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Abstract: For the better part of a century researchers across disciplines have sought to explain the
crystallography of the elemental transition metals: hexagonal close packed, body centered cubic, and
face centered cubic in a form similar to that used to rationalize the structure of organic molecules and
inorganic complexes. Pauling himself tried with limited success to address the origins of transition
metal stability. These early investigators were handicapped, however, by incomplete knowledge
regarding the structure of metallic electron density. Here we exploit modern approaches to charge
analysis to first comprehensively describe transition metal electron density. Then, we use topological
partitioning and quantum mechanically rigorous treatments of kinetic energy to account for the
structure of the density as arising from the interactions between metallic tetrahedra. We argue that
the crystallography of the early transition metals results from charge transfer from the so called
“octahedral” to “tetrahedral holes” while the face centered cubic structure of the late transition metals
is a consequence of anti-bonding interactions that increase octahedral hole kinetic energy.

Keywords: Quantum Theory of Atoms in Molecules; Viral Theorem; Frontier Orbital Theory; Varia-
tional Principle; Transition Metal Structure

1. Introduction
1.1. Historical Motivation

One can not help but be struck by how little metallurgical thought has been impacted
by the century long advances to the conceptual and theoretical framework of molecular
chemistry. Where this framework can be applied it provides the insights necessary to
design molecules and condensed phase systems. Included in the advances contributing
to this framework are those derived from valence bond theory [1], frontier orbital theory
[2], conservation of orbital symmetry [3], transition state theory as interpreted within
the intuitive approach afforded by the Hammond postulate [4], and the application of
catastrophe theory through the formalism of the quantum theory of atoms in molecules
(QTAIM) [5]. Though these concepts provide many of the theoretical underpinnings of
modern chemistry, they are rarely applied to metallurgical research. We do not believe
that the reason for this disparity is that molecular chemistry has little to offer metallurgy.
Rather, the two disciplines evolved subject to different selective pressures.

On the one hand, the path that led to the development of modern chemistry arguably
began with the 1916 work of Lewis [6], a path to which chemists were fully committed by
1939 with the publication of Pauling’s definitive text, The Nature of the Chemical Bond [1].
This text ensconced chemistry as the science of reactivity. The fact that chemical reactions
were driven by electron rearrangement had become part of the chemical zeitgeist by 1923 (if
not sooner) when Lewis recognized bases and acids as electron pair donors and acceptors
[7]. As a result, for chemists of the time, the distribution and response of electrons became
the central element of a science devoted to the study of chemical reactions. The actual
arrangement of atoms that afforded this response was a byproduct of their investigations.
Between 1940 and roughly the mid 1970s, chemistry made tremendous advances through
deeper insights into the nature of electron redistribution resulting from a chemical or
physical process. (Each of the great advances mentioned in the preceding paragraph
occurred in this time period.) During the subsequent years, first principle methods became
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an increasingly important chemical tool, and though these methods ultimately provided the
ability to calculate molecular energies and geometries, their initial utility was derived from
the expanded insights they provided toward understanding the electron redistribution
driving chemical reactions.

On the other hand, modern metallurgy is concerned with atomic arrangements and
the energy of these arrangements. In the early part of the twentieth century metallurgical
phenomena in which charge rearrangement plays an important role were still not under-
stood. For example, in 1934, Taylor, Orowan and Polanyi [8–10] began individually to
zero in on the dislocation as the mechanism of plasticity. Their arguments were based
largely on continuum elasticity theory, which is applicable sufficiently far from a dislocation
core. However, the energy necessary to displace atoms and create a dislocation (or any
defect) fell outside the scope of elasticity theory. Hence, dislocation core energies became
a needed parameter in the characterization of slip. Though the resulting elasticity based
models were parameter reliant, they provided tremendous metallurgical insight and thus
simultaneously made the characterization of atomic arrangements about defects and their
corresponding energies a necessary metallurgical goal. Against this backdrop, the utility of
maturing first principle methods was judged by their ability to calculate atomic positions
and corresponding energies.

This brings us to the current era where through density functional theory (DFT) [11] it
is known that the energy of an atomic system, and all properties that depend on the energy,
is determined by the electron density. Chemists take this theory, and the computational
tools that it spawned, as an affirmation of their original impulse to study the density and
its response. Metallurgists see the density as a stepping stone to calculate atomic positions
and their energies.

An interesting question arises as to whether it is possible to combine the many tools
and formalisms evolving over the last century to construct models of metallurgical structure
that lend themselves to a “chemically” based theory of charge rearrangement in metals and
alloys. Such a theory would perhaps allow us to apply the tools of molecular chemistry
toward a better understanding of phenomena important in the design of metals and alloys.
Such an aspiration is beyond the scope of any single study. However, knowing where
electron density resides is obviously necessary before one can investigate the response of
the density to perturbation. Accordingly, in this paper we investigate the electron density
distribution for the fundamental metallurgical structures, body centered cubic (BCC), face
centered cubic (FCC) and hexagonal close packed (HCP) and take the first steps in the
development of a framework to account for these distributions.

