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Abstract: This paper describes a polynomial time algorithm for solving graph isomorphism and1

automorphism. We introduce a new tree data structure called Walk Length Tree. We show that such2

tree can be both constructed and compared with another in polynomial time. We prove that graph3

isomorphism and automorphism can be solved in polynomial time using Walk Length Trees.4

Keywords: graph isomorphism; graph automorphism; polynomial time algorithm5

1. Introduction6

The graph isomorphism (GI) problem is one of the most famous open problems7

in theoretical computer science. Two graphs are isomorphic if there exists a bijective8

function between their vertex sets that preserves adjacency relationship. Two Graphs,9

with n vertices each, have n! possible one to one correspondences between the vertex sets.10

So, checking all such correspondences for large n is impractical. Graph automorphism is11

a similar problem like GI, where the input is a single graph and we have to find out all12

possible mappings to itself. In other words, automorphism means graph isomorphism13

with itself.14

GI is an important tool for a number of areas including computer vision, pattern15

recognition, bioinformatics, mathematical chemistry and electronic design automation.16

As an example, chemists use graphs to model chemical compounds, where vertices and17

edges represent atoms and chemical bonds respectively. A new synthesized chemical18

compound is required to be checked with other potential molecular graphs from a19

database to see whether the molecular graph of the new compound is the same as one20

already known.21

It can be shown that these problems are in NP and it is unknown whether it has22

polynomial time algorithm or they are in NP-complete [13]. In this paper, we propose23

a new polynomial time algorithm for solving graph isomorphism problem. In other24

words, in this paper, we prove that they are in P.25

Two isomorphic graphs must have same number of vertices and edges. The degrees26

of the corresponding vertices in isomorphic graphs must be the same. They must also27

have simple circuits of same length. It is possible that these invariants are same for28

two graphs that are not isomorphic. There are no useful sets of invariants currently29

known that can be computed in polynomial time to determine whether two graphs are30

isomorphic [21].31

The list of published algorithms that attempt to solve GI is long [13]. We are32

listing a few of those. The best currently accepted theoretical algorithm, which has33

eO(
√

n log n) time complexity, is due to [2]. Later, the author claimed that GI is in quasi-34

polynomial time, which has not been fully peer-reviewed yet [12]. There exists a number35

of polynomial time algorithms for some restricted graphs. For example, a polynomial36

time algorithm is described in [1] for graphs of bounded degree. In [22], the authors gave37

a linear time algorithm for tree isomorphism. Moreover, polynomial time algorithms38

exist for planer graphs [3], interval graphs [4], permutation graphs [5], circulant graphs39

Version August 23, 2021 submitted to Algorithms https://www.mdpi.com/journal/algorithms

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 August 2021                   doi:10.20944/preprints202108.0467.v1

©  2021 by the author(s). Distributed under a Creative Commons CC BY license.

https://www.mdpi.com
https://orcid.org/0000-0002-3497-3156
https://doi.org/10.3390/a1010000
https://doi.org/10.3390/a1010000
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/algorithms
https://doi.org/10.20944/preprints202108.0467.v1
http://creativecommons.org/licenses/by/4.0/


Version August 23, 2021 submitted to Algorithms 2 of 32

[7], graphs with bounded tree width [8], graphs with bounded genus [10], and graphs40

with bounded eigenvalue multiplicity [11].41

Apart from these theoretical achievements, a number of software packages to solve42

GI are available. Some of the well-known packages are namely nauty [6,15], saucy43

[16], bliss [18]. A study on their performances can be found in [13]. A study on the44

performance of some exact graph isomorphism algorithms for different types of graphs45

is reported in [19].46

The main contribution of this paper is that, we propose an algorithm to detect47

graph isomorphism and automorphism that runs in polynomial time. We also propose a48

new rooted tree data structure called Walk Length Tree. We provide a polynomial time49

algorithm to construct this tree. We also prove that two of such trees can be compared50

for equivalency by showing one to one correspondences between them in polynomial51

time. Our algorithm first create Walk Length Trees for underlying graphs, then those are52

used to solve graph isomorphism and automorphism problem in polynomial time.53

Remark 1 (Both our proposed algorithms and Walk Length Tree are new concepts). To54

the best of our knowledge, Walk Length Tree is a new data structure. The author would also like55

to declare that the proposed algorithms that use Walk Length Trees and run in polynomial time,56

to detect graph isomorphism and automorphism, are entirely new concepts.57

The rest of the paper is organized in the following way. In section 2, some notations,58

definitions, symbol used in this paper are discussed. The construction, properties and59

computational aspects of Walk Length Trees are discussed in section 3. In section 4,60

we provide theorems that connects Walk Length Trees with graph automorphism and61

isomorphism problems. Finally, our proposed algorithms are described in the same62

section.63

2. Preliminary64

This section contains some graph related definitions and theorems that are taken65

from [21].66

A graph G = (V, E) consists of V, a nonempty set of n vertices and E, a set of m67

edges. Each edge has either one or two vertices associated with it, called its endpoints.68

An edge is said to connect its endpoints.69

Figure 1 and Figure 2 are examples of two undirected graphs. For both cases, n = 870

and m = 12. In addition, these two graphs are isomorphic.71

A graph in which each edge connects two different vertices and where no two edges72

connect the same pair of vertices is called a simple graph. Graphs that have multiple73

edges connecting the same vertices are called multigraphs.74

An edge can connect a vertex to itself. Such edges are called loops.75

A directed graph consists of a nonempty set of vertices and a set of directed edges.76

Each directed edge is associated with an ordered pair of vertices. The directed edge77

associated with the ordered pair (u, v) is said to start at u and end at v. u is said to78

be adjacent to v and v is said to be adjacent from u. We call u and v as the initial and79

terminal vertex of this edge.80

The degree of a vertex v in an undirected graph denoted by deg(v) is the number of81

edges incident with it. The in-degree of vertex v in a directed graph denoted by deg−(v)82

is the number of edges with v as their terminal vertex. The out-degree of vertex v in a83

directed graph denoted by deg+(v) is the number of edges with v as their initial vertex.84

Graphs that have a number assigned to each edge are called weighted graphs.85

A walk consists of an alternating sequence of vertices and edges consecutive ele-86

ments of which are incident, that begins and ends with a vertex. The length of a walk is87

its number of edges. A path is a walk with no repeated vertex.88

An undirected graph is called connected if there is a path between every pair of89

distinct vertices of the graph. An undirected graph that is not connected is called90
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Figure 1. A Graph with 8 vertices and 12 edges.

disconnected. A connected component of an undirected graph G is a connected subgraph91

of G that is not a proper subgraph of another connected subgraph of G.92

A directed graph is strongly connected if there is a path from va to vb and from va to93

vb, whenever va and vb are vertices in the graph. The subgraphs of a directed graph G,94

that are strongly connected but not contained in larger strongly connected subgraphs,95

that is the maximal strongly connected subgraphs, are called strong components of G. A96

directed graph is weakly connected if there is a path between every two vertices in the97

underlying undirected graph.98

The diameter d of a graph is the greatest distance between any pair of vertices. For99

a disconnected graph, the distance between two unreachable vertices is ∞.100

Suppose that the vertices of a graph G are listed arbitrarily as v0, . . . , vn−1. So, the101

i-th vertex in the list is vi. The adjacency matrix of G, denoted by AG, with respect to102

this listing of the vertices, is the n× n integer valued matrix, such that:103

• if G is undirected, AG[i][j] is the number of edges between vi and vj.104

• if G is directed, AG[i][j] is the number of edges from vi to vj.105

The adjacency matrix of graphs in Figure 1 for the vertex listing [a, b, c, d, e, f , g, h] is106

given in Eqation 1.107

AG =



0 0 0 0 0 1 1 1
0 0 1 1 1 0 0 0
0 1 0 0 0 1 0 1
0 1 0 0 0 0 1 1
0 1 0 0 0 1 1 0
1 0 1 0 1 0 0 0
1 0 0 1 1 0 0 0
1 0 1 1 0 0 0 0


(1)

For an adjacency matrix AG and a positive integer r > 0, we define the power of108

a matrix by repeating matrix multiplication; that is Ar
G = AG × · · · × AG︸ ︷︷ ︸

r times

. We define109

M(n), as the time complexity of matrix multiplication routine for two dense square110

matrices of order n. From literature, we know M(n) is polynomial, with respect to n [9].111

Theorem 1 (Counting walks among vertices as stated in [21]). Let G be a graph with112

adjacency matrix AG with respect to the ordering v1, . . . , vn of the vertices of the graph (with113

directed or undirected edges, with multiple edges and loops allowed). The number of different114

walks of length r from vi to vj , where r is a positive integer, equals the (i, j)th entry of Ar
G.115

Proof. The proof can be found in [21].116

3. Walk Length Tree117

We describe Walk Length Tree and its properties in this section. In subsection118

3.1, we classify the edges E of a graph G(V, E) from the perspective of any arbitrary119
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Figure 2. A graph that is isomorphic with the graph in 1.

vertex vi ∈ V. This classification is important in Walk Length Tree construction. We120

then describe a suitable data structure to store edge weights and parallel edges. This121

data structure is useful for our proposed algorithms. Moreover, we simplify problem122

statement by using this data structure. We provide two other simplifications in subsection123

3.2. In subsection 3.3, we describe both definition, and construction complexity of Walk124

Length Tree in details. We provide some very important properties of Walk Length Tree125

in subsection 3.4. In brief, the purpose of one Walk Length Tree is to classify vertices126

and edges from one reference point. In multigraphs or weighted graphs, we need more127

variants to distinguish those. That is why, we describe some techniques by which we128

classify them with each other in subsection 3.5. In subsection 3.6, we define a subgraph129

called star subgraph, by which, we describe how two Walk Length Trees can be equivalent130

and how two vertices can be equivalent in those Walk Length Trees in subsection 3.7131

(for undirected graph) and subsection 3.8 (for directed graph). Finally, in subsection 3.9,132

we summarize the useful information from a Walk Length Tree those are important for133

graph isomorphism and automorphism problem.134

3.1. Some Related Definitions, Data Structures and Algorithms135

Definition 1 (Edge distance from vi of an undirected graph G(V, E)). Let, sa and sb be136

the lengths of the shortest paths from vi ∈ V to the two endpoints of an edge e ∈ E respectively,137

where sa ≤ sb. We will call e is an edge of (sa + 1)-radius from vi. If any vertex is not reachable138

from vi, then any edge connected with it is called an edge of ∞-radius from vi. In Figure 1, the139

length of the shortest paths from a to b and c are 3 and 2 respectively. So, the edge (b, c) is an140

edge of 3-radius from vertex a.141

Definition 2 (Edge distance from vi of a directed graph G(V, E)). Let e ∈ E be an edge142

that is connecting from vertex va ∈ V to vertex vb ∈ V. The length of the shortest path from143

vi ∈ V to va is sa. We will call e is an edge of (sa + 1)-radius from vi. If any vertex is not144

reachable from vi, then any edge connected with it is called an edge of ∞-radius from vi. In145

Figure 10, the length of the shortest paths from u1 to u4 is 2. So, the edge (u4, u3) is an edge of 3146

radius from vertex u1.147

Lemma 1 (Time complexity of distance based edge classification algorithm ). Given a148

graph G(V, E), we can classify all edges in E following Definition 1 (if G is undirected) or149

