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Abstract: An equation for the Fermi level of impurity isotropic semiconductors is considered 

when the bottom of the conduction band and the top of the valence band are at the center of the 

first Brillouin zone. The energy of charge carriers in the valence and conduction bands of 

semiconductors is considered taking into account the real positions of the top of the valence band 

and the bottom of the conduction band in the first Brillouin zone. A universal equation for 

determining the Fermi levels of impurity isotropic semiconductors is presented.  
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The conductivity of semiconductors varies greatly with temperature, which is mainly due 

to the dependence of the concentration of charge carriers in semiconductors on temperature [1, 2]. 

Therefore, in order to understand the conductivity and many other properties of semiconductors, 

it is necessary to study the change of the concentration of charge carriers in semiconductors as a 

function of temperature. To obtain the concentration of charge carriers in semiconductors, it is 

necessary to know the exact position of the Fermi level, which depends on the temperature and 

impurities of the semiconductors. There are many methods in the literature for calculating the 

Fermi level and the concentration of charge carriers in semiconductors. In some literatures, the 

Boltzmann distribution is used instead of the Fermi-Dirac distribution [3], thus the obtained 

equation for the Fermi level is only suitable for non-degenerate semiconductors, but no longer 

suitable for degenerate semiconductors; in other literatures, although the Fermi-Dirac distribution 
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function is used to describe the distribution of electrons and holes along energy, various 

approximations to the Fermi integral are introduced [4, 5], for example, it is assumed that the top 

of the valence band and the bottom of the conduction band are in the center of the first Brillouin 

zone. Although the top of the valence band and the bottom of the conduction band are located at 

the extreme point of the corresponding energy band – the top of the valence band is the maximum 

of the valence band, and the bottom of the conduction band is the minimum of the conduction 

band, the extremum of the energy band is not necessarily at the center of the first Brillouin zone 

(𝒌 = 𝟎) [6, 7]. In this manuscript, we denote the vector in dark black.  

When the top of the valence band and the bottom of the conduction band are at the center 

of the first Brillouin zone, their energies are expressed as 𝐸௡(𝟎),, where n is the number of the 

energy band. 

Since the top of the valence band and the bottom of the conduction band are located at the 

extreme point of the corresponding energy band, near the extreme point, the energy 𝐸௡(𝒌) can 

be expanded to the second order in accordance with the Taylor series: 

𝐸௡(𝒌) = 𝐸௡(𝟎) +
ħଶ

2
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 – effective mass of charge carriers near the 

edge of the energy band. 

In the case of isotropy, the isoenergetic surface in the first Brillouin zone is a sphere, and 

the electrons have a uniform effective mass 𝑚ି
∗ : 
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Similarly, holes have a uniform effective mass 𝑚ା
∗ . Then the energy of electrons near the 

bottom of the conduction band and the energy of holes near the top of the valence band have the 
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following forms: 

𝐸௖(𝒌) = 𝐸ି +
ħଶ

2𝑚ି
∗

|𝒌|ଶ (3) 

𝐸௩(𝒌) = 𝐸ା −
ħଶ

2𝑚ା
∗ |𝒌|ଶ (4) 

Where 𝐸ି – the energy of the bottom of the conduction band; 𝐸ା – the energy of the top 

of the valence band. 

The density of the energy state of Bloch electrons has the following form: 

𝑁(𝐸) =
2𝑉

(2𝜋)ଷ ඾
𝑑𝑆ா(𝒌)

|𝛻𝒌𝐸(𝒌)|
ฬ

ா(𝒌)ୀா

(5) 

Where 𝑉 – the volume of semiconductor; 𝑆 – isoenergy surface.  

Based on (5), one can obtain the density of the energy state of electrons near the bottom of 

the conduction band: 

𝑁ି(𝐸) =
𝑉

2𝜋ଶ
൬

2𝑚ି
∗

ħଶ
൰

ଷ ଶ⁄

(𝐸 − 𝐸ି)ଵ ଶ⁄ (6) 

The density of energy states of holes near the top of the valence band: 

𝑁ା(𝐸) =
𝑉

2𝜋ଶ
൬

2𝑚ା
∗

ħଶ
൰

ଷ ଶ⁄
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With a high concentration of impurities in conductors, the condition |𝐸 − 𝐸ி| ≫ 𝑘஻𝑇 is 

no longer met, thus the Fermi-Dirac distribution function is used for any conductor. 

Conduction band electrons are distributed according to the function: 

𝑓௘(𝐸) =
1

𝑒(ாିாಷ) ௞ಳ்⁄ + 1
(8) 

Valence band holes are distributed according to the function: 

𝑓௛(𝐸) = 1 − 𝑓௘(𝐸) =
1

𝑒(ாಷିா) ௞ಳ்⁄ + 1
(9) 

Let (𝐸 − 𝐸ି) (𝑘஻𝑇)⁄ = 𝜀௡ , (𝐸ி − 𝐸ି) (𝑘஻𝑇)⁄ = 𝑥௡ , (𝐸ା − 𝐸) (𝑘஻𝑇)⁄ = 𝜀௣ ，

(𝐸ା − 𝐸ி) (𝑘஻𝑇)⁄ = 𝑥௣ , then the concentration of the conduction band electrons and the 
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concentration of the valence band holes in thermal equilibrium are expressed as: 

𝑛 =
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Let in thermal equilibrium 𝑁஽ – the concentration of donors, 𝑁஺ – the concentration of 

acceptors, 𝑛ௗ  – the concentration of conduction band electrons excited by donors, 𝑝௔  – the 

concentration of the valence band holes excited by acceptors. 

In impurity semiconductors, the electrical neutrality condition is expressed as: 

𝑛 − 𝑛ௗ = 𝑝 − 𝑝௔ (12) 

Where 

൞
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1
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(13) 

Combining (10), (11), (12), (13) we obtain the equation for the Fermi level of impurity 

isotropic semiconductors when the top of the valence band and the bottom of the conduction band 

are in the center of the first Brillouin zone: 
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 (14) 

In practical semiconductors, the top of the valence band and the bottom of the conduction 

band are not necessarily at the center of the first Brillouin zone. Let the top of the valence band be 

at the position 𝒌𝟎௩ and the bottom of the conduction band at the position 𝒌𝟎௖. Near the extreme 

point 𝒌𝟎, the energy 𝐸௡(𝒌) can be extended to the second order in accordance with the Taylor 

series:  
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  – corrected effective mass of charge carriers near the 

edge of the energy band. 

In the case of isotropy, the isoenergy surface in the first Brillouin zone is a sphere, and the 

electrons have a uniform effective mass 𝑚ି
∗ᇱ:  
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Similarly, holes have a uniform effective mass 𝑚ା
∗ᇱ. Then the corrected energy of electrons 

near the bottom of the conduction band and the corrected energy of holes near the top of the valence 

band have the following forms: 

𝐸௖(𝒌)ᇱ = 𝐸ି +
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According to (5), the corrected density of energy states of electrons near the bottom of the 

conduction band is: 
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The corrected density of energy states of holes near the top of the valence band is: 
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The corrected concentration of the conduction band electrons and the corrected 

concentration of the valence band holes in thermal equilibrium are expressed as: 
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Thus, a universal equation for determining the Fermi levels of impurity isotropic 

semiconductors is obtained: 
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In comparison with equation (14), in equation (23) a new quantity 𝛻𝒌𝜀௡ appears, which 

like the effective mass depends on the structure of the energy band. 
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