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Quantum effects on KG-oscillator field under a
Cornell-type potential in Kaluza-Klein theory
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Abstract

In this paper, we solve KG-oscillator in the five-dimensional cosmic
string space-time background with a uniform magnetic field and quan-
tum flux subject to a scalar potential of Cornell-type using Kaluza-
Klein theory, and observe the gravitational analogue of the Aharonov-
Bohm effect. We show that the energy eigenvalue and eigenfunction
depends on the global parameters of the space-time, and also a quan-
tum effect is seen due to the dependence of magnetic field on the
quantum numbers of the system.

keywords: Kaluza-Klein theory, Relativistic wave equation, Aharonov-
Bohm effect.
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1 Introduction

The Klein-Gordon (KG) oscillator [1, 2] was inspired by earlier papers on the
Dirac oscillator [3] applied to half-integer spin particles. Several authors have
studied the Klein-Gordon oscillator, for example, in Ref. [4] Klein—-Gordon
oscillator in the background space-time generated by the cosmic string in the
presence of a uniform magnetic field, in Ref. [5] Klein-Gordon oscillator in
the presence of a Coulomb potential, in Ref. [6] quantum effects of confining

potentials on Klein-Gordon oscillator, in Ref. [7] Klein-Gordon oscillator in
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the Som—Raychaudhuri space-time in the presence of a uniform magnetic field
, in Ref. [8] Klein—-Gordon oscillator in the background space-time generated
by a cosmic string, in Ref. [9] Klein-Gordon oscillator on the curved back-
ground within the Kaluza-Klein theory, in Ref. [10] Klein-Gordon oscillator
in the background space-time generated by a rotating cosmic string subject
to a Cornell-type scalar and Coulomb-type vector potentials including an in-
ternal magnetic flux, in Ref. [11] Klein-Gordon oscillator in the cosmic string
space-time with a spacelike dislocation subject to a scalar potential, in Ref.
[12] generalized Klein-Gordon oscillator field on the background space-time
induced by a spinning cosmic string coupled to a homogeneous magnetic field
including a magnetic quantum flux, in Ref. [13] generalized Klein-Gordon
oscillator in cosmic string space-time with a scalar potential of Cornell-type
within the Kaluza-Klein theory, in Ref. [14] generalized Klein-Gordon oscil-
lator in the cosmic string space-time with a linear scalar potential within the
Kaluza-Klein theory, in Ref. [15] Klein-Gordon oscillator in the presence of
an external field including magnetic quantum flux subject to a Cornell-type
scalar potential in cosmic string with a space-like dislocation, and in Ref. [16]
Klein-Gordon oscillator in a topologically trivial linear class of Godel-type
space-time has been studied.

In this work, we study a Klein-Gordon oscillator in 5D space-time back-
ground produced by topological defects within the Kaluza-Klein theory (KKT)
[17, 18, 19]. Topological defects play an important role in condensed matter
physics systems [20, 21, 22, 23, 24] where, topological defects analogue to cos-
mic strings appear in phase transitions in liquid crystals [25, 26]. Geometric
quantum phases [27] describe the phase shifts acquire by wave-function of a
quantum mechanical particle. A well-known quantum phase is the Aharonov-
Bohm effect [28, 29, 30] due to the presence of an internal magnetic flux
produced by the topological defects space-times. This effect has investigated
in, Newtonian theory [31], bound states of massive fermions [32], scattering

of dislocated wave-fronts [33], torsion effects on a position-dependent mass
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system [11, 15, 34, 35, 36, 37, 38], bound states solution of spin-0 scalar
particles in different space-times geometry background [10, 12, 39, 40]. In
addition, this effect has investigated within the Kaluza-Klein theory by intro-
ducing scalar potentials of various kind by several authors in the relativistic
quantum mechanics [9, 13, 14, 41, 42, 43, 44, 45, 46].

In Ref. [47], interaction between KG-oscillator and scalar potential of
different kinds in the five-dimensional Minkowski space-time background us-
ing Kaluza-Klein theory was investigated. In this paper, we study the same
problem in the background of the five-dimensional cosmic string space-time
with a uniform magnetic field using Kaluza-Klein theory. We see a quantum
effect due to the dependence of the magnetic field on the quantum numbers
{n, 1} of the quantum system. Also we see that the energy level shifted due
to the presence of the cosmic string parameter in comparison to those result

obtained in the five-dimensional Minkowski space-time in [47].