Definition 2 (if G is directed), for all vertices in V, in polynomial time with respect to n and m,150

where |V| = n, and |E| = m.151

Proof. For the purpose of edge classification, we consider G as a simple graph by (i)152

ignoring all loops, (ii) keeping a single edge as a representative edge of all parallel153

edges that have same endpoints, and (iii) keeping the other edges unchanged. We then154

consider the weight of every edge as 1 for both weighted and unweighted graphs. Thus,155

the length and cost of the shortest paths between any two vertices becomes numerically156

same. We know polynomial time algorithm, with respect to the number of vertices,157
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to find all pair shortest paths [9]. We first compute the shortest path between all pair158

of vertices. We then classify any edge from the perspective of any vertex following159

Definition 1 and Definition 2. It takes O(mn) time. Furthermore, let the length of the160

shortest path from vertex u to v be s. The loop edges of v are edges of (s + 1)-radius161

from u. All parallel edges having same endpoints, have same radius value from a vertex162

v ∈ V.163

Definition 3 (Data structure for storing edge weights and parallel edges). Let va and164

vb be two vertices of a graph G(V, E). Let there exist q ≥ 0 number of edges with or without165

weights166

(i) from va to vb (for directed graph), or167

(ii) between va and vb (for undirected graph).168

We store q and the edge weights (for weighted graphs) in ascending order.169

Lemma 2 (Time complexity of storing edge weights). We store q and the edge weights (for170

weighted graphs) in ascending order as described in Definition 3 for each pair of vertices, that171

have edges between them, such that, given a pair of vertices, (va, vb), we can get q and the weights172

of the edges between them in sorted order (for weighted graphs) in linear time with respect to q.173

Proof. The time complexity to create the data structure for storing edge weights as174

described in Definition 3 depends on the type of graph.175

1. For unweighted graphs, we store q values for each pair of vertices in a matrix of176

n× n. It costs O(n2) time to construct such matrix.177

2. For weighted simple graphs, we store the weights of edges in a matrix of n× n. It178

costs O(n2) time to construct such matrix.179

3. For weighted multigraphs, we apply multi-criterion sorting described below to180

sort the edge weights.181

• We consider the ordering of the vertices as given in the adjacency matrix that182

represents the graph in the following way.183

• For directed graph, the weight of edge (vx, vy) appears before the weight of184

edge (vc, vd) if vx appears before vc or vx = vc and vy appears before vd in the185

above ordering. Similarly, for undirected graph, the weight of edge (vx, vy)186

appears before the weight of edge (vc, vd) if vx or vy appears before both vc187

and vd or vx = vc and vy appears before vd in the above ordering.188

• For directed graph, weights of parallel edges from vx to vy are kept together189

and the weights of all such parallel edges are sorted in ascending order.190

• For undirected graph, weights of parallel edges between vx and vy are kept191

together and the weights of all such parallel edges are sorted in ascending192

order.193

The above sorting procedure takes polynomial time with respect to m, where194

|E| = m, by any comparison based sorting algorithm. We apply quicksort that195

takes polynomial time with respect to m. Once all edge weights are sorted, we196

store both q as well as the sorted weights in a hash table, such that for any edge197

these information can be retrieved directly from it. So, we need polynomial time to198

implement such hash based data structure.199

200

3.2. Simplification201

To keep the description of this paper simple, we describe all definitions, theorems,202

corollaries, lemmas keeping a single unweighted edge as a representative edge of all203

parallel edges that have same endpoints. However, we can retrieve all parallel edges204

including their weights from the data structure described in Definition 3, if necessary.205
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We describe all properties, theorems, and our proposed algorithms (in section 4) for206

connected undirected graphs and weakly connected directed graphs only.207

Let G(V, E) be a disconnected undirected graph that has N connected components,208

where N is a finite positive number and |V| ≥ N > 1. Any disconnected undirected209

graph G′(V′, E′), which is isomorphic with G(V, E), must have N connected components.210

Suppose we know two polynomial time algorithms to detect graph automorphism and211

isomorphism for connected components. We need to call those algorithms N and212

N(N + 1)/2 times to detect graph automorphism and graph isomorphism respectively.213

Thus, the time complexity of graph automorphism and isomorphism checking for214

undirected graph remains polynomial.215

We define weakly connected components of a directed graph as the subgraphs of a di-216

rected graph G that are weakly connected but not contained in larger weakly connected217

subgraphs, that is, the maximal weakly connected subgraphs, are called the weakly218

connected components of G. Let G(V, E) be a directed graph that has N weakly con-219

nected components, where N is a finite positive number and |V| ≥ N > 1. Any directed220

graph G′(V′, E′), which is isomorphic with G(V, E), must have N weakly connected221

components. Suppose we know two polynomial time algorithms to detect graph auto-222

morphism and isomorphism for weakly connected components. We need to call those223

algorithms N and N(N + 1)/2 times to detect graph automorphism and graph isomor-224

phism respectively. Thus, the time complexity of graph automorphism and isomorphism225

checking for directed graph remains polynomial.226

3.3. Walk Length Tree construction227

Definition 4 (Walk Length Tree). Let AG be the adjacency matrix representation of G(V, E),228

constructed following the vertex listing: [v0, . . . , vn−1], where |V| = n. Tvi (G) is the Walk229

Length Tree or WLT from vi of G(V, E), where vi ∈ V. We define this tree by the way it is230

constructed.231

• Tvi (G) is a rooted tree of height n.We call vi as the reference vertex of Tvi (G).232

• A node at the l-th level of the tree denoted as N(l, j), where j is the position of the node from233

left, contains a tuple (W, p, Z), where W ⊆ V, p is positive integer, and Z ⊆ E.234

• For root node N(0, 0), it contains tuple (V, 0, {∅}).235

• Each node N(l, j), except leaf nodes, has one or more child nodes N(l + 1, j′), . . . , N(l +236

1, j′ + k′), where j′, k′ ≥ 0. Each of the vertex vk ∈W of N(l, j), is assigned to exactly one237

of its child node’s W set.238

• According to Theorem 1, the number of l-length walks from reference vertex (vi) to a vertex239

vj is Al
G[i][j]. For a node N(l, j), the number of l-length walks from reference vertex (vi) to240

any vertex vk ∈W is same. This value is denoted as p. We explain below how we distribute241

the vertices in W set among its child nodes’ W sets and maintain their p values.242

1. The p value of the root node is 0 by definition.243

2. the vertices in W of a node N(l, j) (except leaf nodes), is partitioned based on the244

number of (l + 1)-length walks from vi, such that all vertices in the same part have245

same number of (l + 1)-length walks from vi. Any two vertices taken from any two246

different parts have different number of (l + 1)-length walks from vi.247

3. Each of these parts is assigned to one of its child node’s W set.248

4. The order of the child nodes from left to right is in ascending order of their p values.249

5. These rules above apply repeatedly for each node N(l, j), l < n, in the WLT.250

• The last item in this tuple is Z ⊆ E, which is described below.251

1. for multigraph, a single edge as a representative edge from all parallel edges that have252

same endpoints, will be considered in the Z set.253

2. an edge is assigned in the Z set of exactly one node of the WLT.254

3. if e is an edge of ∞-radius from vi then it will not be an element of any Z sets of that255

WLT.256
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N(0, 0) W = {a, b, c, d, e, f , g, h} p = 0
Z = {∅}

N(1, 0) W = {a, b, c, d, e} p = 0
Z={(a,f),(a,g),(a,h)}

N(2, 0) W = {b}
p = 0 Z = {∅}

N(3, 0)
W = {b}

p = 6 Z={(b,c)
,(b,d),(b,e)}

N(4, 0)W = {b}
p = 0 Z = {∅}

N(5, 0)
W = {b} p = 60

Z = {∅}

N(6, 0)
W = {b} p = 0

Z = {∅}

N(7, 0)
W = {b} p = 546

Z = {∅}

N(8, 0)
W = {b} p = 0

Z = {∅}

N(2, 1)
W = {c, d, e} p = 2
Z={(f,c)(f,e),(g,e),
(g,d),(h,c),(h,d)}

N(3, 1) W = {c, d, e}
p = 0 Z = {∅}

N(4, 1)W = {c, d, e}
p = 20 Z = {∅}

N(5, 1)W = {c, d, e}
p = 0 Z = {∅}

N(6, 1)W = {c, d,
e} p = 182 Z = {∅}

N(7, 1)W = {c, d,
e} p = 0 Z = {∅}

N(8, 1)
W = {c, d, e}

p = 1640
Z = {∅}

N(2, 2) W = {a}
p = 3 Z = {∅}

N(3, 2)
W = {a}

p = 0 Z = {∅}

N(4, 2)
W = {a} p = 2

Z = {∅}

N(5, 2)
W = {a} p = 0

Z = {∅}

N(6, 2)
W = {a} p = 183

Z = {∅}

N(7, 2)
W = {a} p = 0

Z = {∅}

N(8, 2)
W = {a} p = 1641

Z = {∅}

N(1, 1) W = { f , g, h} p = 1
Z = {∅}

N(2, 3) W = { f , g, h} p = 0
Z = {∅}

N(3, 3) W = { f , g, h} p = 7
Z = {∅}

N(4, 3) W = { f , g, h} p = 0
Z = {∅}

N(5, 3) W = { f , g, h} p = 61
Z = {∅}

N(6, 3) W = { f , g, h} p = 0
Z = {∅}

N(7, 3) W = { f , g, h} p = 547
Z = {∅}

N(8, 3) W = { f , g, h} p = 0
Z = {∅}

Figure 3. The Walk Length Tree of the graph in Figure 1 from vertex a.

