Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 July 2021

Asymptotics and confluence for some singular nonlinear
g-difference-differential Cauchy problem

S. Malek
University of Lille, Laboratoire Paul Painlevé,
59655 Villeneuve d’Ascq cedex, France,
stephane.malek@univ-1lille.fr

July, 28 2021

Abstract

We examine a family of nonlinear g—difference-differential Cauchy problems obtained as a coupling of
linear Cauchy problems containing dilation g—difference operators, recently investigated by the author,
and quasi-linear Kowalevski type problems that involve contraction g—difference operators. We build
up local holomorphic solutions to these problems. Two aspects of these solutions are explored. One
facet deals with asymptotic expansions in the complex time variable for which a mixed type Gevrey and
q—Gevrey structure is exhibited. The other feature concerns the problem of confluence of these solutions
as ¢ > 1 tends to 1.
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1 Introduction

In this paper we study a particular family of nonlinear g—difference-differential Cauchy problems
displayed as follows

(1) P90 u(t, 2) = & (1,2, {07 020) (06, 2) ), 11 )

for prescribed Cauchy data
(2) (@10)(1.0) = v;(1) , 0<j<§ -1

where S, k > 1 are integers, ¢ > 1 is a real number and where the symbol P(T) from the leading
term of the equation (1) stands for a non constant element of C[T'] and $) represents some well
chosen finite subset of N? x Z. The right part &(t,2,{V,},eq) of (1) is a polynomial in the
variables V, for r € §), holomorphic relatively to z on some disc in C centered at the origin and
which depends polynomially on ¢ along with the data (2). The precise shape of (1), (2) is stated
in Corollary 1 in Subsection 3.3.

The present work is the sequel of the investigation initiated in [13] that focused on some
linear g—difference-differential Cauchy problems outlined as

(3) P(tk“@t)@fu(t, z) =P(t, 2z, 041, tk“at, 0,)u(t, z)

© 2021 by the author(s). Distributed under a Creative Commons CC BY license.


http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 July 2021

for given Cauchy data
(4) (02u)(t,0) = @;(t) , 0<j<S—1

where S > 1 is a suitable natural number, the piece P(T) from the leading term of (3) is the
polynomial appearing in (1), £ > 1 is the integer stemming from (1), o4, stands for the dilation
operator t — qt for ¢ > 1 arising in (1) and the right handside P(t, z, V1, Vo, V3) together with
the data (4) represent fittingly selected polynomials. As sumed up in Theorem 1 of this work,
under strong restrictions on the shape of (3) (not discussed in this paper but listed in [13]), a
finite set {u,(t, 2) bo<p<c—1, for some integer ¢ > 2, of holomorphic solutions to (3), (4) could be
modeled on products 7, x D, where D stands for some small disc centered at 0 in C and where
T = {Tp}o<p<c—1 is a suitable set of bounded sectors whose union covers some neigborhood of 0
in C*, see Definition 1. These solutions were expressed through Laplace transforms of order k,

(5) w(t,2) = k /L w, (1, 2) exp(—(u/t)F)dufu

P

along halflines L., = [0,400)eY "1 in convenient directions v € R where the Borel map
wp(u, z) is holomorphic relatively to z on D and is compelled to bear g—exponential growth
rate (17) w.r.t u on some unbounded sector U,. In [13], we addressed two important features of
these solutions

e Asymptotic behaviour w.r.t the time variable t as ¢ — 0.
e Confluence property as ¢ > 1 tends to 1.

Regarding the first point, a fine structure of mixed Gevrey and ¢—Gevrey type was disclosed.
Namely, as expounded in Theorem 3 and 4, all the partial maps ¢ — uy(t, z) share a common
formal power series u(t,z) = >, <o un(2)t", where u,(z) are bounded holomorphic on D, as
so-called Gevrey asymptotic expansion of mixed order (1/k;(g,1)) on 7,, meaning that two
constants C, M > 0 can be pinpointed with

N+1
(6) sup fuy (1, 2) - > ()] < UV ANl T
Z n=0

whenever ¢t € T, for all integers N > 0.

Concerning the second item, discussed in Subsections 5.1 and 5.5, we have shown that for
any prescribed sector 7 from the covering 7T, the corresponding solution wu.4(t, z) (whose reliance
on the parameter ¢ is flagged by an index ; ¢) to (3), (4) merges uniformly on 7 x D, as g € (1, qo]
tends to 1 for some fixed gop > 0, to a holomorphic map w(¢,2) on 7 x D which itself solves
some linear PDE Cauchy problem given by (175), (176). More precisely, some constant K > 0
(unrelated to ¢) could be singled out with

(7) sup fuyy(t, 2) —ua(t,2)] < K(g —1)
teT,zeD
provided that ¢ € (1, go].
The problem (1), (2) examined in this work is actually obtained by means of a procedure
(described in Subsection 2.2) which consists in coupling the singular linear Cauchy problem

(3), (4) with a quasi-linear Kowalevski type problem which involves the contraction operator
Og-1q it g~ 't, framed as

®) OEV(t,2) = Prlt, 20410 710, 0.0t 2) + alt, 202, ) + u(t, 2)
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for assigned Cauchy data

(9) (0v)(t,0) = p;(t) , 0<j<r—1

where £ > 1 is an appropriate integer, a(t, z) is some polynomial in ¢ with holomorphic coeffi-
cients on D, the linear piece Pi(t, z, Vi, Vs, V3) as well as the data (9) stand for properly chosen
polynomials and where the forcing term (¢, z) is required to solve the linear problem (3), (4).
Notice that the appearance of the g—difference operator o,-1,; is mandatory when some time
derivative 0; occurs in the equation (8), according to the constraints (20).

Our objectives remain similar to those in [13] and concern

e The construction of local holomorphic solutions to (1), (2).
e Asymptotic expansions of these solutions as time ¢ borders the origin.
e Confluence aspects as ¢ — 1.

The first item is completed in Subsection 3.3 (Theorem 2) where a finite set {v,(t, 2) }o<p<c—1
of holomorphic solutions to (1), (2) is built up on domains 7, x D, provided that the radii of
7, and D are taken small enough. Furthermore, the solutions can be represented as Laplace
transforms of order k,
w(t.2) =k [ Oy 2)exp(— (/)
Ly, u
along the same halflines L., as in (5) where the Borel map ©,(u, z) remains holomorphic w.r.t
z on D but suffers now (at most) exponential growth rate (89) of order k relatively to u on U,
(and not in general g—exponential increase as it was the case for wy).

The second item is achieved in Subsection 4.5 (Theorem 5) where the existence of a formal
power series 9(t, z) = Y50 hu(2)t!, with holomorphic coefficients h;(z) on D, is established which
stands for the common Gevrey asymptotic expansion of mixed order (1/k;(g,1)) on T, of the
partial maps ¢t — v,(t,2), 0 < p < ¢ — 1, satisfying therefore similar estimates to (6).

The last item is explained in Subsection 5.7 (Theorem 6). For any given sector 7 from the
covering 7, the related solution v.4(t,2) (whose dependence on ¢ is marked by the index ;q)
to (1), (2) converges uniformly on 7 x D, as ¢ — 1, to a holomorphic map v.1(t,z) on T x D
which is the solution of some nonlinear PDE Cauchy problem, stated in (180), (181). Factually,
comparable bounds to (7) hold, see (287).

We draw attention to the fact that the proofs of our three main statements Theorems 2, 5
and 6 lean on statements established in [13]. In essence, the features of the solutions v,(t, z) of
(1), (2) reached in this paper are identical to those of the solutions u,(t, z) of (3), (4) achieved
in [13]. However, their proofs differ fondamentally. Indeed, the construction of the sectorial
local holomorphic solutions vy (¢, z) to (1), (2) is performed by means of a fixed point argument
in suitably selected Banach spaces (Subsections 3.1 and 3.2) when a mere induction principle
and elementary estimates were only required to reach the local solutions uy(t,2) of (3), (4).
The asymptotic features relatively to time ¢ of the solutions u,(t, z) were obtained by dint of a
version the so-called Ramis-Sibuya theorem which banks on sharp estimates of the differences
Up+1—Up. This approach fails to be applied in our nonlinear context. We use instead a majorant
series method that reduces the problem to the construction of formal power series solutions to
a related Cauchy problem in appropriate Banach spaces (Section 4). Regarding the confluence
properties, both works hinge on an auxiliary result which studies the action of g—difference
operators on the Borel maps of the limit maps (¢, 2) and v.1 (¢, 2) (see Propositions 17 and 18)
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but the proofs of the present work are again based on functional analytic arguments and the use
of accurate bounds in Banach spaces, while induction principle was favored in [13].

Observe that, by construction, the nonlinear g—difference differential equation (1) involves
both dilations and contractions w.r.t the time variable ¢ by means of the presence of operators aé;t
for both [ > 0 and I < 0. The same property arises in the framework of nonlinear g—difference
equation in the study of the so-called g—Painlevé equations. Indeed, the g—discrete versions of

the first and second Painlevé equations are expressed through the next two equations

1 _ 1
w(z) zw?(x)

w(qﬂﬁ)w(g) =

and
LN az?(g(r) + 2?)
M2 = @ o~ D

for = x9q™ with n € Z for some z¢ € C, g € C\ {0,1} and « some parameter, see for instance
[6], [8]. For an excellent comprehensive and introductive book to g-Painlevé equations and more
generally to integrable discrete dynamical systems, we mention [5].

Regarding the existence of local holomorphic solutions to nonlinear g—difference equations,
we may refer to some recent works. Indeed, for meromorphic or holomorphic solutions around
the origin for special type of nonlinear ¢—difference equations such as the g—Painlevé equations,
we can mention [7], [21]. Some category of nonlinear g—difference equations of the form

zy(qr) = y(z) + by (), x)

where b is some polynomial has been investigated by F. Menous in the paper [19] who gave
assumptions under which such equations can be analytically conjugated to well studied models
of linear g—difference equations with so-called irregular singularity at the origin, xz(qx) = z(x)
or zz(qx) = z(z) + z. In the recent work [4], R. Gontsov, I. Goryuchkina and A. Lastra provide
sufficient conditions for the convergence of so-called generalized power series

p(z) =) ;2%

>0

with complex coefficients ¢; € C and complex exponents \; € C, that are solutions of algebraic
q—difference equations

F(z,0(2),0(q2), -, 9(q"2)) =0

where F stands for some polynomial, providing in particular local sectorial holomorphic solutions
to these equations.

In the context of nonlinear g—difference-differential equations, the literature concerning local
existence of solutions is less profuse. Nevertheless, the important result by H. Yamazawa [22]
ought to be quoted in that trend. The author constructs holomorphic and singular solutions of
logarithmic type near the origin to equations of the form

u(qt, x) = u(t,x) + F(t,, {07 u}|a|<m)

fort € C,xz € C", n > 1, ¢ > 1 and where F' is some well prepared analytic function in its
arguments.

On the subject of confluence for linear g—difference equations, some recent references have
been pointed out on our lastest contribution [13]. The confluence in the framework of nonlinear
q—difference equations has been much less examined and represents a propitious direction for
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upcoming research. For instance, some aspects of confluence for the so-called g—Painlevé VI
equation have been recently undertaken by T. Dreyfus and V. Heu in [3]. They construct some
well prepared ¢g—analog Hamiltonian system

aq,ty = aq,Z]y(yv Z7 t) + O(q - 1)
Ogtl = —04yH(y,Z,t)+0(q—1)

U;;_;l and show that its discret solution given in the form of two sequences

yi = y(¢'to), Z; = Z(q'ty) for given ty € C* and (yo, Zo) € (C\ {0,1,%0}) x C encodes the Taylor
series coefficients of the holomorphic solution (y(t), Z(t)) to the (formal limit as ¢ > 1 tends to
1) non autonomous Hamiltonian system

where 0y, =

OH

y/(t) = ﬁ(yuzat)
Zl(t): _aazl(yazat)

with initial condition y(tg) = yo and Z(ty) = Zo, which defines the sixth Painlevé equation for
some prescribed rational map H € C(y, Z,t).

2 The main problem outlined

2.1 A finite set of holomorphic solutions to a singular linear Cauchy problem

In this subsection, we remind the reader parts of the results obtained in our previous work [13]
that will be used within the present section 2. We first describe the linear Cauchy problem we
have considered in that study.

Let k,S > 1 be integers and ¢ > 1 be a real number. We set P(7) € C[r] a polynomial with
complex coefficients such that

(10) P(0) #£0

Let A be a finite subset of N*. For all [ € A and all 0 < j < S — 1, we fix polynomials ¢;(2) and
©;(t) with complex coefficients.
We focus on the next singular linear Cauchy problem with polynomial coefficients in time,

(11) P(tk+18t)8§u(t, Z) _ Z CL(z)tlo <(tk+18t)llaiQU) (ql3t,z)
1=(lo,l1,l2,l3)eA

for given Cauchy data
(12) (u)(t,0) = pj(t) , 0<j<S—1.

In order to describe a set of solutions to (11), (12), we need to recall the definitions of good
coverings and admissible sets of sectors introduced in Section 6 of [13].

Definition 1 Let ¢ > 2 be an integer. For all 0 < p < ¢ —1, we select open sectors T, centered
at 0 (and do not contain 0) with given radius v that fulfill the next three features:

i) The intersection of any two consecutive sectors of the family T = {Tp}to<p<c—1 is non empty,
namely

TN Tpr1 #0
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for all 0 < p < ¢ —1, with the convention that T. = To.
ii) The intersection of any three elements in T is empty.
iii) The union of the sectors T, covers some punctured neighborhood U of the origin in C*,

UpmoTp =U =U\ {0}
The family T is then named a good covering in C*.
The notion of admissible set of sectors is depicted in the next

Definition 2 We set ¢ > 2 as an integer and set T = {T,}o<p<c—1 as a good covering in C*.
We consider a set U = {U,}o<p<c—1 of unbounded sectors U, centered at 0, that endorse the next
two properties:

1) Each sector Uy, does not contain any of the roots of the polynomial u P(ku®), for0 <p <
¢—1.

2) For all 0 < p < —1, there exists a constant A, > 0 such that for all t € T, one can single
out a direction 7, € R (that may depend on t) such that both conditions

(13) L., = [0,+00) exp(v/—17,) C U, U {0}
and

(14) cos(h(y — ang(t))) > A,

hold.

We say that the set of sectors D = {T,U} represents an admissible set of sectors.
In Section 6 of the paper [13], we have obtained the following result.

Theorem 1 Let us assume that all the requirements asked in Section 2.1 of [13] hold true. Fix
a good covering T = {Tp}o<p<c—1 in C* and a set U = {Up}o<p<c—1 of unbounded sectors chosen
in a way that the data D = {T,U} forms an admissible set of sectors.

Then, for all 0 < p < ¢ — 1, one can construct a solution uy(t,z) to the Cauchy problem
(11), (12) that is bounded and holomorphic on T, X Dﬁ and that can be expressed through a

Laplace transform of order k,
(15) up(t,z) = k:/ wy(u, 2) exp(—(u/t)*)du/u
L,

for (t,z) € Tp x Dﬁ where D% stands for the disc centered at 0 with radius ﬁ for some

well chosen constant Cy > 0. The Borel map wy(u, z) represents a holomorphic function on the

domain U, x D 1 whose Taylor expansion
2C4

B

z

(16) wp(u, 2) =Y wp,ﬁ(u)ﬁ
B8=0

is subjected to the next bounds

(17) |wp,g(u)| < Cg(C4)ﬁﬂl\u| exp (k1 log?(|u| + uo) + alog(|u| + uo))

for all B >0, all w € Uy, for suitably chosen constants Cs, k1 >0 and ug > 1, a > 0.
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2.2 Setup of the main nonlinear Cauchy problem

Let k > 1 be an integer and k, g as defined in the previous subsection. Let C be a finite subset
of N, For all h € C, we fix a bounded and analytic function dj,(z) on a disc Dg centered at 0
with some radius R > 0. Furthermore, we define a polynomial

A

a(t,z) = Z an(2)t"

h=0

for some integer A > 0, where the coefficients aj,(z) are bounded and holomorphic on D and
for all 0 < j <k —1, we denote @;(t) polynomials with complex coefficients written in the form

(18) pi(t) =D pial(h/k)t"
heJ;

where J; stands for a finite subset of N\ {0}.
The finite set C is compelled to fulfill to the next list of requirements:
A1) There exists a real number b > 1 for which

(19) Kk >bhy+he , K> hy
for all h = (ho,hl,hg,h3) ecC.
A2) The next inequalities

1
(20) 52(E+1)h1+h2 , K>ho , hg>h

hold provided that h = (hg, h1, he, h3) € C.
We consider the next nonlinear nonhomogeneous Cauchy problem

h=(ho,h1,h2,h3)eC

(21) Ofvy(t, ) = 3 dy (2)t" ((t’fﬂat)hlag%p) ("3t 2)

+ a(t, z)vf,(t, z) + up(t, )
for given Cauchy data
(22) (D2vp)(£,0) = ¢;(t) , 0<j<rK—1

where the forcing term wu,(t, ) is the holomorphic solution of the linear Cauchy problem (11),
(12) disclosed in Theorem 1 of the former subsection.

We now unveil our main roadmap that will lead later on to the construction of suitable sets
of solutions to our problem. We search for solutions to (21), (22) in the form of a Laplace
transform of order k£, namely

(23) vp(t,2) =k : 0, (u, 2) exp(—(u/t)*)du/u

along the halfline L, = [0, —|—oo)e‘/_717p appearing in the representation (15). So far, the so-
called Borel map ©,(u, z) is supposed to be holomorphic with respect to u on the unbounded
sector U, and analytic w.r.t z on some small disc D, centered at 0 with radius » > 0. For the
Laplace transform to be well defined, we make the further assumption that ©,(u, z) has a most
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exponential growth of order k£ w.r.t v on U, uniformly in z on D,, meaning the existence of two
constants C', K > 0 with

sup 0, (1, 2)| < Cl exp(K]ul*)

z€D,.
for all uw € U,. Once we assume that such solutions exists, we will derive some functional
equations that the Borel map O, (u, z) will be asked to solve at a formal level only. Such equations
will be described in the next subsection. Later on, in Subsection 3.2, these convolution equations
will be solved in some Banach space of holomorphic functions, see Proposition 9, producing a
genuine holomorphic map ©,(u, z) satisfying the above requirements.

2.3 An auxiliary Cauchy problem satisfied by the Borel map ©,

We first need to remind the reader the next proposition which is a slightly modified version of
Proposition 1 of [13].

Proposition 1 We set (E,||.||g) as a complex Banach space. Let k > 1 be an integer and
let w: Sqs — E be a holomorphic function on the open unbounded sector Sgs = {u € C* :
|d — arg(u)| < &}, continuous on Sqs U {0}. The existence of two constants C' > 0 and K > 0
such that

(24) lw(u)||e < CluleX*

is assumed for all w € Sqs5. Then, the Laplace transform of order k of w in the direction d is
defined by
d
£ =k [ wwe @,

Ly u

along a half-line L, = R e C Sas U {0}, where v depends on t and is chosen in such a way
that cos(k(y — arg(t))) > 61 > 0, for some fized 61. The function L& (w(u))(t) is well defined,
holomorphic and bounded in any sector

(25) Spomie ={t€C [t < RY* | |d—arg(t)| < 0/2},

where T <0 < T +25 and 0 < R< 01/K.

A) The action of the Laplace transform on entire functions is described as follows: If w is an
entire function on C, with growth estimates (24) and with Taylor expansion w(u) =Y, ~; bpu”,
then L&(w(u))(t) defines an analytic function near the origin w.r.t t with convergent Taylor
expansion Y~ I'(F)bnt".