1.2. Background

Today it is a routine matter to calculate ground state crystal structures of fairly complex
alloys, and it is a trivial matter to determine the elemental transition metal structures. The
results of these calculations are often rationalized in terms of orbital parameters and
distributions, e.g., electronic density of states and one electron band energies, see for
example the excellent reviews provided in references [12] and [13].

However, there is a rich history associated with attempts by metallurgists and chemists
to rationalize the stability of the pure metals as a manifestation of their electronic electron
density. In particular, as there are only a few exceptions where the elemental transition
metals do not adopt one of three structures BCC, FCC, or HCP, Figure 1, early attempts
were directed toward accounting for features of the electronic structure that stabilized each
of these structures.

Pauling proposed that interatomic forces in metals could be rationalized from a
resonating-valence-bond perspective [14]. Ten years subsequent, Pauling generalized his
approach and directly addressed the issue of crystal structure [15]. In the decade following
Pauling’s investigations, Altmann et al. [16] employed directed valence bond approaches
in an attempt to explain the preferred crystal structure of the non-magnetic transition
metals. At nearly the same time, Engel and subsequently Brewer [17], based largely on
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Figure 1. Of the transition metals only Mn and Hg do not possess one of the three crystallographic structures

HCP (blue), BCC (orange) or FCC (red) as ground state structures.

correlations, suggested that the spherically averaged number of valence s-p–electrons was
the determining factor favoring one metal structure over another. This model, though it
survives to this day, was seen as deficient as it assumed d-electrons were inconsequential
in mediating crystal structure [18]. Along the same lines, other investigators noted a
correlation between preferred crystal structures and electrons to atom ratios, e/a [19].

These early attempts to associate crystalline stability with features of the electron
density were handicapped by a lack of knowledge regarding the actual electron density
associated with a particular crystal structure. With the tools now available we are no longer
so handicapped and can revisit these early investigations with a fresh modern approach
toward describing the electron density.

1.3. The Structure of the Electron Density

A general method of classifying the structure of the electron density—a 3D scalar
field—is in terms of its topology, which is fully determined by it extremal points, i.e., the
points where the density achieves maximal, minimal, or saddle behavior with respect to
neighboring points.

Extremal points are the common critical points (CPs) of Morse Theory [20], and in 3D
fields must be either maxima, minima, or one of two kinds of saddle point. These CPs are
distinguished by an index giving the number of principal positive curvatures minus the
number of principal negative curvatures of the field variable at this point. For example, at
a minimum the electron density curves up (positive) in all directions and obviously also
up in the three principal direction; therefore it is called a +3 CP. A maximum is denoted as
a -3 CP, because all three curvatures are negative. The two remaining CPs are designated
+1 and -1.

CPs have a special relationship to molecular structure [5,21]. For instance, the electron
density at an atomic nucleus is always a maximum, +3 CP; and hence it is also called a
nuclear CP. Though the existence of non-nuclear maxima was discussed as early as 1955
[22] it was much later that the first such points were discovered in silicon crystals [23,24]
and of relevance to this article in the early HCP metals [25]. Such CPs are designated
non-nuclear attractors (NNA) or pseudo-atoms.

The other CPs give information about the way maxima are connected. The simplest
and perhaps most significant of these connections originates at the -1 CP and terminates
at a nuclear CP, which in general lies along a electron density ridge. This path has the
topological properties one would expect of a chemical bond. And hence motivated studies
showing its presence between nuclei that conventional wisdom assumed to be bound [5,24,
26]. Therefore, this ridge is descriptively referred to as a bond path and the accompanying
-1 CP as a bond CP. Other types of CPs emerge as chemically meaningful as the connections
between nuclei take on additional topological characteristics. A +1 CP is required at
the center of ring structures (rings of bond paths), and is designated as a ring CP. Cage
structures must enclose a single +3 CP and are given the name cage CPs [27].
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Associated with the nuclear and cage CPs are unique energetically well-defined vol-
umes known as Bader atoms and electronic basins respectively [5,28–30]. For crystals
having one symmetry unique atom per unit cell, the Bader atom is nothing more than the
familiar Wigner-Seitz cell [24]. The shape of this cell is strictly determined by crystallo-
graphic symmetry, however its topology and hence structure is mediated by the types of
CPs on its surface.