4. if (va, vb) is an edge of l-radius edge from vi, it is assigned to the Z set of a node257

N(r, j), where r = l and j is chosen in the following way.258

5. for a directed graph, this edge is an element of the Z set of the same node N(l, j),259

whose W set contains vb.260

6. for an undirected graph,261

(case 1) Let both va, and vb be in the W set of a node N(l, j), it is assigned to the Z262

set of N(l, j).263

(case 2) If va and vb be in the W set of N(l, j) and N(l, j1) respectively, where j1 > j,264

it is assigned to the Z set of N(l, j).265

The WLT of the graph in Figure 1 from vertex a is given in Figure 3. It can be266

verified by raising the adjacency matrix (in equation 1) to power of 2, . . . , 8. We insert267

the node information N(l, j) with each node of this WLT.268

The WLT of the graph in Figure 2 from vertex B is given in Figure 4.269

A graph have n WLTs. In Theorem 2, we describe the time complexity of creating270

all n WLTs of a given graph.271

Theorem 2 (Time complexity of constructing all Walk Length Trees of G ). Given the272

adjacency matrix representation AG of a graph G(V, E), we can construct n WLTs with reference273

to all vertices v0, . . . , vn−1 ∈ V of G, as given in Definition 4, in polynomial time with respect274

to n and m, where n = |V| and m = |E|.275
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W = {A, B, C, D, E, F, G, H} p = 0
Z = {∅}

W = {B, C, D, E, G} p = 0
Z={(B,A),(B,H),(B,F)}

W = {C} p = 0
Z = {∅}

W = {C} p = 6
Z={(C,D),

(C,E),(C,G)}

W = {C}
p = 0 Z = {∅}

W = {C} p = 60
Z = {∅}

W = {C} p = 0
Z = {∅}

W = {C} p = 546
Z = {∅}

W = {C} p = 0
Z = {∅}

W = {D, E, G}
p = 2 Z={(A,E)

(A,G),(H,D),
(H,G),(F,D),(F,E)}

W = {D, E, G}
p = 0 Z = {∅}

W = {D, E, G}
p = 20 Z = {∅}

W = {D, E, G}
p = 0 Z = {∅}

W = {D, E, G}
p = 182

Z = {∅}

W = {D, E, G}
p = 0 Z = {∅}

W = {D, E, G}
p = 1640
Z = {∅}

W = {B} p = 3
Z = {∅}

W = {B} p = 0
Z = {∅}

W = {B} p = 2
Z = {∅}

W = {B} p = 0
Z = {∅}

W = {B} p = 183
Z = {∅}

W = {B} p = 0
Z = {∅}

W = {B} p = 1641
Z = {∅}

W = {A, H, F} p = 1
Z = {∅}

W = {A, H, F} p = 0
Z = {∅}

W = {A, H, F} p = 7
Z = {∅}

W = {A, H, F} p = 0
Z = {∅}

W = {A, H, F} p = 61
Z = {∅}

W = {A, H, F} p = 0
Z = {∅}

W = {A, H, F} p = 547
Z = {∅}

W = {A, H, F} p = 0
Z = {∅}

Figure 4. The Walk Length Tree of the graph in Figure 2 from vertex B.
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Proof. We need to compute Ar
G, where r = 2, . . . , n, which requires polynomial time276

with respect to n [9], to know p values for all nodes of each WLTs.277

For a WLT, we construct the W sets of all nodes of a level together. Suppose, all278

nodes of level l of a WLT are created. Now, we are going to create the nodes of level279

l + 1. To do this, we need to partition all vertices in such a way that the vertices of each280

part have same number of l + 1 lengths walks from the reference vertex and are from281

the same node at level l. Now, we assign each part to the W set of the appropriate node282

at level l + 1. We implement a multi-criterion based comparator function and use it283

in a comparison based sorting algorithm to do this partition. This sorting is done in284

polynomial time with respect to n.285

For a WLT, we have n levels. So in total, we have n2 levels over n such trees.286

Thus the complexity of constructing trees, without Z sets, from Ar
G, for r = 2, . . . , n is287

polynomial with respect to n.288

We store all W sets in a hash table, such that we can get a particular W set by calling289

a hash function with N(l, j). We also need to know the list of nodes at each level, where290

a vertex is assigned to their W set. We store it by a list of n integers. So a n× n integer291

matrix can store this information.292

We apply edge classification method discussed in Lemma 1 to know the edge293

distance from the reference vertex of that WLT. It requires polynomial time with respect294

to n and m. Let (va, vb) be an edge of l-radius from the reference vertex. From the295

definition of WLT, we know how this edge will be added to the Z set of a single node of296

a WLT at level l. This is done in constant time provided that given the two endpoints va297

and vb, we know the nodes in level l whose W sets contain these two vertices.298

For one WLT, we need O(m) time to assign all edges to corresponding Z sets of all299

nodes.Thus, in total, we need O(mn) time to assign all edges to corresponding Z sets to300

all nodes of all Walk Length Trees.301

So, the time complexity of constructing all Walk Length Trees of G is polynomial.302

Definition 5 (Shallow equivalent between two nodes of Walk Length Trees). Suppose, we303

have two nodes N(l1, j1) and N(l2, j2) from two different WLTs. We say N(l1, j1) and N(l2, j2)304

are shallow equivalent if and only if all of the following assertions are true:305

• l1 = l2,306

• j1 = j2,307

• the p value of both nodes are equal.308

• the cardinality of W sets of both nodes are equal.309

• the cardinality of Z sets of both nodes are equal.310

• both nodes have equal number of child nodes.311

• if the W set of N(l1, j1) contains the reference vertex of its WLT, the W set of N(l2, j2) must312

contain the reference vertex of its WLT and vice versa.313

Definition 6 (Shallow equivalent between two Walk Length Trees). Two WLTs, Tvi (G)314

and Tvi′ (G
′) are called shallow equivalent, denoted as Tvi (G)

S≡ Tvi′ (G
′), if and only if for each315

node in Tvi (G) there must be a shallow equivalent node in Tvi′ (G
′) and vice versa. Here, G and316

G′ may or may not be the same graph.317

For each node in the WLT of Figure 1 has a shallow equivalent node in the WLT of318

Figure 2. Thus, these are shallow equivalent WLTs.319

From Definition 5 and Definition 6, we can conclude that the number of nodes at320

any level of two shallow equivalent WLTs are same.321

Theorem 3 (Time complexity to check Walk Length Tree shallow equivalency). We can322

check the shallow equivalency between two WLTs, as described in Definition 5, and Definition 6,323

in O(n2) time.324
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Figure 5. Leveled graph G1(V, E1) of graph in Figure 1 considering WLT in 3.

Proof. Suppose we want to check whether two WLTs Tvi (G) and Tvi′ (G
′) are shallow325

equivalent or not. We visit both trees in breadth-first search order together and check326

all conditions listed in Definition 5 for each pair of nodes. Let N(i, j) and N(i′, j′) be the327

k-th nodes in breadth-first search order.328

1. check if i = i′ and j = j′: this is done in O(1) time.329

2. check the equality of their p values: this is done in O(1) time.330

3. check the equality of the cardinalities of their W sets: this is done in O(1) time.331

4. check the equality of the cardinalities of their Z sets: this is done in O(1) time.332

5. check if they have same number of child nodes: this is done in O(1) time.333

6. both nodes must either contain the reference vertex or not contain the reference334

vertex. This constraint can be checked in O(n) time as the list of nodes at each level335

that contain a particular vertex is stored in a matrix as described in Theorem 2. This336

check is done one time for a pair of WLTs.337

Given two nodes, each from each of the WLTs, we need O(1) time to check their338

shallow equivalency. The number of nodes in a Walk Length Tree is bounded by O(n2).339

So, the complexity to check the shallow equivalency of two such WLTs can be done in340

O(n2) time.341

3.4. Properties of Walk Length Trees342

Lemma 3 (Walk length tree is unique). For a graph G(V, E) and a vertex v ∈ V, we get the343

same WLT Tv(G), irrespective of its construction.344

Thus, we can create n different WLTs from a graph that has n vertices.345

Lemma 4 (Reconstructing of a graph from a Walk Length Tree). Given a WLT Tv(G) and346

the data structure as described in Definition 3 that stores parallel edges with weights, we can347

reconstruct G.348

All l-radius edges, where n ≥ l > 0, from v can be found in the Z sets of all nodes in349

level l of the WLT Tv(G). In this paper, we show that how WLTs are used to distinguish350

each vertices and edges.351

Definition 7 (Leveled graph of Walk Length Tree). A leveled graph Gl(V, El) of Tvi (G) is352

defined as a subgraph of G(V, E), whose edge set El ⊆ E contains edges of k-radius from vi,353

where k = 1, . . . , l.354

For example, Figure 5, Figure 6 are leveled graphs G1(V, E1) and G2(V, E2) respec-355

tively of graph in Figure 1 considering WLT in Figure 3. It should be noted that G3(V, E3)356

of the graph in Figure 1 considering WLT in Figure 3 has all edges of the graph.357

Lemma 5 (Walk Length Tree and leveled graphs). For a given graph G(V, E), all leveled358

graphs Gl(V, El), for l = 1, . . . , n, of any particular WLT are fixed. Consequently, Gn(V, En)359

of any particular WLT, is G(V, E), if G is a connected undirected graph or a strongly connected360
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Figure 6. Leveled graph G2(V, E2) of graph in Figure 1 considering WLT in 3.

directed graph. Otherwise, Gn(V, En) of Tvi (G) is defined as a subgraph of G(V, E), whose edge361

set En ⊆ E contains edges of k-radius from vi, where k = 1, . . . , n.362

3.5. Ordering Of Vertices and Edges363

In this section, we order both vertices and edges of a graph. This ordering becomes364

important when we check the equivalency between two WLTs.365

Definition 8 (Walk Length Tree and rank of a vertex). Given a WLT Tvi (G), let a vertex v366

be in the W set of a leaf node N(n, j). We call j as the rank of v. Every vertex has a rank in a367

WLT.368

The rank of vertex b and c are 0 and 1 respectively in the WLT of Figure 3.369

Definition 9 (Shallow equivalent Walk Length Trees and vertex shallow equivalent). Let370

G(V, E) and G′(V′, E′) be two graphs and Tvi (G)
S≡ Tvi′ (G

′), where vi ∈ V and v′i ∈ V′, a371

vertex v ∈ V is called shallow equivalent to a vertex v′ ∈ V′ if their ranks are same.372

The reference vertices of these two WLTs are called shallow equivalent as they are373

in the W set of two shallow equivalent leaf nodes.374

From Definition 9, the following shallow vertex equivalencies between the Walk375

Length Trees in Figure 3 and Figure 4 can be found.376

• vertex a and b are shallow equivalent to vertex B and C respectively.377

• any vertex in {c, d, e} is shallow equivalent to any vertex in {D, E, G} and vice378

versa.379

• any vertex in { f , g, h} is shallow equivalent to any vertex in {A, H, F} and vice380

versa.381

Lemma 6 (Shallow equivalent vertices and their nodes). Let G(V, E) and G′(V′, E′) be382

two graphs and Tvi (G)
S≡ Tvi′ (G

′). Let va and v′a be two shallow equivalent vertices from383

G(V, E) and G′(V′, E′) respectively with respect to these WLTs. If va and v′a are in the W sets384

of node N(l, j) and N(l, j′) respectively, for l ≥ 0 then j = j′.385

Proof. We prove it by contradiction. Suppose, j < j′. If we visit the vertices in the W386

sets of the leaves of any of the WLTs from left to right we will see vertices in the W set387

of N(l, j) before those of N(l, j′). So the rank of any vertices in the W set of N(l, j) is388

smaller than the rank of all vertices in the W set of N(l, j′). So the rank of va is smaller389

than the rank of v′a. This is a contradiction as they are shallow equivalent. So j = j′ and390

these two nodes are shallow equivalent.391

The ordering of vertices based on the rank is not enough when we check the392

equivalency between two WLTs. Because two vertices having same rank might be393

different considering their edges. Given a graph G(V, E) and a WLT Tvi (G), we sort the394
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Algorithm 1 Comparator function to sort the vertices
Input: vertices u and v along with their ranks with respect to a WLT

1: if u has greater rank than that of v w.r.t the WLT respectively then
2: return TRUE
3: else if v has greater rank than that of u w.r.t the WLT respectively then
4: return FALSE
5: else if u has more loop edges than that of v then
6: return TRUE
7: else if v has more loop edges than that of v then
8: return FALSE
9: else if deg(u) > deg(v),[ for undirected graph] then

10: return TRUE
11: else if deg(u) < deg(v),[ for undirected graph] then
12: return FALSE
13: else if deg+(u) > deg+(v),[for directed graph] then
14: return TRUE
15: else if deg+(u) < deg+(v),[ for directed graph] then
16: return FALSE
17: else if deg−(u) > deg−(v),[for directed graph] then
18: return TRUE
19: else if deg−(u) < deg−(v),[ for directed graph] then
20: return FALSE
21: else
22: We need to sort all edges that have u or v as endpoints separately in the following

way. (for unweighted undirected graph) sort all non-loop edges according to the rank
of the other endpoints. (for unweighted directed graph) (i) first, keep all incoming
non-loop edges in ascending order of the ranks of the other endpoints, (ii) then
keep all outgoing non-loop edges in ascending order of the ranks of the other
endpoints. (for weighted undirected graph) (i) first, keep all loop edges in ascending
order of the edge weights, (ii) then keep all non-loop edges in ascending order
of the edge weights. If two or more edge weights are equal then determine their
ordering based on the rank of the other endpoints. (for weighted directed graph) (i)
first, keep all loop edges in ascending order of the edge weights, (ii) then keep all
non-loop and incoming edges in ascending order of the edge weights. And finally,
(iii) keep all non-loop and ougoing edges in ascending order of the edge weights.
If two or more edge weights are equal then determine their ordering based on the
rank of the other endpoints.

