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Abstract: Informational (Shannon) measures of symmetry are introduced and analyzed for the pat- 14 
terns built of 1D and 2D shapes. The informational measure of symmetry 𝑯𝒔𝒚𝒎(𝑮) characterizes the 15 
an averaged uncertainty in the presence of symmetry elements from the group G in a given pattern; 16 
whereas the Shannon-like measure of symmetry 𝛀𝒔𝒚𝒎(𝑮) quantifies averaged uncertainty of ap- 17 
pearance of shapes possessing in total n elements of symmetry belonging to group G  in a given 18 
pattern. 𝑯𝒔𝒚𝒎(𝑮𝟏) = 𝛀𝒔𝒚𝒎(𝑮𝟏) = 𝟎  for the patterns built of irregular, non-symmetric shapes. 19 
Both of informational measures of symmetry are intensive parameters of the pattern and do not de- 20 
pend on the number of shapes, their size and area of the pattern. They are also insensitive to the 21 
long-range order inherent for the pattern. Informational measures of symmetry of fractal patterns 22 
are addressed. The mixed patterns including curves and shapes are considered. Time evolution of 23 
the Shannon measures of symmetry is treated. The close-packed and dispersed 2D patterns are an- 24 
alyzed.     25 

Keywords: informational measure of symmetry; 1D shapes; 2D shapes; fractal patterns; time evo- 26 

lution; symmetry; pattern. 27 

 28 

 1. Introduction 29 

 30 

The notion of symmetry, emerging from the greek word συμμετρία, which in turn 31 

means agreement in dimensions, arrangement, plays a crucial and instructive role in 32 

mathematics and natural sciences [1-5], generating the conservation laws [6] and being 33 

crtitically important in materials science [7], physics [2, 5, 6], quantum theory [8], 34 

quantum chemistry and spectroscopy [9] and , of course, crystallography [10-11]. Ideas, 35 

methods and techniques arising from spatial symmetry are of a basic importance in the 36 

philosophy and psychology of aesthetics [12-15].    37 

Our paper is devoted to the quantification of symmetry. Symmetry is conventionally 38 

described in a contrariety, binary manner, implying that the system is either completely 39 

symmetric or completely asymmetric. Fang et al. involved the group theoretical approach 40 

to overcome this dichotomous problem, and introduced the degree of symmetry as a non- 41 

negative continuous number ranging from zero to unity [16]. The deviation from the per- 42 
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fect geometric symmetry was quantified with the “continuous measure of symmetry” introduced by Avnir, Zabrodsky 43 

and co-workers in refs. 17-21. The continuous measure of symmetry was defined as the minimal average square dis- 44 

placement of the points, that the shape has to undergo in order to attain the prescribed symmetry [17-21].  45 

On the other hand, ordering in 2D patterns is usually quantified with Voronoi entropy, is given by: 46 

                𝑆𝑣𝑜𝑟 = − ∑ 𝑃𝑖𝑙𝑛𝑃𝑖𝑖  ,                            (1) 47 

where 𝑃𝑖  is the portion of the polygons possessing n edges in a given Voronoi diagram (also called the coordination 48 

number of the polygon) and 𝑖 is the total number of polygon types with different number of edges (see refs. 22-24). In 49 

our recent papers we demonstrated that the continuous measure of symmetry introduced in refs, 20-21 and the Voronoi 50 

entropy of the given 2D pattern are not necessarily correlated [25-26]. Our paper is devoted to the alternative quantifi- 51 

cation of symmetry with the Shannon-like informational measure of symmetry which was first introduced in ref. 27, in 52 

which it was applied to the quantitative analysis of Voronoi diagrams arising from the Penrose tiling. In our present 53 

paper we generalize and develop the notion of the informational measure of symmetry. An interpretation of the notion 54 

of the informational measure of symmetry follows the approach suggested in ref. 28, namely, it is understood as an 55 

averaged uncertainty in the presence of symmetry elements from the group G in the given pattern [27-28]. We demon- 56 

strate that different approaches to the calculation of the informational measure of symmetry are possible.            57 

