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Abstract

The relativistic quantum dynamics of a spin-0 scalar particle under
the effects of the violation of Lorentz symmetry in the presence of
a non-electromagnetic potential is analyzed. The central potential
induced by the Lorentz symmetry violation is a linear electric and
constant magnetic field and, analyze the effects on the eigenvalues
and the wave function. We see there is a dependence of the linear
charge density on the quantum numbers of the system.
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1 Introduction

The Standard Model extension (SME) [1, 2, 3, 4] is the framework for in-

vestigating signals of Lorentz violation and studying properties of physical

systems as it includes Lorentz violating terms in all sectors of the minimal

Standard Model. The Lorentz-violating terms are generated as vacuum ex-

pectation values of tensors quantities, keeping the coordinate invariance of
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the extended theory [5]. This model has been scrutinized in many respects

with the studies of fermion and gauge sectors, and gravitation extension

[6, 7, 8, 9, 10, 11, 12, 13, 14, 15], fermion systems and radiative correc-

tions [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26], CPT-probing experiments

[27, 28, 29, 30, 31, 32], the electromagnetic CPT- and Lorentz-odd term

[33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46], and electromagnetic

CPT-even and Lorentz-odd coefficients [47, 48, 49, 50, 51, 52, 53].

In this paper, we study motion of a relativistic scalar particle under

Lorentz symmetry breaking defined by a tensor (KF )µναβ out of the Standard

Model Extension (SME) in the presence of a non-electromagnetic potential.

We investigate the effects of a linear central potential induced by Lorentz

symmetry violation and the solution of the bound state to the Klein-Gordon

equation can be achieved. The study of a relativistic scalar particle under the

influence of a non-electromagnetic potential (here we choose a Cornell-type

potential) has been of growing interest in different branches of physics. Sev-

eral authors have been studied the relativistic quantum systems in the pres-

ence of various kind of electromagnetic and non-electromagnetic potentials

under the effects of Lorentz symmetry violation [1, 54, 55, 56, 57, 58, 59].

Noted that the gauge sector of Standard Model Extension consists of two

classes that modifies the transport properties of space-time. These two classes

are called the CPT-odd sector [1] and the CPT-even sector [43, 60].

In the proposed work, we have chosen the Cornell-type potential which

consist of two concepts-confinement and asymptotic freedom. The Coulomb-

like part is responsible for the interactions at short ranges whereas, and

linear potential term lead to the confinement quarks phenomena. This type

of potential has been used to study the relativistic quantum system [61, 62,

63, 64, 65, 66, 67, 68, 69, 70, 71], bound states of hadrons [72, 73], and

the ground state of three quarks [74] in particle physics. The Cornell-type

potential in cylindrical system is given by

S(r) = ηL r +
ηc
r
, (1)
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where ηL > 0, ηc > 0 are arbitrary constants.

The quantum dynamics of spin-0 scalar particle under the effects of

Lorentz symmetry violation is [1, 54, 55, 56, 57, 58, 59, 63, 66, 71, 75, 76, 77]

pµ pµ Ψ +
α

4
(KF )µναβ F

µν(x)Fαβ(x) Ψ = (M + S)2 Ψ, (2)

where α is a constant, Fµν(x) is the electromagnetic field tensor, (KF )µναβ is a

dimensionless tensor that governs the Lorentz symmetry violation out of the

Standard Model Extension, and S(r) is the non-electromagnetic potential.

2 Relativistic Scalar particle under the ef-

fects of LSV with a non-electromagnetic

Potential

The Klein-Gordon equation under the effects of Lorentz symmetry violation

defined by the Eq. (2) in the background of the Minkowski space-time is

given by[
− ∂2

∂t2
+

∂2

∂r2
+

1

r

∂

∂r
+

∂2

∂z2
+

1

r2
∂2

∂φ2

]
Ψ +

α

4
(KF )µναβ F

µν(x)Fαβ(x) Ψ

= (M + S)2 Ψ. (3)

Using the properties of the tensor (KF )µναβ [1, 2, 3, 4, 54, 55, 56, 57, 58,

59, 75, 76], we can rewrite (3) in the following form :[
− ∂2

∂t2
+

∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂φ2
+

∂2

∂z2

]
Ψ

+
[
−α

2
(κDE)ij E

iEj +
α

2
(κHB)jk B

iBj − α (κDB)jk E
iBj

]
Ψ

= (M + S)2 Ψ. (4)

We choose the scenario of the Lorentz symmetry violation determined by

the non-null components (κDE)11 = const = κ1, (κHB)33 = const = κ2 and

3
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(κDB)13 = const = κ3 with the following field configuration [57, 58, 59, 63,

75, 76, 77, 78, 79]:

~B = B0 ẑ , ~E =
λ

2
r r̂ (5)

where B0 > 0, ẑ is a unit vector in the z-direction, λ is a constant associated

with a linear charge density of electric charges along the axial direction, and

r̂ is the unit vector in the radial direction.