2. Materials and Methods

The electron density topologies and geometries for each of the 22 non-magnetic
transition metals in columns 3-11 of the periodic table—each in the BCC, FCC, and HCP
geometries—were determined using the commercial codes BAND [31,32] and VASP [33,34],
as well as an in-house research code using a linearized augmented Slater-type orbital
basis set (LASTO) [35]. In general, electron density topology is robust and insensitive to
variations in lattice constant up to about 10%, code type (VASP, BAND, or LASTO), k-point
mesh, basis set size beyond some reasonable value, and choice of density functional. The
results shown here, unless otherwise noted, are the BAND results employing a triple zeta
basis set with polarization and the Vosko, Wilk, and Nusair local density approximation
[36] and employing the zero order regular approximation (ZORA) for relativistic effects
[37].

Topological partitioning of the electron density was performed using the in-house
developed Bondalyzer [38] addons, and the Tecplot [39] modeling suite. Each atomic
basin was partitioned using Gradient Bundle Analysis (GBA), employing 20,000 gradient
bundles per atom, and no adaptive mesh subdivision. Integrated values for electron density
and kinetic energy in topological cages corresponding to the crystallographic holes were
then found. Average values for kinetic energies in the tetrahedral and octahedral holes for
each atom are reported.

3. Results

The electron density topology of crystals having one symmetry unique atom per unit
cell is captured by specifying the boundaries of the Wigner-Seitz cell, the locations and
types of CPs contained in and on the cell, and the bond paths connecting the nuclear CPs of
neighboring cells. Such representations are given in Figure 2 for the four observed ground
state topologies characteristic of the 22 non-magnetic transition metals.

Figure 2. From left to right the topology of the non-magnetic transition metals of: the early HCP metals of columns 3 and 4; the BCC

metals of columns 5 and 6; the late HCP transition metals of columns 7 and 8; and the FCC metals of columns 9, 10 and 11. The yellow

polyhedra are the boundaries of the Wigner-Seitz cell about a central atom. The large gray spheres mark the locations of the atoms in the

first coordination sphere. Throughout this paper small grey, red, green, and blue spheres denote pseudo atom, bond, ring, and cage CPs

respectively. Bond paths connecting the first coordination sphere to the central atom are shown as rods.

For the nonmagnetic transition metals, the crystallographic HCP structure is character-1

ized by two topologies [25], one for the early HCP metals in columns 3 and 4 of the periodic2

table and the other for HCP metals of columns 7 and 8. The early HCP (eHCP) electron3

density is absent atom-atom connections; rather, all bond paths pass through pseudo-atom4
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CPs. This pseudo-atom is bound to five early transition metal atoms, requiring bond critical5

points at the center of HCP tetrahedral hole and cage CPs in the octahedral holes. The6

crystallographic BCC structure is characterized by eight bond paths to nearest neighbors, a7

cage CP at the center of the BCC octahedral hole, and a ring CP at the center of the BCC8

tetrahedral hole. The late HCP (lHCP) charge density, as well as the FCC electron density,9

is as typically conveyed in ball and stick models—each atom is connected to its twelve10

nearest neighbors via bond paths that produce tetrahedral and octahedral cage CPs in the11

respective crystallographic holes.12

A striking characteristic of these topologies is that while the crystallographic octa-13

hedral hole of all structures hosts a cage CP, the character of the CP at the center of the14

crystallographic tetrahedral holes depends on the structure—appearing as a bond (for15

eHCP), ring (for BCC), or cage CP (for lHCP and FCC). This observation invites the ques-16

tion as to whether this topological variation is due to the atoms involved or simply a17

response to the crystallographic structure. This question may be enlightened by forcing all18

the non-magnetic transition metals into a common crystallographic structure—BCC, FCC,19

or HCP—to determine if the resultant topology of these “forced” structures is the same for20

all transition metals. Accordingly, the electron density was determined for all of the non-21

magnetic transition metals constrained to each of the BCC, FCC and HCP crystallographic22

structures. The resultant topologies for the forced BCC structures are represented in Figure23

3.24

Figure 3. For clarity all the critical points and bond paths of each topology may not be shown. From left

to right the topologies of the nonmagnetic early HCP, BCC, and late HCP and FCC metals forced to the BCC

crystallographic structure.

Only one forced BCC topology is observed for all the eHCP metals (columns 3 and25

4) though with electron density nearly flat around several sites (see Figure 4) topological26

identification is difficult. Nonetheless, it appears that for these metals there is a pseudo-27

atom CP at the center of the octahedral hole. Bond paths connecting second and third28

neighbors intersect at these pseudo-atoms. The crystallographic tetrahedral holes now host29

ring CPs at their center and bond CPs along their edges. The cage CPs of this topology are30

internal to the Wigner-Seitz cell and are not shown. The BCC metals (columns 5 and 6)31

obviously possess only the BCC electron density topology, with ring CPs at the tetrahedral32

holes. When forced BCC, both the lHCP and FCC transition metals (columns 7 – 11) share33

the same topology, with a bond CP in the center of the octahedral hole, indicative of second34

neighbor bond paths, which along with the first neighbor bond paths requires cage CPs at35

the center of the tetrahedral holes.36

Subtle difference between the electron density of the lHCP and FCC metals forced37