 58 

2. Results and discussion 59 

2.1. Alternative definitions of the informational measure of symmetry 60 

Consider 2D pattern build of 1D and/or 2D shapes or lines, demonstrating a number of symmetry elements (ro- 61 

tational symmetry; centers of symmetry, axes of symmetry, etc.), denoted 𝑮𝒊, 𝒊 = 𝟏, 𝟐 … 𝒌, where k is a number of non- 62 

identical symmetry operations. Elements 𝑮𝒊 form the symmetry group of the shape G (which should be clearly distin- 63 

guished from the symmetry group of the entire pattern). Thus, the informational measure of symmetry of the pattern 64 

(abbreviated IMS) will be defined in a Shannon-like form as: 65 

𝐻𝑠𝑦𝑚(𝐺) = − ∑ 𝑃𝑖(𝐺𝑖)𝑙𝑛𝑃𝑖(𝐺𝑖)
𝑘
𝑖=1 ,       (2) 66 

where 𝑃𝑖(𝐺𝑖) is the probability of appearance of the symmetry operation 𝐺𝑖 within the shapes (lines) constituting the 67 

pattern, defined as: 68 

𝑃𝑖(𝐺𝑖) =
𝑚(𝐺𝑖)

𝑁𝐺
≤ 1,        (3) 69 

where 𝑁𝐺 = ∑ 𝑚(𝐺𝑖)
𝑘
𝑖=1  is a total number of symmetry elements (operations) appearing in the 1D or 2D shapes recog- 70 

nized in a given pattern and 𝑚(𝐺𝑖) is a number of the same symmetry elements (operations) 𝐺𝑖 calculated for a given 71 

pattern. The normalization condition given by Eq. 4 takes place: 72 

                                                   ∑ 𝑷𝒊(𝑮𝒊) = 𝟏𝒌
𝒊=𝟏                                (4)      73 

Alternatively, the symmetry of the pattern may be quantified with the parameter 𝛀𝒔𝒚𝒎(𝑮), defined according to Eq. 5:  74 

                                       𝛀𝒔𝒚𝒎(𝑮) = − ∑ 𝑷𝒏(𝒏(𝑮)))𝒍𝒏𝑷𝒏(𝒏(𝑮))𝒍
𝒏=𝟏 ,                        (5) 75 

where n denotes the total number of elements of symmetry recognized in a shape; n changes from unity to the maximal 76 

number of elements of symmetry inherent for the shapes appearing in the pattern and denoted “l”, 𝑷𝒏(𝒏(𝑮)) is the 77 

probability to find within the pattern the shape possessing in total n elements of symmetry belonging to group G, de- 78 

fined as:      79 

                                               𝑷𝒏(𝒏(𝑮)) =
𝒓(𝒏(𝑮))

𝑵𝑺
,                                    (6) 80 
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where 𝑟(𝑛(𝐺)) is a number of shapes possessing in total n elements of symmetry, and 𝑁𝑆 is the total number of shapes 81 

in a given pattern. The normalization condition given by Eq. 7 takes place: 82 

                                           ∑ 𝑷𝒏(𝒏(𝑮)) = 𝟏𝒍
𝒏=𝟏                                     (7) 83 

The Shannon-shaped measure 𝛀𝒔𝒚𝒎(𝑮) is interpreted, in turn, as an averaged across the pattern uncertainty to find 84 

within a given pattern the shape possessing in total n elements of symmetry [27-28]. The definition of the Shannon 85 

measure of symmetry 𝛀𝒔𝒚𝒎(𝑮) supplied by Eqs. 5-7 resembles the definition of the Voronoi entropy, supplied by Eq. 1 86 

with the following difference: instead of number of the polygon edges, appearing in the definition of the Voronoi en- 87 

tropy, we exploit in our definition the number of elements of symmetry n in the shape; thus, we label this measure as 88 

the Voronoi-Shannon measure of symmetry and abbreviate VSMS. The definition of VSMS supplied by Eqs. 5-7 latently 89 

implies that more symmetrical shape is characterized by the larger number of symmetry elements. We will illustrate 90 

the difference between the informational measure of symmetry (IMS) and the Voronoi-Shannon measure of symmetry 91 

(VSMS) with the numerous examples.            92 

2. 2. Informational measures of symmetry of the patterns built of 1D objects 93 

 Consider first the informational measure of symmetry (IMS) and the Voronoi-Shannon measure of symmetry 94 