Hence, equation (4) using the configuration (5) becomes[
− ∂2

∂t2
+

∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂φ2
+

∂2

∂z2

]
Ψ

+

[
−ακ1 λ

2

8
r2 +

ακ2B
2
0

2
− αλB0 κ3

2
r

]
Ψ = (M + S)2 Ψ. (6)

Since the metric is independent of (t, φ, z), let the solution to the Eq. (7)

is

Ψ(t, r, φ, z) = ei (−E t+l φ+k z) ψ(r), (7)

where E, l have their usual meaning, and k is a constant.

Therefore substituting the potential (1) into the Eq. (6) and using (7),

we obtain the following radial wave equation for ψ(r):

ψ′′(r) +
1

r
ψ′(r) +

[
Σ− j2

r2
− ω2 r2 − β1

r
− β2 r

]
ψ(r) = 0, (8)

where

Σ = E2 −M2 − k2 − 2 ηL ηc +
1

2
ακ2B

2
0 ,

j =
√
l2 + η2c ,

ω =

√
1

8
ακ1 λ2 + η2L,

β1 = 2M ηc,

β2 = 2M ηL +
1

2
αλB0 κ3. (9)

Transforming ξ =
√
ω r in the above equation (8), we have[

d2

dξ2
+

1

ξ

d

dξ
+ ζ − ξ2 − j2

ξ2
− η

ξ
− θ ξ

]
ψ(ξ) = 0, (10)
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where

ζ =
Σ

ω
, η =

β1√
ω

, θ =
β2

ω
3
2

. (11)

Now we impose the requirement that the wave-function ψ(x) is finite both

at the origin x→ 0 and at x→∞. Suppose the possible solution to the Eq.

(10) is

ψ(ξ) = ξj e−
1
2
(ξ+θ) ξH(ξ). (12)

Substituting the solution (12) into the Eq. (10), we obtain the following

equation

H ′′(ξ) +

[
1 + 2 j

ξ
− 2 ξ − θ

]
H ′(ξ) +

[
−τ
ξ

+ Θ

]
H(ξ) = 0, (13)

where

Θ = ζ +
θ2

4
− 2 (1 + j) , τ = η +

θ

2
(1 + 2 j). (14)

Equation (13) is the biconfluent Heun’s differential equation [61, 62, 64, 65,

67, 68, 69, 70, 80, 81] with H(ξ) is the Heun polynomials function.

The above equation (13) can be solved by the Frobenius method. Writing

the solution as a power series expansion around the origin [82]:

H(ξ) =
∞∑
i=0

di ξ
i. (15)

Substituting the power series solution into the Eq. (15), we obtain the fol-

lowing recurrence relation

dn+2 =
1

(n+ 2)(n+ 2 + 2 j)

[{
η + θ (n+

3

2
+ j)

}
dn+1 − (Θ− 2n) dn

]
.

(16)

With the few coefficients are

d1 =

(
η

1 + 2 j
+
θ

2

)
d0,

d2 =
1

4 (1 + j)

[(
η + θ (j +

3

2
)

)
d1 −Θ d0

]
. (17)
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The power series expansion H(ξ) becomes a polynomial of degree n by

imposing the following two conditions [61, 62, 64, 65, 67, 68, 69, 70]

Θ = 2n, (n = 1, 2, ...)

dn+1 = 0. (18)

By analyzing the first condition, we obtain following equation of the en-

ergy eigenvalue En,l:

E2
n,l = M2 + k2 + 2 ηL ηc + 2ω

(
n+ 1 +

√
l2 + η2c

)
− 1

2
αB2

0 κ2−
β2
2

4ω2
. (19)

It is worth mentioning that we have adjusted the parameters such that(
M2 + k2 + 2 ηL ηc + 2ω

(
n+ 1 +

√
l2 + η2c

))
>
(

1
2
αB2

0 κ2 +
a2

2

4ω2

)
and thus,

the energy eigenvalue is real. Note that the Eq. (19) is not the general ex-

pression of energy eigenvalue of a relativistic scalar particle. One can obtain

the individual energy level and the eigenfunction one by one by imposing the

additional recurrence condition dn+1 = 0 on the eigenvalue problem.