BCC may be discerned through comparison of electron density geometries.1 A convenient38

approach to facilitate such comparisons is to borrow from band theory and construct39

“electron density bands” by plotting the real space electron density along high symmetry40

directions. Such plots are shown in Figure 4 for representative metals of the 4d series. The41

1 Electron (charge) density topology is a well known, and arguably abused term in chemical literature. The mathematical field of topology refers to
the connectivity of a space, while geometry implies the existence of a metric. In the case of chemical analysis, electron density topology rigorously
refers to the connection of critical points by critical paths and surfaces, while electron density geometry implies the ability to compare charge
densities with the same topology by comparing the distances between points, paths, surfaces or other geometric properties such as curvature etc.
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Figure 4. The electron density in AU using the LASTO software package for the 4d transition metals around the

L–U–X–W–L loop. Only for Mo and Nb (representative of the non-magnetic BCC metals) is the electron density at

the W point other than a minimum around this circuit. The graphs were divided into two sets only to enhance

readability.

5d series shows identical topological trends. The point midway between first neighbor42

atoms is designated as the L point. The center of the BCC octahedral and tetrahedral holes43

are the X and W points respectively, and the electron density is shown around the circuit44

connecting the L, X, W, and L points.45

As is clear from topological considerations alone, the X point is a minimum around46

the loop only for those metals for which the ground state structure is BCC. However, the47

electron density geometry reveals that as one proceeds across the transition metal series,48

additional density from added electrons is preferentially accumulated at the X point. In49

fact the electron density difference between the X and W points serves as a measure of the50

“proximity” to a BCC transition. Only for the stable BCC metals is this difference negative.51

For those metals for which there is a stable high pressure or temperature BCC phase (e.g.,52

Ti and Zr) this difference is positive but small. The difference increases across the series53

with a smaller positive value for lHCP than FCC transition metals.54

The pattern of increasingly deeper cage CPs at tetrahedrally coordinated sites while55

moving from left to right across the transition metal series is repeated for forced FCC56

structures. Again using the 4d series to illustrate, Figure 5 depicts the electron density57

around a loop on the surface of the FCC Wigner-Seitz cell for selected metals.58

Unlike the forced BCC structures, the character of the CPs at the high symmetry points59

is the same for all metals, with the possible exception of the eHCP metals where the electron60

density is too flat for conclusive identification. The N–H–P–N loop passes through a bond61

CP, a cage CP at the octahedral hole, another cage CP at the tetrahedral hole, and returns62

to the bond CP. The character of the CPs around this loop requires a ring CP somewhere63

along the P-H connection, which occurs where the electron density along this line achieves64

it maximum value.65
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Figure 5. (left) The electron density in AU as generated using the LASTO software package for the 4d metals around the N–H–P–N loop.

The required ring CP between the octahedral and tetrahedral cage CPs is located at the electron density maximum along the H–P loop

segment and is designated with a cross. The 4d metals show identical trends. For the stable FCC metals this ring CP is located very near the

dashed line designating its ideal position for an FCC transition metal crystal. (right) The position of the ring CP (green disks) may also be

discerned from the contour graphs of the electron density in the appropriate face of the Wigner-Seitz cell for forced FCC : (from top to

bottom) V, Cu, and Ir. The graphs were divided into two sets only to enhance readability.

Inspection of Figure 5 reveals that for the early transition metals this point lies close to66

(or on) the tetrahedral hole (P) and moves toward the octahedral hole (H) for transition67

metals in progressively higher columns of the periodic table. For non-magnetic transition68

metals with a stable FCC structure, the ring CP is very close to the center point of the flat69

triangular face shared by a regular octahedron centered on H and a regular tetrahedron70

centered on P. This particular FCC geometry we designate as “ideal’, Figure 6. For all71

transition metals for which the FCC structure is not the stable ground state, the ring CP72

is located at the center of a bowed triangular face shared by a concave tetrahedron and73

convex octahedron. This shared face is the ring separating the octahedral and tetrahedral74

regions of the FCC structure. Though not shown, the same is true for BCC metals forced75

HCP–the HCP octahedra are convex polyhedra while the tetrahedra are not.76

It appears that each of the transition metal crystallographic structures arise in response77

to preferred electron density topologies and geometries. For example, the presence of a78

bond CP at the center of the BCC octahedral hole is indicative of an instability, as is a79

concave tetrahedral cage in an FCC structure. Obviously, these empirically determined80

relationships between the structure of the electron density and crystallographic structure81

must have an underlying energetic origin.82

4. Discussion83

We begin our search for these energetic origins by noting that the electron density of
an atomic system can be written as a sum over a set Kohn-Sham orbitals, φi, employing
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Figure 6. The ideal FCC geometry will be characterized by regular octahedra (turquoise) and tetrahedra

