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Abstract: The scalar field of space-time film is considered as unified fundamental field. The field1

model under consideration is the space-time generalization of the model for a two-dimensional2

thin film. The force and metrical interactions between solitons are considered. These interactions3

correspond to the electromagnetic and gravitational interactions respectively. The metrical interaction4

and its correspondence to the gravitational one are considered in detail. The practical applications of5

this approach are discussed.6
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1. Introduction9

1.1. Unified fundamental field10

The concept of unified fundamental field exists for a long time sufficiently. According to this11

concept, matter in all its multiformity can be considered as a solution of some nonlinear field model.12

In particular, all elementary particles must be represented by soliton solutions of the model. In13

this case their interactions are the consequence of the field model nonlinearity.14

The nonlinearity violates the superposition property for solutions of the appropriate linearized15

model. According to this property the sum of solutions is also solution. The violation of the16

superposition property is interpreted as the interaction of particles.17

It is reasonable that the interaction of big material objects containing many particles is explained18

by the same way.19

Attempts to propose models of the unified field theory have been made by many well-known20

researchers. It is know that the creator of general relativity theory A. Einstein was adherent of this21

concept. He tried to create an unified field theory for the rest of his life.22

1.2. Attempts to create an unified field theory23

Electromagnetic field satisfied nonlinear equations was considered as unified field. First of all we24

must notice two known nonlinear electrodynamics model, namely, Mie [14] and Born – Infeld models25

[2].26

Einstain considered, in particular, the field of metrical tensor for curved space-time as unified27

field [11]. In this connection nonsymmetrical metric was also considered [12].28

Heisenberg tried to build an unified theory of spinor field [13].29
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All these attempts were not completely successful. In particular, within the framework of these30

theories, no solution has been obtained that corresponds with a sufficient degree of realism to any31

elementary particle. It should be noted that this problem is extremely difficult mathematically.32

1.3. The question as to the tensor rank of the field33

It is evident that the question as to the tensor rank of an unified field is highly important.34

In the above-mentioned attempts to construct an unified field theory, the choice of the tensor35

rank of the field was based on certain correspondence considerations.36

For example, the nonlinear electrodynamics models generalized the linear electrodynamics which37

was successful in certain limits.38

The variants of Einstain’s unified theories generalized his own gravitational theory which was39

successful in certain limits.40

Heisenberg’s theory of an unified spinor field was based on Dirac’s linear theory which was41

successful in certain limits.42

1.4. The force and metrical interactions of particles-solitons43

As a natural criterion for the acceptability of the unified field model, we should consider the44

possibility in its framework for description of the two long-range interactions of material objects,45

namely electromagnetism and gravitation.46

A number of the author’s works were devoted to the unification of electromagnetism and47

gravitation in the framework of Born – Infeld nonlinear electrodynamics (see, for example, [3–6])48

In this case, the electromagnetic interaction of particles-solitons is a consequence of the integral49

conservation law for energy-momentum. This type of interaction is called the force one.50

The description of gravity in the framework of nonlinear electrodynamics is based on the effect51

of induced space-time curvature by a weak field of distant particles-solitons at the location of the test52

particle. This type of interaction is called the metrical one.53

1.5. Scalar field54

Force and metric interactions of particles-solitons are inherent in all nonlinear field models that55

are invariant under shifts and rotations in four-dimensional space-time.56

Thus we can consider a simpler model of a scalar unified field, since it also allows us to describe57

electromagnetism and gravity [7].58

In particular, the tensor character of the electromagnetic field is due to the determination of the59

integral force through the integral over a closed surface surrounding the test particle under the force60

interaction [8].61

It should be emphasized that the electromagnetic field of antisymmetric tensor of the second62

rank appears at a certain point when a test particle is placed there. In the absence of such a particle,63

only a configuration of the scalar field is present near this point, but it generates the electromagnetic64

interaction with any charged particle.65

2. The unified field66

2.1. Space-time film67

We consider the following generally covariant world volume action and the appropriate variational
principle [9]:

A =
∫
V

√
|M| (dx)4 =

∫
V

−L dV , δA = 0 , (1a)
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where M + det(Mµν), (dx)4 + dx0dx1dx2dx3, V is space-time volume, dV +
√
|m| (dx)4 is

four-dimensional volume element, m + det
(
mµν

)
,

Mµν = mµν + χ2 ∂Φ
∂xµ

∂Φ
∂xν

, −L +

√∣∣∣∣1 + χ2 mµν ∂Φ
∂xµ

∂Φ
∂xν

∣∣∣∣ (1b)

mµν are components of metric tensor for flat four-dimensional space-time, Φ is scalar real field function,68

χ is dimensional constant. The Greek indices take values {0, 1, 2, 3}. The tensor Mµν can be called the69

world tensor.70

The model (1) can be considered as a relativistic generalization of the appropriate expression for71

the mathematical model of two-dimensional minimal thin film in the tree-dimensional space of our72

everyday experience.73

2.2. Energy-momentum density tensor74

Customary method gives the following canonical energy-momentum density tensor of the model in
Cartesian coordinates

−
→Tµν =

1
4π

(
Φµ Φν

−L − −
mµν

χ2
−L
)

, Φα + −m
αβ ∂Φ

∂xβ
. (2)

where −m
µν is the constant diagonal metrical tensor for flat space-time with signature {+,−,−,−} or75

{−,+,+,+}. As we see, the canonical tensor is symmetrical.76

To obtain finite integral characteristics of solutions in infinite space-time we introduce the
regularized energy-momentum density tensor with the following formula:

→Tµν =
−
→Tµν −

∞
→Tµν . (3)

where
∞
→Tµν is a regularizing symmetrical energy-momentum density tensor. Here we will use the

constant regularizing tensor
∞
→Tµν = − 1

4π χ2 −m
µν . (4)

In general case we can take a symmetrical tensor satisfying the differential conservation law as77

the regularizing tensor. A special choice of this tensor can provide the convergence of energy integral78

for a certain class of solutions.79

2.3. Equation of space-time film80

The variational principle (1) gives the following model field equation in Cartesian coordinates
[9]: (

−m
µν
(

1 + χ2
−mσρ Φσ Φρ

)
− χ2 Φµ Φν

) ∂2 Φ
∂xµ ∂xν

= 0 , (5)

This field equation can be written in the following remarkable form [7]:

∼mµν ∂2 Φ
∂xµ ∂xν

= 0 , (6a)

∼mµν + −4π χ2 −→Tµν . (6b)

where
−
→Tµν is the canonical energy-momentum density tensor (2). Here we introduce the effective81

metric ∼mµν which will be considered below.82
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Equation (6) transforms to ordinary linear wave equation with χ = 0:

−m
µν ∂2 Φ

∂xµ ∂xν
= 0 . (7)

2.4. Effective metric and curved space-time83

The characteristic equation of the model has the following form which is obtained directly from (6a):

∼mµν k̃µ k̃ν = 0 , k̃µ +
∂S
∂xµ , (8)

Equation S = 0 gives a three-dimensional characteristic hypersurface of the field model in84

four-dimensional space-time.85

As is known, the problem of propagation of a weak high-frequency quasi-plane wave with a86

given background field in a nonlinear model gives the dispersion relation for the components of the87

wave four-vector that coincides with the characteristic equation [6]. The dispersion relation or a88

dependence between the frequency of the wave and its three-dimensional wave vector defines the89

wave front propagation.90

Thus the components k̃µ in equation (8) can also be considered as the components of the wave91

four-vector of a high-frequency quasi-plane wave propagating in an effective curved space-time with92

the metric ∼mµν.93

Equation (8) sets the motion of such wave packets that, in the absence of a background field,94

would move at the speed of light. Thus this equation determines the trajectories of massless particles.95

For the trajectory of a massive particle, the considered approach gives the equation of a geodesic line96

in an effective curved space-time with the metric ∼mµν. This theme is considered below in section 4.97

