Pre prints.org

Article Not peer-reviewed version

On the Additive and Subtractive
Representation of Even Numbers
from Primes

Ali Shehu * and Jetmira Uka
Posted Date: 13 July 2023
doi: 10.20944/preprints202110.0087v18

Keywords: Sieve of Eratosthenes; Goldbach conjecture; Polighac conjecture; Twin Prime conjecture

Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.



https://sciprofiles.com/profile/84205

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 July 2023 do0i:10.20944/preprints202110.0087.v18

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
On the Additive and Subtractive Representation of
Even Numbers from Primes

Ali Shehu * and Jetmira Uka 2

Queen Mary University of London, United Kingdom; a.shehu@qmul.ac.uk; ali.shehu@hotmail.co.uk
Brunel University London, United Kingdom; jetmira.uka@brunel.ac.uk; jetmira.uka@hotmail.co.uk
Correspondence: a.shehu@qmul.ac.uk

2

*

Abstract: We demonstrate a new quantitative method to the sieve of Eratosthenes, which is an
alternative to the sieve of Legendre. In this method, every element of a given set is sifted out once
only, and therefore, this method is free of the Mtbius function and of the parity barrier. Using this
method, we prove that every sufficiently large even number is the sum of two primes, and that every
even number is the difference of two primes in infinitely many ways.

Keywords: sieve of Eratosthenes; Goldbach conjecture; Polignac conjecture; Twin prime conjecture

1. Introduction

1.1. Representing even numbers from primes

Since the set of prime numbers is infinite, and since all prime numbers greater than 2 are odd
numbers, then one knows immediately that there are infinitely many even numbers that can be
represented as the sum of two primes, and, infinitely many even numbers that can be represented as
the difference of two primes. Having said that, the following questions then naturally arise:

(i) Can every even number be represented as the sum of two primes?
(ii) Can every even number be represented as the difference of two primes?
(iii) Can any even number, or indeed all even numbers, be represented as the difference of two
primes, in infinitely many ways?
(iv) If questions’(ii)’ and ’(iii)’ are answered in the affirmative, can they also hold for consecutive
primes, in representing even numbers greater than 4 as the difference of two primes?

The earliest known record to have posed question ’ (i)', known as the Goldbach conjecture, dates
back to 1742, in a correspondence between C. Goldbach and L. Euler, where it is propositioned that
every even number greater than 2 can be represented as the sum of two primes [1]. The Goldbach
conjecture has more lately become known as the binary Goldbach conjecture, or the strong Goldbach
conjecture, in order to distinguish it from the ternary Goldbach conjecture, or the weak Goldbach
conjecture, which states that every odd number greater than 5 can be represented as the sum of three
primes. The binary Goldbach conjecture has to date been shown empirically to hold for every even
number up to 4 - 10'8 [2], however, a rigorous proof, or disproof, remains elusive.

Nevertheless, some related theoretical results to the binary Goldbach conjecture have been
achieved, the closest of which is due to J. R. Chen, who in 1973, proved that every sufficiently large
even number can be represented as the sum of a prime and another prime or a semiprime, that is, the
product of two primes [3—6]. On the other hand, significant results have been achieved for the ternary
Goldbach conjecture, culminating with a proof given by H. Helfgott in 2014 [7-9].

The earliest known record to have posed questions ' (ii) — (iv)’ are due to Alphonse de Polignac,
who in 1849, conjectured that every even number can be represented as the difference of two
consecutive primes, in infinitely many ways [10]. The most significant special case of Polignac’s
conjecture, is the so-called ‘twin prime conjecture’, which comprises of the number 2 being represented
as the difference of two primes, in infinitely many ways. The twin prime conjecture is hugely supported

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202110.0087.v18
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 July 2023 do0i:10.20944/preprints202110.0087.v18

20f16

by empirical data, where, over the past few decades, increasingly large twin prime pairs have been
found to exist [11], with the current world record for a twin prime pair, found in the year 2016, standing
at 388, 342 decimal digits long [12].