23: for i = 0, 1, . . . , do
24: if the weight of the i-th edge of u is greater than that of v then
25: return TRUE
26: else if the weight of the i-th edge of v is greater than that of u then
27: return FALSE
28: else if the rank of the other endpoint of i-th edge of u is greater than that of v

then
29: return TRUE
30: else if the rank of the other endpoint of i-th edge of v is greater than that of u

then
31: return FALSE
32: end if
33: end for
34: end if
35: return EQUAL
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vertices of the graph using Algorithm 1, as a comparator function. In this sorting, we395

consider their edges. The time complexity to sort the vertices is described in Lemma 7.396

Lemma 7 (Time complexity to sort the vertices). We can sort the vertices of a graph with397

respect to a WLT using Algorithm 1 in polynomial time.398

Proof. In worst case, Algorithm 1 needs to sort the edges that are connected with the399

input vertices. Let m′ be a positive number denoting the maximum number of edges400

that are connected with any vertices of the graph. So, the worst case running time of401

this algorithm is O(m′log(m′)), provided we use a comparison based sorting algorithm402

inside of this algorithm to sort edges. As m ≥ m′, Algorithm 1 runs in polynomial time403

with respect to m.404

So the time complexity to sort n vertices, using Algorithm 1 as a comparator405

function, is polynomial with respect to n and m.406

Algorithm 2 Computing comprehensive ranks for vertices
Input: (i) a graph G(V, E), (ii) a WLT Tvi (G) , and (iii) list of vertices (v0, . . . , v|V|−1)

in sorted order based on the comparator function given in 1

1: C(v0) = 0
2: for i = 1, . . . , |V| − 1 do
3: if Algorithm 1 returns EQUAL for vi, vi−1, and Tvi (G) then
4: C(vi) = C(vi−1)
5: else
6: C(vi) = C(vi−1) + 1
7: end if
8: end for

Definition 10 (Comprehensive rank of vertices). Given a graph G(V, E) and a WLT Tvi (G),407

we sort the vertices as described above. We call Algorithm 2 with the sorted list of vertices and408

Tvi (G) to assign a positive integer C(v) for each vertex v ∈ V in the graph. We call C(v) as the409

comprehensive rank of vertex v with respect to Tvi (G).410

The comprehensive ranks of vertices in the graph given in Figure 1 with respect to411

the Walk Length Tree in Figure 3 are the same as their rank.412

Definition 11 (Shallow equivalent edge ). Let (W, p, Z) and (W ′, p′, Z′) be the tuples of413

two shallow equivalent nodes of two WLTs. We call edge (vx, vy) ∈ Z, and (vx′ , vy′) ∈ Z′ are414

shallow equivalent if415

(for directed graph) vx, and vy are shallow equivalent to vx′ , and vy′ respectively.416

(for undirected graph) vx, and vy are shallow equivalent to either vx′ , and vy′ respectively or vy′ ,417

and vx′ respectively.418

From Definition 11, the following shallow equivalent edges between the WLTs in419

Figure 3 and Figure 4 can be found.420

• any edge in Z of N(1, 0) in Figure 3, that is {(a, f ), (a, g), (a, h)}, is shallow equiva-421

lent to any edge in Z of N(1, 0) in Figure 4, that is {(B, A), (B, H), (B, F)}.422

• any edge in Z of N(2, 1) in Figure 3, that is {( f , c), ( f , e), (g, e), (g, d), (h, c), (h, d)},423

is shallow equivalent to any edge in Z of N(2, 1) in Figure 4, that is424

{(A, E),(A, G),(H, D),(H, G),(F, D),(F, E)}.425

• any edge in Z of N(3, 0) in Figure 3, that is {(b, c), (b, d), (b, e)}, is shallow equiva-426

lent to any edge in Z of N(3, 0) in Figure 4, that is427

{(C, E), (C, G), (C, D)}.428
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Figure 7. An undirected graph with n = 7 and m = 8.
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Figure 8. An undirected graph with n = 7 and m = 8.

Algorithm 3 Comparator function to order edges
Input: edges (u, v) and (u′, v′) and a WLT

1: (u, v) is a l-radius edge with respect to the reference vertex of its WLT
2: (u′, v′) is a l′-radius edge with respect to the reference vertex of its WLT
3: if the WLT is created based on a undirected graph, we assume that C(u) ≤ C(v) and

C(u′) ≤ C(v′)
4: if l > l′ then
5: return TRUE
6: else if l < l′ then
7: return FALSE
8: else if C(u) > C(u′) with respect to their respective WLTs then
9: return TRUE

10: else if C(u′) > C(u) with respect to their respective WLTs then
11: return FALSE
12: else if C(v) > C(v′) with respect to their respective WLTs then
13: return TRUE
14: else if C(v′) > C(v) with respect to their respective WLTs then
15: return FALSE
16: else if the q value of (u, v) is greater than that of (u′, v′) [as described in Definition

3] then
17: return TRUE
18: else if the q value of (u′, v′) is greater than that of (u, v) [as described in Definition

3] then
19: return FALSE
20: end if
21: for weighted multigraphs, the sorted edges weights are extracted from hash table as

described in Definition 3 as two separate lists
22: for i = 0, 1, . . . , q− 1 do
23: if the weight of the i-th edge of (u, v) pair is greater than that of (u′, v′) pair then
24: return TRUE
25: else if the weight of the i-th edge of (u′, v′) pair is greater than that of (u, v) pair

then
26: return FALSE
27: end if
28: end for
29: return EQUAL
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Figure 9. The star subgraph of the undirected graph in Figure 7 centered at c for an arbitrary edge
set {(a, c), (a, b), (b, c), (c, d), (e, f )}.

Like vertices, we also need to sort the edges of a graph. Given a graph G(V, E)429

and a WLT Tvi (G), we sort the edges of the graph using Algorithm 3, as a comparator430

function. This sorting is required to distinguish edges that are shallow equivalent with431

each other in a WLT, but they have differences considering parallel edges and edge432

weights. The time complexity to sort the edges is described in Lemma 8.433

Lemma 8 (Time complexity to order the edges). We can sort the edges of a graph G(V, E)434

with respect to a WLT Tvi (G) using Algorithm 3 as a comparator function in polynomial time.435

Proof. Algorithm 3 runs in constant time for all kinds of graphs except weighted multi-436

graphs. It runs in linear time with respect to the number of parallel edges in case of437

weighted multigraphs. So, any comparator based sorting algorithm can sort m = |E|438

edges using this comparator function in polynomial time with respect to m and the439

maximum number of parallel edges having same endpoints in the graph.440

Algorithm 4 Computing comprehensive ranks for edges
Input: (i) a graph G(V, E), (ii) a WLT Tvi (G) , and (iii) list of edges (e0, . . . , e|E|−1) in

sorted order based on the comparator function given in Algorithm 3

1: B(e0) = 0
2: for i = 1, . . . , |E| − 1 do
3: if Algorithm 3 returns EQUAL for ei, ei−1, and Tvi (G) then
4: B(ei) = B(ei−1)
5: else
6: B(ei) = B(ei−1) + 1
7: end if
8: end for

Definition 12 (Comprehensive rank of edges). Given a graph G(V, E) and a WLT Tvi (G),441

we sort the edges as described above. We call Algorithm 4 with the sorted list of edges and442

Tvi (G) to assign a positive integer B(e) for each vertex e ∈ E in the graph. We call B(e) as the443

comprehensive rank of edge e with respect to Tvi (G).444

3.6. Star Subgraph445

In this subsection, we define a subgraph called star subgraph. This subgraph is446

important in understanding how two vertices from two different WLTs can be equivalent.447

Definition 13 (Star subgraph with a center vertex with respect to a given edge set). Let448

G(V, E) be a given graph and let v ∈ V and Ec ⊆ E. We create a subgraph Gs(Vs, Es) in the449

following way.450

• Es contains all edges of Ec, whose at least one endpoint is v.451

• for each edge es ∈ Es, we add both of its endpoints in Vs.452
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We call Gs(Vs, Es) the star subgraph of G(V, E) centered at v ∈ V for the edge set Ec ⊆ E.453

We denote v ∈ V as the center vertex of this star subgraph.454

The star subgraph of the undirected graph in Figure 7 centered at c for an arbitrary455

edge set {(a, c), (a, b), (b, c), (c, d), (e, f )} is given in Figure 9.456

Lemma 9 (Time complexity in constructing a star graph). The time complexity of construct-457

ing a star subgraph of a given graph G(V, E) centered at any vertex for any edge sets Ec ⊆ E is458

polynomial with respect to |Ec|.459

Definition 14 (Vertex equivalent for given edge sets). Let G(V, E) and G′(V′, E′) be460

two graphs such that Tvi (G)
S≡ Tvi′ (G

′). Let Tvi (G) and Tvi′ (G
′) contain u and u′ vertices461

respectively. Given two edge sets Eg ⊆ E and E′g ⊆ E′, we create two star subgraphs Gs(Vs, Es)462

and G′s(V′s , E′s) centered at u ∈ V and u′ ∈ V′ for Eg ⊆ E and E′g ⊆ E′ respectively.463

We call u ∈ V and u′ ∈ V′ are equivalent for the given edge sets Eg and E′g with respect to464

the given shallow equivalent WLTs, if Gs(Vs, Es) and G′s(V′s , E′s) are isomorphic and the bijective465

function that shows their isomorphism must satisfy the following constraints.466

• u must map to u′ and C(u) = C(u′).467

• if any vertex v ∈ Vs maps to vertex v′ ∈ V′s , then C(v) = C(v′).468

• if any edge e ∈ Es maps to edge e′ ∈ E′s, then B(e) = B(e′).469

Furthermore, we call u ∈ V and u′ ∈ V′ are equivalent with respect to the given shallow470

equivalent WLTs Tv(G) and Tv′(G′), if they are equivalent for edge sets (i) E and E′, (ii) Z and471