(VSMS) of the patterns comprising only 1D objects (lines). Let us start from the pattern built of p irregular lines, such as 95 

depicted in Figure 1. The analysis should necessarily start from the establishment of the symmetry group of the pattern.  96 

In this case we recognize for all of the shapes constituting the pattern the single element of symmetry, namely the 1- 97 

fold rotational symmetry reduced to the rotation by the angle 𝝋𝟏 = 𝒌
𝟐𝝅

𝟏
= 𝟐𝝅, denoted 𝑮𝟏. 98 

  

a) 𝑯𝒔𝒚𝒎(𝑮𝟏) = 𝛀𝒔𝒚𝒎(𝑮𝟏) = 𝟎 b) 𝑯𝒔𝒚𝒎(𝑮𝟏) = 𝛀𝒔𝒚𝒎(𝑮𝟏) = 𝟎 

Figure 1. Pattern built of the 1D irregular (non-symmetrical) lines. a) Random pattern; b) regular pattern demonstrat- 99 

ing the translational symmetry.   100 

Let us calculate first 𝑯𝒔𝒚𝒎 for the pattern, shown in Figure 1a. In this case 𝑵𝑮 = 𝒑; thus, 𝑷(𝑮𝟏) = 𝟏 and consequently 101 

we calculate 𝑯𝒔𝒚𝒎(𝑮𝟏) = −𝑷(𝑮𝟏)𝒍𝒏𝑷(𝑮𝟏) = −𝟏 × 𝒍𝒏𝟏 = 𝟎 . Now we establish 𝛀𝒔𝒚𝒎(𝑮) = 102 

− ∑ 𝑷𝒏(𝒏(𝑮)))𝒍𝒏𝑷𝒏(𝒏(𝑮))𝒍
𝒏=𝟏 . It is easily seen that for the irregular shapes possessing a single element of symmetry 103 

𝑷𝒏(𝒏 = 𝟏) = 𝟏, hence 𝛀𝒔𝒚𝒎(𝑮𝟏) = 𝟎. The same conclusion, i.e. 𝑯𝒔𝒚𝒎(𝑮𝟏) = 𝛀𝒔𝒚𝒎(𝑮𝟏) = 𝟎 holds from the pattern built 104 

from non-identical, irregular, non-symmetrical lines. And it should be emphasized that the same conclusion. i.e. 105 

𝑯𝒔𝒚𝒎(𝑮𝟏) = 𝛀𝒔𝒚𝒎(𝑮𝟏) = 𝟎 is true for the regular pattern, comprising irregular, non-symmetrical lines, such as shown 106 

in Figure 1b, demonstrating the pattern characterized by the translational symmetry. Thus, we concluded that both of 107 

introduced measures of symmetry are insensitive to the long-range order. How the obtained result should be inter- 108 

preted? 𝑯𝒔𝒚𝒎(𝑮𝟏) = 𝟎 means that an averaged uncertainty to reveal symmetry operation 𝑮𝟏 within the pattern is zero; 109 

indeed, all of the 1D shapes depicted in Figure 1 posses this element of symmetry; in turn, 𝛀𝒔𝒚𝒎(𝑮𝟏) = 𝟎 means that an 110 

averaged uncertainty to find within the pattern the shape demonstrating the single element of symmetry is zero; indeed, 111 

every shape in the pattern has in total only one element of symmetry, namely 𝑮𝟏 (see ref. 28). 112 

 Now consider the patterns composed of the straight line segments, shown in Figures 2a-b. The symmetry group 113 

of the straight line segments is built of two elements, namely the unity element which is the 1-fold rotational symmetry, 114 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 20 September 2021                   doi:10.20944/preprints202109.0347.v1

https://doi.org/10.20944/preprints202109.0347.v1


Appl. Sci. 2021, 11, x FOR PEER REVIEW 4 of 10 
 

 

which is the rotation by the angle 𝝋𝟏 = 𝒌
𝟐𝝅

𝟏
= 𝟐𝝅 (denoted 𝑮𝟏) and the 2-fold rotational symmetry the angle 𝝋𝟏 = 115 

𝒌
𝟐𝝅

𝟐
= 𝝅 (which may be changed by the mirror axis), denoted 𝑮𝟐. Let us calculate 𝑯𝒔𝒚𝒎 . For the pattern, built of the p 116 

segments we obtain 𝑷(𝑮𝟏) = 𝑷(𝑮𝟐) =
𝒑

𝟐𝒑
=

𝟏

𝟐
, thus, 𝑯𝒔𝒚𝒎 = −𝟐

𝟏

𝟐
𝒍𝒏

𝟏

𝟐
= 𝟎. 𝟔𝟗.  117 

 