(yellow) sharing necessarily flat faces. It is the position of the ring CP that mediates the deviation of an FCC

structure from ideality. Transition metals that do not form the FCC structure, when forced, show large deviations

from ideally.

any functional for exchange and correlation, a set that will be referred to here as molecular
orbitals, MOs. Then,

ρ(x) = ∑
i

niφi(x)φi(x) = ∑
i

ρi(x) (1)

where ni is the occupation of orbital i and ρi(x) is obviously the contribution to the electron84

density from MO i. As has been shown elsewhere [40], the kinetic energy (T) of the system85

at a point x can then be expressed as,86

T(x) = L(x) + G(x) (2)

where87

L(x) = − 1
4∇

2ρ(x) (3)

and88

G(x) = 1
8 ∑

i

∇ρi(x) · ∇ρi(x)
ρi(x)

=
1
2 ∑

i
ni∇φi(x) · ∇φi(x) (4)

The first term of Equation 2 indicates that there is a contribution to the kinetic energy89

at a point from the Laplacian of the electron density (its total curvature) at this point. Thus,90

in the region around a cage CP, for example, L(x) will be negative and act to decrease the91

kinetic energy. On the other hand, near nuclear or pseudo-atom CPs this term will act to92

increase T(x).93

The second term arises through the gradient of the MOs from which the electron94

density is comprised. Orbitals that are more rapidly varying will contribute more to the95

kinetic energy, which indicates that anti-bonding orbitals will increase K(x) and contribute96

the greatest increase near interatomic nodes where φi varies most rapidly.97

Equation 2 is independent of the virial theorem, which for an atomic system where no
forces are acting requires twice the average kinetic energy (T) to equal minus the average
potential energy (V), i.e.,

2T = −V. (5)

From which it follows,
E = T + V = −T. (6)

Leading to the seemingly contradictory conclusion that a system with the larger kinetic98

energy will be the more stable.99
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Of note, the virial theorem is not necessarily valid for arbitrarily partitioned subsys-100

tems. That is, over individual regions of an arbitrarily partitioned atomic system the virial101

theorem need not hold. But, over nuclear CP centered Wigner-Seitz cells, and cage CP102

centered electronic basins, the virial theorem is strictly obeyed [5].103

Accordingly, we exploited this fact to determine how the energy of the FCC structures104

of Figure 5 is distributed between tetrahedral and octahedral electronic basins. This105

distribution is depicted in Figure 7 for the second row transition metals Mo through Ag.106

Calculating this distribution for the metals Y, Zr and Nb was complicated by technical107

issues related to non-nuclear maxima and highly curved ring surfaces.108
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Figure 7. Integrated kinetic energy density (Hartree) in the Tetrahedral (Blue) and Octahedral (Orange) hole,

and their difference (Shaded and Red).

Nonetheless, the figure reveals how the kinetic energy and hence total energy is109

partitioned within the FCC Wigner-Seitz cell for both transition metals that are unstable110

and stable in this structure. As we move from Mo to Ru, unstable as FCC, the tetrahedral111

hole preferentially gathers kinetic energy (lowering total energy), while the difference112

between energy of the octahedral and tetrahedral cages decreases, reaching a minimum at113

Ru. For the stable FCC structures beyond Ru—Rh, Pd and Ag—it is the octahedral hole114

that preferentially gathers kinetic energy, while the kinetic energy of the tetrahedral hole115

decreases.116

We recognize a quantity M—qualitatively related to the electronic chemical potential117

of an electronic basin—giving the change in the total energy of the basin as one adds118

electrons while proceeding across a row of the periodic table. This is not identical to the119

electronic chemical potential, however, as that quantity is rigorously defined as the change120

in energy with respect to the number of electrons at constant external potential. Still, we121

see that for the stable FCC structures Mo > Mt, where the subscripts o and t denote the122

octahedral and tetrahedral electronic basins receptively, while for those structures that123

are unstable as FCC, the situation is reversed and Mo < Mt. Quite simply, stable FCC124

transition metals gain the greatest part of their stability by attracting electron density to125

octahedral holes.126

We may infer why this is the case by appealing to Ruedenberg’s variational analysis127

of the the virial theorem [41]. Ruedenberg notes128

There exists a variational tug-of-war between what we may call the variational129

electrostatic potential pull and the variationally resisting kinetic pressure.130