Z′, where they are the edge sets from any two shallow equivalent node pairs of Tv(G) and Tv′(G′)472

respectively, and (iii) El and E′l , where El and E′l be the set of all l-radius edges from v and v′473

respectively and n ≥ l > 0.474

In the above definitions, G(V, E) and G′(V′, E′) can be a single graph, and Tvi (G) and475

Tvi′ (G
′) can be also a single WLT.476

Algorithm 5 checks the isomorphism between two star graphs as described in477

Definition 14. For simplicity, this algorithm is written in a general way for all kinds of478

graphs.479

Lemma 10. Algorithm 5 runs in polynomial time with respect to the number of vertices and480

edges in the input star graphs.481

The vertex a of Figure 1 is equivalent with the vertex B of Figure 2 with respect to482

WLTs in Figure 3 and Figure 4 respectively.483

3.7. Walk Length Tree Equivalences for Undirected Graphs484

Definition 15 (Two equivalent Walk Length Trees of undirected graphs). Two shallow485

equivalent WLTs from the same or two different undirected graphs are called equivalent if and486

only if we can create n pairs of vertices (v, v′) such that (i) v is from one WLT and v′ are from the487

other WLT, (ii) each vertex will participate only one of those pairs, (iii) if v is the reference vertex488

of one WLT, v′ must be the reference vertex of the other WLT, (iv) v and v′ are equivalent with489

respect to their respective WLTs, so, they are equivalent for the Z edge sets of any two shallow490

equivalent nodes. We put one more requirements to the bijective function between their edge sets,491

which is used to prove the isomorphism between the star graphs centered at v and v′, that is if492

one edge maps to another edge, their other endpoints must be equivalent with respect to the given493

WLTs.494

The Walk Length Trees in Figure 3 and Figure 4 are equivalent. We can create the495

following pairs (a, B), (b, C), (c, D), (d, E), (e, G), ( f , A), (g, H), (h, F).496
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Algorithm 5 Checking if two given star graphs are isomorphic
Input: (i) star subgraph Gs(Vs, Es) and G′s(V′s , E′s) as discussed in Definition 14, (ii)

the comprehensive ranks of all vertices and all edges of the subgraphs with respective to
some WLTs, and (iii) the center vertices u ∈ V and u′ ∈ V′ of Gs(Vs, Es) and G′s(V′s , E′s)
respectively.

1: if C(u) 6= C(u′) OR |Vs| 6= |V′s | OR |Es| 6= |E′s| then
2: return FALSE
3: end if
4: mark all vertices in Vs and V′s as unchecked except u and u′. mark u and u′ as checked
5: for each vertex v ∈ Vs that are unchecked do
6: if there exists an unchecked vertex v′ ∈ V′s such that (i) C(v) = C(v′), (ii)

B(u, v) = B(u′, v′), these two edges are equivalent considering the parallel edges
and weights as described in Definition 3 and (iii) B(v, u) = B(v′, u′) these two
edges are also equivalent considering the parallel edges and weights as described
in Definition 3. then

7:
8: mark v and v′ as checked
9: else

10: return FALSE
11: end if
12: end for
13: if all vertices in both Vs and V′s are checked then
14: return TRUE
15: end if
16: return FALSE

Lemma 11 (Time complexity to check WLT equivalency in undirected graph). We can497

check the equivalency between two shallow equivalent WLTs for undirected graphs as described498

in Definition 15 in polynomial time with respect to n and m.499

Proof. We need to partition all vertices, such that in each part, all vertices satisfy the500

conditions described in Definition 15. And two vertices from two different parts does501

not satisfy all those conditions. It takes polynomial time with respect to n and m to do502

so. If the reference vertices are in the same part and all parts contains even number of503

vertices, out of which exactly half of them are from one WLT then we can say that the504

given WLTs are equivalent.505

3.8. Walk Length Tree Equivalences for Directed Graphs506

Definition 16 (Neighbor edge, neighbor vertex and host vertex sets of a Walk Length507

Tree of a directed graph). Let Gn(V, En) be the leveled graph of a WLT Tvi (G) for a directed508

graph G(V, E). The neighbor edge set Eg of Tvi (G) is a set of edges such that (i) Eg ⊆ E, (ii)509

Eg ∩ En = ∅, and (iii) for an edge e ∈ Eg, it is ∞-radius from vi and exactly one endpoint of e510

is not reachable from vi.511

The neighbor vertex set Vg of Tvi (G) is a set of vertices such that (i) Vg ⊂ V, (ii) any vertex512

v ∈ Vg is not reachable from vi, and (iii) there exists at least one neighbor edge of Tvi (G), where513

v is the initial vertex.514

The host vertex set Vh of Tvi (G) is a set of vertices such that (i) Vh ⊆ V, (ii) each vertex515

v ∈ Vh is reachable from vi, and (iii) there exists at least one neighbor edge of Tvi (G), where v is516

the terminal vertex.517

For a neighbor edge (u, v) ∈ Eg of Tvi (G), where u and v are a neighbor and a host vertex518

of Tvi (G) respectively. We call this pair of vertices as neighbor-host pair vertices of (u, v). We519

call v as a host vertex of u and we call u as a neighbor vertex of v.520
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For example, the directed graph in Figure 10, the only neighbor edge of Tu1(G) is521

{(u5, u6)}. For this edge, u5 and u6 are the neighbor and host vertices respectively.522

Definition 17 (Equivalence of first degree between two Walk Length Trees of directed523

graphs). Two shallow equivalent WLTs from the same or two different directed graphs are called524

equivalent of first degree if and only if we can create n pairs of vertices (v, v′) such that (i) v is525

from one WLT and v′ are from the other WLT, (ii) each vertex will participate only one of those526

pairs, (iii) if v is the reference vertex of one WLT, v′ must be the reference vertex of the other527

WLT, (iv) v and v′ are equivalent with respect to their respective WLTs, so, they are equivalent528

for the Z edge sets of any two shallow equivalent nodes. We put one more requirements to the529

bijective function between their edge sets, which is used to prove the isomorphism between the530

star graphs centered at v and v′, that is if one edge maps to another edge, their other endpoints531

must be equivalent with respect to the given WLTs.532

If we compute all WLTs of the directed graphs in Figure 10 and Figure 11, we can533

see the following equivalent WLTs of first degree.534

• WLTs Tu1(G), Tu5(G), Tv1(G
′), and Tv5(G

′) are equivalent of first degree.535

• WLTs Tu9(G), and Tv9(G
′) are equivalent of first degree.536

• WLTs Tu2(G), Tu6(G), Tu10(G), Tv2(G
′), Tv6(G

′), and Tv10(G
′) are equivalent of first537

degree.538

• WLTs Tu3(G), Tu7(G), Tu11(G), Tv3(G
′), Tv7(G

′), and Tv11(G
′) are equivalent of first539

degree.540

• WLTs Tu4(G), Tu8(G), Tu12(G), Tv4(G
′), Tv8(G

′), and Tv12(G
′) are equivalent of first541

degree.542

Lemma 12 (Time complexity to check WLT equivalency in directed graph of first degree).543

We can check the equivalency between two shallow equivalent WLTs for directed graphs of first544

degree in polynomial time considering n and m.545

Proof. See proof for Lemma 11.546

Definition 18 (Equivalence of second degree between two Walk Length Trees of directed547

graphs). Two equivalent of first degree Walk Length Trees Tv(G) and Tv′(G′) are called equiva-548

lent of second degree if and only if there exists a bijective function between their neighbor vertex549

sets such that if two vertices u and u′ from the two neighbor vertex sets are mapped then (i)550

Tu(G) and Tu′(G′) are equivalent of first degree, and (ii) there exists another bijective function551

between neighbor edges of the form (u, ux) and the neighbor edges of form (u′, u′x) such that552

C(ux) = C(u′x) considering Tv(G) and Tv′(G′) WLTs.553

Given the equivalent WLTs of first degree of the directed graphs in Figure 10 and554

Figure 11, we can see the following equivalent WLTs of second degree.555

• WLTs Tu1(G), and Tv1(G
′) are equivalent of second degree.556

• WLTs Tu5(G), and Tv5(G
′) are equivalent of second degree.557

• WLTs Tu9(G), and Tv9(G
′) are equivalent of second degree.558

• WLTs Tu10(G), and Tv10(G
′) are equivalent of second degree.559

• WLTs Tu2(G), and Tv2(G
′) are equivalent of second degree.560

• WLTs Tu6(G), and Tv6(G
′) are equivalent of second degree.561

• WLTs Tu3(G), Tu7(G), Tu11(G), Tv3(G
′), Tv7(G

′), and Tv11(G
′) are equivalent of sec-562

ond degree.563

• WLTs Tu4(G), Tu8(G), Tu12(G), Tv4(G
′), Tv8(G

′), and Tv12(G
′) are equivalent of sec-564

ond degree.565

Definition 19 (Equivalence of third degree between two Walk Length Trees of directed566

graphs). Two equivalent of second degree Walk Length Trees Tv(G) and Tv′(G′) are called567
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Figure 10. A directed graph G with n = 12 and m = 14.
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Figure 11. A directed graph G′ with n = 12 and m = 14.

equivalent of third degree if and only if there exists a bijective function between their neighbor568

vertex sets such that if two vertices u and u′ from the two neighbor vertex sets are mapped then569

(i) Tu(G) and Tu′(G′) are equivalent of second degree, and570

(ii) there exists another bijective function between neighbor edges of the form (u, ux) and571

the neighbor edges of form (u′, u′x) such that C(ux) = C(u′x) considering Tv(G) and Tv′(G′)572

WLTs.573

Given the equivalent WLTs of second degree of the directed graphs in Figure 10574

and Figure 11, we can see the following equivalent WLTs of third degree.575

• WLTs Tu1(G), and Tv1(G
′) are equivalent of third degree.576

• WLTs Tu5(G), and Tv5(G
′) are equivalent of third degree.577

• WLTs Tu9(G), and Tv9(G
′) are equivalent of third degree.578

• WLTs Tu10(G), and Tv10(G
′) are equivalent of third degree.579

• WLTs Tu2(G), and Tv2(G
′) are equivalent of third degree.580

• WLTs Tu6(G), and Tv6(G
′) are equivalent of third degree.581

• WLTs Tu3(G), and Tv3(G
′) are equivalent of third degree.582

• WLTs Tu7(G), and Tv7(G
′) are equivalent of third degree.583

• WLTs Tu11(G), and Tv11(G
′) are equivalent of third degree.584

• WLTs Tu4(G), and Tv4(G
′) are equivalent of third degree.585

• WLTs Tu8(G), and Tv8(G
′) are equivalent of third degree.586

• WLTs Tu12(G), and Tv12(G
′) are equivalent of third degree.587

Following Definition 18 and Figure Definition 19, we can generalize the following588

definition of WLTs equivalency for directed graphs.589

Definition 20 (Equivalence of (i + 1)-th degree between two Walk Length Trees of590

directed graphs). Two equivalent of i-th degree Walk Length Trees Tv(G) and Tv′(G′) are591

called equivalent of (i + 1)-th degree, where i > 0, if and only if there exists a bijective function592

between their neighbor vertex sets such that if two vertices u and u′ from the two neighbor593

vertex sets are mapped then (i) Tu(G) and Tu′(G′) are equivalent of i degree, and (ii) there exists594

another bijective function between neighbor edges of the form (u, ux) and the neighbor edges of595

form (u′, u′x) such that C(ux) = C(u′x) considering Tv(G) and Tv′(G′) WLTs.596

Definition 21 (Equivalence between two Walk Length Trees of directed graphs). Two597

equivalent WLTs of degree n-th from the same or two different directed graphs are called equivalent,598

where n be the number of vertices in the graph.599
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Lemma 13 (Time complexity of Algorithm 6). Algorithm 6 runs in polynomial time with600

respect to m and n.601

Lemma 14 (Time complexity of obtaining all WLTs of (i + 1)-th degree). Suppose, we602

partition all WLTs of two directed graph such that all equivalent WLTs of i-th degree are in603

the same part, and any two WLTs from two different parts are not equivalent of degree i. We604

can further partition each part by applying Algorithm 6 for all pairs, such that all WLTs are605

equivalent of (i + 1)-th degree in each new part and any two WLTs from two different new parts606

are not equivalent of degree (i + 1)-th in polynomial time with respect to m and n.607