B) The actions of the irreqular operator t*t19; and the monomial t™ on the Laplace transform
are expressed through the next formulas

(26) Li(kutw(u)(t) = 70, (L w()®) | Ll w(w)(E) = L (s (@ 5 w(w) ) (0),

for every integers m > 1, and for allt € Sy 4 pijr with 0 < R < 61/K. Here, u™ x, w(u) stands
for the convolution product

m u® o k m_ 1/k ds
u™ kp w(u) = e J, (u® —s)* w(s )?
k
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C) Let wi,ws : Sq5 — E be holomorphic maps with the same feature (24) as w above. Assume
moreover, that B is equipped with a product % in a way that (E,*) becomes a Banach algebra.
Then, the next multiplicative formula

(27) L (wr () (1) x L (w2 (u))(t) = Lii(wi(u) % w2 (u))(t)
holds for all t € S, pijx with 0 < R < 61/K, where w1 (u) x, wz(u) represents the convolution
product
k
w 1
ok k_ \1/k 1/k
wn (1) % w3 (1) = /0 wn (o = )1 19) s () s
D) The action of the dilation q° commutes with the Laplace transform, for any integer § > 1,
namely
(28) Li(w(w))(¢’t) = L (w(g"u))(t)
holds for allt € S, , i for 0 < Ry < 61/ (Kq*).
gtas]

The point A) allows the Cauchy data (22) to be expressed through Laplace transforms of order
k,

(20) (1) = k / By (u) exp(— (u/t)*)du/u

Ly

of polynomials given by Pj(u) = Zhejj j)jﬁuh, for0<j<k-—1

Owing to the above identities (26), (27) and (28), we observe that the Laplace representation
(23) solves the Cauchy problem (21), (22) if the Borel map O,(u, z) is subjected to the next
nonlinear and nonhomogeneous convolution Cauchy problem

(30) 0:0,(u,2) = S k)Y (026, ) (g, 2)

ﬁ:(ho 7h1 7h2 7h3)EC;h0 =0
k

k U N

+ Z dh(z)u/ (uk — S)Tofl(k;(q*hssl/k)k)fn (agz@p) (qfhssl/k,z)
h= : I'(ho/k) Jo

77(h07h15h21h3)ec7h021

ds
S

k

Fant [© Oyt s 8 (61 ) s

k

A k
an(z)—t uuk—S%ﬂs s o sk Sl/k}J#g ds
+hz:1 h( )F(h/k)/o ( ) ( /0 Op(( 1) 7", 2)0,(s, 7, )(8—51)51d 1) .

for prescribed Cauchy data

(31) (016,)(u,0) = Pi(u) , 0<j<n—1.

3 Solving the main nonlinear Cauchy problem

Within this section we construct actual holomorphic solutions to our main problem (21), (22)
as Laplace transforms which boils down to build up actual holomorphic solutions to the Cauchy
problem (30), (31) in suitable Banach spaces.
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10

3.1 Some Banach spaces of analytic functions

In this subsection, we disclose the definition and properties of the Banach spaces in which we
search for solutions to the Cauchy problem (30), (31).

Definition 3 a) Let b > 1 be a real number. We set

G|
(32) ro(B) = nz:;) CENNG

for all integers B > 0. We fix 0 > 0 a real number. We denote Eé@aup) the vector space of all

functions ©(7) that are holomorphic on the unbounded sector U,, (determined in Theorem 1) for
which the norm

1 + |T‘2k k
(33) HO)l(s.01) = Sup Wexp(—an(ﬁ)hl )10(7)]
TCUp
is finite.
b) Let Zy > 0 be a real number. We set GI(‘:U Zoty) O3 the vector space of all holomorphic functions

.8
O(r,2) =) Os(7) 5

=0
near z = 0 with holomorphic coefficients on U, such that the norm

78

(34) 10(m )|, 2024 = D Heﬁ(T)”(ﬁ,a,up)F(;

B=0
is finite. The normed space (G”(“(7 Zolhy)? -Il(0,204,)) turns out to be a Banach space.

It is worth noticing that these Banach spaces are slight modifications of the Banach spaces
introduced by the author and C. Stenger in the work [18] and by O. Costin, S. Tanveer in [2].
Similar Banach spaces have been used by the author and his colleagues in related works, see [9],
[11], [15].

In the next list of propositions, we analyze the continuity of linear and nonlinear maps acting
on these Banach spaces that will show to be useful in the next subsection.

Proposition 2 Let hi, ho, hg > 0 be integers such that
(35) ho > bhy

Then, one can find a constant My > 0 (relying on k,q, hi, ho, hs,0,b) such that
(36) P (0572 1) (077, 2) 20ty < M1 ZEE 17,2 o)

for all f(7,2) € G](’CU Zoddy)’ where (92_’"”2 stands for the ha-times iteration of the integration map

0;1f(2) = [§ f(s)ds.
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Proof Let f(7,2) =3 55 fa(1)28 /B! with fs(7) € Eécﬁ,a,up) for all 8 > 0. We check that
khi ( A—ha —hg khy N

T ( f> T, 2) Z T fa_hy(q T)ﬁ

B>ha )

In the next lemma, we provide bounds for the coefficients of this last series.

Lemma 1 The next bounds

_ h _
T Nl - IR GRSV NG [P

hold for all B > ho.

Proof We observe that

B 1+ |7|% _
B8) 1T Fna(a ™Dl sy = 510 = exp(an D fy-ala47)
TCUp
1+ q—h3,7_ Qk _ _
= s {'_h‘exm—orb(ﬂ—hz)\q " ]| faony (a7 b % A7), B)
TEUp |q 3T|

where

o714 o

|7| 1+ |ghsr|2k "1 exp(—ary(B)|7|F + ore(B — he)|q~ " 7|F)

All], 8) =

|7

for all 8 > hs. Besides, we notice that

14+ |7_|2k 1+ q2kh3|q—h37_|2k 1+ q2h3kaj ok
= S sup ——— =¢ 3
1+ [g-hsr|2F 1+ g-hsr|2k >0 1+
for all 7 € Uy, since the function h(z) = H‘IIT:SZ is increasing on [0, +00) provided that g > 1.
We deduce that
(39) A(l7], 8) < (|7, B8)

where

G(I71, B) = g2 oo exp (= o(r(8) = (8 — ha)I[*)
for all 7 € U, all B > ha. In the next step, we supply bounds for the map ). We check that

B

1 ho
r(B) = (8 — ha) =
ne e n:ﬂ;@“ m+1F = (B+1p

for all 8 > ho and in a row with the classical estimates

_ mi _
supz™e M = (— )M ™

>0 ma

for any given integers mi > 0, my > 1, we deduce that

(40) (|7, B) < gV exp (- gD sup 2 exp (""2)”5)

_ot2 <
(5+1)b‘T|>_ >0 B+1)°

h
(Zk 1)h3 1 —h1 bhy
=q (0h2) (B+1)



Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 July 2021

12
for all T € U, all B > hs.
At last, collecting (38), (39) and (40) gives rise to the forcast bounds (37). O
Owing to the above lemma, we deduce the next bounds
kh h —h kh Zg
(1) W (07 ) @57, 2o 2oty < D I o (a7 s o) G
B>ha
(2k—1)h o—h ons Ziy
< g (LY e S (Ol oag (5 1) i
B>ho ’
h _ (B — hy)! z5h
g1k 1 h bh h
() e S {5+ T {[L o[ CR ARy ey
B>h2
Futhermore, we see that
(B —ha)! (8 + 1) h BAD™M
42 + 1) zZh = < St 7l < ML Z)?
W) DT BB 1) (Bt Dt S@-mramo0 =tk
for some constant M, (relying on b, hy, hy), for all § > hy under the constraint (35). Finally,
gathering (41) and (42) yields the expected bounds (36). O

Proposition 3 There exists a constant Ms > 0 (depending on k) such that

k
T 1
k k 1/k 1/k
@3) 117 [ 1= 9 20l ) sl o

< Mol f (7, 2)l(,20 ) 119(T> 2) |0, 20,24,)

forall f,g € Glgo,zo,up)'

Proof Let

= fs(n) 5 => gs(7)

B>0 B>0

where f3(7),95(7) € E(kﬁ,o,upy for all 8 > 0. By construction, one can check that

/ F(T* )%, 2)g(5%, 2 &ﬂlsﬁ@
B

fa (7 —5)1/k) (V7)1
_Z Z / pIzE gﬁﬁQ! (Tk—8)8d8>ﬁ

B>0 B1+p2=

In the next lemma, estimates for the coefficients of the latter series are disclosed.
Lemma 2 There exists a constant By, > 0 depending on k such that

1
(k —s)s

Tk
<%>|hﬁ£ For (7 — 5)%) g (51%) dsl(groat

< Bkaﬁl (7—)”(5170,1/{;;)H952 (T)H(BQ,U,UP)
for all B> 0, all 51,82 > 0 such that B + P2 = .
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Proof Departing from the very definition of the norms, we can factorize the upper bounds as
follows

Tk
46 k k_ \1/k 1/k #d < ﬂ
(46) |7 fa (7% = 8) %) gp, (s7/7) — sll(g.ou,) < sup
0 (r s)s

sup = T esp(-on()lrl)

X | T

T -k _ g\1/k|2k
k/ {1 : rl(k - s\l)/k = exp(—omy(B1)(17* = s[4 £, (7 )7}

|7_k _8’1/k |81/k|
1+ |(Tk _ 8)1/k’2k 1+ ’sl/k‘2k

(H“is)s} ds

(i a9} |

x exp(orp(B) (17 — s['/*)") explomy(B2) s [*)

< B(B1, B2)l| 51 (Tl (81,004 11982 (T (B2,0.4)
where
|
(47) B(Si1,P2) := sup i’
TEUp ‘T|

k
y ’T‘k /|T| (‘7_|k _u)l/k ul/k
o 1+ (7]F—u)? 1+ u?

exp(—ory(8)|7[)

exp(arb(ﬁl)(]ﬂk —u))

1

X eXp(UTb(BQ)U)mdU

for all 81,82 > 0 with 81 + B2 = 5. Since [ +— r(3) is an increasing sequence, we observe that
r5(81) < m(B) together with r,(B2) < rp(5) and we get

ory(B1) (7" = u) + ory(B2)u < ore(B)|7]*

for all 0 < u < |7|¥. We deduce that

(48) B(B1, B2) < By
with - ) )
1 2% T [ T R SIS
gy L g [
T o L+(rF—u)3l+u

From now on, we perform computations based on the ones already done in our previous work
[10]. We first assume that k > 2.
We make the change of variable u = |7|¥2, 0 < 2 < 1 in the above integral part

rl* 1_ 1_
o [l
o 1+ (7F—u)?1+ u?

1

1 1 1 1

= dx x |7|7F+2
|, T Tt
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Besides, using a partial fraction decomposition, we can split the next integral along [0, 1] as

(50) /1 1 1 1 Ly
X
o 1+ —2)2 1+ 7?22 (1 — g)l=k z1%

1 </1 3— 2 1 L
APy TR = 2)? (1 — )l

N /1 2r+1 1 1 dx)
o 1+ |7[*ka? (1-— x)lfé ol =%

for all 7 € U,,. Furthermore, the change of variable z1 = |T|k.’1}, for 0 < z <1 enables us to reach
the bounds

1 1
2¢+1 1 1 1 1 1
(51) / 2%k .2 T rdr < 3/ 1 2% .2 T rde
o 1+ 7P (1 — 2)l=% 21k o 1+ 71**a? (1 — 2)l-x 2ls

3 (M 1 1 By
= / 3 1 1 dxl S 71
Tl Jo 14271 —2)l-x 1w 7]

||

for some constant By ; > 0 provided that 7 € U, with |7| > 1. In a similar way, one can find a
constant By o > 0 for which

/1 3—2z 1 1 By
0

52
52 TH P 2P (1 gy f ot

as long as 7 € U, with |7| > 1.
Gathering (49), (50), (51) and (52) yields that

(53) By, is a finite quantity

provided that k > 2.
It remains to check the case £k = 1. In that situation, the quantity B; can be computed
explicitely

— 2 " L U
6 5= w0+ | ey

log(1 + 2?) + zarctan(x)
= sup(1 + z7)2
1218( ) z(x? +4)

and turns out to be a finite positive real number.
Finally, collecting the intermediate upper estimates (46), (48), (53) and (54) gives rise to
Lemma 2. O

From the expansion (44) along with the lemma 2, we obtain the next bounds

k
T 1
k k k k
(55) ||7'/0 f((r —5)1/72)9(81/az)mdsn(o,zo,up)

|‘f51(7—)||(61,a,up) ||gﬁz(7_)||(52,cr,up) Z'B
<3, 2 g )

= B[l £ (7, 2)l| (0,200 [19(T: D)0, 20 14

B>0 p1+p2=0

from which Proposition 3 follows. O
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Proposition 4 Let hg > 1 and hy, ho, hs > 0 natural numbers such that
(56) ho > bhy

Then, there exists a constant Ms > 0 (depending upon k,q, ho, hi,he, hs,0,b) such that

Tk
67) It [ =) B (000 ) (a5 sl iy < MaZ o

for all f € G o\ ZoUy)"

Proof We check that Proposition 4 is a direct consequence of Proposition 2 and Proposition 3.
Indeed, we set

g(1,2) = Tk (8;h2 f) (q_h37, 2)

for a given f € G¥ According to Proposition 2, we observe that g(7,z) belongs to
& (0,Z0.Up)’
k

G(U? Zoihy) and that

(58) 1G(7, 2) (0, 204y) < M Z?||£(r, o, 2014,)

for some constant M; > 0 provided that (56) holds. Furthermore, we set f(r,z) = 7. By
construction, we notice that f(7,z) € G’(“U Zolly)" Then, we get that

Tk/ (Tk — s)hTO_lshl_l (8;h2f) (q_h3sl/k, z)ds
0

Owing to Proposition 3, we get the next bounds

1
(59) HT/ F((F = 9)VF 2)g(s'k, 2 )mdé’ﬂ(a,zo,up)

~ h
< M| (7, 2) 10,20 14 13T ) (0, 20.24) < MM ZG? |7 |5, 224, 1 (7 2) | 0,20 24

for some constant M (relying on k). At last, we set Mz = MyM; ||, 7, u,) Which yields the
result. O

Proposition 5 Let a(z) = > 55 agz”’/B! be a holomorphic function on a disc D with radius
R > Zy. Then, the next bounds

(60) Ha(z)f(7—7 Z)H(J,Zo,up) < ’a|(ZO)Hf(T7Z)H(U,ZO,L{,J)

hold for all f € Glfa,zo,up); where

jal(Zo) =) Iaﬁl

5>0
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Proof Let
2)=>_ fa(r)"/8!
=0
with fg(1) € Eég olly) for all 8 > 0. We first expand the product
Z ( Z aﬁ1 f/32 )) /B
550 i PP BB
which allows to control its norm
B
1a(2)f (7, 2)l (o, 20 14) < D ( > B |ZBI;| L (Tg ’1(6’07%))??
520 fitfa=p IV > :
Besides, since 13(82) < rp(8) for B2 < B, we notice that
Hfﬁz (T)"(,B,J,Z/{p) < Hfﬂ2 (7_)"(,32,0,1/{;,)
for 0 < By < . Hence,
|a/31| Hfﬁz( )H (B2,0,Up) Zg
a() S (7 Moz <D (D0 5 )
B>0  Pi1+P2=
|ag| fa(T)l(5.0u
(Z B Zﬁ)(z ﬁ'( ”)Zg)
=0 B=>0 '
which confirms the statement of Proposition 5. a

In the next proposition, we show that the Cauchy data (31) belong to the Banach spaces
considered in Definition 3.

Proposition 6 We set
(61) U(r,z) =) Pi(r)=

where the polynomials Pj(T) are given by the Cauchy data (31). Then,
a) For all integers hi,hg >0, 0 < hg < k — 1, the maps

(r,2) = 770 (9020 (g7, 2)

belong to Gfa Zoly)’ for all 0, Zg > 0.
b) For all integers hog > 1, hi,hg >0, 0 < hy < k — 1, the maps

k

(1,2) — Tk/ (rF — s)hTO_lshl_l (822‘@) (q_hf”sl/k, z)ds
0

appertain to G( Zo )’ for all o, Zy > 0.
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Proof We first make the Taylor expansion

k—1—ho

ha § —h - 7
(029 (g7 2) Z Piensla™)
explicit provided that 0 < ho < k — 1.
We focus on a). By the very definition of the norm, we get
k—1—ho Z]
kh hoqF —h khi 1 —hs:

I (@2 0) o Mo zoiy = 2 I Prana(a™ Dl 5
Jj=0 '

and we can find a constant Aj (relying on j, hi, he, hs, k) for which

y _ 1+ |7|% . y _
(62) (|7 Pyyng (7" 7)| (o04,) = SUD T exp(—ary(§)|7|%)| Py, (g~ "37)]

TEUp

1+ 2%k khy| —hs i <
< Slilé Tl‘ ]Pj+h2|(q a:) eXp(—Jx ) = Aj
Z_

since r(j) > 1, for all j > 1, where
(63) Pisnal(@) = Y [Bjenanlz”
heJjin,

and Jj1p, C N\ {0}. As a consequence,

k—1—ho i

N g

(64) HTkhl (agQ\II) (q h37—7 Z)H(O’,Zo,up) < Z AJT?
=0

which is a finite quantity.
We turn our attention to b). The definition of the norm yields

Tk
I [t = o) (0 (g s 2
0

k—1—hg k

k[T k oy hy—1p —hg 1/k Zg
= > ; (77— 8) % s T Pyyn, (g s /) ds| Goth) 5y
3=0 '

We needs bounds for the coefficients of this latter polynomial in Zy. Indeed,
k

T hi()_ _ o _
Cj = HTk/O (Tk - S) k 1Sh1 1Pj+h2(q hBSl/k)dsH(ijvup)

Tk:
1+ ’T‘Qk _ . k k I k h hTO—lhhl—l P —hghl/k dh
S sup — exp(—ory(4)|7])|7"| ; (7] ) | Pjnsl(q )
TEUp

where |Pj4p,|(z) is defined in (63). We make the change of variable h = |7|¥z, for 0 <z < 1 in
the above integral and observe that r4(j) > 1, j > 1. This gives rise to a constant V; (depending
on j, ho, hi, ha, hs, k) such that

1+2k

(65) C; < sup

1
exp(—ayk)yhﬁkhlujﬁhz‘(qh3y)</ (1 - :Jc) “lghim 1da:) = V;
y>0 Yy 0
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Finally,

k e

1—ho ]

T h . . 77
I+ /0 (=) B (00 ) (7 sl gy < Y- Vi
j=0 ’

which represents a positive real number. O

In the following proposition, we claim that the forcing term w, of the Cauchy problem (21),
(22) belong to the Banach space described in Definition 3.

k

Proposition 7 For all0 <p < ¢ —1, the map (7, 2) — wy(T, 2) belongs to the space G((7 Zolhy)’

for all o > 0, provided that Zy < ﬁ.