As with the binary Goldbach Conjecture, the closest theoretical result to Polignac’s conjecture
is given by J. R. Chen, who in the same article, proved that every even number can be represented
as the difference of a prime and another prime or semiprime, that is, the product of at most two
primes [6]. More recently, D. A. Goldston, J. Pintz, and C. Y. Yildirim, introduced the now known ‘GPY
method’, which uses approximations to the prime k-tuples conjecture, to study small numbers that can
be represented as the difference of two primes [13]. In 2013, Yitang Zhang built on the GPY method,
thereby proving for the first time the existence of some even number less than 7 - 107, which can be
represented as the difference of two primes in infinitely many ways [14]. Within a year after Zhang’s
result, ]. Maynard presented an independent proof that lowered the bound to 600, which, by assuming
the Elliott-Halberstam conjecture, could be further lowered down to 12 [15]. With some refinements to
Zhang's method and a combination of that with Maynard’s approach, the bound was lowered to 246
unconditionally, by an on-line collaborative project known as Polymath 8, organised by T. Tao [16].

1.2. Sieve theory

Sieve theory is a technique for distinguishing specific subsets of integers, amongst the set of
natural numbers. Sieve theory began with Eratosthenes of Cyrene (276-194 B.C.), who constructed a
method with which one could isolate the subset of prime numbers, from the set of natural numbers
[17]. It starts by first crossing the multiples of 2 in the number line up to x, then the multiples of 3,
then the multiples of 5, and then the multiples of all the primes up to/x. If an integer n > 1 is not
divisible by any prime p </x, then n is necessarily a prime. Upon completion of the sieve, one has

#{peP:p<x}=#{n<x:ptnp<Vx}. (1.1)

Having the means of constructing the complete subset of prime numbers, from the set of natural
numbers up to x, one would be naturally interested in quantifying these primes. To this end, there are
fundamentally two approaches that one could take, in order to quantify the set of primes generated by
the sieve of Eratosthenes. We describe each approach, as follows.

(I) In the first approach, one quantifies the proportion of integers that are sifted out at each round
of the sieve, as

#{multiples of pup tox}
#{integersup tox}

The easy part with this approach, is that one has no problem in defining quantitatively both the
subset of the multiples of p up to x and the set of all integers up to x. However, the difficult part
is due to the fact that those integers which have multiple prime factors, are necessarily counted at
multiple rounds of the sieve, which must be accounted for. This is the approach taken by A. Legendre
(1752-1833), who was the first to turn the sieve of Eratosthenes into a quantitative technique, and this
has been the approach taken ever since.

In the sieve of Legendre, one counts the integers that are sifted out at each round, and then one
subtracts those that are counted at multiple rounds, according to the multiplicity of times that this has
happened, as follows

SR ol R o 3l o e ol 3 ol e P

pevi LPL pi<p <z LPIP2] pi<py <ps <z LP1P2P3
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from which, one obtains Legendre’s formula

) -nWEH 1= L w@[3] (13)
P\d—;f’ﬁﬁ

where p (d) is the Mobius function, introduced by A. E. Mgbius (1790-1868), and defined as

1 x is square-free and has an even number of prime factors,
un)=49-1 xis square-free and has an odd number of prime factors, (1.4)

0 x isnot square-free,
In efforts to evaluate the right-hand side of (1.3), one has

<Vx
n(x)—ﬂ(\/?)+1:x2@+R:po L_1+R, (1.5)
d p=m P

where the remainder R is

szguwﬂgk (L6)

which doubles at each round of the sieve, and thus quickly becomes larger than x.

In modern sieve methods, one tries to replace y (1) by a function A = (A;), referred to as the
“sieve weights”, which mimics the y (1) and gives satisfactory estimates on upper bounds, lower
bounds, and asymptotics for smoother number sets such as almost primes, which leads to upper
bounds for primes. However, obtaining lower bounds for primes has proved much more difficult,
thus leaving Goldbach’s and Polignac’s conjectures out of reach. This has been due to the so-called
“parity barrier", where the sieve struggles to distinguish integers with an odd number of prime factors
from integers with an even number of prime factors. Although the parity barrier has been broken for
certain specific sequences, it still remains the fundamental obstacle in the treatment of primes via this
approach of sieve theory.