It is this antagonistic response of potential and kinetic energy that results in a ground state131

structure. Specifically: assuming a trial function where T < −V
2 , the total system energy132

can be variationally lowered by concentrating more density into regions of low potential;133

while, where T > −V
2 , total energy can be lowered by removing density from these regions.134
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In this context, consider crystallographic tetrahedral holes as locations where electron135

density is either accumulated or depleted. As has been demonstrated, proceeding from136

left to right across the transition metal series the electron density in regions of tetrahedral137

coordination varies dramatically, from regions of electron density accumulation (pseudo-138

atoms) to ones of electron density depletion (cage CPs). Contrast this dramatic change to139

that of the octahedral coordinations, which host a cage CP for all structure types. Simply,140

the electron density of the tetrahedral coordinations appears to drive structure.141

Hence we imagine constructing Ruedenberg’s trial variational functions by consider-142

ing the BCC, FCC, and HCP crystallographic structures as constructed from (not necessarily143

regular) four-atom tetrahedral units. The trial functions may then be formed from a linear144

combination (Block states) of tetrahedral fragment orbitals (FOs) that are in turn derived145

from atomic-like orbitals centered on tetrahedral vertices. Since in the solid state there is146

approximately one s-electron per transition metal, the electron density variations across147

the TM series result primarily from varying occupation of twenty tetrahedral FOs built148

from d-atomic orbitals, each of which can be written as the product of an angular and a149

radial part.150

These twenty FOs can be placed into four classes distinguished by their net number of151

bonding interactions (Figure 8), which will correlate with their gradient contributions to the152

electron density. In the first class are those orbitals characterized by bonding interactions153

along each of the six tetrahedral edges, possessing a net bond order of six. In the second154

class are orbitals that are anti-bonding along two opposite tetrahedral edges and bonding155

along the remaining four, with a net bond order of two. The third class is bonding along156

two edges and anti-bonding along four edges (bond order -2). Finally the fourth class is157

distinguished by orbitals that are anti-bonding along all edges (bond order -6).158

Figure 8. Examples from each class of d-derived tetrahedral FOs. From left to right tetrahedral orbital that are:

a class I FO that is a mixture of σ and π bonding along each tetrahedral edge giving a FO bond order of 6; a class

II FO that is σ bonding along four edges and weakly δ anti-bonding along two edges with a bond order of 2; a

class III FO that is δ bonding along two edges and π anti-bonding along four edges with a bond order of -2; and a

class IV FO that is δ anti-bonding along two edges and π anti-bonding along four edges with a bond order of -6

For all molecules and materials the first electronic states filled are those that are most159

bonding while the last filled are the most anti-bonding. Hence, for the transition metals,160

the first states to be occupied—those at the bottom of the d-band—will be formed from a161

linear combination of FOs drawn from class I; and the last occupied—those at the top of the162

d-band—will be formed from a linear combination of FOs drawn from class IV. Midband163

states will be formed from a linear combination of class II and III FOs, with a greater164

contribution from class III FOs as one move up the d-band. Quite generally–and entirely165

consistent with the calculated values of kinetic energy shown in Figure 7–the gradient166

contributions to the kinetic energy, particularly from the tetrahedrally coordinated region,167

will increase across the transition metal series—smaller for the early transition metals168

where class I FOs dominate, but substantial for late transition metals where class IV FOs169

are occupied.170

Let us imagine employing as our trial variation function the true ground state wave171

function for a midband transition metal say Rh. Using this trial wave function for all the172

elements to the left of Rh, T < −V
2 and thus relative to the Rh, the charge density will173

expand into the tetrahedral hole as a means of variationally lowering the total system174

energy. This expansion leads to the bond point in the center of tetrahedral coordinations175

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 July 2021                   doi:10.20944/preprints202107.0512.v1

https://doi.org/10.20944/preprints202107.0512.v1


11 of 15

for the eHCP metals, ring points for the BCC metals, and as we will see, face sharing of176

tetrahedra for the late lHCP metals. All of this is entirely consistent with the observed177

structural trends. Now as per Ruedenberg’s argument, for the elements to the right of Rh,178

T > −V
2 . Now system energy may be lowered by contracting the radial part of the trial179

functions and thus, relative to Rh, removing density from the tetrahedral holes, resulting180

in deeper cages, as confirmed by inspection of Figure 5. The removal of charge from the181

tetrahedral and octahedral holes is realized by shifting density toward the nucleus.182

In accordance with the virial theorem, the increasing contributions to the kinetic183

energy from tetrahedral coordinations across the transition metal series must be offset by184

decreases to the potential energy. Potential will be most effectively decreased by charge185

transfer to the tetrahedral hole, consistent with our observation that early in the series186