Proof According to the Taylor expansion (16), the very definition of the norm yields

Zﬁ
1wy (T, 2)l(0,20,04,) = 52: pr,B(T)H(ﬁ,a,up)B*O!
>0

Then, we need to control the coefficients of this latter series. Namely, one can find a constant
C3 > 0 (relying on Cs, k1, a, ug given in (17) and on k, o) with

1+ |7]** k
(66)  [wp,s(T)ll(s.004) == Sup Texp(—wb(ﬁ)lﬂ )wp,5(7)]
TEUp
< 03(04)66! sup(l + :c%) exp(—a:ck) exp (k:l log2(az + up) + alog(z + uo)) = C~'3(C4)Bﬁ!

x>0
since 7(8) > 1 for all 5 > 0. Consequently,

lwp (7, 2l (0, 2004 < C3 Y (CaZo)P < 2C5
>0

whenever Zy < ﬁ and Proposition 7 ensues. O

3.2 Solving the main nonlinear convolution Cauchy problem

In the following, we search for a solution to the nonlinear convolution Cauchy problem (30),
(31) expressed by means of the next shape

(67) Op(u, z) =0, "Ep(u, z) + ¥(u, z)

z

where the map ¥(u, z) is defined in (61), for some expression =,(u, z).
We check that ©,(u, z) solves the problem (30), (31) if the quantity =, (u, z) fulfills the next
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fized point equation

(68) Ep(u,2) = > dp(2)(k(q~ " u)*)™

h=(ho,h1,h2,h3)€C;ho=0

X [(6;(”_"2)Ep> (g3 u, z) + (82“@) (¢, z)]

k
uk

v h
+ E d z/ uF — 8) (e (qhs g1/ kYRR
o e WOy Jy T R
h=(ho,h1,h2,h3)E€C;ho>1
x [(a—w—hz)ap) (g1 2 + (322\1,) (q—hgsl/k’z)}@

# s
k

ant [ [0 B — 9, + (k= 51 2)

X [8*“5 (s/F 2) + W(sY/* z)] #ds + ZA:ah(z)Uk /u’“ (u* — s)
=S AT 2B

-1

Bl

ke (/K 1/k 1 ds
X [82, Ep(sy' ", 2) + ¥(s ,z)} (s—sl)sldsl} . + wp(u, 2)

Our next task will be to seek for a solution of this last equation (68) in the Banach space we
have discussed in the previous subsection 3.1. We introduce the nonlinear map

(69) B(E(7,2)) = > dp(2)(k(g~"*7)")™

h=(ho,h1,h2,h3)€C;ho=0 ;
X [(8;(“_h2)5> (q_h37'7 z) + (62“?) (q_h37', z)}
Tt " ho 4 hs 1/k\k\h
+ Z dh(z)l‘(h/k)/ (7% — s) % ~H(k(q~ s / )y
h=(ho,h1,h2,h3)€C;ho>1 0 0

X [(8;("_112)5) (q_h3sl/k, z) + (822\1/) (q_h351/k, z)} %

L]

X
1
N

B
(1]
—~
Vo)
—
~
. ol
N
N—
+
K«
—~
V)
—
~
. ol
N
SN—
| I
&)
ol
|
V)
N—
V)
QL
V)
+
™
1S
>
—
N
SN—
)1
—~
| A
~
BN
SN—
S—
3
—~
ol
V)
SN—
>

ey 1]k < 1/k 1 ds
X [az H‘—'(Sl ,Z) + \Ij(sl ,Z):| (S_S]-)s]-dSl}S +U1p(7', Z)
In the next proposition, we give sufficient conditions under which B represents a shrinking map

on some small ball centered at 0 in the space G’(“U, Zody)"

Proposition 8 Under the assumption (19), there exists some small real number x > 0 such
that if 0 < Zy < x, one can select a radius v > 0 such that B satisfies the next two properties:
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Let B, be the ball centered at 0 in G with radius v.
(U’ZO’Z’[P)
1. B maps B, into B, meaning that
(70) B(By) C By
2. For all 21,29 € B, we have
- - L - =
(71) 1B(Z1) = BE2)l0,2024) < 511E1 = Z2ll0,204)
Proof We discuss the first point 1. Let Z(7, z) belong to G]E:0—7Z()7up) with [|2(7, 2)|l(s,20,14,) < V-
Under the constraint (19) and owing to Propositions 2, 5 and 6, we get a constant M; > 0
such that

(72) |ldu(x)7 " [ (07 D) (707, 2) + (9229 ) (707, )]l 2024
< Vdul(Z0) (Mi Z5 ™" 12, 2 (0,202 + 117 (0229 (0797, ), 2014

The condition (19) and Propositions 4, 5 and 6 allow us to reach a constant M3 > 0 for
which

k

(73) [|dn ()7 / (rF — ) 1gm1
0
X [(az—(n—hz)g> (q_h3sl/k, 2) + (ai;z\i/) (q_hgsl/k, Z)] dSH(ff,ZO,Up)

< ldul (Z0) (M3 2521 12(7, 2) 0,202

Tk
[ ) )
0

According to Propositions 2, 3, 5 and 6, we obtain constants M7, My > 0 with

Tk
(1) fao(e)r* [ [0m2(rF = )52 4 (- )12
0
—k=r1/k T (J1/k
x 0772 (1 E, ) + B(s 1, 2) sl
< lao|(Zo) Ma|((8; ") (7, 2) + U (7, )|, 20.10.)
-~ 2
< laol(Z0) Mz (110:"E(7, 2)ll 0. 2024) + 1197, Dl 2024,

~ 2
< laol(Z0) Mz (M Z51[2(7, ) |i0.204) + N7 2) |0, 2004, )
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Propositions 2, 3, 4, 5 and 6 grant the existence of constants My, Mo, M3 > 0 such that

k

) Nl [ ot
X {S/OS |:8 K= ((S — 81)1/1672) + \i]((s _ 31)1/k,z)}

ke /K < 1/k 1 @
X |:8Z ‘—‘(81 7Z) + \P(sl 7Z>:| (S I 81)81 dS } H(O’ Zo,up)

<l @Ml [ [0S - ) )+ (= ) 2)

ey /K i /K 1
X |:8z E(s1"",2) + V(s )}stlﬂ(a,zo,up)

< |an|(Zo) M3 M2, (7, 2) + W(7, 2)[[3, 20 14,)
3 2
< |ah|(Zo)M3M2<H3z_“E(T, o, z00,) + 119(7, Z)H(a,zo,u,,)>
5 2
< lan|(Zo) M3 M, (Mlz(fllE(T, o, z004,) + 1¥(, z)ll(ayzo,up))

Now, we choose the radius v > 0 and x > 0 sufficiently small with 0 < Zy < x in a way that
the next inequality holds,

(76) Z (kg k)M |dn|(Zo) (M1Zg_hzv + ||7Fm (8?2 \il) (¢ 27, Z)H(a,ZO,up))
h=(ho,h1,h2,h3)€C;ho=0
(kq~"ek)m
+ ~—————|dp|(Z,
2 Ty el ()

h=(ho,h1,h2,h3)€C;ho>1
k

X (MSZg_hQU + ||Tk/ (Tk — s)%’lshlfl (8?2@) (qih?’sl/k, z)ds||(g’ZO’up)>
0
-« 2
+ laol(Z0)Ma (Mi Z5v + 1 (7. 2) |0, 2004,

2
+Z!ah! Z) h/k)M3M2(M120U+H‘I’(T, )H(mzmup)) + |wp (T, )0, 2014) SV

Collecting all the above estimates (72), (73), (74) and (75), under the latter constraint (76),
sires the awaited property (70).

We now turn to the second feature 2. Let =;(7,2) € G(U Zouty) With 1Z5 (T 2) (0, 204) < Vs
for j =1,2.
Under the condition (19), the propositions 2 and 5 yield a constant M; > 0 for which

(77) [ldn(2)7" (07 1) (E1 = 22)) (477, 2) o 2024
< |dn|(Z0) M1 Zg "2 (|(B1 = Z2)(7, 2)|| (0, 20.4y)
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and the propositions 4 and 5 breed a constant M3 > 0 such that

k

T h
(18) lldalo)r* [ (7 = 9 (o (=) - 2)) (4 sl
< ldsl(Zo) (Mo Z5 ™11 (7, 2) = Ba(r, 2|0, 2000

In order to deal with the nonlinear terms, we use the next identity ab —cd = (a — ¢)b+ ¢(b — d)
which helps to factorize the next difference

(79) [8;"‘51((7'11C —)VE )+ U((rF — s)V/F, z)] X {8;”51(31/’“, z) + U(s'/*, z)}
= (0= ((h = ), 2) + ((7F = )R, 2)] x |0 Es (sl/k 2) + (s, 2)|
= 077 (E1 — E)((7F = )18, 2) |07 E (50, 2) + (s, )|+
(07 25((7 = )%, 2) + D((7F )1, )} T4(E - E2) (51, 2)
which leads, by means of Proposition 2, 3, 5 and 6, to constants My, Ms > 0 for which

80) llao()r* [ ot = )1k )+ (- o))

k— > 1
X [8Z :1(Sl/k7 Z) + \Ij(sl/k, Z):| mds

Tk
—a(@) [ [t - ) 4 (- ) )
0
. 1
—k—= (J1/k 1/k
x [0l N 2) + W )] e sl
< lao|(Zo) M [llaZ”(El — E2)(7, 2) (o, 2024,) X 1107 B (7, 2) + W(7, 2)|| (6,20 14)
+ 1107 7Ea(7, 2) + U(7, 2)|l(0,2024,) X 1105 "(E1 — Ea)(7, z)ll(a,zo,up)}
< lao|(Zo) M2 [MlngEl(r, (o, 2014) + M1 ZE|1Z2(7, 2)l (0,20 14,) + 2110 (T, Z)H(a,zo,up)]

X M1Zg|‘51(7', Z) — 52(7-7 z)”(a,ZOJ/lp)
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Furthermore, according to Proposition 4, we get a constant M3 > 0 with

k

(8L A:=lan(z)r" /0 (7 — 51
X {8/08 [a;fi&((s — )R 2) + U ((s — s1) ', Z)}

. 1 d
X [8;”51(51/16, z) + \If(s}/k, z)] 7) dsl}s
1

(s —s1)s s

k

)t [k
0
X {s/ [8;"‘52((3 —s)YF )+ U((s — s1)VF, z)}
0
. 1 ds
X [8;”52(3}/’“7 z) + \I/(S}/k7 z):| (S_ids }H(o- Zo,Up)

< lanlZ0Msll [ { OB (7 — s0)E ) + B ((F — s) V)|

— oz rEa((rF — 1) VE )+ B((F — s1)VE,2)| % [a;HEQ(s}/’“,z)+¢:(s}/’“,z)}}

. (tF — s1)s1dsl|’(g’zo’u”)

Using the factorization (79), the propositions 2, 3, 5 and 6 grant the existence of constants
My, My > 0 such that

(82) A< Iahl(Zo)JV-’st[Hf9 (21 = Z2)(T, 20,20 14) X 110271 (7,2) + U(7, 2)|l (6,20 14)
+ 1107 B2 (7, 2) + U(T, 2)l (0,20 4,) X 1107 " (E1 — E2)(7, z)l!(a,zo,up)}
< lan|(Zo) M3 M [M125||51(T, ) (o,2004,) + M1Z51|1Z2(7, )| (0, 2014,

+2010(7, 2)l(o,20.24) | % M1ZG|E1 (T, 2) — Ba(T, 2 (0,20 1)

From now one, we select the radius v > 0 and x > 0 small enough with 0 < Zy < x such that
0 < Zy < x in order that the next condition holds,

(83) Z (kq—h3k)h1 ’dﬂ(ZO)MlZg_hz
h=(ho,h1,h2,h3)EC;ho=0
(kq—h3k')h1 h
~—————\dp|(Zy) M3 Z[™ "
+ Z T(ho/k) | Ql( 0) 34

h=(ho,h1,h2,h3)€EC;ho>1

o+ laol(Z0) Mz |2V Zv + 207, 2)l (5, 2024 | M1 26

+Z|ah| Zo) h/k)M3M2 [QMlon‘l'QH‘I’(T 2o, z0uy) | M1 Zg < 1/2
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Gathering the list of bounds (77), (78), (80), (81), (82), subjected to (83) implies the shrinking
condition (71) we are looking for.

Finally, in order to certify both properties (70) and (71), we impose on the constants x > 0
and v > 0 the conjoint constraints (76) and (83). The proposition 8 follows. O

In the next proposition, we solve the nonlinear Cauchy problem (30), (31) in the Banach
spaces described in Subsection 3.1.

Proposition 9 We take for granted that the assumption (19) holds. We fix the constants x > 0
and v > 0 as in the proposition 8. Then, the convolution Cauchy problem (30), (31) possesses
a solution ©p(u,z) which belongs to the space G](“(7 Zoddy)’ for any given o > 0 provided that

0 < Zy < x. Futhermore, one can single out a constant My > 0 (relying on k,q,k,0,b) such
that

(84) 105(7, 2)l|(0,2004) < M1Z50 + |19 (7, 2)l| (5,20 14

Proof According to Proposition 8, we can apply the classical fixed point theorem for shrinking
maps in complete metric spaces to the map B : B, — B,. By construction, (B,,d) is a

complete metric space for the distance d(z,y) = ||z —y|| (4,7, 4,) since the vector space G’(“(7 Zohy)
equipped with the norm |[.[|(5 z,4,) is a Banach space. Futhermore, under the constraints

imposed in Proposition 8, the map B : B, — B, is shrinking of Lipschitz type 1/2. As a result,
B : B, — B, has a unique fixed point, denoted Z,(7, 2) € B,,, meaning that

‘B(Ep) = Ep

This means in particular that we obtain a solution (unique in the ball B,) Z,(t, z) for the
equation (68). Moreover, owing to Proposition 2, we check that

105 "Zp(7, 2) (0, 20 14,) < M1 ZG||ZEp(T, 2)|(0,20,14,) < M1ZGv

The decomposition (67) then confirms that the map ©,(7, z) = 97"=,(, 2) + ¥(r, 2) belongs to

z

Gl(“U Zoity)» SOIves the convolution Cauchy problem (30), (31) and suffers the bounds (84). O

3.3 Construction of genuine solutions to the main Cauchy problem (21), (22)

In this subsection, we state the first main result of this work.

Theorem 2 Assume that the condition (19) is granted. Assume that the radius r of each
bounded sector T, described in Theorem 1 fulfills

Ay \1/k
85 rr < (—=%
) 7= Gew
for 0 <p <¢—1, where Ay is introduced in (14) and where ((b) = >_,~ m

Then, the Cauchy problem (21), (22) possesses a holomorphic solution v,(t, z) on the product
Tp X Dy, )2, for some radius Zg > 0 small enough. Furthermore, vy(t,z) can be expressed by
means of a Laplace transform of order k,

(86) vp(t,2) =k : 0, (u, 2) exp(—(u/t)*)du/u
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for (t,2) € Ty X Dy, o along a halfline L, = [0, +oo)eﬁ7p which appears in the representation
(15). The Borel map ©,(u, z) represents a holomorphic function on the domain Uy x Dz /9
whose Taylor expansion

B
(87) Op(u,2) =) @p,ﬂ(u)ﬁ

B=>0
is submitted to the following estimates

|ul

T a8l

(53) ©n5(0)] < Kafl( )’

for all B >0, all uw € Uy, for well selected constants K1 > 0, any given o > 0, where ry(3) is the
sequence defined by (32). In particular, the Borel map Op(u, z) suffers the next bounds estimates

(89) 105 (u, 2)| < 2K |ul exp(a¢(b)|ul*)

for (u,z) €Uy X Dy, /o.

Proof The proof is a direct consequence of Proposition 9 and of the construction made in
Subsection 2.3. O

In the next corollary, we show that v,(t, z) turns out to solve a nonlinear Cauchy problem with
analytic coefficients in space z near the origin and polynomial in time ¢, which involves both
differential operators and dilatations/contractions g—difference operators acting on time.

Corollary 1 The holomorphic map vy(t, z) solves on the product T, X Dy /o a particular non-
linear Cauchy problem which is polynomial in time t of the form

(90) P(t+19,)85+ v, (t, 2) = 3 Fnlt, ) (af“ag@zvp) (g™t 2)
m=(m1,mz,m3)eM

+ Gt { (9702 0) (471, 2) |

r=(r1,r2,r3)ER

for given Cauchy data of the form

(91) (Oup)(£,0) = @5(t) , 0<j<r—1
together with

(92) (Dup)(£,0) = §;(t) , K<j<K+S-1

for well chosen polynomials qZ;j (t) with complex coefficients for k < j < k+ S —1 (which depend
on q).

The set M is a finite subset of N? x Z which satisfies in particular the constraint mg < S+ k
for all m = (my1,ma,m3) € M and R is a finite subset of N> with the property that ro < S
whenever (ri,72,713) € R.

For allm € M, the coefficients f,(t,2) are polynomial in t and holomorphic w.r.t z the disc
Dpr. The map G(t, z, (ur)rer) is polynomial in the variables t and u, for r € R and holomorphic
relatively to z on Dg.
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Proof We introduce the next two g—difference differential operators

Ol(t,z,at,az,aq) = P(tk-l-lat)af _ Z CL(Z)thO'é‘?t((tk+lat)l18i,2)
1=(lo,l1,l2,I3)€A

and
Os(t, 2,0y, 0., 04)v == 0w — > dy (2)t"00 9 (1 0) o v — a(t, 2)v?
h=(ho,h1,h2,h3)eC
where afm stands for the action ¢ + ¢'t on the time variable for I € Z. By construction, the

holomorphic map v, satisfies

(93) Os(t, 2,0, 02, 04)0p(t, 2) = up(t, 2)

and the map u, fulfills

(94) O1(t, 2,0, 0, 04)up(t, z) =0

for (¢,2) € Tp X Dz, /5. By coupling (93) and (94), we obtain that

(95) O1(t, 2,0, 05, 04) 0 Oa(t, 2,01, 02, 0¢)Up(t,2) =0

which gives rise to the equation (90). Concerning the Cauchy data, the map v, is compelled to
the conditions (22) which are rewritten in (91). Furthermore, the fact that u,(t, z) is subjected
to the constraints (12) at z = 0 can be recast in the form

(ag © OQ(tv 2, 8t) 827 Uq)vp)(t» 0) =¥ (t)

for0 <j7<85-1 which can be rephrased through the Cauchy conditions (92) for suitably
selected polynomials ¢;(t) with complex coefficients for k <1 <k + S — 1, since j + k > j + ho
for all h = (hg, h1, h2, hg) € C provided that 0 < j < S — 1. O

4 Asymptotic expansions in time variable

In order to simplify the notations throughout this section, we rewrite our main nonlinear Cauchy
problem (21), (22) in the following form

96)  Fuplt= X el 2)(008,) 0 2) +alt, 20t 2) ()
k=(k1,k2,k3)eB

for prescribed Cauchy data

(97) (02up) (1,0) = (1) , 0<j<k—1

where B is a finite subset of N3 and where the coefficients eg(t,2) are polynomial in ¢ and
holomorphic relatively to z on the disc D given in Subsection 2.2.

According to the condition (20) imposed on the set C in (21), the next feature holds for the
set B,

1
(98) /iZk‘Q—F(%—Fl)]{Il , K > ko , ks > ky

for all k = (ki, ko, k3) € B. Indeed, it is straight to check that for any given integer hy > 1, the
decomposition

h1
(o)™ = aim s
j=0
holds for suitable polynomials a; s, 1 (t) with real coefficients that rely on j, hq, k.
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4.1 Reduction to an auxiliary Cauchy problem

We first write down the convergent Taylor expansions of the coefficients of (96) at z = 0,

(99) ex(t,2) =3 e&n(t)%f Calt2) =Y an(h)

n>0 ’ n>0

for all ¢t € C, all z € Dg. Furthermore, we expand the forcing term wu,(¢, z) at z =0

(100) up(t,2) = tpalt) =

n>0

that converges provided that z € D i, for all t € T, according to Theorem 1. Finally, we recast
20y
the analytic solution vy(t, z) to (96), (97) obtained in Theorem 2 as Taylor series at z = 0,

n

(101) ot 2) = 3 vpal) S

n>0

which is convergent provided that z € Dy /, and t € T,. The constant Zy > 0 is in particular
taken small enough in a way that Zy < C%; and Zy < 2R. By plugging the above expressions in
the main equation (96), we check that v, solves (96), (97) if and only if the sequence of functions
Up.n () satisfies the next recursion

(102) Upntn(t) = { Z Z Ck;; (815 Up,n2+k2)(qk3t)}

n! 19!
k=(ki,k2,k3)eBn1+n2=n

an, (t) Vpny (1) Upng (t)} Upn (1)
+ [ Z n! 79! ns! * n!
ni+nz+nz=n
for all n > 0, with prescribed conditions
(103) vpi(t) = @i(t) , 0<j<K—1

In order to study the asymptotic behaviour of the holomorphic map vy(t, z) as ¢ tends to 0 on
the sector 7,, we adopt a similar strategy as the one initiated by the author in [17].

We plan to reduce this problem, by means of a majorant series approach to an auxiliary
problem disclosed in (114), (115) that will be solve in the forthcoming subsection 4.4.

At the onset, we apply the general differential operator 9! for all integers [ > 0 to the latter
recursion (102) and get

(104) M _ [ Z Z Z l'a eknl( ) <0é2+k1vp,nz+kg>(q*kst) 7k312}

| = + Iy! lo1no! q
k=(k1,ko,k3)EBn1+tn2=nl+l2=I

n [ 3 3 l,al an, (t )akvp,m (t) 03y, (t)] . Oy (1)

l1Inq! loIns! I3lns! n!
n1+ngtng=n l; +lo+lz=l 1 2:1h2 3+

foralln >0, alll > 0.

We set W C 7T, as a proper subsector centered at 0. We introduce the next set of sequences

(105) Vpin = sup ‘&%%m(t)‘
tew
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where by definition,
(106) Vpii = SUP |8£‘P3( t)]
for 0 < j < k — 1, along with

(107) Ej 1n = sup |8£6E7n(t)|, Ay, = sup |8£an(t)|, Uy = sup laéup’n(tﬂ
tew teWw tew

for all [,n > 0. Since the map o ;> : t — ¢ ~I3¢ leaves W stable (i.e o, (W) c W) for any

integer I3 > 0, we deduce from the Tecursion (104) a sequence of inequalities

;\’pln—I—n Ekllnl pla+ki,no+ka ksl
()8 _ btnTk ' 5 502 1,12 2 1

l1Inq! l9Ins!
k=(k1 ka,ks)EBmi+nz=nly+lp= 1+ L 2:702

+ [ Z Z “All,nl Vp,l27n2 VPJ&“S} + Up,l,n
T lna Inol Inq! |
n1+natns=n Iy -+lg 5=l ll.nl. l2.n2. l3.TL3. n.

for all [,n > 0.
We introduce a sequence denoted v,,;,, which fulfills the next recursion relation

Vplnts _ 1Bk iy Vplotkinatks sl
it D DEND DEND DI e v g

l1!nq! l9Ins!
k=(k1 ko ,ks)EBmi+nz=nlytlp=l 11 2:1%2

+ [ Z } : Z,Ah,nl Vp,la,n2 Vp7l3,n3} + Upin
i ng! Ino! Ina! !
1 Anatns=n 1y +ls tls=l ll.nl. lg.ng. l3.n3. n:

with given initial data
(110) Vpii = Vpij o 0sjskh—1

By construction, in comparing (108) and (109), (110), we observe the crucial fact that

(111) Vpin < Vpin
for all [,n > 0. Let us define the next formal generating series
Tl X"
(112 - v
,n>0

together with

Tl xn Tl xn
(113) Ex(T.X)= ) Biingr 7 A => Ain
[,n>0 [,n>0

Th X"
Up(T, X) = > Upin 77
1,n>0 o

A direct computation following from the recursion (109), (110) shows that the formal series
v,(T, X) solves the next nonlinear Cauchy problem

(114) xv(T.X) = > E(T.X) (kv ) (T, X)
EZ(kl,kQ,kg)GB

+ AT, X)vo(T, X) + Up(T, X)
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for prescribed Cauchy data

(115) (Pevy)(T.0) = @,,(T) , 0<j<n—1

where

Tl
90]7p(T) = ZV 7laj7
120 '
for 0 < j < k — 1, whose coefficients are defined by (106). Since ¢;(t) are polynomials in ¢, we
deduce that cpj,p(T) are also polynomials in the variable T, for 0 < j <k — 1.