(IT) In the second approach, one quantifies the proportion of integers that are sifted out at each
round of the sieve, as

#{multiples of p up to x that survived the preceding rounds}
#{integers up to x that survived the preceding rounds}

This means that every integer is sifted out according to its least prime factor, out of a set of
integers whose least prime factors are greater than, or equal to, the least prime factors of the integers
being sifted out at the given round, with the exception of the number 1. This is best illustrated by the
following example.

In the 1% round of the sieve, one quantifies the subset of the multiples of 2 up to 26, as a ratio over
the set of all integers up to 26, that is

#{2,4,6,8,10,12,14,16,18,20,22,24,26}
#{1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,24,25,26}

In the 2™ round, one quantifies the subset of the multiples of 3 that survived the preceding round
of the sieve, as a ratio over the set of all the integers that survived the preceding round of the sieve,

that is
#{3,9,15,21}

#{1,3,5,7,9,11,13,15,17,19,21,23,25}
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In the 3'4 round, one quantifies the subset of the multiples of 5 that survived the preceding rounds
of the sieve, as a ratio over the set of all the integers that survived the preceding rounds of the sieve,

that is
#{5,25}

#{1,5,7,11,13,17,19,23,25}

Since that completes the sieve, then the subset of integers that survives the sieve is

{1,7,11,13,17,19,23},

which consists of the number 1 and the complete set of primes in the interval [\/%, 26 ]

The easy part with this approach, is that every integer is sifted out once only, and so one does not
have the problem of certain integers appearing at multiple rounds of the sieve, which one has with the
first approach, as described above. However, the difficult part with this approach, is that at each round
of the sieve, one finds it difficult to define quantitatively, both the subset of the multiples of p that
survive the preceding rounds of the sieve and the subset of all the integers that survive the preceding
rounds of the sieve. Nevertheless, since at each round of the sieve, the subset of the multiples of p that
survive the preceding rounds of the sieve consists of the complete set of integers up to x for which p is
the least prime factor, and, the subset of all the integers that survive the preceding rounds of the sieve
contains the complete set of primes in the interval [\/x, x ], then one is able to define quantitatively
the two subsets of integers, at least to the extent where one can then determine upper and/or lower
bounds.

1.3. Our results

In the present paper, we take the second approach as outlined above, in order to describe
quantitatively the sieve of Eratosthenes. On the condition that x is sufficiently large; at each round
of the sieving of integers, we define quantitatively both the subset of the multiples of p up to x that
survive the preceding rounds of the sieve and the subset of all the integers up to x that survive the
preceding rounds of the sieve; to the extent where we are then able to determine an upper bound to
the proportion of integers that are sifted out at each round of the sieve. To the best of our knowledge,
we are the first to take this approach for these purposes.

Definition 1 (Additive representation). Let a,b € N, let a < b, and let x be an even number, then we say
that a + b is an additive representation of x, if a + b = x.

Definition 2 (Subtractive representation). Let a,b € N, let a < b, and let 2k be an even number, then we
say that b — a is a subtractive representation of 2k, if b — a = 2k.

We then extend our approach taken in the sieving of integers, to the sieving of representations,
whereby we quantify the subset of the additive representations of x, and the subset of the subtractive
representations of 2k up to x, that survive the sieve of Eratosthenes. As with the sieving of integers, we
quantify the proportion of representations that are sifted out at each round of the sieve, as

#{representations, containing multiples of p up to x, that survived the preceding rounds}
#{representations, containing integers up to x, that survived the preceding rounds}