 

 

 

 

 

a) 𝑯𝒔𝒚𝒎 = 𝟎. 𝟔𝟗, 𝛀𝒔𝒚𝒎 = 𝟎. b) 𝑯𝒔𝒚𝒎 = 𝟎. 𝟔𝟗, 𝛀𝒔𝒚𝒎 = 𝟎. 

  

c) 𝑯𝒔𝒚𝒎 = 𝟎. 𝟔𝟗, 𝛀𝒔𝒚𝒎 = 𝟎. d) 𝑯𝒔𝒚𝒎 = 𝟎. 𝟔𝟗, 𝛀𝒔𝒚𝒎 = 𝟎. 

  

e) 𝑯𝒔𝒚𝒎 = 𝟎. 𝟔𝟗, 𝛀𝒔𝒚𝒎 = 𝟎. f) 𝑯𝒔𝒚𝒎 = 𝟎. 𝟔𝟗, 𝛀𝒔𝒚𝒎 = 𝟎. 

Figure 2. Patterns built of the shapes possessing two elements of symmetry. a) random straight line segments, b) or- 118 

dered straight line segments, c) random arcs of a circle; d) ordered arcs of a circle, e) random symmetrical segments of 119 

a cubic parabola, f) ordered symmetrical segments of a cubic parabola. Center of symmetry is shown with a blue cir- 120 

cle.   121 

Now, let us establish 𝛀𝒔𝒚𝒎(𝑮) = − ∑ 𝑷𝒏(𝒏(𝑮)))𝒍𝒏𝑷𝒏(𝒏(𝑮))𝒍
𝒏=𝟏 . For the patterns depicted in Figures 2a-b we have 122 

the shapes, which one of them has two aforementioned elements of symmetry; thus, 𝑷𝟐(𝒏 = 𝟐) = 𝟏, hence 𝛀𝒔𝒚𝒎 = 𝟎. 123 
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And, again, obviously both of the introduced measures of symmetry coincide for the patterns presented in Figures 2a- 124 

b, and they are insensitive to the long-range order of segments, shown in Figure 2b.  125 

Consider the patterns built of the p arcs of a circle (or, perhaps, the symmetric segments of the parabola 𝒚 = 126 

𝜶𝒙𝟐, 𝜶 = 𝒄𝒐𝒏𝒔𝒕), shown in Figures 2c-d. The symmetry group of the shapes depicted in Figures 2 c-d is built of two 127 

elements, namely the unity element which is the 1-fold rotational symmetry (denoted 𝑮𝟏) and the mirror axis, denoted 128 

𝑮𝟐. For this kind of pattern we obtain (𝑮𝟏) = 𝑷(𝑮𝟐) =
𝒑

𝟐𝒑
=

𝟏

𝟐
 , thus, 𝑯𝒔𝒚𝒎 = −𝟐

𝟏

𝟐
𝒍𝒏

𝟏

𝟐
= 𝟎. 𝟔𝟗. Consequently, in this case 129 

𝛀𝒔𝒚𝒎 = 𝟎 (due to the 𝑷𝟐(𝒏 = 𝟐) = 𝟏, and 𝒍𝒏𝑷𝟐 = 𝟎); the long range order, shown in Figure 2d plays no role in the cal- 130 

culation of both of measures of symmetry. Now consider the patterns built of the p symmetric segments of cubic parab- 131 

ola 𝒚 = 𝜶𝒙𝟑, 𝜶 = 𝒄𝒐𝒏𝒔𝒕) shown in Figures 2e-f. The considerations akin to the aforementioned ones immediately yield: 132 