4.2 Asymptotic expansions and bounds for the n—th derivative of the holo-
morphic solutions to the linear Cauchy problem discussed in Section 2.1

In this short subsection, we draw attention to parts of the results obtained in our previous
work [13] that will be applied in the next subsections 4.3 and 4.5. Namely, as a consequence of
Theorem 2 from [13], we get the following statement on the asymptotic expansion in time ¢ of
the maps wu,(t, ) (described in Theorem 1)

Theorem 3 1. There exists a formal power series U(t, z) = Y, <o un(2)t" with bounded holo-
morphic coefficients uy,(z) on some fixed disc D% for a well chosen constant Cg > 0,
2

which represent the common asymptotic expansion of all the functions t — uy(t, z) on Tp,
for 0 < p <<¢—1, uniformly relatively to z on D%. It means that, for each 0 <p <¢—1,
2

6
for each proper subsector W C T, for each integer N > 0, one can single out a constant
c¢(N, W) > 0 with

N
sup  Jup(t,z) — E un (2)t"] < c(N,VV)|t\N+1
zeD 1 n=0
2Cq

for allt e W.
2. The maps t — uy(t, z) are infinitely often differentiable at the origin and
(116) (0}up) (0, 2) = Ny (2)

for alll >0, allzeD%,giventhatOSpgg—l.
6

The second point 2. of the above result is not mentioned in [13] but is a direct consequence of
the first item 1. by application of a classical result in asymptotics mentioned in Proposition 8
p. 66 of [1].

Furthermore, in the corollary 1 of Theorem 2 from [13], we derive important asymptotic
bounds for the [—th derivative of the partial maps t — wu,(, z) on bounded sectors. Indeed, the
next result holds

Theorem 4 For each 0 < p < ¢ — 1, for each proper subsector W' C T,, one can select two
constants C', M' > 0 for which

2
(117) sup |0 (t, )| < C(MOIT(L)gs
zeD 1 kf
2Cq

for all integers 1 > 1, all t € W', where Cg > 0 is the well chosen constant fized in Theorem 3.
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4.3 Banach spaces of formal power series

In this subsection, we unveil the definition and useful features of the Banach spaces in which we
plan to seek for solutions to the aforementioned Cauchy problem (114), (115).

Definition 4 Let Ty, Xg > 0 be real numbers. We set s > 0 and q > 1 as real numbers. We
define the space G (T, Xo) as the vector space of formal power series V(T,X) € C[[T, X]],

Z VlnTlﬁ

1,n>0

such that the norm

[Vinl i Xy
V(T, X = :
VT, X))l (15, x0.5.0) l;() ¢?2TA+ (s+1)l+n)

is finite. One checks that the vector space Gs4(To, Xo) equipped with the norm ||.||(1, xo.s.9)
represents a complex Banach space.

Remark: 1) In the case ¢ = 1, similar norms have been introduced by M. Miyake in the work
[20] in order to construct formal power series solutions of Gevrey type to linear PDEs with
analytic coefficients.

2) In the case ¢ > 1, related norms on formal series have been introduced by the author and
colleagues in order to solve several linear g—difference differential problems, see for instance [12],
[16].

3) It is worth noticing that this is the earliest occurrence of such norms in the study of nonlinear
q—difference differential problems in the author’s overall investigations.

The next proposition is central in order to deal with the nonlinearity of the problem (114),
(115).

Proposition 10 Let Vi(T, X), Vo(T, X) € G, 4(To, Xo). Then, the product V1 (T, X)Vo(T, X)
belongs to G 4(To, Xo) and one can find a constant Ly > 0 (depending on s) such that

(118) V(T X)Va(T, X))l (10, x0,8.0) < LalIVI(T, X))y, %0,5.0) V2 (T5 X))l (15,%0,5,0)

In other words, (G ¢(To, Xo), ||-||(1y,x0,5,q)) turns out to be a Banach algebra.

Proof Let
; Tl X"
Z Vln n!
I,n>0

for j = 1,2 two elements of Gy 4(Tp, Xo). Their product writes

l yn
V(T X) V(T X) = Z( Z zivllm l2,n2>TX

l1!n1! laIng!/ 1Y !
,n>0 l1+lg=l 1101 023002
ni+no=n

By Definition, its norm fufills the bounds
(119) ||V1 (Tv X)V2 (T’ X) | ‘ (T0,X0,8,q9)

< Z( Z l'nl|vl11,n1‘|vl22,n2’> 1 1 Tan
= U hing! ng! ) gPRT(+ (s+ 1)l +n) 070

1,n>0 ly+1g=l
ni1+ng2=n
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Since ¢ > 1, we first observe that

for all integers l1,lo > 0 with I; 4+ Iy = 1.

The next lemma is essential.

Lemma 3 There exists a constant L1 > 0 (depending on s) such that

n! 1 1

121 <L
(121) L'nllano! T(1 4+ (s + 1)l +n) — 11“(1 + (s+ Dl +n)T(1+ (s+ 1)la + n9)

for all integers l1,lo,n1,n0 > 0 with Iy + s =1 and nq + no = n.

Proof We depart from the next inequality

(122) I'n! < (I +n)! B r'l+1+mn)
l1nqllsIng! — (ll + nl)!(lg + 712)! N F(l + 1+ nl)F(l + 1l + ng)

for all l1,l3,n1,n9 > 0 with I; + Il = [ and n1 + no = n. These bounds straightly follow from
the binomial expansion for each term of the identity (1 + x)!(1 + )" = (14 z)"*!, for x € R.
In the next step, we need to prove the next

Lemma 4 The next inequality

D1+ (s+ 1)l + n)T (1 + (s + 1)la + n2)
L2+ (s+1)(l1 +l2) + n1 + n2)

holds for all l1,la,n1,n9 >0

L1410 +n)T(1 + 2 + no)
L2+ + 12+ n1 +ng)

(123)

IN

Proof We recall the next identity defining the so-called Beta function (see [1], Appendix B)

(124) m = /01(1 — )Pt

provided that «, 8 > 0 are real numbers. As a result, observing that
F(t) = (1 -ttt < 1

provided that ¢ € [0, 1], we get that

P+ (s+1)h+n)l(1+(s+1)la+na) _ /1(1 gyl (s latna gy
T2+ (s+ 1)1 +l2) + n1 + n9) 0

< /1(1 _p)tmglatna gy PA+4h+n)I(+ 1+ no)
o L'+ +1+n1+n2)

from which Lemma 4 follows. O

From the functional property I'(z 4+ 1) = z2I'(2) for any z > 0, we can factorize
(125) F(z + (S + 1)(l1 + lg) +n1+ 712)

=1+ (s+1)1+1)+n+n)T(1+ (s + 1)l + l2) + n1 + na),
I‘(2+l1+l2+n1+n2):(1+l1—|—l2+n1+n2)F(1+l1+l2+n1+n2)
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Combining the bounds (123) and the expansions (125), we get that

F(1+(s+ 1)l +n)T(1 4+ (s+ 1)y + n2)
L1+ (s+1)(l1 +12) +n1 +n2)

P(1+1 +n)T(1+ 12+ n2)
< C(l
< O(ln) (141 + 12+ 11+ n2)

(126)

where
1+ (s+1)l+n

14+1l+n
where [ = l; + l2, n = ny + ng with I3, ls,n1,n2 > 0. Besided a constant L; > 0 (relying on s)
can be found such that

C(l,n) =

(127) Cin < Ly

for all I,n > 0. Finally, the collection of the bounds (122), (126) and (127) yields the forecast
estimates (121). O

Owing to the upper bounds (120) and (121) applied to (119), we reach the awaited inequality

(128) [[Vi(T, X)Va(T, X)||(1,x0,5.,0)

1 2
N> ) Ml g

1n>0 iy tig=l ¢PT (14 (s + 1)ly +1n1) ¢3/2T(1 + (s 4 1)lg + n2)

ni+no=n

= L1|[V1(T, X)l(1y,x0,5,0) 1 V2(T5 Xl (70, X0,5,9)
O
The next proposition helps us in addressing the linear part of the Cauchy problem (114), (115).
Proposition 11 Let k1, ko, k3 > 0 be integers under the requirement
(129) ks> (s+ Dy, ks >k

Then, the linear operator o ks o&f’? 8)_(]” is bounded from the space G 4(To, Xo) into itself. In
other words, there exists a constant Ly > 0 (depending on q, k1, ke, s) with

(130) H (8421 8;(k2v> (q_k3T7 X) H(T(),Xo,s,q) < L2AX(])€2T07]Cl HV(Ta X)‘ ’(To,Xo,s7q)
for all V(T, X) € G, 4(To, Xo)-

Proof Let V(T,X) =3, .~ viaT /X" /n! be in G 4(Ty, Xo). The action of the g—difference
differential operator is expressed through

_ _ L TEX™
(aglaX’WV)( BTX) = Y Viewaowd
1>0,n>ko

and enables us to rewrite the norm

(181) T3 X ™ 11(9F 05" V) (5T Xl 0,0
—k3l

. Z |Vl+/€1,n k2| q
- 12/2
ks g/ 1+ (s+1)l+n)

Vitk n—ks| 1 L .
Z Q:ln l k7 2 /9 T 1Xn 2
1>0nzks k072 T(L+ (s+ 1)(I + k1) +n—kg) ©

T(l)+k1 Xn ko
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where

o q<l+’f1>2/2q,k31F(1 +(s+ 1)+ k1) +n— ko)

’ q*/2 IF'l+(s+1)l+n)
for all I > 0, n > ko. In the continuing part of the proof, we show that the sequence &;,, is
actually bounded by some constant.

Indeed, recall from [1], Appendix B, that for a given a € R, one can find a constant K, > 0
(relying on a) such that

Iz + a)

(132) )

< K,z
provided that > 1. Consequently, we get two constants K, , > 0 and Ly > 0 (depending
on s, ki, ko) with

T(1+(8+1)l+n+(5+1)k1—k2)<K 1 -
L1+ (s+ Di+n) = Tekuk T ke F DR = T2

for all [ > 0, n > ko, provided that (129) holds. On the other hand,

q(l+k1)2/2
(133)

T gl = ql(kl—kg)qkf/z < qk§/2

for all [ > 0 under the assumption (129). As a result, we obtain
(134) i < M2 Loy

for all I > 0, n > k. Finally, based on (131) and (134), we deduce

— _ _ 2
T3 X2 (505" V ) (a7, Xy o m) < 62 Lo V(T X) i1, 000

which is tantamount to (130). O

In the next proposition, we show that the coefficients, the forcing term and Cauchy data of
the problem (114), (115) belongs to the Banach space G 4(Tp, Xo) for well chosen parameters.

Proposition 12 Let k,q chosen as in Section 2.

1) The series Up(T, X) appertains to G i, 4(To, Xo) for To, Xo > 0 small enough.

2) The series (T, X) and A(T, X) belong to Gy, 4(To, Xo) for Ty, Xo > 0 small enough.
3) We set up

Fv:—l XJ
(135) W, (T, X) := Zcpj,p(T)?
j=0

For any non negative integers ki, ko, ks > 0, the polynomials <8§18§§Wp> (¢7*3T, X) belong to
Gl/k,q(To,Xo) for any given Ty, Xo > 0.

Proof We focus on the first point 1). According to Theorem 3 stated in Subsection 4.2, with
the help of the Cauchy formula, we deduce that the sequence Uy, ;,, defined in (107) is subjected
to bounds of the form

(136) Upin < Ugp(Up) (Ug)™ T (1/ k)" *n)
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for some selected constants Upj, Uy, Uz > 0, whenever [ > 1, n > 0. Besides, from the formula
(124), we observe in particular that

(137) I'(a)(B) <T(a+pB)

provided that «, 5 > 1. This last inequality combined with the functional relation I'(z + 1) =
2I'(z) for any z > 0 begets

1 1 1
(138) IC(/k)n! <T(2+ (% +1)l+n)=(1+ (E +1D)l+n)(1+ (E + 1) +n)
for all I > k, all n > 0. Thereby, we deduce constants I[VJOJ,, Uy, Uy > 0 with

. 1
(139) Upin < Uop(U) (U2)"T(1 + (= + 1)l +n)g"/?

- k
for all [,n > 0. Bestowing the last expansion of (113) implies the next norm bounds

Up 1.l TLXp
P2 D14 (++1)l+n)

|

(140) 10T Xl x i) = D
[,n>0

< Uop > (To01)! (XolUa)" < 4Ty,

[,m>0

provided that Ty, Xy > 0 are constrained to TpU; < 1/2 and XUy < 1/2.

We address the second point 2). According to the assumptions of Section 2, the functions
ex(t,z) and a(t, z) are polynomial in ¢ and bounded holomorphic on some disc Dg relatively
to z, for all k£ € B. From the Cauchy formula, we deduce that the first two sequences in (107)
satisfy the bounds

(141) Erin < Eor(E1) (E)"n! | Ay, < Ag(Ag)!(Ag)"In!

for some well chosen constants Eq,E1,E2 > 0 and Ag,Ay,As > 0, for all I,n > 0. Owing to
(137) and since the map x +— I'(z) is increasing on [2,400) (see [1], Appendix B), we check that

1
—+1)i+ n)qlz/2

+ 1)l +n)g 2 = (1+(1 -

1
(142) IIn! <T(2+14n) <T(2+(+ k

k +1)I+n)I(1+(

for all [,n > 0. Whence, constants EO’E,E]_,IVEQ > 0 and Ao, Al, Ay > 0 can be found with

(143) Eppp < Eo (1) (E2)"T(1 + (k + 1)l +n)gd" 2,

. 1
App < Ao(AD(A)"T(1 + (= + 1)l +n)g"/?

- k

for all [,n > 0. Thanks to the first two expansions of (113), we deduce the control of the norms

Ek,i,n] TiXE
144) |[E4(T, X 4
(144)  |Ex(T, X))l (1, x0,1/k,q) = ln§>0 7 T+ (L + it

<Eox ) (ToE1) (XoE2)" < 4Eo
1,n>0
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together with

T’X”
ql2/2 L1+ (3 +1l+n)

(145)  [|A(T, X) (14, x0,1/k,q) =
[,m>0

Ao Y (Tohr) (XoAs)™ < 4Ag
>

whenever Ty, Xy > 0 are submitted to TpE; < 1/2, ToA; < 1/2 and XoRy < 1/2, Xohs < 1/2.
Finally, the last point 3) is straightforward since for any given integers ki, ko, k3 > 0, the

quantity
(950520, ) (47T, X 010
is a polynomial in the variables Ty, Xy and is therefore finite for any fixed Ty, Xg > 0. O

4.4 Solving the auxiliary Cauchy problem

In this subsection, we seek for a formal power series solution to the nonlinear Cauchy problem
(114), (115) by means of a decomposition

(146) vp(T,X) = 0" Y, (T, X) + W,(T, X)

where the polynomial W,(T, X) is displayed in (135), for some formal series Y, (T, X) to be
determined.

We observe that v,(7, X) fulfills the problem (114), (115) if the expression Y, (T, X) solves
the next fixed point equation

147 Y (T.X) = Y BT X) (RN, (T X)
k=(k1,k2,k3)€B
+ AT, X) (05" Y (T, X) + W,(T, X))?
UM X+ > BT X)(0F W, ) (¢ T, X)
k=(k1,k2,k3)€B
Our ensuing undertaking is the construction of a solution of this latter equation (147) within

the Banach space of formal series discussed in the previous section 4.3. In order to fulfill this
objective, we set up the next nonlinear mapping 2 : C[[T, X]] — C|[T, X]] defined as

(148) AY(TX) = Y E(LX)(050"THY) (¢ T X)
EZ(k‘l,kg,k3)€B
+ A(T, X) (05" Y (T, X) + W,(T, X))?
UM X+ Y BT X) (oW, ) (T X)
k=(k1,k2,k3)EB

In the next proposition, we discuss sufficient conditions under which 2 represents a shrinking
map acting on some small ball centered at the origin in the space G/, 4(To, Xo)

Proposition 13 Taking for granted the condition (98), some small real number & > 0 can be
singled out such that if 0 < Xo < &, one can choose a radius w > 0 such that A suffers the next
features:

Let By be the ball centered at 0 with radius @ in the space G q(To, Xo)-
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1. The next inclusion
(149) A(Bz) C By
holds.

2. For any Y1,Y2 € B, we have

1
(150) 1Y) =AY 2) 7, X0,1/0.0) = Y1 = Yoll(75,x0,1/k.0)

Proof We behold the first property. Let Y (7', X) belong to the ball B. Under the constraint
(98), the propositions 10, 11 and 12 allow the next inequality
—(k—k —
(151) [E(T, X) (95 0" Y ) (7T, Xy 1/ < LallBR(T, X) i, 301/
—(k—k _ = — —
< (DR 03X ) (@R 0y x4/ < AL ook XE T IY (T, X) iy 010
to hold true along with
(152) |IA(T, X)(OX"Y (T, X) + Wy (T, X))?|| (5. x0.1/k.0) < LANAT, X)) (10, %01 /k.0)
x [|0x"Y (T, X) + Wy(T, X)H%Tg,Xg,l/k,q)

o 2
< 4LAg (L2Xg||Y(T7X)H(To,Xo,l/k,q) + HWP(TvX)H(Tg,XgJ/k,q))

for some constants L1, Ly > 0 and IEO’E,AO > 0. Eventually, due to Propositions 10 and 12 we
arrive at

(153) ||EL(T. X) (95 0% W, ) (75T, X) |73, 0.1/
< Lal Be(T, X) im0 | (05 05W, ) (a7, X) i, 10
< ALiBo | (9 O W, ) (75T, Xy x0.1/10)
for some constants L > 0 and Eqj, > 0.

From now on we choose a radius @ > 0 and a tiny constant £ > 0 with 0 < X < £ aiming
to the next constraint

(154) > AL LR X§ TR M w
k=(k1,k2,k3)€B

- 2 .
+ 4130 (L2 X5 + W (T, X) ity 01 /k)) + 400

+ Z 4L1E0,E|| (85?1 8@2Wp) (qikP’T, X) H(TO,XO»l/k:Q) sw
k=(k1,k2,k3)EB

Piling up the above estimates (151), (152) and (153) under the limitation (154) hints at the due
inclusion (149).
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We address the second property. Let Y1(7,X),Y2(T,X) be taken within the ball B,. The
above inequality (151) prompts the next bounds for the linear piece

—(h—F _
(155) HE&(T7X)<3§18X(H (v, —Y2))(q 5T, X) || (0, X0, /k.0)
< ALy Ly p X5 T M Y1 (T, X) = Yo (T, X) |7y, 0,1 /)

With an eye toward the nonlinear block, by means of the basic identity a? — b*> = (a — b)(a +b),
we factorize the difference of squares as

A1z = (07" Y1(T, X) + W,(T, X))? — (05" Y2(T, X) + W,(T, X))?
= 0 (Y1(T, X) — Y,(T, X)) x (8;(”Y1(T, X) 4 2W, (T, X) + 05" Y (T, X))

Consequently, on account of Propositions 10, 11 and 12 the next estimates

(156)  [|A(T, X) A1 2l xo.1/k0) < LHIAT, X7, 0,1/k0)
X |0x"(Y1(T, X) = Yao(T, X))l (10, x0,1/k,q)
10" Y 1(T, X) + 2W, (T, X) + 05" Yo (T, X)|| (15 X0 1 /kq)

< L24AoLoXE (L2Xg|’Y1(T7 2|1z, x0.1/5

:q)

+ 2‘ |WP(T7 X) | ’(To,Xo,l/k,q) + LQX(Iﬂ ’YQ(Ta X) H(To,Xo,l/k,q)) ‘ |Y1 (Ta X) _YQ(Tv X) | |(T0,X0,1/k,q)

follow. Then, we pick out a small constant £ > 0 with 0 < Xp < £ intending to the next
condition

(157) > AL LR X T
k=(k1,k2,k3)€B

+ LA Lo X (2La X + 2/ Wy (T, X)l |y x4/ ) < 1/2

Storing up the previous bounds (155) and (156) under the restriction (157) triggers the Lipschitz
property (150).