This means that additive representations, and subtractive representations, are sifted out according
to either a or b, depending on whose least prime factor is the smaller (or equal to) of the two. This
allows for every representation that contains at least one multiple of p to be sifted out once only,
while every representation that does not contain multiples of p, survives the sieve. Therefore, upon
completion of the sieve, we have a subset of representations, where 2 = 1 or a prime in the interval
[/x,x] and b is a prime in the interval [\/x, x |, with the quantity of representations where a = 1 being
at most one.
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By relating the sieving of representations to the sieving of integers for the same x, we determine
an upper bound to the proportion of additive representations that are sifted out at each round of the
sieve, and an upper bound to the proportion of subtractive representations that are sifted out at each
round of the sieve, on the condition that x is sufficiently large. Following on from the upper bounds,
we then determine a positive lower bound to the subset of additive representations that survive the
sieve, where both a and b are primes in the interval [/, x |, and a positive lower bound to the subset
of subtractive representations that survive the sieve, where both a and b are primes in the interval
[V/x, x]. Therefore, we prove the following:

Theorem 1. Every sufficiently large even number is the sum of two primes.
Theorem 2. Every even number is the difference of two primes in infinitely many ways.

Theorem 1 partially addresses question ' (i)" as posed above, and, to date is the closest theoretical
result to the binary Goldbach conjecture. Theorem 2 fully addresses questions ' (i) — (iii)’ as posed
above, fully establishes the twin prime conjecture, and, to date is the closest theoretical result to the
Polignac conjecture.

2. Notation and preliminaries

Nand PP: the set of natural numbers and the set of prime numbers respectively.
x and 2k : even numbers. p and g : prime numbers. p, : the n" prime number.
w: a sufficiently large positive integer, not necessarily the same at every occurrence.
r;: the z™ integer in the sequence r := {a € N:2+{4a,3{a}.
X1, &2, &y, Um, Un, hy @ positive real numbers.
B1, B2, Bn, Y1, Y2, Yns tms tn : nOn-negative real numbers.
m(a):={p:p<at].mlab]:=[{p:a<p<b}
g):=Hp:(x—p) ePVx<p<(x—p)}l
mox(x) = {p: (p+2k) €P,Vx < p < (p+2k) < x}|.
Mo(x) == [{p: (p+2k) €B,2< p < (p+2k) < 2}
A:={aeN:a<x}.
AP :={aec A:qta, g <p}.
Ap:={ac A:p|a}.
Ap:={acA:q|laandp|a}.
S(Ap):={acA:pta}.
B:={beN:b<(x—-0)}.
B :={beB:gtbandqt(x—b), g <p}.
By:={beB:p|borp|(x—b)}.
Bgp == {bEB: [q |borgq| (x—b)} and [p |borp| (x—b)”.
S(B,p):={beB:ptbandpt(x—b)}.
Ci= {c EN:(c+2k) < x,2< g}
CP:={ceC:gqfcandqgt (c+2k), q<p}
Cp:={ceC:plcorp|(c+2k)}.
Cop := {CEC: {q |corqg | (c+2k)] and {p |corp| (c+2k)}}.
S(C,p):={ceC:pfcand pt(c+2k)}.
o {2, if (142k) <d < (x—2k),

1, otherwise,

N =R

D:= ldAe eEN:d<x,2k< ];that is, D is a multiset, with e

being the multiplicity of 4.

Dy:=[deD:p|d.
Any other notation used, is defined at the point of use.
We take the following two propositions as evidently true.
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Proposition 1.
ifp|xandp|b, then p | (x —b),
Letb € N, thenwe have: S if ptxand p | b, then p{ (x —b),
ifptxandp| (x —b), thenptb.
Proposition 2.
ifp|2kandp|c, then p | (c+ 2k),
Letc € N, then we have: { i 2kand p | c, then ¢+ 2k),
p p p
ifpt2kand p| (c+2k), thenpfiec.
3. Sieve outline
3.1. Sieving integers
Let N
|Apn| = == - | AP, 3.1)
Pn
then N
S( pu)| = | AP = S8 AP = v, 62
n
Since | A| = x, then
APri| =y L0 P2 702 Pn—&n (3.3)
P1 p2 Pn
Let py, <+/x, then
| AP | = 7 (x) — 7t (Vx) + 1, (3.4)
and therefore —uc
mx)—nWx)+1=x- [] Pn = %n, (3.5)
pPn</x Pn

Empirical data for the sieving of A, as shown in Figure 1, suggest that a;, oscillates about 1, before
approaching 0 as p,, — \/x. We determine an upper bound to &y, for p, <4/x and x > w.