Lemma 15 (On the upper bound of WLTs of i-th degree for directed graphs). Suppose,608

we partition all WLTs of two directed graph such that all equivalent WLTs of i-th degree are in609

the same part, and any two WLTs from two different parts are not equivalent of degree i. Suppose,610

we further partition each part to obtain equivalent of degree (i + 1) by applying Algorithm 6611

for all pairs, If after this further partitioning, we observe that any two equivalent WLTs that612

are equivalent of degree i are still equivalent of degree (i + 1), then we can say that any two613

equivalent WLTs that are equivalent of degree i are equivalent of degree n.614

Proof. For any two equivalent WLTs of i-th degree, the neighbor vertex sets and the615

corresponding VA and VB are fixed in Algorithm 6. So for all pair of equivalent vertices616

of i-th degree, if Algorithm 6 returns TRUE, then any of such pair of WLTs must also617

return true when we check them for equivalency of any j-th degree, where j > i.618

Lemma 16 (Time complexity to check Walk Length Tree equivalency of directed graph).619

Suppose, we partition all WLTs of two directed graph such that all equivalent WLTs of i-th degree620

are in the same part, for n > i > 0. It requires polynomial time with respect to m and n.621

3.9. WLT and its equivalent vertices622

We need the following information about a WLT Tv(G) to describe our algorithms.623

• the graph G,624

• reference vertex v,625

• a partition of equivalent vertices with respect to Tv(G), such that all vertices from a626

single part are equivalent and the WLTs where these vertices are reference vertices627

are equivalent too.628

• Moreover two vertices from two different parts are not equivalent with respect to629

Tv(G) or the WLTs, where these vertices are reference vertices are not equivalent.630

For example, for the Walk Length Tree given in Figure 3, we need the following631

information.632

• the graph which is given in in Figure 1.633

• reference vertex a,634

• the partition of equivalent vertices is: {{b}, {c, d, e}, {a}, { f , g, h}}635

And, for the Walk Length Tree given in Figure 4, we need the following information.636

• the graph which is given in in Figure 2.637

• reference vertex B,638

• the partition of equivalent vertices is: {{C}, {D, E, G}, {B}, {A, H, F}}639

4. Theorems and proposed algorithms640

In this section, we describe some properties and theorems for graphs with auto-641

morphism. Based on those theorems, we developed polynomial time algorithms for642

detecting graph automorphism. Those are also served as the basis for detecting isomor-643

phic graphs. Finally, we propose polynomial time algorithms for graph isomorphism644

problem too.645
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Algorithm 6 Checking WLTs equivalency of (i + 1)-th degree
Input: Tv(G), Tv′(G′) two equivalent WLTs of i-th degree

1: if the number of neighbor edges or neighbor vertices or host vertices of Tv(G) is not
equal to those of Tv′(G′) then

2: return FALSE
3: end if
4: mark all neighbor vertices of Tv′(G′) as unchecked
5: for each neighbor vertex u of Tv(G) do
6: let VA be the list of host vertices of u that are sorted considering their comprehen-

sive ranks with respect to Tv(G)
7: for each unchecked neighbor vertex u′ of Tv′(G′) such that Tu(G) and Tu′(G′) are

two equivalent WLTs of i-th degree do
8: let V′A be the list of host vertices of u′ that are sorted considering their compre-

hensive ranks with respect to Tv′(G′)
9: SUCCESS = FALSE

10: if |VA| = |V′A| then
11: SUCCESS = TRUE
12: for j = 0, . . . , |VA| do
13: let vj

A ∈ V′A and vj
A′ ∈ V′A

14: if C(vj
A) 6= C(vj

A′) considering Tv(G) and Tv′(G′) or the comprehensive
rank of the corresponding neighbor edges are not equal considering Tu(G)
and Tu′(G′) then

15: SUCCESS = FALSE
16: break
17: end if
18: end for
19: end if
20: if SUCCESS = TRUE then
21: mark u′ as checked
22: break
23: end if
24: end for
25: end for
26: if all neighbor vertices of Tv′(G′) are checked then
27: return TRUE
28: end if
29: return FALSE
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Theorem 4 (Isomorphic undirected graphs and one to one correspondence between646

vertices). Let G(V, E) and G′(V′, E′) be two isomorphic undirected graphs that are connected.647

That means there exists a bijective function between V and V′ that preserves adjacency relation-648

ship. If that bijective function maps between v ∈ V and v′ ∈ V′ then Tv(G) and Tv′(G′) are649

equivalent.650

Proof. Suppose, the bijective function maps between u ∈ V and u′ ∈ V′. Both u and651

u′ have equal number of l length paths from v and v′ respectively, for l ≥ 1. Suppose652

node N(l, j) in Tv(G) contains u in its W set. If u has a1, . . . , al number of 1, . . . , l length653

paths from v respectively then u′ also has a1, . . . , al number of 1, . . . , l length paths from654

v′ respectively. So, N(l, j) node in Tv′(G′) must contain u′ in its W set.655

First, we claim that these two nodes are shallow equivalent.656

• Any vertices in V or V′ that has same number of 1, . . . , l length paths from v or v′657

respectively, like u or u′, are the elements of their respective W sets. In both graphs,658

the number of such vertices are same. So, their W set contains same number of659

vertices. Their p values are also same, which are a1, . . . , al .660

• Their Z contains l radius edges that are incident with one or two vertices from their661

respective W sets or their other endpoint is in the W set of N(l, j1), where j1 > j. In662

both graphs, the number of such edges are same.663

So, these two nodes are shallow equivalent. Thus, it makes these two WLTs shallow664

equivalent. For every vertex in G(V, E) there must be a vertex in G′(V′, E′) that satisfy665

all conditions described in Definition 15 and vice versa. Thus, it makes these two WLTs666

equivalent.667

Theorem 5 (Isomorphic directed graphs and one to one correspondence between ver-668

tices). Let G(V, E) and G′(V′, E′) be two isomorphic directed graphs that are weakly connected.669

That means there exists a bijective function between V and V′ that preserves adjacency relation-670

ship. If that bijective function maps between v ∈ V and v′ ∈ V′ then Tv(G) and Tv′(G′) are671

equivalent.672

Proof. Suppose, the bijective function maps between u ∈ V and u′ ∈ V′. Both u and673

u′ have equal number of l length paths from v and v′ respectively, for l ≥ 1. Suppose674

node N(l, j) in Tv(G) contains u in its W set. If u has a1, . . . , al number of 1, . . . , l length675

paths from v respectively then u′ also has a1, . . . , al number of 1, . . . , l length paths from676

v′ respectively. So, N(l, j) node in Tv′(G′) must contain u′ in its W set. First, we claim677

that these two nodes are shallow equivalent.678

• Any vertices in V or V′ that has same number of 1, . . . , l length paths from v or v′679

respectively, like u or u′, are the elements of their respective W sets. In both graphs,680

the number of such vertices are same. So, their W set contains same number of681

vertices. Their p values are also same, which are a1, . . . , al .682

• Their Z contains l radius edges whose terminal vertices are in their respective W683

sets. In both graphs, the number of such edges are same.684

So, these two nodes are shallow equivalent. Thus, it makes these two WLTs shallow685

equivalent. For every vertex in G(V, E) there must be a vertex in G′(V′, E′) that satisfy686

all conditions described in Definition 17 and vice versa. Thus, it makes these two WLTs687

equivalent of first degree. Both neighbor vertices and edges of Tv(G) have one to one688

correspondences with those of Tv′(G′) respectively. So, these two WLTs are equivalent689

of second degree. We can apply this argument repeatedly, to conclude that Tv(G) and690

Tv′(G′) are equivalent of degree n.691

Lemma 17 (Isomorphic graphs and Walk Length Tree equivalency). Given two isomorphic692

graphs G and G′, for each WLT of G there exists at least one equivalent WLT of G′ and vice693

versa.694
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Lemma 18 (Isomorphic graphs and sets of equivalent Walk Length Trees). Given two695

isomorphic graphs G and G′, suppose we partition all equivalent WLTs such that all WLTs in one696

part are equivalent with each other and any two WLTs from two different parts are not equivalent.697

In each part, we have even number of WLTs and exactly half of the WLTs are from one graph.698

Proof. First, we partition all WLTs from G, such that all WLTs in a part are equivalent699

and any two WLTs from two different parts are not equivalent. Second, we partition all700

WLTs from G′ in the same way. As G and G′ are isomorphic, for each WLT Tv(G) of G701

there exist at least one equivalent WLT Tv′(G′) from G′. So, in the partition, for any part,702

if there exist k WLTs, then in the second partition we must have a part with k WLTs such703

that these 2k WLTs are equivalent with each other.704

Now, we will investigate the mapping among the vertices of a graph that has705

automorphism.706

4.1. Graph Automorphism707

Lemma 19 (Automorphism and WLT). Given a graph G(V, E) with automorphism. Suppose,708

we can map between u and v. Then, Tu(G) and Tv(G) must be equivalent.709

Proof. Let G′ be a copy of the graph G. G and G′ must be isomorphic. Then there710

must be a mapping between u and v′, where v′ be the copied vertex of v. According to711

Theorem 4 and Theorem 5, Tu(G) and Tv′(G′) are equivalent. So, Tu(G) and Tv(G) must712

be equivalent too.713

Algorithm 7 Graph Automorphism of undirected graph G
Input: G(V, E), AG
Output: TRUE or FALSE

1: compute Ar
G , where r = 2, . . . , n

2: compute all WLTs of G
3: partition all WLTs, s.t all equivalent WLTs are in one part
4: if every part has only one WLT then
5: return FALSE
6: end if
7: pick any part that has more than one WLTs
8: possibleMapping := number of WLTs in the chosen part
9: pick any two WLTs Tu(G) and Tv(G) from the chosen part

10: mark all vertices as both unmappedL and unmappedR
11: MAPundir

automorphism(Tu(G), Tv(G))

12: while there is unmappedL vertices do
13: choose a set of equivalent unmappedL vertices A and unmappedR vertices B with

respect to Tu(G) and Tv(G) respectively, s.t all WLTs are equivalent where these
vertices are reference vertices.