𝑯𝒔𝒚𝒎 = 𝟎. 𝟔𝟗, 𝛀𝒔𝒚𝒎 = 𝟎. Thus, we come to the conclusion: the all of the patterns depicted in Figure 2 are equivalent from 133 

the point of view of the introduced Shannon measures of symmetry, namely, 𝑯𝒔𝒚𝒎 and 𝛀𝒔𝒚𝒎. Moreover, VSMS of the 134 

patterns depicted in Figure 1 and Figure 2 is equal, however IMS of the patterns shown in Figure 1 and Figure 2 is 135 

different. It should be emphasized, that both of the Shannon and the Voronoi-Shannon informational measures of sym- 136 

metry of the discussed patterns are the intensive properties of the patterns and they are independent of the area of the 137 

pattern or the density and size of the shapes, and in this sense they are different from the true thermodynamic entropy, 138 

which is an extensive parameter of the system. And it should be emphasized that the long-range order does not influ- 139 

ence both of the informational measures of symmetry.  140 

Now consider the mixed patterns, comprising 1D objects (lines), depicted in Figure 3.   141 

  

a) 𝑯𝒔𝒚𝒎 = 𝟎. 𝟔𝟗, 𝛀𝒔𝒚𝒎 = 𝟎. b) 𝑯𝒔𝒚𝒎 = 𝟎. 𝟓𝟒, 𝛀𝒔𝒚𝒎 = 𝟎.69. 

Figure 3. The mixed patterns comprising 1D objects are depicted. a) the pattern is built from the straight line 142 

segments and the arcs of a circle, b) the pattern is composed of the irregular (non-symmetrical) shapes and arcs of a 143 

circle. 144 

Let us start from the pattern comprising the straight line segments and the arcs of a circle, shown in Figure 3a. 145 

Both of the shapes are characterized by the same symmetry group; namely, the symmetry group comprises the unity 146 

element which is the 1-fold rotational symmetry, and the 2-fold rotational symmetry (which may be changed by the 147 

mirror axis), thus, 𝑯𝒔𝒚𝒎 = −𝟐
𝟏

𝟐
𝒍𝒏

𝟏

𝟐
= 𝟎. 𝟔𝟗. Both of the shapes have in total two elements of symmetry, hence 𝛀𝒔𝒚𝒎 = 148 

𝟎. Now consider the pattern built from p irregular, non-symmetrical curves and p arcs of a circle, presented in Figure 149 

3b. We recognize two elements of symmetry in this pattern, namely the 1 fold rotational symmetry inherent for all of 150 

the shapes and denoted 𝑮𝟏 and the mirror axis labeled 𝑮𝟐 inherent for the arcs only. Thus, the entire number of the 151 

symmetry elements in the pattern 𝑵𝑮 = 𝟑𝒑 (see Eq. 3); consequently we easily calculate 𝑷(𝑮𝟏) =
𝟐𝒑

𝟑𝒑
=

𝟐

𝟑
; 𝑷(𝑮𝟐) =

𝒑

𝟑𝒑
= 152 

𝟏

𝟑
 and finally we obtain 𝑯𝒔𝒚𝒎 = − (

𝟐

𝟑
𝒍𝒏

𝟐

𝟑
+

𝟏

𝟑
𝒍𝒏

𝟏

𝟑
) = 𝟎. 𝟓𝟒. Now let us calculate 𝛀𝒔𝒚𝒎 for the mixed pattern, shown in 153 

Figure 3b. For this pattern we calculate (𝑵𝒔 = 𝟐𝒑): 𝑷𝟏(𝒏 = 𝟏) =
𝒑

𝟐𝒑
=

𝟏

𝟐
;  𝑷𝟐(𝒏 = 𝟐) =

𝒑

𝟐𝒑
=

𝟏

𝟐
; thus, 𝛀𝒔𝒚𝒎 = 𝟎. 𝟔𝟗.  154 

2. 2. Informational measures of symmetry of the patterns built of 2D shapes 155 
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Now we address the patterns composed of the 2D shapes. Let us start from the completely disordered pattern, 156 

built of p irregular shapes depicted in Figure 4a. In this case we recognize for all of the non-symmetrical shapes consti- 157 