At last, we compel the constants @ > 0 and £ > 0 to fulfill both constraints (154) and (157)
in order to guarantee each of the two foretold properties (149) and (150). O

In the upcoming proposition, we solve the auxiliary nonlinear Cauchy problem (114), (115)
amidst the Banach spaces introduced in Section 4.3.

Proposition 14 Let us assume that the condition (98) holds. Let the constants w,& > 0 be
determined by the proposition 13. Then, the nonlinear Cauchy problem (114), (115) owns a
formal power series solution v,(T, X) that belongs to the space G1/k,q(To, Xo) presuming that
0 < Xo < &. Along with it, one can find a constant Ly > 0 (resting on k,q, k) such that

(158) Vo (T, X1, x0,1/kg) < LaXg@ + [[Wp (T, X))l (2,x0,1/k.0)

Proof On the basis of Proposition 13, the classical fixed point theorem for shrinking maps in
complete metric spaces can be applied to the map 2 : B, — By from the plain observation
that (Bg,d) represents a complete metric space for the distance d(x,y) = ||z — yl|(1,,x0,1/k,0)
since the vector space G|y 4(Tb, Xo) endowed with the norm ||.|[(7, x,,1/k,¢) 18 @ Banach space.
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Indeed, under the conditions asked in Proposition 13, the map 2 : B, — B, appears to be
of Lipschitz type 1/2 and hence shrinking. Whence, 2 : B, — B has a unique fixed point,
denoted Y, (T, X) € By, signifying that

AYp) =Y,

In particular, a unique solution Y, for the equation (147) is found in the ball By. Along with
it, due to Proposition 11, norms estimates can be achieved,

OX" Y pll (1, x0,1/k,0) < L2 XG Y pll (10, x0,1/0,g) < L2 X

Consequently, the splitting (146) attests that the map v,(T,X) = 05" Y, (T, X) + W,(T, X)
appertains to G /i, 4(To, Xo) and solves the problem (114), (115) under the restriction (158). O

4.5 Asymptotic expansions of mixed order

In order to describe the type of asymptotic behaviour which arises in our settings, we need the
following definition issued from our recent work [14].

Definition 5 Let (F,||.||r) be a complex Banach space. We set k > 1 an integer and ¢ > 1 a
real number. Let f : T — F be a holomorphic map, where T stands for a bounded sector in C*
centered at 0. Then, the map f enjoys the property of having the formal series

(t) = ant" € F[1]]

n>0

as Gevrey asymptotic expansion of mized order (1/k;(q,1)) on T if for each closed proper sub-
sector W of T centered at 0, two constants C, M > 0 can be distinguished with

2
ML) v

A < OMNHT
[ (¢) Za lr<C (—%

n=0
for all integers N > 0 and any t € W.

We are ready to enunciate the second main outcome of the work.

Theorem 5 We consider the set {vp}to<p<c—1 0f solutions to the main Cauchy problem (21),
(22) established in Theorem 2. If one sets Fz, as the Banach space of bounded holomorphic
functions on the disc Dy, equipped with the sup norm, then each partial map t — vp(t, z) can
be viewed as a holomorphic map from the sector T, into Fz,, for 0 < p < ¢ —1, as long as
0 < Z1 < Zy/2, where Zy is set up in Theorem 2.

Hence, provided that Zy > 0 is taken small enough, for all0 < p < ¢—1, the mapst — vp(t, z)
share a common formal power series

(159) 8(t,2) = S (=) € B 1]
>0

as Gevrey asymptotic expansion of mized order (1/k;(q,1)) on T,. To rephrase it, for each
0 <p < —1, for each proper subsector W C Tp, two constants C,M > 0 can be singled out
with

N N+1, w+1?
(160) sup [v(t,2) = D M)t < OMNTIT(==)g 2 [V
ZE[)Z1 1=0 k

for allt € W, all integers N > 0.
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Proof According to the bounds (158) from Proposition 14, the unique formal series v, (T, X) €
C[[T, X]] solution of the Cauchy problem (114), (115) given by the expansion (112) is compelled
to satisfy the next bounds

; 1, 1., 1 >
(161) Vi < (LaXEw 4 [W(L, Xl 00 ) () T+ (G D1+ )™

for all I,n > 0. On the other hand, the next lemma will be required.
Lemma 5 There exist constants K; >0, j =1,2,3 such that
(162) T(a+ B) < K1 (K2)*(K3) T(e)T(B)

for all real numbers o, B > 1.

Proof We provide a complete proof of this classical result since it is not contained in our
reference [1] on special functions. We depart from the Stirling formula (see [1] Appendix B),
which ensures the existence of two constants A;, Ao > 0 for which

ApptaY2em < I'(z) < Ameafl/%*x

for all z > 1. Therefrom,

o s < m s ) (g

Besides, one can pinpoint two constants B; > 0 and By > 1 such that

(164) (;25) " <02 < By

for all 5> 1 and from the classical estimates log(1 + x) < x for = > 0, we deduce that

B
(165) (1 + §>a = exp(alog(l + é)) <el (1 + 9) <e”
« Q 15}
for all real numbers «, 5 > 1. Lastly, piling up the above bounds (163), (164) and (165) yields
the awaited estimates (162). O

In view of the inequality (111), we deduce from (161) together with (162) the next decisive
bounds for the higher order time derivatives
1

(166)  sup lepn(t)] < (L2 X + W, (T, X1y o 1/0.0) ()"t < Vo
tew 0

1 n
i |

O) n!
for all n > 0, together with

(167)  sup |jvp,n(t)|
tew
1,1

. . 1 2
< (L2 Xjw + HWp(T7X)||(To,Xo,1/k,q))(f0)l(fO) I+ (E + 1)l +n)g" /2
1

< VO(VI)Z(VQ)"P((% + DDT(L+n)g"/? = Vo(Vl)l(Vz)”m

70 (TS 1
< VO(Vl)l(V2)nl!n!1“(%l)q12/2

(1 + (% + 1))nlg"/?
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for all I > 1, n > 0, for some constants Vo > 0, VO,Vl,Vg > 0 and Vo, V,Vy > 0 (relying
k,q,r,To, Xo,w and V,; ; for 0 < j < k — 1), where W stands for a fixed subsector of 7,,.

From the Taylor formula with integral remainder, for each 0 < p < ¢—1, n > 0, we can
expand the function v, ,(t) as follows

N
(8tvp.n)(0)
(168) vpn(t) = ; ”’lilt’ + Ryi1pn(t)
where

t t _ h N
Ryni1pn(t) = / 8,7+1vp7n(h)(]w)dh
0 .

for all ¢ € W, all integers N > 0. The remainder Ry41,,(t) can be estimated from above by
means of the latter key bounds (167),

[¢] 2
(169) [R5 ()] < ( /0 (1] — ) Fo(T2) N+ (N 4 1)(Fo) "mID( (N + 1))g V172

S - 1
< (Vo(V2)"n) (V)N 1T (L (N 4 1)g VD2 V!
for all t € W.

For each 0 < p < ¢ — 1, we define the formal power series

th zm

(170) t,2) = 3 @) (0) oy €l 2]
[,m>0

It turns out that 9,(¢, z) can be rewritten in the form

(171) Bults2) = S a2t

>0

where the expressions h,;(z) are holomorphic on a disc Dz, provided that its radius Z; > 0 is
taken small enough. Indeed, the first term hyo(z) is expressed through the series

hpo(2) = 3 tpn(0)

|
= n!
which represents a holomorphic function on Dy, for Z; < X(/2 since
- |2:| -
h <V — )" <2V
o) < o ()" < 2o

owing to the bounds (166), whenever |z| < Xo/2. Besides, for all [ > 1, the coefficients hy;(2)
are given by the expansions

i) = 5 ( S0k 0
n>0

which define holomophic maps on Dz, when Z; < ﬁ since

S l . o l
hpa(2)] < Vo(V1)T()a"™ 2 D (V)" |2l" < 2Vo(V1)'T(1)a"/?

n>0
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according to the bounds (167), given that |z| < ﬁ

Consequently, in view of both expansions (168) and (171) along with the remainder estimates
(169), we deduce the next error bounds

n

N o N I\ 2z
(172) |vp(t, 2) th,l tl| = )va,n(t)m - Z (Z(@év;,ﬁ(@%)g
1=0

n>0 n>0  1=0

ik S 1 (N+1)
= |37 Rnirpn(®) | < Vo(T)N D (N +1)g

n>0 ’ n>0

(V)"

< 206 (V) HT(L (N + 1) ™

for all t € W, all integers N > 0, given that |z| < Zi, for Z; > 0 chosen as above.
In the last part of the proof disclosed within the next lemma, we show that the coefficients
hp(2) do not depend on p for all I > 0.

Lemma 6 The coefficients
Up i = (aivp,n)(())

of the formal series 0,(t, 2) given by (170) do not depend on p, for alll,n > 0. As a result, the
coefficients hy,(z) of the formal expansion (171) do not depend on p for all | > 0 and thereby
each formal series 0p(t, 2) turns out to be written as a single formal series

2)=> h()t

>0

with holomorphic coefficients hi(z) on Dy, , for 1> 0.

Proof Paying regard to the relation (104), we get in particular the next recursion for the
sequence Up, | p,

Uplntw (9 €k,n1 (0) Vplotkrmoths kgl
173) pnir | I : o]
( ) n! Z Z Z ll‘nl lg!ng! 9

k=(k1,k2,k3)eBn1+n2=nly+l>=l

'8 anl(o) 'Dp,lz,na f[)p,lg,ny, ﬁéup,n(O)
Y Y [+

I1'ng!  lalng! l3lng! n!
n1+4na+nz=n iy +ly+ls=l ARG S

with prescribed set of data
(174) Bpig = @)(0) . 0<j<m—1, 120

Now, we observe that the above prescribed quantities 9,;; for 0 < j < x —1 and [ > 0 along

1)
with the forcing terms f%an() for all [ > 0, all n > 0, do not depend on p, according to our
assumption (22) and Theorem 3, 2. . As a result, we deduce by induction from the above
recursion (173) that the whose sequence 0, do not depend on p for all [,n > 0. O

At last, the statement of Theorem 5 issues from the above lemma 6 and the error bounds (172).
O
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5 Confluence as ¢ tends to 1

Throughout this section, the notations introduced in the earlier sections of the work are lightly
modified. Our objective is now to keep track of the dependence of the family of solutions
{vp(t, 2) fo<p<c—1 to the initial problem (21), (22) relatively to the parameter ¢ > 1, constructed
in Theorem 2. On that account, we denote v,4(t,2) the function v,(t,2). We also attach a
second index ¢ to the Borel map O,(u, z) by setting Op(u, z) = Op.4(u, z) within the integral
representation (86). From now on, the real parameter ¢ is chosen inside an interval (1, qo] for
some fixed real number gy > 1.

5.1 A limit singular linear Cauchy problem

In this subsection, we call attention to parts of the results reached in our previous work [13] that
will be applied within the next subsection. We keep the same notations as the ones introduced
in Section 2.1.

We consider the next singular Cauchy problem

(175) P(thrlﬁt)an;l(t,Z) — Z CL(Z)tlo (thrl({)t)llaizu;l(t, 2)
1=(lo,l1,l2,l3) €A

for given Cauchy data
(176) () (t,0) = ;(t) , 0<j<S—1.

where all the data k,S, P, A and the coefficients ¢;(z) with [ € A along with the initial data
@;(t) for 0 < j < S —1 are already declared in Section 2.1.
In Section 8.1 of the paper [13], the next statement is outlined

Proposition 15 Let D = {T,U} be an admissible set of sectors as chosen in Definition 2. Let
U be one sector belonging to the family of unbounded sectors U.

One can build up a solution . (t,z) to the Cauchy problem (175), (176) which is bounded
holomorphic on a domain T x D_1_ where the bounded sector T belongs to the family T of

2Cg
bounded sectors from D and corresponds to U under the requirement 2) of Definition 2 and

where Cg > 0 is some well chosen constant. The map u.1(t, z) can be expressed by means of a
Laplace transform of order k,

(177) u(t,z) = k:/L w.1 (u, 2) exp(—(u/t)")du/u

~

along a halfline L, C U U {0} described in Definition 2 2), for all (t,z) € T x D%.
8

The Borel map w; (u, z) represents a holomorphic function onUxD%. Its Taylor expansion
2C7%

(178) wi(u, z) = Zwml(u)z"/n!

n>0
suffers the next bounds
(179) |wns1 (w)] < C7(Cs)™n!|u| exp (k;l logQ(\u| + ug) + alog(|u| + uo))

for alln >0, all w € U U {0}, for fittingly chosen constants C7,k1 > 0 and ug > 1,a0 > 0.
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5.2 A limit nonlinear Cauchy problem

In this subsection, a novel Cauchy problem is introduced that we call the limit problem as ¢ > 1
tends to 1. Its shape is displayed as follows

(180) OLv,(t,z) = > dp (2)t" (10 92 va) (¢, 2) + alt, 2)v3 (¢, 2) + ua(t, 2)
h=(ho,h1,h2,h3)€C

for given Cauchy data
(181) (#v1)(t,0) =@;(t) , 0<j<K—1

where the forcing term w.; (¢, 2) is the holomorphic solution of the singular linear Cauchy problem
(175), (176) unveiled in the proposition 15 of the former subsection. Besides, all the items &, k,C
along with the coefficients dj,(z), a(t, z) for h € C and the Cauchy data ¢;(t) for 0 < j <k —1
are those already introduced in Section 2.2.

We aim for a solution to (180), (181) having the profile of a Laplace transform of order k,

(182) vi(t,z) =k : 0.1(u, 2) exp(—(u/t)*)du/u

along the halfline L, given in (177), where the Borel map ©.;(u, z) is holomorphic with respect
to u on U and analytic w.r.t z on some small disc D, centered at 0 with radius r > 0.

The same computations as the ones of Section 2.3 by means of Proposition 1 shows that the
Borel map ©.1(u, z) solves that next auxiliary Cauchy problem

(183) 9201 (u,2) = > dp(2) (ku*)" (9120.1) (u, 2)
h=(ho,h1,h2,h3)EC;hog=0
uk uk . ho 4 It ¢ o 1 ds
- A _ Jk NS
D SR 1O o A O (ORICEN TR
h=(ho,h1,h2,h3)€C;ho>1
k
w 1
k k 1/k 1/k
+ ap(2)u /0 ©.1((u” — s) / ,z)@;l(s/ ,z)mds
oS wrgs [0t [ Oatl s 90 2 )
TR Jo T Ty TR T A T e
+ w1 (u, 2)

for given Cauchy data

(184) (910,1)(w,0) = Pyu) , 0<j<r—1

k

For later need, we make the change of variables s = u”x and s; = sz for 0 < z,x7 < 1 in the
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integrals involved in (183). As a result, ©.1(u, z) solves that next auxiliary Cauchy problem

(185)  070.(u, 2) = > dp(2) (ku*)" (9220:1) (u, 2)

h=(ho,h1,h2,h3)€C;ho=0

ho+kh1 1 h d

+ Z dh(z)g(h/k)/ (1_x)fo—lkmxma?z@;l(lwl/k’Z)%
h=(ho,h1,h2,h3)€C;ho>1 0 0

dx

ap(z 1@. u(l — )Yk 0.4 (ux'/* ) ———
o) [ Ot =2t 0

(1—z1)z1/ @

A h 1 1
d d
=S a0 () at @y et e ) ) T
h=1 0 0
+ w1 (u, 2)

for given Cauchy data (184).
The next proposition comes along with the same steps as in the proofs of Proposition 9 and
Theorem 2.

Proposition 16 Let D = (T,U) be the admissible set of sectors distinguished in Proposition
15. Let U be the infinite sector belonging to U selected in Proposition 15.

A solution v.1(t, z) to the Cauchy problem (180), (181) can be reached, that is bounded and
holomorphic on a domain T x Dz, /o for some small radius Zo > 0, where T is the bounded
sector from T singled out in Proposition 15. Moreover, v, (t, z) is described using a Laplace
transform of order k,

(186) va(t,z) =k i 0.1 (u, 2) exp(—(u/t)*)du/u

for all (t,2) € T X Dy, 2, along the halfline L~ that appears in the representation (177). The
Borel map ©.1(u, z) stands for a holomorphic map on the domain U x Dz, 2 which solves the

above auziliary Cauchy problem (183), (185) and (184). Besides, the map ©.1(u, z) belongs to

the space G](fa Zoa ) and enjoys a decomposition of the form

(187) 0. (u,2) = 0; =1 (u, 2) + ¥(u, 2)

where U (u, 2) is defined in (61) and Z.1(u, z) belongs to G]({:O',Zo;hu) and satisfies
(188) ||E;1(’U,, Z)H(O',Z();hu) < Vi1

for some suitable constant v,; > 0.

In the ensuing corollary, we observe that v, (¢, z) actually solves a limit nonlinear Cauchy
problem with analytic coefficients in space z in the vicinity of the origin and polynomial in time
t.

Corollary 2 The analytic map v.1(t, z) solves on the product T X Dz, 2 a particular Cauchy
problem relying polynomially on time t with the shape

(189) P(t"*10)07 v (t,2) = Gt 2, {0 02201 (6, 2)} = () ra)ert)
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for given Cauchy data of the form

(190) (OLva)(t,0) = ¢5() , 0<j<r—1
together with

(191) (0lva)(t,0) = dja(t) , K<j<K+S-1

for well selected polynomials qgj;l(t), k< j<k+S—1 (that are independent from q). The set
R is a finite subset of N? for (r1,72) € R with the property that ro < S+ k for any (r1,7r2) € R.
The map G(t, z, (ur), ) is polynomial in time t and in its arguments u, withr € R and analytic
w.r.t z on Dgy,/o.

Proof We set up the differential operators
Di(t,z, 0y, 0,) := P(t"119,)0° — > alxtet o) ok

I=(lo,l1,l2,l3)€A

and

Do(t, 2,0y, 0,)v := 0 — > dp ()t (t* Lo 0k v — a(t, 2)v?
h=(hg,h1,h2,h3)eC

According to Proposition 16, v.;(t, z) satisfies

(192) DZ(tazaataaz)U;l(taz) = U;l(taz)

and based on Proposition 15, the map .1 (¢, z) solves

(193) Di(t, 2,0, 0:)uq(t,z) =0

provided that (¢,2) € T x Dy, /2. By pairing (192) together with (193), we obtain

(194) Di(t, 2,0, 0;) 0 Da(t, 2,0, 0x)va(t, z) =0

that is represented by the equation (189). Regarding the Cauchy data, the map v.; suffers the
conditions (181) which are replicated in (190). Moreover, the constraints (176) put on u. (¢, 2)
can be reworded as

(8; o Dg(t, 2,0, 8Z)U;1>(t, 0) = (pj(t)

for 0 < j < S — 1 which begets the assumptions (191) for properly chosen polynomials ¢.1(t)
with complex coefficients for k <1 < x + 5 — 1. O

5.3 Analytic solutions to the limit singular linear Cauchy problem under the
action of a g—difference operator

In this subsection, we take heed of a technical result achieved in our foregoing work [13] that
will be called upon in the next subsection. We keep the notations of Subsection 5.1.
In Section 8.2 of [13], the next result is established.

Proposition 17 Let f > 1 be an integer and let q € (1,qp]. Two constants Cgy,C19 > 0 (that
are unrelated to q) can be found such that

(195) [wn;1 (1) = wpsa(a~ u)| < |q77 = 1|Co(Cro)"nl|ul exp(ky log?(Jul + uo) + alog(|ul + o))

for all w € U U {0}, for all integers n > 0, where the constants ky > 0, ugp > 1, a > 0 and the
unbounded sector U appear in Proposition 15.
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5.4 Analytic solutions to the limit nonlinear Cauchy problem under the ac-
tion of a ¢g—difference operator

This subsection is dedicated to the proof of the next technical proposition.

Proposition 18 Let 5 > 1 be an integer and set q € (1,qo]. Then, one can find some constants
v.p > 0 and M1 1 > 0 (unrelated to q) such that for any given o > 0, if Zo > 0 is taken small
enough, the nexrt bounds

(196) 1©:1(u, 2) — O (g~ Pu, Z)H (0, Z0) = Ml;l(l - qiﬁ)

hold.