The corresponding wave-functions are given by

ψn,l(ξ) = ξ
√
l2+η2

c e
− 1

2

[
ξ+

β2

ω
3
2

]
ξ
H(ξ). (20)

Now, we evaluate the individual energy levels and the eigenfunctions one

by one as done in [61]. For example, n = 1, we have Θ = 2 and d2 = 0 which

implies

⇒ 2

η + θ (3
2

+ j)
d0 =

(
η

1 + 2 j
+
θ

2

)
d0

⇒
(
β1,l
2

)2
+ 8 β1 β

1,l
2 ω

(
1 + j

(1 + 2 j)(3 + 2 j)

)
+

[
4 β2

1 ω
2

(1 + 2 j)(3 + 2 j)
− 8 Ω3

(3 + 2 j)

]
= 0

⇒ β1,l
2 =

1

2

[
− 4 β1 ω (1 + j)

(1 + 2 j)(3 + 2 j)
+ 4ω

√
β2
1

4 (1 + 2 j)2 (3 + 2 j)2
+

2

(3 + 2 j)

]

=
2ω

(1 + 2 j) (3 + 2 j)

[
−β1 (1 + j) +

√
β2
1

4
+ 2 (1 + 2 j)2 (3 + 2 j)

]
. (21)
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a constraint on the parameter β2, that is, on the magnetic field B0. We can

see from Eq. (21), that the allowed values of the the magnetic field depends

on the quantum numbers of the system {n, l}, the parameters associated

with the background of the Lorentz Symmetry Violation, and the potential

parameters.

The allowed values of the the magnetic field for the radial mode n = 1 is

B1,l
0 =

β1,l
2 − 2M ηL

1
2
αλκ3

. (22)

Therefore, the ground state energy level for the radial mode n = 1 is

given by

E1,l = ±

√√√√M2 + k2 + 2 ηL ηc + 2ω
(

2 +
√
l2 + η2c

)
− 1

2
α (B1,l

0 )2 κ2 −

(
β1,l
2

2ω

)2

.

(23)

And the ground state eigenfunction is

ψ1,l(ξ) = ξ
√
l2+η2

c e
− 1

2

[
ξ+

β
1,l
2

Ω
3
2

]
ξ

(1 + d1 ξ), (24)

where we have chosen d0 = 1 and

d1 =
1√
ω

[
2M ηc

(1 + 2
√
l2 + η2c )

+
β1,l
2

2ω

]
. (25)

We can see that the lowest energy state (23) plus the ground state wave

function (24)–(25) is defined for the radial mode n = 1, instead of n = 0. This

effect arises due to the presence of Cornell-type potential and the Lorentz

symmetry violation in the relativistic quantum system.

3 Conclusions

We have investigated the effects of a linear central potential induced by the

violation of Lorentz symmetry breaking background on a relativistic scalar
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particle. Despite being inspired by the CPT-even sector of the SME, our

proposal is not inserted in the scenario of Standard Model Extension (SME),

which can be promising because it can open new discussions about new the-

ories that covers energy scales beyond the SME. Since terms that violate the

Lorentz symmetry start with tiny values and go for energy scales beyond the

Standard Model Extension, we have relaxed the renormalization property of

our model. In this work, we have shown that the bound states solution to the

Klein-Gordon equation can be obtained in the scenario of Lorentz symmetry

breaking effects defined by a radial linear electric field produced by a linear

distribution of electric charges, a uniform magnetic along the z-direction, a

tensor background that governs the Lorentz symmetry violation possessing

non-null components (κDB)13 = const, (κDE)11 = const and (κHB)33 = const

subject to a Cornell-type scalar potential. We have obtained the non-compact

expression of the energy eigenvalues (19) and the wave-function (20). By

imposing the additional recurrence condition dn+1 = 0 on the eigenvalue

problem, one can obtain the individual energy levels and wave-function, for

example, we have obtained the lowest state energy level (22) and the corre-

sponding wave-function (23)–(24) for the radial mode n = 1 instead of n = 0.

This effect arises due to the presence of the Cornell-type scalar potential and

Lorentz symmetry violation background. We have seen a quantum effect due

to the dependence of the magnetic field B0 on the quantum numbers {n, l}
of the relativistic quantum system. We can see in both case that the energy

level and the wave-function get modified due to the presence of the tensor

(KF )µναβ that governs the Lorentz symmetry violation and the potential

parameters.
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