tuting the pattern the single element of symmetry, namely the rotation 𝜑1 = 𝑘
2𝜋

1
= 2𝜋; thus, 𝑁𝐺 = 𝑝; thus, 𝑃(𝐺1) = 1 158 

and consequently 𝐻𝑠𝑦𝑚 = − ∑ 𝑃(𝐺𝑖)𝑙𝑛𝑃(𝐺𝑖) = ∑ 1𝑙𝑛(1) =6
𝑖=1

1
𝑖=1 0. It is easily seen that Ω𝑠𝑦𝑚(𝐺) = 0 takes place for the 159 

same pattern. Let us analyze the 2D pattern comprising p identical equilateral triangles, depicted in Figure 4b. The 160 

symmetry group of the equilateral triangle is the dihedral symmetry group labeled usually 𝐷3. In the case of equilateral 161 

triangles, shown in Figure 4b we have 𝑁𝑔 = 6𝑝 elements of symmetry, which are 3p symmetry axes and 3p rotations. 162 

IFM calculated with Eq. 2 equals 𝐻𝑠𝑦𝑚(𝐷3) =1.792. On the other hand, all of the shapes constituting the pattern shown 163 

in Figure 4b have the same number of the symmetry elements; thus, Ω𝑠𝑦𝑚(𝐷3) = 0. 164 

 165 

  

a) 𝐻𝑠𝑦𝑚(𝐺) = 0; Ω𝑠𝑦𝑚(𝐺) = 0 b) 𝐻𝑠𝑦𝑚(𝐷3) =1.792; Ω𝑠𝑦𝑚(𝐷3) = 0   

 

 

c) 𝐻𝑠𝑦𝑚(𝐺) = 1.792; Ω𝑠𝑦𝑚 = 0 𝑑) 𝐻𝑠𝑦𝑚(𝐺) = 1.792; Ω𝑠𝑦𝑚 = 0 

Figure 4. (a) Pattern filled with different unsymmetrical polygons, demonstrating: 𝐻𝑠𝑦𝑚(𝐺) = 0; Ω𝑠𝑦𝑚(𝐺) = 0 166 

is depicted. b) 2D pattern comprising identical equilateral triangles, demonstrating: 𝐻𝑠𝑦𝑚(𝐺) = 1.792; Ω𝑠𝑦𝑚 = 0. c) 167 

Serpinski carpet built of equilateral triangles; d) pattern composed of the randomly dispersed equilateral triangles of 168 

various areas 169 
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 Consider the fractal Serpinski carpet built of equilateral triangles, shown in Figure 4c [29-30]. It is easily seen, that 170 

𝐻𝑠𝑦𝑚(𝐺) = 1.792; Ω𝑠𝑦𝑚 = 0 for any scaling level of its fractal structure. Thus, we conclude, that an informational 171 

measures of symmetry are invariant with respect to the scaling of the Serpinski carpet. Obviously, the conclusion holds 172 

for the Serpinski carpet built of squares. The general problem of calculation of the informational measures of symmetry 173 

of fractal structures deserves an additional research. The pattern characterized by the informational measures of sym- 174 

metry should not be necessarily close-packed, as shown in Figure 4d, representing the set of randomly dispersed equi- 175 

lateral triangles of various areas. It is easily seen, that in this case 𝐻𝑠𝑦𝑚(𝐷3) =1.792, Ω(𝐷3) = 0 takes place. Again, the 176 

introduced informational measures of symmetry are insensitive to the presence/absence of the long-range order in a 177 

given pattern. 178 

It is noteworthy that the patterns should not be necessarily built of polygons; it may comprise curvilinear shapes 179 

such as ellipses, shown in Figure 5.  180 

 

 

 

a) 𝐻𝑠𝑦𝑚 = 1.1; Ω𝑠𝑦𝑚 = 0 b) 𝐻𝑠𝑦𝑚 = 1.1; Ω𝑠𝑦𝑚 = 0 

  

c) 𝐻𝑠𝑦𝑚 = 1.1; Ω𝑠𝑦𝑚 = 0 d) 𝐻𝑠𝑦𝑚 = 1.1; Ω𝑠𝑦𝑚 = 0 

Figure 5. Patterns built from the ellipses are shown. a) pattern built of the dispersed random ellipses of various 181 

sizes; b) pattern built of dispersed ordered identical ellipses; c) pattern comprising close-packed identical ellipses. 182 