Proof The proof is rather lengthy and is made up with several steps.
In the first step of the proof, we formulate a Cauchy problem, stated below in (206), (207),
that the difference

(197) AP0 (u, 2) == 0.1 (u, 2) — O.4 (¢ Pu, 2)

is compelled to solve. We first state a Cauchy problem satisfied by the quantity ©.1(¢ Pu, z) by
substituting u by ¢ ?u in the equations (185), (184).

(198) 950.1(q " u,2) = > dn(2) k(g Pu)*)" (0220,1) (¢ P, 2)

h=(ho,h1,h2,h3)EC;ho=0
—B,,Yho+kh1 1 d
+ Z dh(Z)(qF(uh)/k;)/ (]_—Llf)k lkh1 h18h2@ ( u.l‘l/k Z);x
h=(ho,h1,h2,h3)€C;ho>1 0 0
_dr
(1—2x)x
A
Su)h [ r_ - — dx dx
+Zah('z)(I‘q(h/k)) /0 (=) 1</0 0.1 (¢ Pua'F(1—21)*, )0, (g ﬁuwl/kﬂc}/k,z)il)i
h=1

(1—z1)z1/ o

+wi (g u, 2)

+ap(z /@1 u(l — )k, 2)0.1(q” Buzt/*, 2)

(199) (020.1)(q"Pu,0) = Pi(gPu) , 0<j<r-—1

On the way, we need to perform some practical computations. Namely, using the basic identity
ab — cd = (a — ¢)b+ ¢(b — d), we recast the next list of pieces in a suitable manner :

(200) (kuh)" 02041 (u, 2) — (kg *w))" (0220,1)(g ", 2)
= [y = (g™ )y | 022011 (. 2) + (kg™ u))™ [0220,1 (v, 2) = 0201 (q 7w, 2)|
and

1
d
(201) uh°+kh1/ (1—x)%_la:m@??@;l(uxl/k,z)%
0

1 n d
([ B ek (g Pl 2)
0

1
= [uh”khl - (q_ﬂu)ho"’khl] / (1-— x)h?o_lxh1822@;1(uml/k,z)@
0 X

1
+ (g~ Pu)hothin / (1—2) # 1t [0 0, (ur¥, 2) — 0120, (g Pus!/* z)}%
0
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along with
) [ Oulult — o) a2y
; 1 (u z) /", 2)0. (ux 72(1_33)37
dx
—x)/k Uk 2%
/@1 u(l — )%, 2)0.1 (¢ Pux Z)(l—az)z‘
:/ ([@au(t = 2)'/%,2) = 01 (g (1 — )%, 2)] 011 (", 2)
0
-3 1k 1/k 1/k dx
+0.1(q Pu(l — z)*, 2) [0, (uz/”, 2) — ©,1(q Pua Z)D(l—x)m
and
1 1
h RPN | k(1 _ . \1/k 1k 1k dry \dx
(203) wu /0(1 x)k (/0 O, (ux " (1 —21)", 2)0.1 (ux P x; ’z)(l—xl)m)a}
— (¢ )" /1(1 —z)i ! /1 O (g Pua*(1 — 21) V¥, )01 (¢ Pua/Fay* Z)L)d_x
0 a ’ ' Lo (1—33‘1)1‘1 T

= [uh - (q_ﬂu)h} / (1-=x) / 0.1( uxl/k fUl)l/kaZ)@;l(uxl/kx}/k’Z) o )d_x

(1—z1)z1/ x

1
+ (q_ﬁu)h/ (1— )t [/ {(Ql(u:cl/k( — 1), 2) — ©a(q Pua'F (1 — 2y)V/E, z)>
0 0
X @;1(uzvl/k93}/ ,2) +0.1(q” Ul‘l/k(l - fUl)l/k’ z)
x (O (ua'*ay/", 2) — 04 (¢ Puat/Fay/", 2) ) } ( = ] B

l—x1)z1| x

Based on the two equations (185), (198) together with the prescribed data (184), (199) and
thanks to the above computations (200), (201), (202), (203), we can now exhibit a Cauchy
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problem fulfilled by the difference A?©.1(u, z) given in (197) owning the following shape :
Q04) oEAOu )= S [k (kP04 2)

h=(ho,h1,h2,h3)EC;ho=0
ki
—B, \k\h1 hQA,B . ho+kh1 _ —B, \ho+kh1
+ (kg™ ) 02 A0, (u, 2) | foY dlg, ok (g w0 hm]
h=(ho,h1,h2,h3)€C;ho>1
1 1
<[ ) B ot (a2 Dby [ Rt @l a6 (w2 1)
0 0
Y rs 1/k 1/k -3 Uk AAB 1/k da
+ap(z) {A O.1(u(1—2)"", 2)0.1(ux /", 2)+0.1 (¢ "u(l—x) /", 2) A" O, (ux ,z)}i
0 (1—2)z
a 1 ! :
+ ap(2) == uh—q*ﬁuh / 1—z)e !
> >P(h/k){< M| | 1 -2)

e
g E (1 — 2 VVE NG (L dey  ydz
X (/0 O, (ux /(1 —21)"", 2)0.1 (ux /"y ,2)7(1 —1’1)331) . }

1 1
Ha " [ -0 [ {a%0a (1 - o)V )0 (ust i, 2)
0 0

(1 —z1)z1d @

+ w1 (u, z) — w;l(q_ﬁu, z)

+ 0. (g Pux/F (1 — 21) V¥, 2) APO (uat/Fay ", Z)}L} da;}

for given Cauchy data
(205) (01A70,4)(u,0) = Pj(u) = Pi(q"u) , 0<j<k—1

In the upcoming step, we plan to solve the problem (204), (205) within the Banach space
described in Subsection 3.1. In the first instance, we need to rephrase the integral operators
involved in (204) in terms of those appearing in Subsection 3.1 by means of the parametrization
s=uFz, s = szy for 0 < z,z1 < 1. Indeed, we deduce that Aﬁ@;l(u, z) turns out to solve the
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next linear Cauchy problem
(206) 9A°0, (u,z) = 3 dn(){K" [1 = g~ ]t 9201 (u, 2)
h=(ho,h1,h2,h3)EC;ho=0
+ (k( _5u)k)h18h2A5@. (u z)} + Z d (Z)khl{ [1 _ q—ﬁ(ho+kh1)]
' So M) o )
h=(ho,h1,h2,h3)EC;ho>1
uk
X uk/ (u® — s)hTO*lshla,?Q@;l(sl/k,z)@
0 s
uk
+ g P / (uh — 5)F 1M (@2 AP ) (5%, 2) )
0
k
' d
+a0(2)uk/ {Aﬁ@;l((uk_s)l/k‘7 Z)@;l(sl/k, Z)_i_@;l(qfﬁ(uk_s)l/k,Z)Aﬁe;l(sl/k7z)}ﬁ
0 _

2 o h s S S
+Zah<z>r(§/,®{[1q‘ﬁh]u’“ [ =t [ atsms e (sl ) ) &

bt [t -9t [ A - ) ea (sl 2
0 0

d81 ]ﬁ
(s—s1)s1" s

+ w1 (u, 2) — w;1(q_ﬂu, z)

+0.1(g (s — s1)V/E, 2) AP0, (517F, 2))

for assigned Cauchy data
(207) (018704)(u,0) = Pj(u) = Pi(¢ "u) , 0<j<r—1.

In the second step of the proof, we seek for a solution to the above problem (206), (207)
expressed by means of the next splitting

(208) AP0, (u,2) = 07 FAPE. (u, 2) + AP (u, 2)
for some expression A=, (u, 2) to be determined, where

K—1

(209) APB(u,z) =) APPi(u)=
j=0

for APPj(u) = Pj(u) — Pj(¢ Pu), with 0 < j < s — 1.

We pinpoint the crucial fact that A®©.1 (u, 2) solves the problem (206), (207) if the quantity
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APZ 1 (u, 2) satisfies the next fized point equation

(210) A7E;(u,2) = > alh(z){/fh1 [1—q P ]u*0l20, (u, 2)
h=(ho,h1,h2,h3)€C;ho=0

+ (k(g Pu)kym (8;(“_h2)ABE;1(u, z) 4+ 012 AP (u, z)) }

h1
+ Z dh(z)r(fbo/k){ [1 _ q—ﬂ(ho—i-khl)]

h=(ho,h1,h2,h3)€C;ho>1

k o k %01 high 1k 8
X U / (u® —s8)*® sM020.4(s ,z)?
0

k
+ g Plhothha)y /u (uF — 5) F1gh (6;(”_h2)A55;1(51/k, z) + 8?2Aﬁ‘if(sl/k,z)) Cis}
0

uk
+ ao(z)uk/ {(az—mA/ﬁa;l((uk - s)l/k,Z) + Aﬁq/((uk - S)l/k,z))@;l(sl/k,z)
0

ds

k—s)s

+ @;1(q_ﬂ(uk - S)l/k, z) (82_“ABE;1(81/]€, z) + Aﬁ\il(sl/k, z)) } @

A

+;ah(z)F(hl/k){[l_q_ﬁh]“k /Ou (“k—S)Z_l(S/OS@;1((5—31)1/k,z)@;l(si/kvz)(dsl)ds

s—s1)s1’ s
k

+ q_ﬁhuk/ (u* - 3)%_1 [5/ (07" APE((s — s)) V% 2) + APF((s — 1), z))@.l(s}/k,z)
0 0

—Ble_ o \1/k —kAB= 1]k B 1/k & @
+0,(q7 (s = s1)F, 2) (07 "APE (5,7, 2) + AT (s ’Z))}(8—31)81] s
+ w1 (u, 2) — wa(g P u, 2)

Our next duty will be to search for a solution and provide bounds relatively to q for a solution to

(210) in the Banach space G]Ea Zod)’ for any given o > 0, provided that Zy > 0 is chosen small
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enough. With that in mind, we introduce the linear map
(211) D(APE(r,2)) = > dh(z){khl [1— g PFm]rhohag (1, 2)
h=(ho,h1,h2,h3)€C;ho=0
(kg ) (0T AE(r 2) 4 0 AT(r 2) ) }
n Z dn(2) Lh [1_q—ﬂ(ho+kh1)]
= T(ho/k)
h=(ho,h1,h2,h3)EC;ho>1
Tk
X Tk/ (7% — s)ﬂkl_lshlﬁ?@;l(sl/k,z)ﬁ
0 S
Tk
+q5(ho+kh1)7_k/ (7 — gy -1gh <87(57h2)ABE(81/l¢ 2) 4 02 AP (s1/F Z)>§
O z 7 z ) S
Tk
+ ag(2)7* / {(GZ_KA’BE((T]“—s)l/k,z)—i-A’B\i/((Tk—s)l/k,z)>@;1(sl/k,z)
0
O (aB(k _ g)L/k kAR /K B 1/k ds
+0.1(¢g77 (" —9) ,z)(@z APE(s7 2) + APU(s ,z)) T s)s
A 1 T h s Jk ds ds
+> ap(z 1—g— 9" Tk/ h—g)rt 5/ O.1((s—s l/k,z ©.1(s , 2 S
hz_l h( )F(h/k‘){[ q ] 0 ( ) ( 0 yl(( 1) ) 71( 1 )(8—81)51) s

k

—|—q_6h7'k/ (7% — 5)r ! [s/ {(agﬁAﬁE((s—sl)l/k,z)—|—A5\i/((s—sl)l/k,z))e);l(s}/k,z)
0 0
—l—@~1(q76(8 B Sl)l/k Z) (aanBE(Sl/k Z) —}-Aﬁ\i/(sl/k Z)) L}ﬁ
; ) z 1 > 1 > (5—51)81 s
+wa(r,2) —wa(g™'r, 2)

In the next lemma, we discuss sufficient conditions under which ® acts as a shrinking map on

a small ball centered at 0, whose radius depends on g, in the space Gl(“U Zott)"

Lemma 7 We take for granted that the conditions (19) hold. Then, one can single out a small
real number X > 0 in a way that if 0 < Zy < X, one can select a radius © > 0 which is
independent of q (but relies on qy such that 1 < q < qp), such that © possesses the next two
qualities: Let By1_q-p) be a ball centered at 0 with radius (1 — ")

1. ® maps By_q-s) into itself, meaning that

(212) D(By1-¢-5)) € Bya—g-#)
2. For any ABEl, AP=, € Bﬁ(l_qu), we have

— — L s —
(213) |D(AP=)) — @(Mm)”(m%?u) < §\|M:1 — M:QH(QZ&U)

Proof As a prefatory material, norm bounds estimates are required for some pieces of the map
D.
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a) Indeed, at first we need estimates for the norm ||w.; (7, 2) —w.1 (¢~ 77, 2)| (0,20 1)+ According
to the expansion (178) and the definition of the norm, we get

Z{f
T, % ||JZO, ZHwnl wnl( )H(nalxl)
n>0

Hw;1(7', z) — ’w;l(q A

and owing to the bounds (195) brought to mind in Proposition 17, we can upper bound the
coefficients of this latter series by

[r*

1+ _
||wn;1(7') — Wnp;1 (q )|| (n,ou) = Sup 7|7_| exp(—arb(n)|7'|k)|wn;1(7') - wn;l(q 67’)|
TeU

< (1= qP)Cy(Cro)™n! 5213(1 + 22F) exp(—oz*) exp(k1 log?(x + uo) + alog(z + ug))

< (1 — q*ﬁ)ég(Clo)”n!

for some constant Cy (unrelated to ), for all integers n > 0. Thereupon, it leads to

(214) w1 (7, 2) = wa (g7, 2) (g 2000 < (L= a7 Co D> (Cr0Z0)" < 2(1— g ) Cy
n>0

provided that Zy < ﬁ

b) We focus on the quantities ||7*"19/20 (T, 2521 for integers hy,hy > 0 under the
constraint (19) and on ||0.1 (¢, Z)H(U,ZO,M)'

According to the decomposition (187) with the bounds (188) and owing to Propositions 2
and 6, we obtain

(215) ||[7"0220.4(7, )| 5.2 2y < 1T 0220,0(7, 2) (0,200 10
< || o7 mh)Z (7, 2) 0,200 000 + 17028 (7, 2) |0, 2001 20)

< Mlzgghzv;l + ||Tkhlalzw\i](7—’ Z)||(U,Zo;1,u)

along with

216) 107 %)l 2000 < 1947, )i, 20
< 1182"Z) (a7 (0, 2o 20y + 1900~ 7 2|0, 2000 1)
< MiZggoa + 19(a 7, 2)l(0, 201
for some constant M; > 0 (independent of ¢ but relying on gy such that 1 < ¢ < ¢p) provided
that Zg < ZO;l-
¢) We ask for sharp bounds for the norms ||7*"19"2 ABY (T, o2, u)» for integers Ay, hy > 0
under the constraint (19). Departing from the expansion (209), we observe that

k—1—ho j
AN () = 3 AP, ()5
i=0 I
and its norm writes
I‘i—l—hQ Z‘]
(217) P2 AP () 2o = 2 T AP Prny (Dl Goan = )

§=0
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where

< 1+ ||
(218) |7 AP Py (7l g.oay = sup —

cu |7l exp(—ory (7)) |7 | AP Py, (7))

1 2k
< sup + 7|

exp(—o|r|*)[r[*" AP Py, (7))
TeU ‘T|

since 73(7) > 1, for all j > 0. Furthermore, we can recast the difference as an integral

T 1
(219) AP Pjiny (1) = , P py(s)ds = (1 - qﬁ)T/O Pl iy (Th+q P7(1 = h))dh
q Pt

by means of the parametrization s = 7h + ¢ #7(1 — h) with 0 < h < 1. Since Pj+h2 is a
polynomial with complex coefficients, its derivative can be writen in the form

» > h
PJ{-&-hz(S): Z Pj{+h27h8

i’
he€Tjhy

for some finite subset jj'. +h, of N and complex coefficients ]5]’ thghe We set

> 5 h
’PJ{Jrh2|($): Z \133{+h2,h|$

i’
h€Jjin,

and since

mh + ¢~ (1= )| < [7lh + g~ 7||7|(1 = h) < |7]
forall 7 € C, all 0 < h <1, we get in particular that

(220) | P ins (Th a7 P7(1 = ) < | Piyp, (7))

whenever 7 € C and 0 < h < 1. We deduce from (219) and (220) that

(221) AT Pyipy (1)) < (1= ¢ )Tl Py, (I7])

for all 7 € C. Thereupon, gathering (218) and (221) yields a constant My, p, jn, > 0 for which

(222) ([T AP Py (D)o < (1 —q77) sgrg(l + 2°%) exp(—oah) " | P, [ (2)
=z
< (1=q )M, jns

Keeping in mind (217), we finally get a constant N, hihaw.Ze > 0 such that
(223) 1751082 AP (7, 2) 15 7020y < (1= 0PI o 20

k h
d) Bounds for the quantity ||7% [ (7% — S)To_lsh@il?@;l(sl/k,z)%H(U Zo14) T€ also required,
for integers ho, h1, hg > 0 under the constraint (19). Based on the decomposition (187) with the
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bounds (188), Propositions 4 and 6 allow to get a constant M3 > 0 with

k
T d
(224) |7 / (7 —5) ¥ 8120, (s, )2 2
0 8 b b
k

T ho _ ds
< ||Tk/0 (Tk - S) k 15h1822®;1(51/k7z)?H(U,ZO;l,U)

Tk
guf’“/ (% — 5) 110 mIZ (Y, )Pl 00
0

k
T d

it [ = ) B ) D 00

0

k
B T ds

< MyZgg o 47t [ = ) B0 ) 20,0
0

presuming that Zg < Zp;1-
e) We demande also accurate estimates for the norms

k

T th, ~ dS
Ap = ||Tk/0 (TF = 5)% 15h18§2A5\D(81/k,Z)?H(J,Zo,u)

for integers hg, h1, he > 0 under the constraint (19). From the expansion (209), we check that

k—1—ho

. ) i
P (sVr, 2y = ST AP, (s
j=0 I
and therefore
k—1—ho Tk Z]
(225) A= X [ BT A 6 sl S
§=0

On the basis of the upper bounds (221), by means of the change of variable h = |7|*z with
0 < 2 < 1 and keeping in mind the lower bounds r,(j) > 1, we deduce a constant Mj, hoshihayj > 0

for which
’Tk h
ng _ ~
226) [ir* [ (= o) AP (5l
0
1+ 7% , || hy .
< sup S xpcom it [ (et = 1 B = A 0
1 . )
<(1-q¢") sg%)(l+y2k)exp(—ayk)yh°+kh1| el (Y )/O (1—2)* g idy
Y=

<({- q_ﬁ)Mk,ho,h17h2,j
At last, pairing (225) with (226) gives rise to a constant N, hoha har, 2y > 0 such that

k

4 hg _ . -
(227) H”A(”—@k%WﬁNW@&@H%, < (1 =0 )Ny o b o 20

We are now ready to come to the core of the proof. We fix our attention on the first item 1.
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B=
Let APZ belong to G* (0. Z020) such that
(228) HA E(r,2 )H(aZO u) = 0(1—gq B)

We provide explicit bounds for each block of the map D(APE).
Proposition 5 and (215) return

(229) [ldp(2)k"™ [1 = g~ ] 70120, (7, 2) 5 2, )
<K [L— [y (Zo) (M 25 o + |17 02 () 0,20 00))
Propositions 2 and 5 together with (223) trigger
(230) ||dp(2)k"q PRk (a;<“*h2>ABE(T, z) + O AP (r, z))H ol
< [dul(Zo)k" g2 (M1 Zg | AP (7, 2)| g 200y + <1 ~ )Nt

Proposition 5 and (224) afford

k

kM _ T ho _ ds
e A

(231) () 073

~ khl B
k

T
x (M3Z&Ih2v;1+|!7k/0 (7 — 5) % s gl (511, )*H Zoait))

Propositions 4 and 5 along with (227) prompt

k

kM T o
(232) ||dn(2) —B(ho+kh1) _k / (F — g)i-1gh
0

T (ho/k)"
X <8;(”’h2)ABE(sl/k, z) + 8?2Aﬁ\i/(sl/k7 Z)> %H(J,ZO,L{)
h
< [da) (Z0) e P00 (M 252 NS (1, 2) | 2020y + (L= 4PN :
> |Gp|( 40 F(ho/k) 340 ) (0,Z0,U) k,ho,h1,h2,K,Z0o

Propositions 2, 3 and 5 with the help of (215), (216) and (223) furnish

(233) Hao(z)'rk /OT {((‘L_NAﬁE((Tk o s)l/k,Z) + A’B\il(('rk . 8)1/k,2)>@;1(81/k,z)