2 KG-oscillator in a magnetic cosmic string
space-time with scalar potential in KKT

In the context of Kaluza-Klein theory [17, 18], the metric with a magnetic
quantum flux (®) passing along the symmetry axis of the string assumes the

following form
ds® = —dt* + dr* + o*r* d¢® + dz* + [dy + r A, (z") d:p“]2 : (1)

where = 0,1,2,3, t = 2° is the time-coordinate, y = x* is the coordinate
associated with fifth additional dimension having ranges 0 < y < 27 a where,
a is the radius of the compact dimension of y, 0 < r(= z') < 00,0 < ¢(=
r?) < 271, —00 < 2(= 2%) < 0o, and k is the Kaluza constant [41]. The
parameter o = (1 — 4 u) [48] characterizing the wedge parameter where, u
is the linear mass density of the string. In gravitation and cosmology, we

assume the values of the parameter a are in the ranges 0 < a < 1.
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Based on [41, 43, 9, 13, 14], we introduce a uniform magnetic field By
and magnetic quantum flux ® through the line-element of the cosmic string
space-time (1) in the following form

2 2 2 2.2 7.2 2 1 2, @ ’

ds® = —dt* +dr° + a*r*d¢” + dz" + |dy + —504307“ +2— do| , (2)
™
where the gauge field given by

1 )
Ag=r"'(—ZaByr*+ —
6 =K ( 5@ Bor +27r) (3)
gives rise to a uniform magnetic field B = V x A = —x~! By 2 [49], 2 is the

unitary vector in the z-direction. Here ® = const is the magnetic quantum
flux [30, 49] through the core of the topological defects [50].
The relativistic quantum dynamics of spin-0 scalar particle with a scalar
potential S(r) in five-dimensions is described by [34, 15, 13]:
= V=" 0x) ~ (m o+ S| ¥ =0 @)
where M, N =0, 1,2, 3,4 with ¢ is the determinant of the metric tensor with
gMV its inverse.
To couple oscillator with the KG-field, we change the following radial

momentum operator
p—=p+imQre¢ , 0, — 0, +mQr, (5)

such that p? = (§+imQr#)(p—imQre).
Therefore, the KG-equation becomes
L O mOr) V=g g (O —mQr) — (m+ S| W =0, (6)
V=g

For the metric (2)

10 0 0 0
01 0 0 0
gN=| 00 Fs o0 s | (7)
00 0 1 0
K/22
00 —282 o 1+57
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By considering the line-element (2) into the Eq. (6), we obtain the fol-

lowing differential equation :

oo 0 1 (0 o @ o
oz o2 " ror a2r2 \9¢ —n ¢(9 0z2  0y?
—2mQ—m?Q0%r? — (m+ 8’| U(t,r, ¢, 2) = 0. (8)

Since the line-element (2) is independent of ¢, ¢, z,y. One can choose the

following ansatz for the function VU as:
U(t,r, ¢, 2,y) = e CEHORERD (1), (9)

where F is the total energy of the particle, [ = 0,+1,£2,.. € Z, and k,q
are constants.
Substituting the ansatz (9) into the Eq. (8), we obtain the following

equation:
& 1d | — ka A2
WﬂL;a—l—EQ kQ—q2—2mQ—mQQQT2——( ;2(7{2 o) —(m—I—S)Q} P(r) = 0.

(10)

In this work, we choose the scalar potential of Cornell-type, and sub-
sequently with a Coulomb-type and linear potential and obtain the bound
states solution of the considered relativistic quantum system using Kaluza-

Klein theory.
Case A : Interactions with Cornell-type potential

The Cornell-type potential consists of linear plus Coulomb-like term is

a particular case of the quark-antiquark interaction [51, 52]. The Coulomb

potential is responsible at small distances or short range interactions and

linear potential leads to confinement of quark. This type of potential is
given by [7, 15, 38]

S(r) = &—H]Lr (11)

where 7., 7 are the potential parameters.