Mo < Mt, charge is transferred from octahedra to tetrahedra as a means of both increasing187

kinetic energy and decreasing potential energy. At the same time, this electron density188

depletion at the octahedral center yields the cage CP topologically required of extended189

systems.190

A further lowering of potential (increasing of kinetic energy) is realized in the eHCP191

structure through tetrahedral face sharing to produce atomically dense five atom trigonal192

bi-pyramids hosting pseudo-atom CPs. Comparatively flat charge densities distributes the193

electron density across these bi-pyramids and minimizes the offsetting effects of electron-194

electron repulsion. The accumulation of density in the tetrahedra and its depletion from195

the center of the octahedra yields a steeper electron density and an increase in the average196

kinetic energy of the octahedral basin.197

A key point here is that early in the transition metal series energy lowering is achieved198

through the redistribution of electronic charge from octahedral to tetrahedral coordinations.199

For the late transition metals the situation is quite different.200

Figure 9. The octahedral coordination may be built from tetrahedra decorating the opposite faces of an

octahedron.

As a means of rationalizing these differences, consider that an octahedral coordination201

may be formed from two tetrahedra “decorating” opposite triangular faces of an octahedron202

(Figure 9). The octahedral electron density may now be thought of as arising from forty203

FOs, resulting from the bonding (in phase) and antibonding (out of phase) combination of204

our twenty tetrahedral FOs. The antibonding FOs must possess an interatomic node and205

hence a steep gradient normal to the nodal plane passing through the octahedral center.206

As these antibonding orbitals are filled, the contributions to the kinetic energy from the207

octahedral cage will increase. Inspection of Figure 7 indicates that this process begins with208

group 9 elements (e.g. Ru) and culminates with the complete filling of the d-band.209

The virial theorem requires that this kinetic energy increase be accompanied by a210

potential energy decrease. However, unlike the early transition metal, where the tetrahedral211

coordination was available to receive density, this is no longer the case. The center of the212
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tetrahedral coordination now host a deep cage that contributes to the kinetic energy of the213

system. The late transition metals resolve this situation through variations in the radial214

part of our trial variational functions.215

We recognize two electron density regions around every atom: an atom like or near216

nuclear region where the gradient of the electron density is essentially radial, and an inter-217

atomic region where the electron density gradient has a substantial tangential component218

[42,43]. While it is tempting to associate these regions with the more common core and219

valence regions of traditional chemistry, such an association is not appropriate. First, be-220

cause core and valence are only well-defined within an MO representation of structure and221

do not have clear density based analogues, and second, related to the first, even valence222

orbitals contribute density to the atom like regions near the nucleus.223

With this identification we can clearly articulate the differences between the early224

and late transition metals. The early transition metals satisfy the virial theorem through225

the redistribution of charge within the interatomic region while the late transition metals226

do so by redistributing charge from the interatomic region to the near nuclear region. In227

the latter case, this redistribution results in an expansion of the atom like region at the228

expense of the interatomic region. Between the eHCP transition metals where stability229

stems from potential lowering in tetrahedra, and the late FCC transition metals where230

stability is promoted by kinetic energy increase in both the tetrahedral and octahedral231

cages, are the BCC and lHCP structures where potential decreases achieved through the232

concentration of charge are nearly balanced by those of depleting density and increasing233

kinetic energy. The force driving the distortion of BCC tetrahedra is clearly evident in234

the competition between charge transfer to tetrahedra, and charge redistribution within235

tetrahedra. As demonstrated, BCC metals forced FCC host a cage CP at the center of their236

tetrahedral coordinations. In their more stable BCC form, these coordinations host a ring237

CP (Figures 5 and 4).238

Consider then an FCC to BCC transformation that manifests through a lengthening of239

two opposite edges of a tetrahedron and simultaneously shortening of the remaining four240

edges. The contributions to G(x) from MOs that include contributions from class II FOs241

that are anti-bonding along the two lengthening edges and bonding along the shortening242

edges (Figure 8) will diminish through this distortion, lessening the depth of the tetrahedral243

cage point and making L(x) at the tetrahedral cage CP less positive. If the cage is not too244

deep, the tetrahedral coordination will be transformed from a source to a sink for electron245

redistribution. Much as in the case of the eHCP structure, charge is redistributed from246

the octahedral cage to the tetrahedral coordination—in this case to its ring and bond CPs247

where the potential is lower. Diminished charge at the octahedral cage CP and elevated248

charge in the bond and ring CPs produces a more rapidly varying electron density across249

the BCC octahedral electron basin and hence increases its kinetic energy.250

Contrast this behavior to that of an FCC metal forced BCC, its electron density topology251

is produced by cage centered distorted tetrahedra sharing faces. Where the stable BCC252

topology hosts a cage CP at the octahedral center, the FCC forced BCC topology hosts a253

shallow bond-CP. Because L(x) at the tetrahedral center is more positive than its value at254

the bond CP at the octahedral center, charge will be redistributed from the tetrahedron to255

the octahedron, inducing a distortion that takes the structure back to FCC. The resulting256