14: for each unmappedL vertex ua ∈ A do
15: choose an unmappedR vertex va ∈ B
16: MAPundir

automorphism(Tua(G), Tva(G))

17: end for
18: possibleMapping := possibleMapping ∗ |A|
19: end while
20: return TRUE

Lemma 20 (No automorphism). Given a graph G(V, E), we partition all WLTs, so that each714

part contains equivalent WLTs and two WLTs from two different parts, are not equivalent. If each715

part contains exactly one WLT, we can conclude that G does not have any automorphism.716
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Proof. We prove it by contradiction. Suppose G has automorphism and u ∈ V maps to717

v ∈ V. So, Tu(G) and Tv(G) are equivalent and they are kept in the same part, which718

creates the contradiction.719

Algorithm 8 ROUTINE MAPundir
automorphism(Tu(G), Tv(G))

1: declare: u maps to v
2: mark u and v as mappedL and mappedR respectively. They are no more marked as

unmappedL or unmappedR
3: while in Tu(G), there is an unmappedL vertex ua, for which there is no equivalent

unmappedL vertex (w.r.t Tu(G)) s.t their WLTs are equivalent do
4: let vb be the equivalent unmappedR vertex in Tv(G) s.t Tua(G) and Tvb(G)) are

equivalent
5: MAPautomorphism(Tua(G), Tvb(G))
6: end while

Lemma 21 (Automorphism). Given a graph G(V, E), we partition all WLTs, so that each part720

contains equivalent WLTs and two WLTs from two different parts, are not equivalent. Suppose,721

one part contains more than one WLTs. We take two of such equivalent WLTs: Tu(G) and Tv(G),722

we claim that G has automorphism and we can map between u and v.723

Proof. We can reconstruct the same graph from Tu(G) and Tv(G) separately. Suppose,724

we create leveled graphs from these two WLTs. Consider, the leveled graphs are isomor-725

phic for all levels 1, . . . , l − 1 and they are not isomorphic at level l, where l < n. In level726

l, we have at least one edge in one leveled graph which is different from other. We claim727

that it is not possible. According to the definition of leveled graph, it gets all edges of728

j-radius from the reference vertex at level j = 1, . . . , n. So, if the leveled graphs are not729

isomorphic at level l, it is not possible to have them isomorphic at level l + 1, . . . , n. This730

is not possible, as it is the same graph. The level graphs at n-th level must be isomorphic.731

So, both leveled graphs from these two WLTs are isomorphic at any level. Thus, the732

graph has automorphism. It also proves that there exists a valid map between u and733

v.734

Lemma 22 (Mapping in automorphism). Given a graph G(V, E) with automorphism, we735

partition all WLTs, so that each part contains equivalent WLTs and two WLTs from two different736

parts, are not equivalent. Suppose, one part contains more than one WLTs. We take two of737

such equivalent WLTs: Tu(G) and Tv(G). Let there exist two vertices ua, ub ∈ V such that738

they are equivalent with respect to Tu(G) and Tv(G). Let ua and ub be from Tu(G) and Tv(G)739

respectively. Let Tua(G) and Tub(G) be equivalent and there exists no such vertex pair. If we740

map between u and v, we must map between ua and ub.741

Proof. Like the proof of Lemma 21, we reconstruct G from Tu(G) and Tv(G) separately.742

Both leveled graphs from these two WLTs are isomorphic at any level. As ua and ub are743

equivalent with respect to Tu(G) and Tv(G), the edges, that are incident to them, are744

adding with the leveled graph exactly the same way. So, ua must map to ub if u maps to745

v.746

Lemma 23 (A vertex with no equivalent vertex). Given a graph G(V, E) with automorphism,747

we partition all WLTs, so that each part contains equivalent WLTs and two WLTs from two748

different parts, are not equivalent. Suppose, one part contains more than one WLTs. We take749

two of such equivalent WLTs: Tu(G) and Tv(G). In both WLTs, there exists a vertex ua ∈ V750

such that it is equivalent with respect to Tu(G) and Tv(G). And there is no other vertices that is751
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Algorithm 9 Graph Automorphism of directed graph G
Input: G(V, E), AG
Output: TRUE or FALSE

1: compute Ar
G , where r = 2, . . . , n

2: compute all WLTs of G
3: partition all WLTs, s.t all equivalent WLTs are in one part
4: if every part has only one WLT then
5: return FALSE
6: end if
7: possibleMapping := 1
8: mark all vertices as both unmappedL and unmappedR
9: mark all WLTs as incomplete

10: create a stack, where each item is an ordered pair of vertices
11: choose any part that has more than one WLTs. choose any two WLTs Tua(G) and

Tub(G) from the part. push (ua, ub) in the stack
12: possibleMapping := possibleMapping∗(the number of WLTs in the chosen part−1)
13: while the stack is not empty do
14: SUCCESS = FALSE
15: while SUCCESS == FALSE and the stack is not empty do
16: pop from stack. let (u, v) be the pair from the stack.
17: if both Tu(G) and Tv(G) are marked as incomplete then
18: SUCCESS = TRUE
19: end if
20: end while
21: if SUCCESS == FALSE then
22: BREAK
23: end if
24: MAPdir

automorphism(Tu(G), Tv(G))

25: while there is unmappedL vertices in Tu(G) do
26: choose a set of equivalent unmappedL vertices A and unmappedR vertices B with

respect to Tu(G) and Tv(G) respectively, s.t all WLTs are equivalent where these
vertices are reference vertices.

27: for each unmappedL vertex ua ∈ A do
28: choose an unmappedR vertex va ∈ B
29: MAPdir

automorphism(Tua(G), Tva(G))

30: end for
31: possibleMapping := possibleMapping ∗ |A|
32: end while
33: mark Tu(G) and Tv(G) as complete
34: end while
35: for each unmappedL vertex u do
36: declare: u maps to u
37: end for
38: return TRUE
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Algorithm 10 ROUTINE MAPdir
automorphism(Tu(G), Tv(G))

1: if u is already mapped to v then
2: RETURN
3: end if
4: declare: u maps to v
5: mark u and v as mappedL and mappedR respectively. they are no more marked as

unmappedL or unmappedR
6: partition all incomplete WLTs, whose reference vertices are not in the stack and are

neighbor vertices of u and v, s.t each part contain equivalent WLTs and two WLTs
from two different parts are not equivalent.

7: for each part that contains more than one WLTs do
8: possibleMapping := possibleMapping ∗ 0.5∗the number of WLTs in the part
9: create ordered pairs of vertices with the reference vertices of the WLTs in the

part s.t in each ordered pair (uc, ud), uc and ud are neighbor vertices of u and v
respectively. and each vertex participates in one of such pair only. push all such
pairs in the stack.

10: end for
11: while in Tu(G), there is an unmappedL vertex ua, for which there is no equivalent

unmappedL vertex (w.r.t Tu(G)) s.t their WLTs are equivalent do
12: let vb be the equivalent unmappedR vertex in Tv(G) s.t Tua(G) and Tvb(G)) are

equivalent
13: MAPdir

automorphism(Tua(G), Tvb(G))

14: end while

equivalent to ua with respect to Tu(G) and Tv(G). If we map between u and v, ua must map to752

itself.753

Proof. It follows from Lemma 22.754

Lemma 24 (Further mappings in Automorphism). Given a graph G(V, E) with automor-755

phism, we partition all WLTs, so that each part contains equivalent WLTs and two WLTs from756

two different parts, are not equivalent. Suppose, one part contains more than one WLTs. We take757

two of such equivalent WLTs: Tu(G) and Tv(G). Let there exist two vertices ua, ub ∈ V such758

that (i) they are equivalent with respect to Tu(G) and Tv(G) and (ii) Tua(G) and Tub(G) are759

equivalent. Let ua and ub be from Tu(G) and Tv(G) respectively. If we map between u and v,760

there exists a valid mapping between ua and ub.761

Proof. Like the proof of Lemma 21, we reconstruct G from Tu(G) and Tv(G) separately.762

Both leveled graphs from these two WLTs are isomorphic at any level. The edges from763

any equivalent vertex pair with respect to Tu(G) and Tv(G) like ua and ub, that are764

incident to them, are adding with the leveled graph exactly the same way. As Tua(G)765

and Tub(G) are equivalent, ua has a valid mapping with vb. So, if we map u with v, we766

can map ua with ub.767

Remark 2 (Every vertex must be mapped in a graph with automorphism). Given a graph768

G(V, E) with automorphism, we partition all WLTs, so that each part contains equivalent WLTs769

and two WLTs from two different parts, are not equivalent. Suppose, one part contains more770

than one WLTs. We take two of such equivalent WLTs: Tu(G) and Tv(G). Every vertex must771

be mapped with another vertex or itself. Suppose, we map u with v. We have the following772

mappings: (i) for each vertex in Tu(G), there must exist an equivalent vertex with respect to773

Tu(G) and Tv(G) such that the WLTs, where they are the reference vertices, must be equivalent,774

(ii) if any two vertices are mapped they must be equivalent with respect to Tu(G) and Tv(G)775

and the WLTs where they are the reference vertices must be equivalent, (iii) if two vertices are776

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 August 2021                   doi:10.20944/preprints202108.0467.v1

https://doi.org/10.20944/preprints202108.0467.v1


Version August 23, 2021 submitted to Algorithms 27 of 32

Algorithm 11 Graph Isomorphism (GI) between undirected graph G, and G′

Input: two graphs and their adjacency matrix: G(V, E), G′(V′, E′), AG, and AG′

Output: TRUE or FALSE
1: compute Ar

G and Ar
G′ , where r = 2, . . . , n

2: compute all WLTs of both G and G′

3: partition all WLTs s.t all equivalent WLTs are in one part
4: for each part do
5: if the number of WLTs in the part is odd then
6: return FALSE
7: else if more than half of the WLTs are from one of the graph then
8: return FALSE
9: end if

10: end for
11: for each part that has only two WLTs: Tvz(G) and Tvz′ (G

′), s.t vz is not mapped to
vz′ do

12: if MAPundir(Tvz(G), Tvz′ (G
′)) returns FALSE then

13: return FALSE
14: end if
15: end for
16: pick any two equivalent WLTs, s.t their reference vertices are mapped to each other
17: if no such pair of WLTs are found in the previous statement then
18: pick any pair of equivalent WLTs
19: if no such pair found then
20: return FALSE
21: end if
22: end if
23: Let Tvi (G) and Tvi′ (G

′) be the picked WLTs.
24: if vi is not already mapped to vi′ then
25: if MAPundir(Tvi (G), Tvi′ (G

′)) returns FALSE then
26: return FALSE
27: end if
28: end if
29: while there is unmapped vertices in G do
30: choose a set of equivalent unmapped vertices A and unmapped vertices B with

respect to Tvi (G) and Tvi′ (G
′) respectively, s.t all WLTs are equivalent where these

vertices are reference vertices.
31: if |A| 6= |B| then
32: return FALSE
33: end if
34: for each unmapped vertex ua ∈ A do
35: choose an unmapped vertex u′a ∈ B
36: if no such vertex found in B then
37: return FALSE
38: end if
39: MAPundir(Tua(G), Tu′a(G