5
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Substituting eqgs. (3) and (11) into the Eq. (10), we obtain the following

equation:
2 1d 52 a
S e N A =0 12
[dr2+rdr+ 2 YT Ty r| vl ’ (12)
where
2 2 2 2 Us g)
AN = E—k—q¢—m —2nan—2mwcT—2mQ,
w o= \/m%ug +n2 +m2 02,
[ — 12)2
7= \/( a227r) +7702’
W - 1D
C 2m7
a = 2mmn,,
b = 2mng. (13)
Introducing a new variable p = y/wr, Eq. (12) becomes
d? 1 d 52 5 M
o=t T 0] () =0, 14
dp* ~ pdp p? p (v) (14)
where \ )
a
. -2 h = 15
(=3 = 0= (15)
Suppose the possible solution to Eq. (14) is
v(p) = p 2 00 H(p). (16)
Substituting the solution Eq. (16) into the Eq. (14), we obtain
)+ |2 -0-20) 1)+ |2 e =0, an
where
y=1+2j,
92
@=§+Z—2(1+j),
0 .
f=n+50+2). (18)

6
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Equation (17) is the biconfluent Heun’s differential equation [13, 14, 15, 34,
53, 54] and H(p) is the Heun polynomials.
The above equation (17) can be solved by the Frobenius method. We

consider the power series solution [55]
Hp) =Y e (19)
i=0

Substituting the above power series solution into the Eq. (17), we obtain the

following recurrence relation for the coefficients:

1

n+2)(n+2+2j) {B+0(n+1)} ey —(©—=2n)c,]. (20)

And the various coefficients are

_(n 0
Cl_<’}/+2> Co,

1
1047) [(B+0) c1 —Ocl. (21)

Coy =

We must truncate the power series by imposing the following two condi-

tions [13, 14, 15, 34, 43, 44, 45]:

© = 2n, (n=12..)
Cn+1 — 0. (22)

By analyzing the condition © = 2n, we get the following second degree
expression of the energy eigenvalues E, ;:
A 62

207 _9(144)=2
T (14+7)=2n

=  Eu=+{l+f+m*+2uw n+1+\/<_a—§_”+n2

|- 12 m?2n?
+277an+2me( a2ﬂ>_ w;]L—i—QmQ}%. (23)
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Now, we impose additional recurrence condition ¢,.; = 0 to find the
individual energy levels and wave-functions one by one as done in [13, 14,
15, 34, 56, 57]. For n = 1, we have © = 2 and ¢, = 0 which implies from Eq.
(21)

1= 2 c:>( d _,_Q)_L
N EY 1+25 2) B+6

2 ; 2
3 a 9 I+ b .
S e—— —ab ——@B3+27)=0 24
wl,l 2(1 2]) wl,l a (1 2j)w17l 8 ( + J) ( )

a constraint on the parameter w;;. The magnetic field Bé’l is so adjusted
that Eq. (24) can be satisfied and we have simplified by labelling:

1 2
wht = E\/W%,z —} —m? Q& By = 5\/‘*’%1 —np —m? Q% (25)

Therefore, the ground state energy level for n = 1 is given by

(1— B)Q
By=+{K+¢@+m*+2w, |2+ a—§7f+n3
] — a® 2,2
+27}an+2mwi’l( 2”)—m2"L+2mQ}%_ (26)
a Wi
And the corresponding radial wave-functions is
igEe 3 ( 7 +p) ’
P =pV o T e L (co+c1p), (27)
where
2mn, m
o = ! PRI (28)

(1—22y2

Vo (1+2 %—i—ng) Wi

In Ref. [47], authors solved KG-oscillator in the five-dimensional Minkowski

space-time with a quantum flux subjected to a Cornell-type potential in

8
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Kaluza-Klein theory (section 2). By comparing the eigenvalue and eigen-
function (26)—(28) with those results obtained in earlier, we have seen that
the results presented here get modified due to the presence of a uniform
magnetic field By and the wedge parameter o whose values are in the ranges
0 < a <1 and break their degeneracy.

We have that, E, ;(® + ®¢) = E, 17,(P), where &y = £ 27“7' with 7 =
0,1,2,.... That means, the energy eigenvalue is a periodic function of the
geometric quantum phase. This dependence of the relativistic energy level
on the geometric quantum phase gives rise to a relativistic analogue of the
Aharonov-Bohm effect for bound states.

So, when the particle circles the string, the total wave-function changes

according to

-y (20)

U — U = Erp{— (I —
ap{—— (=35
The angular momentum operator may be redefined as

- 7 ()
leff:_a(a — —0y), (30)

27 Y

where the additional term, % 0y, takes into account the Aharonov-Bohm

quantum flux.
Case B : Interactions with Coulomb-type potential

We consider 1, — 0 into the scalar potential S. Thus the Coulomb

potential is given by

S(r)y =L, (31)

,
This kind of potential has used to study position-dependent mass systems

[13, 44, 58, 59] in the relativistic quantum mechanics.