106 r [ : o] 2 3 ¢4 =5 ¢ P L75 r Ly o1 ©2 3 ¢4 =5
L L4
1.04 £ -~ 150 F
$ F AR :
o2 | s Py il 125 | //\\
..' K ¢ N\
o 1.00 |2 SRy —+ ," < 100 :
S N F S
098 | VN & 0.75 T
\.‘ '\:\ _.‘. ,.-' ‘..’
0.96 RN /_i 0.50
'\_-‘_.,'.\ s
0.94 N e 0.25
092 L 0.00 -
Dn DPn
(@) x=L-10%, p, <1-10° (b) x=L-108, p, < x
. | Apl .
Figure 1. oy, = - P, for various x.

| AP |
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3.2. Sieving additive representations
Let 5
By, | == 187, (3.6)
Pn
then
S(87, )| = (877 = B2 5] = 7o, 67)
n
. x
Since | B| = 5 then
|3Pn+1|=§.p1_ﬁ1.p2_'32 ..... Lﬁ” (3.8)
p1 p2 Pn
Let py, <+/x, then
[BPrit] =g (x) +u; (39)
where, u < 1; and therefore
s =3 T1 Pn—Pu_y, (3.10)
pPn</x Pn
Empirical data for the sieving of B and for that of .4, as shown in Figure 2 for p,, </x, suggest
that .
1. M, if py | x,
Bpel ) A o1
B A |
2. An] if putx;

which, we generalise for p, <+/x. Through (3.11), we determine upper bounds to g, for p,, <+/x and
x > w. Following on from the upper bounds for ,, we determine a positive lower bound to (3.10) for
x > w, and thus we prove theorem 1.

1.75 1.75 ¢
1.50 1.50
< 1.25 < 125 F
Q Q
_8 1.00 _g 1.00
<075 < 075 +
= =
S 0.50 N] 050 -
0.25 025
0.00 0.00 -
Dn Pn
(a) x = 892,371,464 (b) x = 892,371,480
1 |Bp| b ifpu |3
Pn P ‘Pn n 7
. | Ap| 1 |BP|
Figure 2. ay, = 4P| - pn (red) and B, = o (blue).
1 Byl

2 1Bp Pr if pntx,

3.3. Sieving subtractive representations

Let
chr =T e, (3.12)
Pn
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then
S(Cr pa)l = [C7e] = 2 -ler| = et (3.13)
n
Since | C | = x — 2k, then
|Cpn+l|:(x_2k)'r71—’h.Pz—’rz ..... Pn="Tn (3.14)
p1 p2 Pn
Let py, </, then
CPr| = 7 (x) + 14 (3.15)
where, u < 1; and therefore
(x) > (x—2k) - J] P 1, (3.16)
pnf\/} Pn
Empirical data for the sieving of C and for that of 4, as shown in Figure 3 for p, </x, suggest
that
1- ] if py | 2k
chul ) A B (317)
Cr] Apl '
2. W, if Pn *Zk,

which, we generalise for p, < V. Through (3.17), we determine upper bounds to v, for p, <+/x and
x > w. Following on from the upper bounds for 7, we determine a positive lower bound to (3.16) for
x > w, and thus we prove theorem 2.

175 175
1.50 1.50
125 125
=2 =
- 1.00 o 1.00
=) =)
< 075 - <075 +
S) Sy
0.50 0.50
025 025
0.00 “ 0.00 -
Dn Pn
(a) x = 892,371,464 and 2k = 446,185,732 (b) x = 892,371,464 and 2k = 9,699, 690
1oepl
| F’n‘ T‘Cf’”|pn 1fpﬂ|2k'
Figure 3. a;, = P pn (red) and v, = (blue).
AP 1lehl
3 Jope) Pr Hpnt2K

4. An upper bound on the sifted out integers

In this section, we determine an upper bound to a;,, as follows.
Let py, <+/x, then we have