Area between forms curvilinear quadrangle; d) pattern comprising close-packed identical ellipses. Areas between 183 

form curvilinear triangles.          184 

 Let us start from the pattern depicted in Figure 5a comprising the dispersed random ellipses of various sizes. 185 

The group of symmetry of ellipse includes 3 elements, namely: namely the 1 fold rotational symmetry denoted 𝐺1 and 186 

two distinguishable mirror axes denoted correspondingly 𝐺2 and 𝐺3; obviously 𝑃(𝐺1) = 𝑃(𝐺2) = 𝑃(𝐺3) =
1

3
 ; thus, we 187 

calculate 𝐻𝑠𝑦𝑚 = −3
1

3
𝑙𝑛

1

3
= 1.1. All of the ellipses have in total three axes of symmetry, hence Ω𝑠𝑦𝑚 = 0. The same is 188 

true for the dispersed identical long-range ordered ellipses, shown in Figure 5b. The same conclusion holds for the 189 

close-packed ordered identical ellipses forming the patterns shown in Figure 5c-d. Figures 5 c-d illustrate the idea that 190 

the set of the shapes should be clearly defined. Indeed, 𝐻𝑠𝑦𝑚 = 1.1; Ω𝑠𝑦𝑚 = 0 holds for the patterns built of the ellipses 191 

only. If we consider also the “interstitial” shapes emerging in the close-packed arranges (which are curvilinear quad- 192 

rangles in Figure 5c and curvilinear triangles in Figure 5d) the informational measures of symmetry will be changed.  193 

2.3. Informational measures of symmetry of the mixed patterns built of 2D and 1D shapes  194 

The suggested information measures of symmetry are easily generalized for the mixed patterns containing 1D 195 

and 2D shapes such as the pattern shown in Figure 6, including p irregular non-symmetric curves and p equilateral 196 

triangles. 197 

 

Figure 6. Mixed pattern built of p irregular non-symmetric curves and p equilateral triangles.  198 
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Let us quantify the symmetry of this pattern. The symmetry group of the equilateral triangle is the dihedral symmetry 199 

group 𝑫𝟑 containing 3p symmetry axes and 3p rotations (including the 𝟐𝝅 rotation, denoted 𝑮𝟏). One more 𝑮𝟏 oper- 200 

ation comes, from the irregular curves; thus, we have in total 7p symmetry operations in our pattern. Thus, IMS is easily 201 

calculated, according to 𝑯𝒔𝒚𝒎 = − (
𝟐

𝟕
𝒍𝒏

𝟐

𝟕
+

𝟓

𝟕
𝒍𝒏

𝟏

𝟕
) = 𝟐. 𝟐𝟑. Now we calculate VSMS of the same pattern; the probability 202 

to find within the pattern the shape possessing in total 6 elements of symmetry (triangles) equals 
𝟏

𝟐
, the probability to 203 

find within the pattern the shape possessing the single element of symmetry (curves) also equals 
𝟏

𝟐
, thus, we obtain 204 

𝛀𝒔𝒚𝒎 = −𝟐 ×
𝟏

𝟐
𝒍𝒏

𝟏

𝟐
= 𝟎. 𝟔𝟗. 205 

2.4. Informational measures of symmetry as dynamical variables     206 

Consider N two-dimensional shapes (say ellipses and equilateral triangles shown in Figure 7) moving in a plane.  207 

 208 

 209 

 210 

  211 

 212 

 213 

Figure 7. The planar movement of the ellipses and equilateral triangles is demonstrated. 𝑣⃗𝑖 is the velocity of the 214 

i-th shape.    215 

The shapes (2D bodies) may collide elastically or stop their motion. If the symmetry of the bodies is conserved, 216 

we immediately conclude that the conservation laws 𝐻𝑠𝑦𝑚 = 𝑐𝑜𝑛𝑠𝑡; Ω𝑠𝑦𝑚 = 𝑐𝑜𝑛𝑠𝑡 take place. Thus, in this case conser- 217 

vation of the informational measures of symmetry takes place. Consider now the less trivial situation depicted in Figure 218 