The radial wave-equations Eq. (12) becomes
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where

>
I

E*— k= ¢ —m?*—2muw,
W=/ w?+ 02 (33)

Introduce a new variable p = vVmar, Eq. (32) becomes

B . =0 34
ot the AT T U(p) =0, (34)
where 71 = \/:)LW
Suppose the possible solution to Eq. (34) is
. p2

U(p)=p ez H(p). (35)

Substituting the solution Eq. (16) into the Eq. (14), we obtain

" 1+ 2j ! 77 A

H"(p) + PR H'(p) + -, 18 H(p) =0, (36)

where © = 2 —2(1 + j).

Equation (36) is the biconfluent Heun’s differential equation [13, 14, 15,
34, 53, 54] and H(p) is the Heun polynomials.

Substituting the power series solution (19) into the Eq. (36), we obtain

the following recurrence relation for the coefficients:

1 N
. = e — (6 -2n)c]. 37
Cn+2 (n+2)(n+2+2]) [770—1—1 ( n)c ( )
And the various coefficients are
n 1 N
= = — O cpl. 38
a=17 2 G, 2= (e [ 1 co (38)

The power series expansion (19) becomes a polynomial of degree n by im-
posing two conditions [13, 14, 15, 34, 43, 44, 45]:

i1 =0 , ©=2n (n=1,2,....) (39)

d0i:10.20944/preprints202101.0489.v1
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By analyzing the condition © = 2n, we get the following energy eigen-

values F,,

(- 32y (1-152)
E,=%x |F2+¢@+m?+2mo [n+1+ a—;“—i—ng + 2muw. Of” +2mQ
(40)
For the radial mode n = 1, we have © = 2 and ¢, = 0 which implies
. 2mn?
Wy =—— 41
M 2)) (41)
2mn?
1,0 c 2 2
= W) =g (=)0
¢ \/( (1+ 2]))
2m 2mmn?
By' = )2 -2 (42)
Y \/((1 r25)
a constraint on the magnetic field By,
The ground state energy eigenvalues for n =1 is
. (1 -2 (=5
Ey=% [B+@+m?+2moy |24+ —="— +n? ]| +2mw:” ——=+2mQ,
a
(43)

where wy; is given by Eq. (42).

The corresponding radial wave-functions is
[a=$22  , 2
Yra=pV TR e (o + a1 p), (44)

where

2mne.
ci = ikl Cp- (45)

= (=522 o
vmor (142 =53+

11
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Equations (43)—(45) corresponds to the energy level and eigenfunction for
the radial mode n = 1 of the quantum system subject to a Coulomb-type
potential in the context of Kaluza-Klein theory.

In Ref. [47], authors solved KG-oscillator in the five-dimensional Minkowski
space-time with a quantum flux subjected to a Coulomb-type potential in
Kaluza-Klein theory (section 3). By comparing the eigenvalue and eigen-
function (43)—(45) with those results obtained in earlier, we have seen that
the results presented here get modified due to the presence of a uniform
magnetic field By and the wedge parameter a whose values are in the ranges
0 < a <1 and break their degeneracy.

Similar to earlier case, the energy eigenvalue E,, ;(® + @) = E,, 17-(P),
where &5 = + 27” 7 with 7 =0,1,2, ... is a periodic function of the geometric
quantum phase. This dependence of the relativistic energy level on the geo-
metric quantum phase gives rise to a relativistic analogue of the Aharonov-

Bohm effect for bound states.
Case C : Interactions with Linear potential

We consider 7. — 0. Thus the linear scalar potential is given by
S(r) =ncr, (46)

The linear potential have studied by many authors in the relativistic quantum
mechanics [58, 59, 60, 61, 62].
The radial wave-equations Eq. (12) becomes
2 1d - 12
[ — /\——0—w2r2—br} Y(r) = 0. (47)

e 2

Introduce a new variable p = y/wr, then the Eq. (47) becomes

@2 1d X B
dp*  pdp w p

+——+———2—p2—6’p] ¥(p) = 0. (48)

12
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Let the possible solution to Ee. (48) is
b= pltle 2000 1 (p) (49)
Substituting Eq. (49) into the Eq. (48), we obtain