_ kA B - ds
+ (g — )1F, ) (07" APE (s, ) + M\D(sl/k,z>)}Ml\<a,zo,m

< |ao|(Zo) M (H&;“Aﬂa(r, 2) + AT, 2| . 2020191 (s 2 | .20 20
+11©.4(¢7 ", Z)H(U,Zo,u)Haz_ﬁAﬁE(T, 2) + A (r, Z)”wzo,u))
< laol(Z0) Ma [ (M Z | APZ(7, 2) | 200y + (1 = 0P W Ny g0, 2,)
x (M1 Z§1va + [19(7, 2)l| (0,201 )
+ (MiZyvq + 10 (P, Z)H(O’,Zo;l,u)) (M123||A55(T, Z)H(U,Zo,u) +(1— qf'B)Nk,o,o,n,Zo)]
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Propositions 3, 4 and 5 together with (215) beget
1 T’“
h
234 an(z 1 —q*m1 Tk/ ™ —g)rt
(234) | ()F(h/k)[ 1 [ =)
_ )k 1k dsy __\ds,
/ @1 5 Sl) )@1( ’Z)(S—81)51) P ||(0,Z0,Z/l)
~ 1 ds
_ g Bh k k_ )Wk, ek y  as1
<l Zo) 7 11— 0 Ml / 07 = 3% )0(s1* ) Tl

< lan|(Zo) [1— ¢ P MsMo|[©:4(7, 2)I7, 5 1

1
T(/k)
< |ah|<20)mj/k)

Proposition 2, 3, 4 and 5 coupled with (215), (216) and (223) breed

[1— ¢~ Ma Mo (My Zq 0.1 + |19 (7, 2| 0200 20))

k

(235) ||ah(z)r(}j/k) q_ﬁth /OT (,Tk B S)E_l
X [5 /OS {(3;HA55((8 — 51)1/1%7 2) + Aﬁqj((s _ 51)1/k,z))@ 1(3}/16, 2)

“Bs_ e )Mk ) (5K AP (51" B (511" dsy 1ds)
#0(a (s - )h ) (0 AEGH,2) + APGE ) b
k

q‘ﬂ"MgHT'“/ {(3 SAPE((rF - s)VE, )+ AP (R s)VE, 2)) 04 (5" 2)
0

>

1
L(h/k)
+0a(g 7P (rF — s1) k) (077805 (), 2) + A% (5, )>}

< lan|(Zo)
LH 5
(TF — 51)s1 @%0 )
1
T'(h/k)
10677, )| 2000 /1077 APE (7, 2) + AD (T, 2 5 7000 |
1
T(h/k)

< Janl(Zo) s s P MM |10 APE (7, 2) + AP, 2| 20201051 (7 2 200

< |an|(Z0) q M3, [(MlZgHAﬁz(T, Miozoz T =0 )Ny oox.2)
X (Mlzg‘lv;l + H\if(T, Z)H(o,Zo;l,U))
+ (M Zg 01 + 19(a 77, 2)|l(0.200.00) M ZGIAE(T, )| 2020y + (1 = q_ﬁ)Nk,O,O,n,ZO)]

From now on, we select a small sized quantity Zo > 0 and suitable © > 0 (taken independently
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of ¢ € (1,qo]) in a way that the next inequality holds

(236) Z ’dﬁ‘(%){khl [1— ¢ M) (M Z5 2o + (|75 0120 (7, 2) ] (6,200 1))
ﬁ:(hOyhlah27h?))€C'h():O
h _
kMg (M 25 51— ) 4 (1— g ﬁ)N,ﬁhl,hM’ZO)}
h1

- k -
h=(ho,h1,h2,h . ['(ho/k)
h=(ho,h1,h2,h3)€C;ho>1

k

_ T ho _ . ds
x (M3 Zgy " va + ||7* / (7% = 8) ® 1Ml (s, ) 0,20, 0)
0
+q 5(h0+kh1)(M Z:“C ha ~ (1 —q ) + (1 —q )Nk ho,hi hor, ZO)}
+ laol (Zo) Mo | (M1 Z55(1 = a7%) + (1= 4Ny 0,02
X (MIZSHU;I + H‘I’(T, Z)H(a,zo;l,u))
(MlZO i+ [[¥(g 7T, )| (0,200 U ) (Mlzgﬁ(l —¢ ) +(1- q_B)Nk,o,o,n,Zo)}

+ Z| wl(Z h/k) {[1 — ¢ P M3 My (M Z v + | |9 (7, z)”(a,Zo;l,U))Q
+q P MM [(MIZSﬁ(l —q )+ (1- q_ﬁ)Nk,O,O,n,Zo)
x (MIZ&W;I + [ 0(r, Z)H(O',Zo;l,u))
+ (M1 Z5 00 + 119 (007, 2)l0, 200 000) (ML ZGT(1 = ¢P) + (1 — q_ﬁ)Nk,O,O,m,Zo)} }
+2(1— ¢ ?)Co < (1 —qP)

Notice that the above constraint (236) can be achieved since all the quantities

_ kh1—1 —B(ho+kh ho+khi1—1 —Bkh kh—1
1— g Pk sy l—q B(ho+khi) 4 l—gq s
- J - BYJ - By
g7 E ("), o F E ("), = § (¢")
J=0 J=0 J=0

remain bounded for ¢ € (1, qo] provided that khy > 1, ho + khy > 1 and h > 1.
At last, the collection of all the inequalities (214), (229), (230), (231), (232), (233), (234)
and (235) listed overhead under the condition (236) yields the first expected item (212).

We concentrate on the second feature 2. of the map ©. Let APZ;, APZ, be elements of

k
G(O’,Z(),u) with
HAﬂ_](T Z)H(gzmu) <0(l—gq 'B)
for j =1,2.

According to the computations made to treat the first property 1. of ®, we deduce forthrightly
the next list of inequalities

(237) |ldn(2)k"q= P o7 (5=h2) (APE, (7, 2) — APZa (7, 2)) . 20 a0)
< |dn|(Zo)k" g~ PFM Ny 25 ’”HAB:l(T,Z) AZo (7, 2) | (. 20 a1
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and

k
h

h -
(238) () e [k g
0

T(ho/k) "
—_ — ds
% 3;(H—h2)(A5;1(51/k,z) — AB:_,Q(SI/]C’ Z))?H(O',Zo,u)
- h1 -
< |dn|(Zo) i g PRI N Z512 | APE (7, 2) = APEa (7, 2) | 4 20wt

L(ho/k)

along with

(239) |lao(2)7" /OT {(@“(Aﬁa(ﬁk — )k ) — APE (7% — 5)V/E, z))>9;1(81/’“, z)

_ k —_ _ ds
+©.1(q ﬁ(Tk _ s)l/k, z) (az (Aﬁzl(sl/k7 z) — Aﬁzg(sl/k, Z))) }M_S)SH(J,ZO,M)

< Jaol(Z0) Mz [ (M Z]| A1 (7. 2) = A7, 2 2000)
(MIZO 101 + H\ij T Z)H(O'ZO 177/1))
+ (M1Zo 1951 + W (g~ br, 2)l (0,Z0,1.U ))(MlZO ||A'851(7'a z) — A652(73 Z)H(U,ZO,L{))]

and

k

(240) ||ah(z)r(}j/k)q_ﬁh7_k /OT (Tk ~ 5)
x s /0 {(a;~<A651((s a2 AP — s )0 (5 2)

==

-1

_ —w — _ ds ds
+0.1(q (s — s1)V¥, 2) (83 (A5z1(5’}/k,z) — AP= g(si/k, Z)))}(ssll)sl} ?H(U,Zmu)

)

1
T(h/k)

< |an|(Zo) q PP MM, [(MlZ(ﬂ |APEL (7, 2) = AZo (7, 2)| (4. 20 )
X (MIZ(If-lv'l + ||\IJ(7- Z)||(O’ZO 1,1/1))
+ (M1 25300 + 19007, 2) (0,20, 20)) (ML Z11 A En (7, 2) = APZ(m, ) 2000

Hereafter, we choose Zy > 0 small enough in a way that

(241) > |du|(Zo) K" g~ PPN Z5
h=(ho,h1,h2,h3)€C;ho=0
> _m )
d Z 7B(h0+kh1)M Zﬁ—hz
+ | Q‘( O)F(ho/k)q 340

h=(ho,h1,h2,h3)€C;ho>1

o+ laol (Zo) Ma | M Z§ (M Zgy v + 19(7, )l 0. 200.20)

+ (M Z5 v + 119077, 2) | 0,204 )MIZO}

7 1 —Bh 7K K x
+hzl|ah\(zo)r(h/k)q # M3M2[Mlzo (M1 ZE v + 197, 2| (6,201 14))

+ (M1 Z§ o0 + [[¥(q P, Z)Il(ozol,u))Mlzo] <1/2
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and gathering (237), (238), (239) and (240) gives rise to the shrinking property (213).
Eventually, we select the constants Zy > 0 and © > 0 in a way that both constraints (236)

and (241) hold concomitantly. Lemma 7 follows. O
In the upcoming lemma, we solve the linear Cauchy problem (206), (207) within the Banach
space G’(C Gott)”

Lemma 8 Let us presume that the condition (19) hold. We single out the constants Zy > 0 and
0 > 0 (independently of q in (1,qo]) as in Lemma 7. Then, the linear Cauchy problem (206),

(207) owns a solution APO.1(u, z) that belong to the Banach space GI(CU Zodd) for any given o > 0.

Along with it, a constant ]\;[1;1 > 0 (unrelated to q € (1,qo0]) can be found with the next feature

(242) 1870:1(u, 2)l| (5 70 00 < Mia(1—¢77)

Proof Derived from Lemma 7, the classical fixed point theorem for shrinking maps on metric
spaces can be used for the map © : By(q_4-8) — By_q-5) according to the fact (Bgq_q-s),d)
stands for a complete metric space for the distance d(z,y) = ||z — y|| (0. Z000) Whence, D :
Bi1—¢-8) = By(1—¢-#) carries a unique fixed point denoted ABE;l(u, z) inside the ball By(;_;-5),
meaning that

D(APE,) = APE,

As a result, a unique solution A=, for the equation (210) is established in the ball Biy—q-5y-
Furthermore, the proposition 2 conjointly with the decomposition (208) and the bounds (223)
certify that the map

AP0, (u,2) = O FAPE (u, 2) + AP (u, 2)

k

(0. Z0 1)’ solves the problem (206), (207) and suffers the next upper estimates

belongs to G

(243) [1A7©;1(u, 2) < MiZENAPE (u, 2)l 5, 20 20y + 17T (w2l . 2201

< MiZ§o(1— g %) + (1= 4 PN,z < Mia(1—q77)

H(UZOM)

for some constant Ml;l > 0 which is unattached to ¢ in the range (1, go]. O

According to Lemma 8, it turns out that the wunique formal series in z with holomorphic
coefficients on U solution of (206), (207) is subjected to the bounds (242). Since the difference
©.1(u, z) — 6;1(q_6u, z), which represents in particular a formal power series in z with holomor-
phic coefficients on U, is shown to solve (206), (207) in the first step of Proposition 18, it must
coincide with the solution A? ©.1(u, z) constructed above in the second step of the proof and we
deduce conclusively that the forsought estimates (196) hold for it. This completes the proof of
the proposition. O

5.5 Error bounds between the Borel maps of the analytic solutions to the
linear Cauchy problems (11), (12) and (175), (176).

In this subsection, we remind the reader of a result obtained in our previous work [13] related to
the dependence of the family of solutions {u,(, 2) }o<p<c—1 to the linear Cauchy problem (11),
(12) relatively to the parameter ¢ > 1 set up in Theorem 1. This result will be applied in the
ensuing subsection.
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We consider the admissible set D = {7,U} of sectors chosen in Proposition 15, where an
unbounded sector U and corresponding bounded sector T are distinguished. We denote

t:2) = [ gl z) expl (/)

Y

for (t,2) € T x D . the solution of the problem (11), (12) displayed in Theorem 1, along the
4

halfline L. taken in Proposition 15, where the Borel map w.q(u, z) has now an attached index g
in order to keep track of the dependence in ¢ > 1. According to Theorem 1, w.4(u, 2) represents

a holomorphic function on the domain & x D . with a Taylor expansion of the form
2Cy

ZTL
(244) wiq(u, z) = Z wn;q(u)ﬁ
n>0 ’

whenever v € U, z € D%. We keep the notations of Section 5.1. In Section 8.3 of [13], the
4

next result is stated.

Proposition 19 Let q € (1,qp]. Two constants C11,C12 > 0 (that are unconnected to q) can be
singled out such that

(245) |whq(w) — wp(u)| < (g —1)C11(Cr2)"n!|u| exp (k1 log2(|u| + up) + alog(|u| + uo))

for all w € U U {0}, all integers n > 0, where the constants k1 > 0, ug > 1, a > 0 are fized in
Proposition 15.

5.6 Error bounds between the analytic solutions of the nonlinear auxiliary
Cauchy problems (30), (31) and (183), (184).

This subsection is devoted to the expounding of the next proposition which plays a central role
in the upcoming third main result of this work discussed in Theorem 6.

Proposition 20 Let g € (1,qo]. Then, one can select two constants Zo > 0 and M, > 0, that
are unrelated to q, such that for any given o > 0, the next bounds

(246) 10411, 2) — ©4g (1 2)l| 2020y < M1 2§ (0 — 1)

hold, where ©.q stands for the solution to the Cauchy problem (30), (31) that belongs to the
space G](C@ZO,Z/{) for some Zy > 0 (relying on qo but independent of q) built up in Proposition 9

and where ©.1 solves the problem (183), (184) and is exhibited in Proposition 16.

Proof The proof is split up is two main parts.
In the first part, we frame a Cauchy problem specified later on in (251), (252) which is
fulfilled by the difference
ABIQ(u, 2) := 0.1 (u, 2) — O4(u, 2)

for which we seek upper bounds.

To that end, we need some prelusive computations. The basic identity ab — cd = (a — ¢)b +
¢(b— d) will help us in recasting in an appropriate manner the next list of differences appearing
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as building blocks of the pending equation (251). The differences dealing with the linear terms
can be reorganized by inserting some auxiliary terms as

(247) (kuk)ma??@;l(u, z) — (k(q_h3u)k)h1822@;q(q_h3u, z)
= |Gty = (kg o)) | 012040 (u, 2) + (klg ™))" 9220, (u, ) = 92204 (g7"u, 2)]
= [y = (b(g ™))™ | 0220, (u, 2) + ((g ™" 0))"™ |9220;1 (u, 2) — 92201 (7", 2)

+ 8?2@;1(q_h3u, z) — 822®;q(q_h3u, z)]

and
uk
18) o [t ) ) o (s )
0
k o k ho g —hs 1/k\k\h1 oh N
—u (U™ —s) % (k(g ™ s/")") 022 Oyq(q s 72)?
0

—u* /0 St ){ [ks) = (kg2 /5y | 020 (5177, 2)

d
(kg2 0120, (575, 2) — 0120, ( s ", 2)] }

h

—u* /0 St s)fl{ [hs) = (kg2 | 020 (5177, 2)

+ (k(g st /R)Rym [8?2@;1(31/’“, 2) — 120, (¢7"s", 2)

+ 0120, (g5 2) — 20 4 (g e sVE, Z)} }Cf

along with the differences for the nonlinear terms that can be reshaped as

ds
(uk — s)s
ut ds

ok E_ \1/k 1/k -
u ; Oyq((u” = 5)7", 2)Os4(s ’Z)(uk—s)s

uk
(249) uk/ O ((uF — 5)k, )0 (s, 2)
0
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and
ut ds ds
9 k - 1 / DYE 0. (sM* 1
(250) wu /0 ub — s) ©. ,2)0.1(s7, 2) (3—31)31> .
Lt [ kg - )k, Uk oy st yds
u /0 uf — 5)% / O.4((s —51)7",2)0.,4(51"", 2) (8_81)81) 5

:uk/o (uks)’é—1<s/0 {[a((s = 5%, 2) = O,4((s = s)/%, 2)] 0 (51", 2)

(s—s1)s1 ) s

+0,((s — 50, 2) 063, >-@;q<s;/k,z>]}d81>ds

Owing to the fact that ©.; (resp. ©.,) solves the linear convolution Cauchy problem (183),
(184) (resp. (30), (31) ), paying regard to the redrawn expressions (247), (248), (249) and (250)
and keeping in mind the notation (197) of the previous section 5.4, we can state the linear
convolution Cauchy problem fulfilled by the difference AL90(u, z) as follows

(251) 9EAO(u,2) = ) an(2) ([(ke)™ = (kg0 02041 1, 2)

h=(ho,h1,h2,h3)€C;ho=0

+ (k(g ™" u)) [0l A0, (u, 2) + 922 A0 (g u, 2)] )

D SO ( =B [ — sy

b:(h07hlah2>h3)€(:;h021

X 0120, (1%, )+ k(g sV 1)) [l ARy (s1/F, 2) + Dbz ALIE (g es b, 2] | d)

uk

ds
k 1;q k_ N\1/k 1/k kE_ N\1/k 1;q 1/k
+ ap(2)u /0 <A O((u” —5)"",2)0.1(s7", 2) + O,4((u” — 5)/", 2) AHIO(s ,z)) (= 5)s
A K

+Zah(2)r(;/k)uk /Ou (uk _ 8)21(8/05 [Al;q@((s _ 31)1/k72)@;1(81/k72)

h=1

+0,((s — s1) /%, 2) A0 (51", 2)] o ) &

m ? + w;l(u, Z) — w;q(u, Z)

for prescribed vanishing Cauchy data
(252) (P AY0)(u,0)=0 , 0<j<K—1

In the ensuing part, we intend to solve the above problem (251), (252) by way of the Banach
spaces introduced in Subsection 3.1. Namely, we search for a solution to (251), (252) shaped as

(253) AYO(u, z) = 07 AVIE(u, 2)

for some expression AL9Z(u, 2) to be specified. One checks that A190(u, ) matches the problem
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(251), (252) if the map AL9=(u, 2) is subjected to the next fived point equation

(254) ANE(u, z) = > d@(z)([(kuk)hl — (k(g "su)*)"]0L2©,1(u, 2)
h=(ho,h1,h2,h3)EC;ho=0

+ (k(g ™)) (012 A% 0, (u,2) 4 07 1 ALIE (g, 2)] )

+ Z dh(Z)F(hz/k) (uk /Ou (uk — 5)%—1 |:|:(k5)h1 _ (k(q—h381/k)k)h1]

h=(ho,h1,h2,h3)EC;ho>1

S

x 0120, (s'*, 2) + (k(g s F)F) [0l A3 @, (517, 2) + 07 (h2) Aliag (g he s1/F, z)ﬂ ds)

k

+ ag(2)u” / (a;ml;qa((uk — )Yk 2)0.(s'k, 2)
0

: ds
k_ N\1/k \a—r ALam( 1/k
+ Oy ((u" — 9)VE, )0 FAVIZ(s!/ ,Z))m
A wk

+ ;ah(z)f‘(hl/k)uk/o (uk —_ s)%—l (5 /08 [az—nAl;qE((S _ Sl)l/kaz)@;l(s}/k7z)

ke A Lige— k ds ds
+ @§(1((8 - 81)1/k7 z)az Al,q:(si/ ,Z)] m) ? + w;l(ua Z) - w%Q(ua Z)

In the sequel, we seek for a solution, for which sharp bounds relatively to q are exhibited, to
(254) inside the Banach space G?U Zoll)? for any prescribed o > 0 in the condition that Zy > 0
remains small enough. In order to meet this objective, we set up the next linear mapping

h=(ho,h1,h2,h3)€C;ho=0

+ (7)) [0R AP (7, 2) 4 0 ) Atz (g, 2] )

(255) QE(ALQE(T, z)) = Z dh(z)<[(k7'k)h1 — (k(q_h?’T)k)hl]ﬁi”@;l(T, 2)

LD SR O ('f | = [ — el

h=(ho,h1,h2,h3)eC;ho>1

X 020,1 (1%, 2) + (k(g~"051/) ) [l AT @, (5%, 2) + 0 () ALz (g1, 2| d)
k

+ag(2)7" / (8;“A1;q5((7'k—s)l/k,z)@;l(sl/k,z)
0

ds
k_ g)l/k —rk AL 1/k _ds
+O,4((17 = 5) 7, 2)0, "ATI=(s ,z)) (% — 5)s
A . o h )
g st —kALaz((o _ ¢ \1/k R
+hE:1ah(Z)I‘(h/k)T/0 (TF — )% (S/o (077 AYE((s — 51)%,2)0.4 (5", 2)

