence between roots of second-degree equations and the other variables of 

the type hi = H01 + H10*k ± H02 = H10*k+ H00. We think, this type of possibility was 

not contemplated in the theorems proposed by these mathematicians.  

The results achieved in this work would imply that it is necessary to further explore 

the possibility of solving equations of more than six degrees by radicals by transfor-

mations of a new type. For this purpose, we suggest among others the readings: [6-10]. 
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