(1+2|l|) S +21k) N

p

H"(p) + —9—24 H'(p) + [ 90] H(p) =0,

(50)
where Qg = 2 — 2(1 4 [o]) + £.
Equation (50) is the biconfluent Heun’s differential equation [13, 14, 15,
34, 53, 54| and H(p) is the Heun polynomials.
Substituting the power series solution (19) into the Eq. (50), we obtain

the following recurrence relation for the coefficients:

1 0
e 5 (2 21lo|) i1 — (B0 — 2n) ¢ | -
Ot (n+2)(n+242l) [2< n+3+2[l]) cnt1 — (O n)c}
(51)
And the various coefficients are
_¢
01—200,
Ll se2mha-o ()
BYGETARD c1— B¢ -

The power series expansion (19) becomes a polynomial of degree n by
imposing two conditions [13, 14, 15, 34, 43, 44, 45]:

Cnitl1 = 0 s @0 =2n (n = 1,2,3,4, ) (53)

By analyzing the condition ©y = 2n, we get the following energy eigen-

values F,,

d0i:10.20944/preprints202101.0489.v1

2,2
m=ng,
w2

En, :i\/k2+q2+m2+2mwlo+2w (n+1+|l|) -
(54)

13

++2muwly +2mS,
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where lp = £ (1 — 2.

Equation (54) is the relativistic energy eigenvalues of a Klein-Gordon
oscillator in the magnetic cosmic string background in the context of Kaluza-
Klein theory with a linear confining potential.

For the radial mode n = 1, co = 0 which implies

m2 n2 3
wuz[ T3 20| (55)

2

a constraint on the parameter w; ;. Therefore, the magnetic field is given by

we' = \/W?,z—n%—me
2
=By = S5\ Jel w2
q 9
2 2 2 %
- = 2 )| - e G

Therefore the ground state energy level

[ — 2
El,l = 4+ {kQ -+ q2 + m2 +2m (wcl’l + wu) %
] — a® 2,2
12w, (2 =k |> -y 202y (57)
« wi,
And the corresponding eigenfunction is
=952 —3 (B 4p)p
p=p e T (co + c1p), (58)
where 5
mje
C1 = ;7 Cop- (59)
2w,

Equation (57)—(59) corresponds to the relativistic energy level and eigenfunc-
tion for the radial mode n = 1 of the system subject to a linear confining

potential in Kaluza-Klein theory.

14
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In Ref. [47], authors solved KG-oscillator in the five-dimensional Minkowski
space-time with a quantum flux subjected to a linear potential in Kaluza-
Klein theory (section 4). By comparing the present eigenvalue and eigen-
function (57)-(59) with those results obtained earlier, we have seen that the
results presented here get modified due to the presence of a uniform magnetic
field By and the wedge parameter a whose values are in the ranges 0 < ao < 1
and break their degeneracy. Also in comparison to the result obtained in Ref.
[14] (section 3, Case 1), our result presented here get modified due to the
presence of magnetic field in the quantum system.

The energy eigenvalue E,, (¢ + ®y) = E,, 17 (P), where &y = + 2?“ T with
7 =0,1,2,... is a periodic function of the geometric quantum phase. This
dependence of the relativistic energy level on the geometric quantum phase
gives rise to a relativistic analogue of the Aharonov-Bohm effect for bound

states.
Case D : Interactions without potential

In this case, we consider zero scalar potential, S = 0. Therefore, the

radial wave-equations Eq. (10) becomes

d? 1d 2
ﬁ‘i‘;%—k)\o—r—g—m%ﬂz?g w(r):(), (60)
where
] — a2
Ao = EQ—kQ—qQ—mQ—Qmwc( 2”>—2mQ. (61)

Transforming to a new variable p = m & r? into the Eq. (60), we obtain

63]
d? 1d 1 9
where 1 A\ 12
! _ N i
51 1 ) Amo §s 4’ (63)


https://doi.org/10.20944/preprints202101.0489.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 January 2021 d0i:10.20944/preprints202101.0489.v1

Therefore, the energy eigenvalues is given by

: -5 (-4
Eng=%,k+¢@+m2+2mQ+2ma (2n+1+ —F | +2mw, —2~,
0% a

(64)
where n =0,1,2, ....

Equation (64) is the relativistic energy eigenvalues of a KG-oscillator
under a uniform magnetic field in the magnetic cosmic string space-time
using Kaluza-Klein theory.