, d d
+0,((5 = s 0 AME(} ) L) T a(72) — gl 2)
In the following lemma, sufficient conditions are enunciated under which & becomes a shrink-

ing map on a tiny ball whose radius hinges on q centered at the origin in the space Gé“a o)’
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Lemma 9 Assume that the condition (19) holds. Then, a small sized real number x > 0 can
be singled out in a way that if 0 < Zy < X, a radius 0 > 0 can be distinguished (in a unrelated
manner to q, but depending on qo for which 1 < q < qp), such that € acquires the next two
hallmarks: Let us denote By(q—1) the ball centered at 0 with radius v(q — 1) in G*

(0, Z014)’
1. € maps Byg—1) into itself, signifying that
(256) &(Bs(g-1)) C Big-1)
2. The inequality
(257) I€(AY=1) — €(AYZ)| (4,7, 20) < *HAI"’W — AYEs| 4 20000

holds as long as AVIZ,, ALBIZ, € Big-1)-

Proof We first supply norm upper estimates for some parts of the map €.
a) Upper bounds are established for the norm ||w;1 (7, 2) — w;e(7, 2)||(,, 7, 21)- Departing from
the expressions (178) and (244), we arrive at

Zn
[wa (T, 2) — wy(T, 2) || (0,Z0,U) Z [[wns1 ( wn;q(7)||(n’g,u)n—?
n>0 '

and owing to the bounds (245) stirred up in Proposition 19, the coefficients of the above series
can be upper bounded by

+ || k
|[wn;1 (1) = Wniq (T (n,00) = SUp —— exp(—orp(n)|7]7)[wn;1(T) — Whyg(w)]
< (¢ — 1)C11(Cra)"n! sup(1 + z2*) exp(—oz") exp (k1log?(x + uo) + alog(x + up))
x>0

< (g — 1)C11(C12)™n!

for some constant Cy; > 0 (unrelated to q), for any integers n > 0. Thereby, it brings in

(258) w1 (7, 2) = wo (7, 2)l (5. 20000 < (4= DC11 Y_(Cr2Z0)" < 2(g —1)Cny

n>0

on the condition that Zy < ﬁ
b) Bearing in mind (215), we already know that

(259) 5180201 (7, 2)[| 2020y < M1 257" 000 + |71 0129 (7, 2)| 020120

for some constant M; > 0 (independent of g but relying on ¢p), where Zy.1,v,1 > 0 are defined
in Proposition 16, as long as Zy < Z0:1-

c¢) We need accurate bounds for the norms ||[7Fh19h2 AP @ 4 (7, (6, 20,00)» for non negative
integers hi, ho, hg submitted to the condition (19). Calling to mind Lemma 8, the next splitting

(260) A0, (1, 2) = O, "AMZ (1, 2) + A" (7, 2)
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holds where Ah3E;1(T, z) belongs to the ball B~( g"3) in G( Zoll)

and where A" ¥(7, 2) is defined in (209). Owing to (223), we can set a constant N, by b Zo > 0
with

(261) [ 082 AP T ()| 20000 € (X =0 "IN by 20

for some constants Zo, v >0

Besides, according to Proposition 2, we get a constant M; > 0 (independent of ¢) such that

(262) |70, T ANE (7, 2)| . 2,000 < M1 2T IIAME(T ) 6,200

< M ZEho(1 — g7he)
Thereupon, we deduce from (261) and (262) the awaited bounds
(263) [T 022 A0 (7, 2)l| (5,20 4)
< ||kt oy (k) AbsE (7, Mo zom) T ||+ gl Abs (7, 0. 2020

< M Z§ o1 — g7y + (1 - q_hg)Nk,hl,hg,n,Zo

provided that Zo < ZO.
d) Keeping in mind (224), we observe that
7* h ds
g _
@260) [ [ (7 = )00 (515 Pl 00 < MaZ 0

k

T h >
+||7* /0 (7F = 5) F Mol (s, 2) *H Zoa U

as long as that Zo < Zo.
e) Precise bounds for the norms
k

T h,
HTk/O (TF =) ¥ Mol AMe  (sF, )*H 0,20

are required. Owing to the bounds (227), we can exhibit a constant N, ok a2y > 0 with

k

)
(265) |7 /0 (k= ) BB A (5 ) D 2 < (L= ) N e

and according to Proposition 4, we get a constant M3 > 0 (unrelated to ¢) with

k
) d
(266) IIT'“/ (=) B O ARE L () P g
O 9 9
< My Zg ™| AME (7, 2)] (4 20 20

Thus, on grounds of (265) and (266), we reach the due bounds

< M3 Z5 2 o(1 — ¢7hs)

k
T d
267) 17+ [ () E oA e (51 ) D
0

k

r B _ ds
< ||7_k/0 (Tk—s) -1 h1a (r hZ)Ah3:;1(51/k7Z)?”(U,ZO,Z/{)

k S
T d
—+ HTk/ ( k — 3) 1 hlah Ah \Ij( 1/k7 Z) H(o’Z Z/{)
T s 340

< MsZ§ ™ 0(1—¢7™) + (1= g ")Ny o hae 2o
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whenever Z, < Zo.
f) We also need the bounds

(268) 10417, 2o 22y < MiZgawa + 19, 20,2020

which is a particular case of (259) and according to Proposition 9, one can select constants
M, Zy,v > 0 (unrelated to ¢ but depending on ¢g) with

(269) 10:4(7, 2l (3, 2020 < 11©:0(T 2) N0, 200) < MLZGV + |1 ¥(7, )| (0,20,0)

whenever Z, < Z.
We are now in position to reach the heart of the proof. We focus on the first attribute 1.

We set ABZE(r, 2) in G’l(C Zold) with

(270) IASIZ(T, 2)] (5, 20 20) < V(@ — 1)
We display explicit bounds for each piece of the map E(ALIE).
Proposition 5 and (259) beget
(271) ||dn(2) [(k")" = (k(g™"m)F) 02201 (7, 2)|| (5 20 20y < K" [1 = ¢~ "3"1]|dn| (Z0)
x (M Zgy "o + |7 0029 (7, )| (0,200 00))

Proposition 5 and (263) yield

(272) [lda(2) k(7)) 91 AR, (7,2l 120y < ldal (Zo)k g
(M1ZK "2 5(1—q h3) +(1- q_hg)Nk,hlth,mZo)

Propositions 2 and 5 trigger
(273) |ldn(2)(k(g ")) M0, 2 AYIE (g7, 2)| 4 20000
< Vx| (Zo) M M (M 252 | AYIZ (7, ) 0 7000)
< |dp|(Zo)k" g~ "M (M Zg "2 5(q — 1))
Proposition 5 and (264) prompt

k

1 I ho g i —hs _1/k\k\h1] aho 1k ds
@) ) g™ [ =B k) = (ka5 0200 (55 Dl
5 1 h —hskh k—h
< 11 — 3khi 20y,
< 1l (Z0) 5 75 [1-gq ](MgZO;l v

k
i ho < ds
+ HTk/O (Tk —_ S) kO 1Shla?2\11(31/k7Z)?|’(0.7Z0;17u))
Proposition 5 and (267) return
k
(075) lldu(2) s [ (7 = )8 k(g s Rt Al e, (s, ) 2
b F(ho/k) 0 z 31 ) s (0,Z0,U)
< |dn|(Zo)

1 ~ _
khl —hskhy M Zﬁ—hz o(1 — —hs 1— —hs N 5
T(ho/k) " * (MsZg™0(1 = 7)o+ (1= 4" )Ny g oy iy . 20)
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Propositions 4 and 5 furnish

k
1 A L RN —h3 1/k\kyh
@270) g™ [ (=B s
o o ds
o aZ( hg)Al,q:(q h331/k72)?||(a,20,u)
1
I'(ho/k)

< |dal(Z0) kMg (My(Zo) "2 | AYE(T, 2) | .20 209)

1
L'(ho/k)

< |dn|(Zo) kMg (M (Zo)™ " 0(q — 1))

Propositions 2, 3 and 5 with the help of (268) and (269) promote

k

(277) lao(2)7" / ((%_NAME((T]C—s)l/k,z)@;l(sl/k,z)
0

ds
(1F — 5)s H(”’ZO’U)

+0,((7F = )%, 2o A= (s, )
< |a0|(Zo)M2(||6;“A1;qE(Ta Nio, 2001197 2) (5,20,
+10:4(7 2) 2020 192 * AUZ (T, ) 2000
< |ao|(Zo) M> [Ml(Zo)“HAl%qg(ﬂ W 2000) (M1 25101 + 19 (7, 2)l (0,201 1))

+ (M1 Zgv + |19 (7, 2)|| (0,20 20)) M1 (Z0) || AY9Z (7, 2))|

(U’ZVO»U)]

< |ao|(Zo) M [Ml(Zo)”@(q — 1)(M1 Zg v + 19(7, 2)|l(6, 200 14))

+ (M Zgv + [[9(7, 2l ,2000)) M1 (Zo) 0l = 1)]
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Propositions 2, 3, 4 and 5 together with (268), (269) spark off

k

1) N [ 0=t (s [ oA - sk A0l 2
d81

kA Lig— ds
+04((s = s0)4, 207 AN )] ) Dl

Tk
= '“h“z‘))r(h/k) Mall* /0 oz AME((rF = s1)'E, )0 (51", 2)

d81

—K i 1/k
+ O ((rF — s1)V*, )0 A (sy/ 7Z)]m\l(gz“o,u)

< lan|(Zo) (h/k)MSMQ[Ha FASIE(T, 2)] (5, 200011951 (T3 2l (6,2 20
+104(7 2) 220 105 *A9Z (7, ) 2000
- 1
< lan|(Zo) (h/k)M3M2[M1(ZO) IAYIE(T, 2)[] (.20 200 M1 Z5 100 + 11T, 2)|| (0,200 20))

+ (M125U (T, 2)l1 (5,20 00)) M1 (Z0) " || AHIZ(, Z)Il(a,zo,u)]

< |Gh|(ZO) = M3 My [Ml(Zo) 0(q — 1) (M1 Z5 v + 197, 2)|l (0,201 1))

(h/k)
+ (ML Z§v + ||V (7, 2)|| (6, 20,007 ) M1 (Z0)" (q_l)]

From now onwards, we choose a small sized quantity Zy > 0 and proper © > 0 (taken freely
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from ¢q € (1, qo]) in a way that the next inequality holds

(279) Z [khl [1— g " M T1d,|(Zo)

h=(ho,h1,h2,h3)€C;ho=0

% (MyZ5 "0 4+ |[TM O (2 0,020) + ) (Zo) R g™

X (Ma 2501 = q7") + (L= q7")Ng 1y e 2,) + [l (Zo)K™ g~ (M1 25" 5(q = 1)

§ 1 - a
+ > |dn|(Zo) M1 — g sk <M3Z0.1h2v;1
h= . L'(ho/k) ;
h=(ho,h1,h2,h3)EC;ho>1
k

[ By hy gho o1/ 95
+ |7 i (TF —8)* " s™MO2U(s 72)?“(0’720;17“))

+ |dnl(Zo) khig=hakhn (M3 ZEmh25(1 — g7 + (1 — ¢ )N )

k,ho,h1,h2,k,Z0

1
L(ho/k)

+ |dn|(Zo)

1
[(ho/k)
+ laol(Zo) M2 My (Zo)*(q — 1) {Mlz&v-l + 19 (7, 2) (0,200 10) + M1 ZG0 + |9 (T, Z)H(J,ZO,Z/{)]

khquhgkhl (Mg(Zvo)Kih%V)(q . 1))]

+Z|h! Z) h/k)MzaMQMl(Zo) O(g—1)

[M1201vl+!|‘I’(T (o200 20) + M1Z§v + ||9(7, 2)|| (60,2000 | +2(q — 1)C11 < 0(q — 1)

Observe that the above constraint (279) is achievable since all the quantities

- hs—1 —hzkh Yhakh khy —
1—q¢g™ 11-0/g9)" 1 o logM 11— (/g 1"
= L 1N gy L ! Z (1/ay
¢—1 ¢ 1-(1/q) a4 ¢-1 ¢ 1-(/9) ¢ =
remain bounded whenever ¢ € (1, qo], for given integers hs > 1, hgkhy > 1.
Eventually, piling up the inequalities (258), (271), (272), (273), (274), (275), (276), (277)
and (278) reached above under the condition (279) produces the awaited item (256).

We focalize on the second aspect 2. of the map &. Let A=, AZ, be elements of GF

(0,20.U)
such that
1AYZ5 (7, 2)] (5, 20 20) < Dl — 1)
for j =1,2.
The estimates involved in the first property 1. of & enable us to write down the next set of
inequalities

(280)  [|dn(=)(k(g"57)F) 95 P2 (AT9Z, (g 7, 2) — A9 (g5, ) s0a)
< [dy|(Zo)k 54 (My 252 | AYIZy (7, 2) — A (7,2l 2020
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and
) Il ™ [ = 9% s

x O ) (AVag (g hast/E ) — ANIEy (e sE )

ds
5 | ’(U,Zo,b{)

7 1 hy ,—hskh 7 \k—h 19— 19—
< !d@|(Zo)F(hO/k)k L (M3 (Z0)" "2 |AYIE (1, 2) — AYIES(T, 2)| (420 0)
along with

k

282) Jlao(a)r* [ (07 (AR (7 - )1 ) = ATIE((7F - 5)1/%,2)) B (51 2)
0

ds
(Tk — 8)8 H(U,ZO,M)

< lao|(Zo) My (||8;“(A1;‘151(r, 2) = A (7, 2) (5,20 201951 (T 2| (6. 20 20
110107, Ml 20|05 (AMZ 7. 2) = AMZa(7, ) 2020 )
< lao|(Zo) M2 {M1(ZVO)NHA1;(151(T, z) — AM9Ey(, Z)H(U,ZO,L{) (M Zg5qv,0 + |0 (r, Z)H(O’,Z();l,u))

(02020) M (Z0) | A9Z1 7, 2) — A2 (7, 2| 70

+ 0., (77 — s)VF o7 (A=, (sV/F, 2) — AlE, sl/k,z)
34 z

+ (MiZgv + |9 (7, 2))|

and

k

(283) ||ah(z)r(}j/k)7_k /OT (i

X (S/ [8;“(A1§q31((8 — 81)1/k7z) _ Al;qEZ((S _ 31)1/k72))@;1(81/k72)
0

-k g—= 1 1/k o— s 1/k dsq ds
+ 0.4((s — 51)1/k> 2)0; (Al’q:1(31/ %) = Al’[":2(51/ ’z))] m) ?H(U,Z“O,u)
1

M3 My [Ml(Zo)”\ |ABIZE, (1, 2) — ABIEy(, 2) (0, 2010)
X (Mlzg;ﬂ);l + ||\I}(T7 Z)”(U,Zo;hu))

+ (M1 Z50 + |19(7, 2) | (020 00)) M1 (Z0) | | ABIZ (7, 2) — ANIE,(r, Z)H(O—,ZO,U)}
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From this point forward, we pick up Zy > 0 close enough to 0 in a way that

(284) > |dn|(Zo) k" g~ "3kM Ny 2
h=(ho,h1,h2,h3)€C;ho=0
. 1 - .
+ Z ’dﬂ(zo)wk‘hlq hshh Vo (Zo) "2

h=(ho,h1,h2,h3)E€C;ho>1

+ |ao| (Zo) Mo My (Zo)" [Mlz&lv;l+”¢/(T72)||(U,Z0;1,U)+M1ng+||\i](77z)||(a,Zo,L{)]

A
Z ar|(Zo) h/k>M3M2M1(Zo) M Zg v + [19(7, 2) |0, 200 20) + M1 ZE0

187 2) o 7020 | <1/2

The collection of bounds (280), (281), (282) and (283) contingent upon (284) sparks off the
second feature (257).
At last, we single out the constants Zy and © > 0 in a way that both constraints (279), (284)

occur unitedly. Lemma 9 follows. a
In the lemma to come, the linear Cauchy problem (251), (252) is solved within the Banach
space G’(C Toad)’

Lemma 10 Take for granted that the condition (19) hold. We fix the constants Zo > 0 and
0 > 0 (independently of q in (1,qo]) as in Lemma 9. Then, the linear Cauchy problem (251),
(252) carries a solution AY9O(u,z) that belongs to the Banach space Gl(“g Jodd) for any given
o > 0. Along with it, a constant My > 0 (unrelated to q € (1,qo]) can be distinguished with the
next property

(285) 1AY90(u, ) (.20 20) < V1 Z5(q — 1)

Proof Based on Lemma 9, the classical fixed point theorem for shrinking maps on metric spaces
can be used for the map € : By,_1) = By(g—1) due to the fact that (Byg—1),d) represents a
complete metric space for the distance d(z,y) = ||z — y|| 0, Z0U)" Thus, € : Byg—1) = Bag-1)

gets a unique fixed point denoted A'9Z(u, z) inside the ball Bi(g—1), meaning that
¢(AlE) = AlM=

Thereby, a unique solution AY9Z for the equation (254) is confirmed in the ball Bi(g—1)- Fur-
thermore, the proposition 2 conjointly with the decomposition (253) warrant that the map

AYMO(u, z) = 97 A= (u, 2)

k

(0, Z04)" solves the problem (251), (252) and is submitted to the next upper estimates

belongs to G
(286)  [[AYO(u, 2)[] (5,20 20) < ML ZGIIAYIE(w, 2) | 5 200y < M1ZE0(q — 1) < MiZf (g — 1)

for some constant M; > 0 which is unattached to ¢ in the range (1, go]. O

According to Lemma 10, it turns out that the unique formal series in z with holomorphic
coefficients on U solution of (251), (252) suffers the bounds (285). Since the difference ©.; (u, 2) —
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©.4(u, z), which represents in particular a formal power series in z with holomorphic coefficients
on U, is shown to solve (251), (252) in the first step of Proposition 20, it must coincide with the
solution AL9©(u, z) constructed above in the second step and we arrive at the conclusion that
the forsought estimates (246) necessarily hold for it. The proof of the proposition is completed.
O

5.7 Confluence for the analytic solutions of the problem (21), (22) as ¢ — 1.

In this subsection, we unveil the third and last main result of the work.

Theorem 6 Let D = {T,U} be the admissible set of sectors distinguished in Proposition 15.
We denote U the unbounded sector singled out in Proposition 15 and T its corresponding bounded
sector in accordance with the requirement 2) of Definition 2.

We denote v,4(t, z) the bounded holomorphic solution to (21), (22) on the product T X Dz,
given by a Laplace transform of order k, see (86), constructed in Theorem 2. DBesides, we
consider the bounded holomorphic solution v.1(t,z) of the nonlinear limit problem (180), (181)
on the domain T X Dz, /5 expressed through a Laplace transform of order k, see (186), built up
i Proposition 16.

Then, a constant C > 0 (unrelated to q € (1,qo]) can be found such that

(287) sup [v.1(t,2) —vq(t,2)] < C(g—1)
tET,ZGDZO/2

for all ¢ € (1,q0]. In other words, the solution v.4(t,z) of (21), (22) merges uniformly on
T x Dy, 5 to the solution va(t, z) of (180), (181) as ¢ — 1.

Proof We express both solutions v.4(t, z) and v,1(¢, z) as Laplace transforms

vg(t,z) =k : O,q(u, 2) exp (— (u/t)k)du/u , valt,z) =k : O, (u,z)exp ( — (u/t)k)du/u

along a halfline L, = [0, 400)eY™1" € U U {0} assigned to the condition
(288) cos (k(y — arg(t))) > A

for some fixed constant A > 0, provided that ¢ € T, where the Borel map ©.,(u, z) is outlined
in (87) and ©.1(u, z) is described in (187) whose Taylor expansion can be displayed as

B
z
©;1(u,z) = Z @;1,B(U)E
820
for (u,2) €U X Dy, /o
The deviations bounds reached in Proposition 20 can be rephrased in the next explicit way
‘ |Z|'8

(289) |0.1(u,2) — O.4(u, )| < Z ‘@71,3 ©.45(u
8>0

<M Z§(qg—1) 1 + ’ |2k Zexp ary(8)|ul )(| ’) < 2M1 Z5(q — 1)|u| exp(a¢(b)|ulf)
8>0
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for all u € Y U {0}, provided that z € Dy 5.
Thereby, we can govern the difference v, (¢, 2) — v,4(¢, 2) in the following manner

(290) [va(t, 2) —vyq(t, 2)| = ‘k/ (©31(u, 2) = ©y9(u, 2)) exp ( — (“/t)k)du/u‘
L
Y ) ] oo
< 2M,Zfy(q — 1)/ exp(a{(b)rk) exp ( — (T/TT)kA)d’F
0
forallt € T,all z€ Dy, /2> bearing in mind that radius r7 of T fulfills

A
rr < ()

o¢(b)
according to (85). This achieves the expected bounds (287). O
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