8 when p rhombs shown on Figure 8a “dissociate” with time into 2p equilateral triangles, shown in Figure 8b. 219 

 

 

 

 

a) 𝐻𝑠𝑦𝑚 = 1.1; Ω𝑠𝑦𝑚 = 0 b) 𝐻𝑠𝑦𝑚(𝐷3) =1.792; Ω𝑠𝑦𝑚(𝐷3) = 0 

Figure 8. Time evolution of rhombs shown in Figure 8a, into equilateral triangles depicted in Figure 8b is de- 220 

picted.  221 

 The initial Shannon measures of the system of rhombs shown in Figure 8a coincide with that of the ellipses already 222 

calculated in Section 2.2., namely 𝐻𝑠𝑦𝑚 = 1.1; Ω𝑠𝑦𝑚 = 0 . After dissociation into equilateral triangles we have 223 

𝐻𝑠𝑦𝑚(𝐷3) =1.792; Ω𝑠𝑦𝑚(𝐷3) = 0 (see Section 2.2); this means that the change in the shape of objects constituting the pat- 224 

tern is quite expectedly accompanied with the jump in the informational measure of symmetry, accompanying the 225 

change in the symmetry group of the shapes. Hence, the introduced information measure of symmetry is well expected 226 

to be useful for characterization of phase transitions. 227 

 And last but not least: obviously the informational measures of symmetry could not be defined for the 0D objects 228 

(points). However, the set of points may be converted into the set of polygons with the use of the prescribed tessellation 229 

𝑣⃗𝑖 
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procedure (for example with the Voronoi tessellation [22-26]), and at the next stage the informational measures of sym- 230 

metry of the tessellations may be calculated.               231 

Conclusions 232 

The paper addresses the fine structure of quantification of symmetry appearing in 2D patterns. Symmetry and 233 

ordering are usually quantified by the Voronoi entropy [22-26] and continuous measure of symmetry [17-21]. We intro- 234 

duced and calculated the informational measures of various patterns built of 1D (curves) and 2D (shapes) objects. One 235 

of the Shannon-like measures of symmetry labeled 𝐻𝑠𝑦𝑚(𝐺) represents an averaged across the pattern uncertainty to 236 

find a symmetry operation, related to the symmetry group G, within the given pattern. The other Shannon-like measure 237 

of symmetry Ω𝑠𝑦𝑚(𝐺) is interpreted as an averaged across the pattern uncertainty to find the shape possessing in total 238 

n elements of symmetry forming the group G, and it resembles the well-known Voronoi entropy [22-26]. We illustrated 239 

the introduced measures of symmetry with numerous patterns built of triangles, arcs, ellipses, rhombs and irregular 240 

curves, including the “mixed” patterns composed of 1D and 2D objects. The reported results strengthen the idea, that 241 

ordering and symmetry of the pattern could hardly by quantified with the single numerical value. We also calculated 242 

𝐻𝑠𝑦𝑚  and Ω𝑠𝑦𝑚  for the Serpinski fractal carpet built from equilateral triangles/squares. 𝐻𝑠𝑦𝑚  and Ω𝑠𝑦𝑚  remain the 243 

same on all of the scaling levels of the Serpinski carpet. The introduced 𝐻𝑠𝑦𝑚 and Ω𝑠𝑦𝑚 are the intensive parameters of 244 

the given pattern and they are insensitive to the number of 1D/2D shapes, their size and area of the pattern. Both of the 245 

measures are influenced by the groups of symmetry of the shapes, constituting the pattern. The time evolution of the 246 

Shannon measures of symmetry are considered. If the moving objects conserve their symmetry groups the informational 247 

measures of symmetry are time-independent. The time evolution of the Shannon measures of symmetry is illustrated 248 

with the example, in which rhombs dissociate into equilateral triangles, thus, changing the symmetry group of the 249 

pattern. It is well expected that the introduced Shannon measures of symmetry will be useful for the analysis of phase 250 

transitions. In our future investigations we plan to study: i) informational measures of symmetry (IMS and VSMS) of 251 

fractals; ii) change in the informational measures of symmetry inherent for phase transitions; iii) IMS and VSMS of time 252 

crystals [31], iv) 3D generalization of the introduced Shannon-shaped measures.                             253 
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