Al _ A |
AT 1 [V ] AT+ €

4.1)
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where, £ is the set of the remaining multiples of the primes in the interval [an,\/E] ; and therefore,
€] > [pnﬂ,ﬁ} . Since x is an even number, then /x is non-prime. Therefore, if p,, 11 <+/x, then
(4.2)

T [Pn-}-l/\/}} +7 [\/;/ x] =T [pn-&-l/x]

If ppy1 > V/x, then |E| = 0, and p,4q is the 15 prime after the \/x; where, the \/x is non-prime.
Therefore, if p, 11 >/, then 7 [ﬁ, x} =7 [pnﬂ,x] Therefore, if p, <+/x, then
AL Al

A | _
1+n[\/§,x} AR e 1+|A§;’;|+n[pn+1,x] \A§g|+n[pn,x]

Since AZ” consists of the complete set of integers (< x) for which p,, is the least prime factor, then
x

due to the Fundamental Theorem of Arithmetic, we have
} cee (4.4)

|~A§Z| = 70 [pn, pn] + 7 [Pnr} + 7 [me} +7 {Pnﬂ, _—
Pn Pn - Pn Pn - Pn+1
Let T {pn, X ] + 7 [an, x] +--- = F, then F is a positive integer if p, < ¢/x, and
Pn - Pn Pn - Pnt+1
If p, < J/x, then
X X
,— | > —-— ] = Jx). 4.5
i) nim .
Due to the Prime Number Theorem, we have
S
vz (4.6)

()
“.7)

Since
2 1
x3 X3
logx3 logx3 logx  ~ logx’
: vx X : 5
’ nr . ’ n = ’ ’
and since log x —o0asx — oo, then 7 |p . — oo as x — oo. Therefore, if p, < /x; then, from
(4.4) we can see that |A}!| — oo as x — oo. Since the distribution effects of A} amongst AP are
nullified as [A}!| — oo, then
Pn
lim A | _ i, (4.8)
A oo |APT] - py
and therefore, if p, </x and x > w, then
[Apal _ 1
= < — - 1.15. 49
A = 5, 4
If ¢/x < pn <+/x, then due to (4.4), we have
x X
AP 1+n{pn,} 1+7T[pn,]
Pn — Pn Pn
g = k < (4.10)
A |+7T[Pnrx} 1+7[|:Pn/pn:|+7[|:pn/x} 1+”[me}
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Since
1+7m |:pnr x:| 1+m |:Pn/ x:| + (pn—Z) T (x)
Pl - Pr — _\Pn (4.11)
—_ n(x) 7 .
147 (pu,x 147 |pu, x| + 7T (pn-2
then
()
Pn
Apal  ~ \pn : (4.12)

|APr| = 7t (x)
which, we quantify as follows.

Let f(a) := #; then

n(;n) -1 d <;1) , (4.13)

Since p, <+/x, then

(5)
fx) = f(x)
Due to the Prime Number Theorem, we have
lim f (ﬁ) = 2.00, (4.15)
7 (x)
and therefore, if x > w, then
f (ﬁ) < 2.15. (4.16)
f(x)
Therefore, if &/x < p, </x and x > w, then
Al 1
< —.215; 4.17
AP =, 17

which, in conjunction with (4.9), holds for p, <\/x and x > w.

5. Upper bounds on the sifted out additive representations

In this section, we determine upper bounds to f;;, as follows.
Let py, <+/x, and let x be the same for both .4 and B5; then, we have

|Bl=5-]Al; (5.1)

N —

and, due to Proposition 1, we have

: |"4Pn|/ lf pn | X,

.|‘Apn|/ lfpﬂ)fx/

— = N

and therefore, we have

if pu | x,
= (5.3)
2- Al if py 1 x.
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In the following, we describe the sieving process of B by p;, in relation to the sieving process of
A, also by py,; where, py < p.
Thus, let
Al = AP, 54)
Pm

and o
| Ay = —= - |APn]. (5.5)
Pn
Since A" , Abm , and APm do not necessarily possess a regular distribution relative to one another; and,
Pm Pn yp g

since | A} pm| — 0and |A§:’| — 0,as pm — v/x; then

Om

| Appa| = rTm Pn <[ APm], (5.6)

and n

|-Apmpn ~ |Apm| ~ Do |A5;” (5.7)
Therefore, due to (5.4), we have

(AP, pu )| = AP ‘;T | AP, (5.8)

m

and, due to (5.7), we have

5 (A pm )| = 1A = A (5.9)