The wave-functions is given by

ER g (hE)
Uni(p) = |Nlnip 22" €72 Ln = (p), (65)
1
3 -4t
where |N|,; = - is the normalization constant and L}, (p)

2 (nt =2 ly)
is the generalized Laguerre polynomials.

In Ref. [9], authors solved KG-oscillator in the five-dimensional magnetic
cosmic string space-time using Kaluza-Klein theory. By comparing the eigen-
value (64) with those results obtained, we have seen that the result presented
in this work get modified due to the presence of a uniform magnetic field By

which causes shifted the energy level.

3 Conclusions

In this work, we have investigated KG-oscillator with a uniform magnetic
field and quantum flux in the five-dimensional cosmic string space-time sub-
ject to scalar potentials of various kind using Kaluza-Klein theory. In Case
A, we have considered a Cornell-type scalar potential and obtained the en-
ergy eigenvalues (23). We have seen that the external magnetic field By
has allowed values determined by the quantum numbers of the system which

gives us a quantum effect. By analysing the recurrence condition ¢, = 0,

16
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we have evaluated the ground state energy level (26), eigenfunction (27)—
(28) and the allowed values of the magnetic field By (25) for the radial mode
n = 1 instead of n = 0. This effect arises due to the presence of a Cornell-
type potential in the quantum system. In Case B, we have considered
a Coulomb-type scalar potential and obtained the energy eigenvalues (40).
For the radial mode n = 1, we have evaluated the ground state energy level
(43), the eigenfunction (44)—(45) and the allowed values of the magnetic field
By by (42) instead of n = 0. Here also this effect arises due to the presence
of a Coulomb-type potential in the quantum system. In Case C, we have
considered a linear confining potential and obtained the non-compact expres-
sion of the energy eigenvalues (54). Following the similar procedure, we have
evaluated the ground state energy level (57), the wave-function (58)—(59),
and the allowed values of the magnetic field By by (56) for the radial mode
n = 1. In all the cases, we have observed that the results presented here
modified in comparison to those results obtained in Ref. [47] due to the
presence of a uniform magnetic field By and the wedge parameter o present
in the relativistic quantum system which causes shifted the energy level and
as well as the wave-function. We have also observed a quantum effect due
to the dependence of magnetic field B ! on the quantum numbers of the
relativistic system. We see that for zero oscillator frequency €2 — 0 and the
wedge parameter o — 1, the energy eigenvalue and eigenfunction presented
in Case A—Case C here reduces to the results obtained in Ref. [44]. Since
in gravitation and cosmology, the values of the wedge parameter « are in the
ranges 0 < a < 1, thus, the presence of the wedge parameter as well as the
oscillator frequency of the particle causes shifted the eigenvalue and eigen-
function for each radial mode. Also, we see that for zero oscillator frequency
0 — 0 of the scalar particle, the results obtained here reduces to those in
Ref. [46]. In Case D, we have solved the KG-oscillator subject to a uni-
form magnetic field in the magnetic cosmic string space-time in the context

of Kaluza-Klein theory without any potential. We have obtained the energy
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eigenvalues (64) and eigenfunction (65).

In all the cases, we have observed that the angular momentum number
[ is shifted, | — [y = é(l — %), an effective angular quantum number.
Therefore, the relativistic energy eigenvalue and the wave-function obtained
here depends on the geometric quantum phase [30, 49] and is a periodic
function of it. Thus, we have that, E,, ;(® + ®y) = E, ;=-(P), where &y =
+ %’T 7 with 7 = 0,1,2,.... This dependence of the relativistic energy level
on the geometric quantum phase gives rise to a relativistic analogue of the
Aharonov-Bohm effect for bound states.

Quantum systems with scalar potential of various kinds have been inves-
tigated in several branches of physics both in relativistic and non-relativistic
limit with many applications, such as, for example, semiconductor hetero-
structures, electronic properties of the semiconductors, quantum wells, wires
and dots, quantum liquids, He clusters, quark-antiquark interaction, pionic
atom etc. As we have introduced a wedge parameter a (cosmic string pa-
rameter) in the five-dimensional line-element, therefore, the studies of the
quantum system with scalar potential of different kinds in the presence of a
uniform magnetic field would give a better tools in experimental purpose in

comparison to the those results obtained in Ref. [47].
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