FCC electron density is more rapidly varying across the octahedral and tetrahedral cages257

than it was through the tetrahedral cages of the FCC forced BCC structure. Again consistent258

with the fact that more stable structures is the one with the greater kinetic energy.259

The key point: BCC stability is a consequence of charge redistribution from octahedra260

to the ring structures of tetrahedral faces. The restriction for BCC stability is that a cage CP261

at the center of regular FCC tetrahedra must be shallow. If this is not the case, there will be262

insufficient charge transfer to transform the cage to a ring CP and L(x) will be of the wrong263

sign to promote charge transfer between the octahedral and tetrahedral coordinations.264

The factors stabilizing lHCP over FCC are more subtle than those driving the BCC265

structure. Still the mechanism is consistent with the overall pattern of charge transfer from266
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octahedral to tetrahedral coordinations. Unlike the BCC structure, the magnitude of the267

charge redistribution is insufficient to transform the tetrahedral cage CP.268

The magnitude of the charge redistribution can be inferred from the density distribu-269

tion plots of Figure 10, which show the relative volumes of the Wigner-Seitz cell occupied270

by a given density. These plots depict the change of the density distribution for Pd, Rh,271

Ru, and Tc between FCC and HCP with an ideal c
a . Of particular note, the electron density272

distribution changes little when the normally FCC metals (Rh and Pd) are forced HCP. On273

the other hand, there is a substantive change in the density distribution of the HCP metals274

(Tc and Ru) when forced FCC. Electron density that was deep in the octahedral cage is275

shifted to the tetrahedral cage and particularly into the rings and bond paths forming their276

edges and faces. The density becomes steeper in the octahedral cage particularly in the277

direction of the c lattice vector. Apparently the lower symmetry about the tetrahedral and278

octahedral cages of HCP compared to FCC allows the charge redistribution. In the absence279

of charge redistribution, the FCC structure is preferred simply because the strong electron280

electron repulsion is minimized by vertex sharing and hence maximizing the distance281

between the electron rich faces and bonds of the tetrahedral cages.282

Figure 10. In arbitrary units the relative fraction of the Wigner-Seitz cell occupied by a given density, i.e. the density distribution,

accompanying an FCC to HCP transformation. The top row shows the electron density distribution of the FCC structure and the second

row is the distribution of the HCP structure. The normally FCC metals Rh and Pd experience very little charge redistribution through

the transformation. For the normally HCP metals, however, charge is observed to be transferred to the bonds and rings of the shared

tetrahedral–octahedral faces, making the electron density in the octahedral cage steeper and hence increasing its kinetic energy. The small

tails which lie at densities below the cage CPs are fitting artifacts.

The charge rearrangement attendant with the transformations of FCC to BCC and283

lHCP are consistent with those of Jahn-Teller transformations. While the exact details of284

these transformations can be more easily extracted from an orbital perspective (see [44])285

at the moment, other than a “not too deep tetrahedral cage” it is not possible to pinpoint286

where in the electron density the incipient orbital instability lies.287

5. Conclusion288

We have employed the conceptual and theoretical framework of molecular chemistry289

in an attempt to rationalize the HCP, BCC and FCC crystallographic structures of the290

nonmagnetic elemental transition metals. Specifically, we have drawn on concepts from291

the quantum theory of atoms in molecules, the molecular virial theorem, and frontier292

orbital theory to develop a chemically based fundamental understanding of the evolution293

of electron density topology and geometry as one proceeds from left to right across the294

transition metal series. As a marked departure from conventional metallurgical approaches,295
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where structure is described as the packing of local tetrahedral and octahedral atomic296

coordinations, we take a broader look at structure by describe it as arising from the packing297

of topological units characterized by electron density minima at their center.298

While the electron density and metallurgical approach lead superficially to the same299

structural representation for the late transition metals, the electron density approach300

leads to a chemically nuanced understanding of the early transition metals. In particular,301

the structure of the electron density of the early transition metals may be seen to be a302

consequence of bonding interactions between tetrahedral coordinations. On the other hand,303

the structure of the late transition metals, results from antibonding interactions between the304

same units. The crystallographic structures between the early and late transition metals can305

then be rationalized as resulting from mixed bonding/antibonding character, where the306

preferred structures are those for which the interatomic distance in antibonding directions307

is lengthened.308

Though here we investigated only the nonmagnetic transition metals, the approach is309

sufficiently general and is applicable to more complex alloys. The challenge is identifying310

the relevant topological units and then cataloguing the possible interactions between these311

units. As an example, we previously brought this methodology to bear in a study of the312

structure of metallic glasses [45]. Though complex and confronted with difficulties, the313

approach allows for a more direct application of chemical formalism. Perhaps the chemical314

insights that are forthcoming will prove useful in the ongoing effort to design metals and315

alloys.316
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