In light of Proposition 1, let

7m|Bpm|, lfpm |x,
Pm
B = (5.10)

2t < |BPm|, if pmtx,
Pm
and ;
- |BP],if pa | x,
1B = P (5.11)
2tﬂ
— - |BPm|, if py fx.
Pn

Therefore, if |Bg::| > 0 and |B£:’| > 0, then as with (5.6) and (5.7), we have

tm In .

— . — . |BPm|, if x and X,
P |BP™| Pm | Pn |
tm 2ty

- - |BPm|, if ppm | x and py 1 x,
8L, |~ P (5.12)
Pmpnl = Ztm tn » ) :
p—-p—~|8m|, if pfxand py, | x,
m n

Zt—m-zﬁﬂb’pﬂ, if pfxand py 1 x,

Pm  Pn
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and ; ;
p—z . |B§;’1’| ~ p—"r:l . |B£;”], if py | x and py | x,
2t t .
L Bh = L |BhM, if p | x and pu f ¥,
Pn P Pm P
Byl ~ 9 o (5.13)
p—';|l3£$| zp—ZﬁBﬁZ’, if putxand py, | x,
2 2
%w”;m ~ %wgf , if putxand p,1x.
Therefore, due to (5.10), we have
tm .
| BPm| — o S|BPm|, if py | x,
m
(B, pm )| = o (5.14)
|BPm| — p—m | BPm|, if p 1 x,
m
and, due to (5.13), we have
Pm tﬂ’l Pm .
|Bpn|—p—m-|8pn , ifpm | x,
|S(B;’;", pm>| ~ " (5.15)
m m m :
|B§n|_p7|85n" lfpm*x'
Therefore, if
Bl | Apn
Brn| ~ AP’ (5.16)
then, due to (5.8), (5.9), (5.14), and (5.15), we have
|B£m+1 |A§m+1
| BPm1] ~ | APmi1| (517)
Therefore, due to (5.3), we have
1. 7| ZZ' if py | x
Bl ) A B 5.18
B A o9
2. An] if putx,
where p, <y/x.
We determine an upper bound to (5.18), as follows.
Let py, <+/x, and let x > w; then, due to (4.17) and (5.18), we have
l-g-hn, if pu | x,
Bh| P ! 16
|BPr| = 2.15 . G19)
2. , “hy, if pa tx.
n

Since hy, is an effect of the distribution of Bz’” and Bf,’:’ ;then hy, — 1, as |B£:Z| — oo and as |B£:’| — o0,

m

Since | By | — o and |Bh!"| — o0, as | By | — oo; then b, — 1 as | B! | — 0.
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Since p, <y/xand |[AP"| > 7 [\/x,x |, then
Pr vx (5.20)
A = 7 Ve x]
Since 7t [/x,x | — 7 (x) as x — oo, and since
E
as implied by the Prime Number Theorem; then
lim — V¥ g (5.22)
X—00 7T [ﬁ, X }
and therefore p
. no_
xlgrolo AP = 0. (5.23)
Let |A,’;ﬁ | <], where ] is a constant arbitrarily large; then, due to (5.18) and (5.23), we have
. Pn ppn) _ 1 Pn e\ _ (.
s (g 5001) = i (A1) =0 524

where, |B§Z| < J. Thus, if |B£:| <], then B, — 0as x — oco.
Therefore, if x > w; then |B§Z| > w such that h, < 1.15, or B, < 2.15. Therefore, if p, <+/x and

x > w, then
|Bp”| 1- g -1.15, ifp, | x,
Pl < P (5.25)
| BPn | 2.15 .
2. -1.15, ifp,fx,
Pn
and therefore .
1Byl _ 5
L - 5.26
B2 = b (526
Furthermore, due to empirical observations, we have
1Byl _ 1
< —, (5.27)
| B P1
and | p2|
B 2
<249 5.28
B =g TP 529
and | ’s
< —+1, 5.29
A = s 629
and therefore, as with (5.25), we have
By ( 1 ) 3
<2 —+1)-115< — +3. 5.30
| BP3 | p3 P3 (5:30)