′))
40: end for
41: end while
42: permute both AG and AG′ based on vertex mappings declared in MAPundir() routine
43: if AG and AG′ are same then
44: return TRUE
45: end if
46: return FALSE

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 August 2021                   doi:10.20944/preprints202108.0467.v1

https://doi.org/10.20944/preprints202108.0467.v1


Version August 23, 2021 submitted to Algorithms 28 of 32

Algorithm 12 ROUTINE MAPundir(Tvj(G), Tvj′ (G
′))

1: if Tvj(G) and Tvj′ (G
′) are not equivalent then

2: return FALSE
3: end if
4: declare: vj maps to vj′

5: while in Tvj(G), there is an unmapped vertex vz, for which there is no equivalent
unmapped vertex (w.r.t Tvj(G)) s.t their WLTs are equivalent do

6: let vz′ be the equivalent unmapped vertex w.r.t Tvj′ (G
′), s.t Tvz(G) and Tvz′ (G

′)

are equivalent
7: if there exist more than one such vertex in Tvj′ (G

′), then
8: return FALSE
9: end if

10: if MAP(Tvz(G), Tvz′ (G
′)) returns FALSE then

11: return FALSE
12: end if
13: end while
14: return TRUE

equivalent with respect to Tu(G) and Tv(G) and the WLTs where they are the reference vertices777

are equivalent then those vertices can be mapped, (iv) if we partition all vertices in Tu(G) and778

Tv(G) such that all vertices in a part are equivalent with respect to Tu(G) and Tv(G) and the779

WLTs, where they are reference vertices, are equivalent. In each part, there are even number of780

vertices and exactly half of the vertices are from Tu(G).781

For example, all eight WLTs in graph of Figure 1 are equivalent. Below, we are782

writing each WLT with its reference vertices and their vertex partition as described in783

subsection 3.9.784

• WLT with a as the reference vertex. The vertex partition is: {{b}, {c, d, e}, {a},785

{ f , g, h}}.786

• WLT with b as the reference vertex. The vertex partition is: {{a}, { f , g, h}, {b},787

{c, d, e}}.788

• WLT with c as the reference vertex. The vertex partition is: {{g}, {a, d, e}, {c},789

{b, f , h}}.790

• WLT with d as the reference vertex. The vertex partition is: {{ f }, {a, c, e}, {d},791

{b, g, h}}.792

• WLT with e as the reference vertex. The vertex partition is: {{h}, {a, c, d}, {e},793

{b, f , g}}.794

• WLT with f as the reference vertex. The vertex partition is: {{d}, {b, g, h}, { f },795

{a, c, e}}.796

• WLT with g as the reference vertex. The vertex partition is: {{c}, {b, f , h}, {g},797

{a, d, e}}.798

• WLT with h as the reference vertex. The vertex partition is: {{e}, {b, g, f }, {h},799

{a, c, d}}.800

Let we map a with g. Now consider the vertex partitions from both WLTs:801

{{b}, {c, d, e}, {a}, { f , g, h}} and {{c}, {b, f , h}, {g}, {a, d, e}}. The following pair of802

parts contain equivalent vertices considering their respective WLTs:803

• {b} and {c}.804

• {c, d, e} and {b, f , h}.805

• {a} and {g}806

• { f , g, h} and {a, d, e}.807

So, b must map to c. Any vertex in part {c, d, e} can be mapped to any vertex in {b, f , h}.808

We will assign one by one and apply the mappings that becomes obvious. Let c maps809
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Algorithm 13 Graph Isomorphism (GI) between directed graph G, and G′

Input: two graphs and their adjacency matrix: G(V, E), G′(V′, E′), AG, and AG′

Output: TRUE or FALSE
1: compute Ar

G and Ar
G′ , where r = 2, . . . , n. compute all WLTs of both G and G′ and

all WLTs as incomplete. partition all WLTs, s.t all equivalent WLTs are in one partition
and no two WLTs from two different parts are not equivalent

2: if any part has odd number of WLTs or more than half of its WLTs are from one of
the graph then

3: return FALSE
4: end if
5: mark all vertices as unmapped and mark all WLTs as incomplete. create a stack, where

each item is an ordered pair of vertices. choose any part that has more than one
WLTs. choose any two WLTs Tu(G) and Tu′(G′) from the part. push (u, u′) in the
stack

6: if MAPdir(Tu(G), Tu′(G′)) returns FALSE then
7: return FALSE
8: end if
9: while the stack is not empty do

10: SUCCESS = FALSE
11: while SUCCESS == FALSE and the stack is not empty do
12: pop from stack. let (v, v′) be the pair from the stack.
13: if both Tv(G) and Tv′(G′) are marked as incomplete then
14: SUCCESS = TRUE
15: end if
16: end while
17: if SUCCESS == FALSE then
18: BREAK
19: end if
20: while there is unmapped vertices in Tv(G) do
21: create two equivalent and unmapped vertex sets A and B w.r.t Tv(G) and Tv′(G′)

respectively, s.t all WLTs are equivalent where these vertices are reference ver-
tices.

22: if |A| 6= |B| then
23: return FALSE
24: end if
25: for each unmapped vertex ua ∈ A do
26: choose an unmapped vertex ua′ ∈ B
27: if no such vertex found in B then
28: return FALSE
29: end if
30: if MAPdir(Tua(G), Tua′ (G

′)) returns FALSE then
31: return FALSE
32: end if
33: end for
34: end while
35: mark Tua(G) and Tv(G) as complete
36: end while
37: permute both AG and AG′ based on vertex mappings declared in MAPdir() routine
38: if AG and AG′ are same then
39: return TRUE
40: end if
41: return FALSE
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to h. Consequently, g maps to e. Then, we can map d to b. Thus, f maps to a. Finally, e810

and h map to f and d respectively. So, one mapping among the vertices in this graph811

can be shown by the following two lists: [a, b, c, g, d, f , e, h] maps to [g, c, h, e, b, a, f , d].812

The i-th vertex in the first list maps to the i-th vertex in the second list, where 0 ≤ i < 8.813

Consider, any pair of vertices, where we have a mapping from these lists. Let, b and c.814

We can verify this mapping from the two WLTs, where they are the reference vertices. In815

the first WLT (where reference vertex is b) the i-th vertex from the first list is equivalent816

with the i-th vertex of the second list in the second WLT (where reference vertex is c)817

considering their respective WLTs. This is true for any pair of vertices that has mapping.818

Now, we need to count how many ways the vertices of a graph that has automorphism819

can be mapped.820

Algorithm 14 ROUTINE MAPdir(Tvj(G), Tvj′ (G
′))

1: if Tvj(G) and Tvj′ (G
′) are not equivalent then

2: return FALSE
3: end if
4: declare: vj maps to vj′

5: mark both vj and vj′ as mapped
6: partition all incomplete WLTs, whose reference vertices are neighbor vertices of vj and

vj′ and their reference vertices are not in the stack, s.t each part contains equivalent
WLTs and two WLTs from two different parts are not equivalent.

7: for each part do
8: if the part contains odd number of WLTs or more than half of WLTs are from one

graph then
9: return FALSE

10: end if
11: create ordered pairs of vertices with the reference vertices of the WLTs in the

part s.t in each ordered pair (u, u′), u and u′ are neighbor vertices of vj and vj′

respectively and each vertex participates in one of such pair only. push all such
pairs in the stack.

12: end for
13: while in Tvj(G), there is an unmapped vertex ua, for which there is no equivalent

unmapped vertex (w.r.t Tvj(G)) s.t their WLTs are equivalent do
14: let ua′ be the equivalent unmapped vertex in Tvj′ (G

′) s.t Tua(G) and Tua′ (G
′) are

equivalent
15: if no such vertex found then
16: return FALSE
17: end if
18: if MAPdir(Tua(G), Tua′ (G

′)) returns FALSE then
19: return FALSE
20: end if
21: end while
22: return TRUE

Theorem 6 (Time complexity for detecting graph automorphism). Graph Automorphism821

is in P.822

Proof. Both Algorithm 7 and Algorithm 9 run in polynomial time with respect to n823

and m. Both algorithms are written according to the lemmas that we described in this824

subsection. Both algorithms can detect graphs with automorphism. It also can show a825

valid mapping among the vertex set. It also find the number of valid mappings (denoted826

as possibleMapping in the algorithms) automorphism. It is easy to show all possible827

mapping among the vertices by modifying the algorithm. In case of directed graph, we828

need to keep track of the neighbor vertices once the host vertices are mapped. We use a829
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stack in Algorithm 9 for this purpose. Thus, we prove that graph automorphism is in830

P.831

4.2. Graph Isomorphism832

Let G(V, E) and Tu′(G′) be two isomorphic graphs. We can make the following833

remarks on the WLTs of G(V, E) and G′(V′, E′).834

Remark 3. All WLTs of both graph can be partitioned in such a way that in all equivalent835

WLTs are in the same part. Any two WLTs from two different parts are not equivalent. Each836

part contains even number of WLTs and exactly half of WLTs are from one graph. We take two837

equivalent WLTs: Tu(G) and Tu′(G′) from such a part. Every vertex in Tu(G) must be mapped838

to a vertex in Tu′(G′) and u can be mapped to u′. Suppose, we map u with u′. We have the839

following mappings: (i) for each vertex in Tu(G), there must exist an equivalent vertex with840

respect to Tu(G) and Tu′(G′) such that the WLTs, where they are the reference vertices, must841

be equivalent, (ii) if any two vertices are mapped they must be equivalent with respect to Tu(G)842

and Tu′(G′) and the WLTs where they are the reference vertices must be equivalent, (iii) if two843

vertices are equivalent with respect to Tu(G) and Tu′(G′) and the WLTs where they are the844

reference vertices are equivalent then those vertices can be mapped, (iv) if we partition all vertices845

in Tu(G) and Tu′(G′) such that all vertices in a part are equivalent with respect to Tu(G) and846

Tu′(G′) and the WLTs, where they are reference vertices, are equivalent. In each part, there are847

even number of vertices and exactly half of the vertices are from Tu(G), (v) If we848

We can validate all statements in Remark 3 in the following way. G′(V′, E′) can be a849

graph that is created by changing the vertex labels of G(V, E). So, Remark 3 is extended850

from Remark 2.851

Lemma 25 (Correctness of algorithms for graph isomorphism). Algorithm 11 and Algo-852

rithm 13 can detect isomorphic and non-isomorphic graphs correctly.853

Proof. Algorithm 11 and Algorithm 13 are written based on the similar principle like in854

Algorithm 7 and Algorithm 9 respectively. So these algorithms can detect isomorphic855

graphs correctly. So, the permutation of adjacency matrices yields the same matrix. On856

the other hand, if non-isomorphic graphs are given as input to these algorithms. It can857

detect it correctly too. Because, no permutation of their adjacency matrices can make858

them equal.859

Lemma 26 (Time complexity for detecting graph isomorphism). Algorithm 13 and Algo-860

rithm 11 runs in polynomial time with respect to m and n.861

Theorem 7 (Time complexity for detecting graph isomorphism). Graph isomorphism is in862

P.863

Proof. It follows from Lemma 25 and Lemma 26.864

5. Conclusion865

Thus, we prove that both graph isomorphism and automorphism problems can be866

solved in polynomial time.867
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