6. Upper bounds on the sifted out subtractive representations

In this section, we determine upper bounds to v, as follows.
Let p, <+/x, and let x be the same for A, C, and D; then, we have
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1
= — - D M
Cl=5-1D)
and, due to Proposition 2, we have
1 .
5 |Dp, |, if pu | 2k,
|Cp | =
n 1 .
1 |DPn|/ if pn 1 2k;
and therefore, we have
|Dp,| .
1- ~—, if py | 2k,
(A T
|C| Dyl
2' |D|, lfpnTZk.
Since
|Dpn| |"4Pn|
D] A
then A
1. P ifp, | 2k,
Cpl |1 AT ]
cr |Ap, |
2. P i, t 2k
EIG

doi:10.20944/pre

rints202110.0087.v18
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(6.1)

(6.2)

6.3)

(6.4)

(6.5)

By the same procedure as in (5.4) through (5.18), we can find that due to (6.5) we have

L A5
Chal | AT
pu| n
1A
A’

if py | 2k,

if py 12k,

where p, <y/x.

(6.6)

Let py, <+/x and x > w; then, by the same procedure as in (5.19) through (5.25), we can find that

due to (6.6) we have

Pn 1- g -1.15, if p, | 2k,
|Cpn| < Pn
Cpn| — .
] 2-215-1.15, if py 12k,
Pn
and therefore p
C n
|CPn] Pn

Furthermore, due to empirical observations, we have

el _ 1
1C] P1
and pz
CPz <£+2
|CP2| = pa 7
and s

S — + 1/
|AP3| = p3

6.7)

6.8)

(6.9)

(6.10)

(6.11)
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and therefore, as with (6.7), we have
CP3
Cs g2.<1+1>.1.15§3+3. (6.12)
|CPs| p3 p3

7. Lower bounds on the surviving representations

In this section, we determine lower bounds to (3.10) and (3.16), as follows.
Let x > w; then, due to the upper bounds for B, in (5.26), (5.27), (5.28), and (5.30), we have the
following lower bound for (3.10):

n=

x p—1 pp-2 P3—3 =
x) > —- - (7.1)
L Hm o

which, we quantify as follows. Since

Pnf_[\f P — l_fm _5 Pnﬁ\f
> , (7.2)
=py Pn pn=ps Pn pa=pn Pn
and -
_ _ _ n=P70 _
P1 1 pz 2 pg 3 H Pn 5 > 79 ) (73)
p1 p2 Ps  pi=py P 500,000
then
79 =Y p,—6
>x— . — 6. 7.4
8 () = % 7500500 pgﬂ PR (7.4)

Since P71 = 1118, then

ﬁx"’"‘ > 11 = (7.5)

and therefore
79 EEVE L. 6

>x — 6. 7.6
$=x 1500000 11 77 8
Since
RV 6 > 116 * 7’117/ 7.7)
r=rig 12 x
where r11¢ = 347 and r117 = 349, then
79 -347 - 349
_ 7.8
() 2 3000000 0= 7.8)

This completes the proof for theorem 1.
Let x > wand let 2k < % ; then, due to the upper bounds for v, in (6.8), (6.9), (6.10), and (6.12),
we have the following lower bound for (3.16):

n<f
x p1—1 pp—2 p3—3 P -
7o (x ol . | | — 7.9
R . 72
Therefore, as with (7.8), we have
79 - 347 - 34
() > O30 10

1,000,000  —


https://doi.org/10.20944/preprints202110.0087.v18

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 July 2023 do0i:10.20944/preprints202110.0087.v18

16 of 16

and therefore, 7ty (x)" — o0 as x — oco.
This completes the proof for theorem 2.
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