3. Solitons-particles98

3.1. Solitons are material particles99

Solitons are spatially localized solutions of nonlinear field models. Solitons-particles are soliton100

solutions of the unified field model corresponding to elementary particles.101

Another name for soliton is solitary wave. But linear field models can also have the solutions in102

the form of solitary waves. Because of linearity of the models these solutions can have an arbitrarily103

small amplitude. Thus we shall call these solitary waves the weak solitons.104

Not long ago, a class of exact soliton solutions propagating with the speed of light was obtained105

for the model of space-time film [9]. A subclass of these solutions has properties which allow to106

correlate it with photons. Other solutions of the found class of exact solutions may relate to different107

neutrinos.108

At the present time, among exact soliton solutions for massive particles we know the simplest109

spherically symmetrical soliton in intrinsic coordinate system or spheron [8]. It has a rest energy and110

electrical charge but does not have angular momentum or spin.111

There is a defined progress in the finding of approximate soliton solutions of the toroidal112

configuration containing an oscillating part [10]. These solutions can also have a spin in addition to113

the rest mass and charge.114

3.2. Oscillating parts of solitons-particles115

First of all the existence of oscillating parts in solitons-particles is necessary for the description of116

observable wave properties for elementary particles.117

But in the framework of the unified field theory under consideration the oscillating parts are118

necessary for the description of real gravitation. We shall discuss this question below.119
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When we move away from the localization region of a soliton-particle, the field of space-time film120

satisfies approximately the linear wave equation (7).121

Elementary oscillating solutions of the linear wave equation in the spherical coordinate system
decrease in amplitude as r−1. Let us take the following simple solution as example:

◦
Φ =

◦
a

·r
sin( ·ω ·r) sin( ·ω ·x

0) , (9a)

where the point under symbols denotes the belonging to the intrinsic coordinate system.122

According to the definition given in the previous subsection, this solution is a weak soliton.123

The asymptotic form such as we have in (9a) leads to the divergence of energy integral at infinity.124

However, the investigation of toroidal configurations [10] shows that there can be solitons with125

oscillating part without the asymptotic form of type (9a) whose energy is finite. But we can suppose126

in this case that the wave mode of type (9a) will appear for interacting solitons.127

Thus we assume that a soliton-particle in the intrinsic coordinate system has both static and
oscillating parts. The oscillating part is a standing wave having perhaps sufficiently complicated
configuration. Using a space-time rotation we can obtain a moving soliton from the rest one. In this
case the standing wave transforms to moving one. The moving soliton is obtained with the help of the
following substitution for the intrinsic coordinates of the soliton:

·x
µ = Lµ

.ν xν , (9b)

where Lµ
.ν Lρν = L.µ

ν Lνρ = −m
µρ, Lµ

.ν is a matrix of space-time rotation, in particular, Lorentz128

transformations, {xν} is the coordinate system in which the soliton is moving.129

We have the following dispersion relation for the wave four-vector components of this moving
wave: ∣∣∣−mµν kµ kν

∣∣∣ = ·ω2 , ω + −k0 , (10)

where ·ω is the angular frequency of the standing wave in intrinsic coordinate system of the soliton,130

{ω, ki} are the frequency and wave vector components of the traveling wave.131

As can be verified, the group velocity of the traveling wave corresponding to the dispersion132

relation (10) coincides with the velocity parameter→V of the space-time rotation (9b). The frequency ·ω133

is called a rest frequency of the soliton.134

4. Gravitation135

4.1. Gravitation as the metrical interaction of solitons136

The effect of induced gravitation in nonlinear electrodynamics is the subject of a sufficient number of137

works by the author, including an article in the encyclopedia [4] and a monograph [6].138

Now this analysis is applied to the space-time film model with insignificant modification.139

Let us consider the problem of propagation of a small amplitude wave with a rest frequency140

against a background given field of distant solitons-particles.141

For distinctness we take the simple solution of the linear wave equation (9a). This solution has the142

form of a standing wave in the intrinsic coordinate system. It has a finite amplitude at the coordinate143

origin
◦
a which can be taken sufficiently small.144
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Let us consider the sum of the background field Φ̃ generated by distant solitons and a moving

fast-oscillating weak soliton
◦
Φ̃ of type (9) but with a slow time-dependent velocity parameter→V and a

small constant amplitude
◦
a:

Φ = Φ̃ +
◦
Φ̃ , (11a)

|ω| � max
∣∣∣ ∂Φ̃
∂xµ

∣∣∣/max
∣∣Φ̃∣∣ ,

∣∣∣ d→V
dx0

∣∣∣� |ω| ,
◦
a� max

∣∣Φ̃∣∣ . (11b)

Here we consider the weak soliton with a constant amplitude
◦
a as some approximation for a145

soliton-particle whose amplitude is defined by an exact solution. If there is an additional field of146

remote solitons Φ̃, the soliton solution is modified, and its amplitude could also be changed. However,147

it is natural to assume that the soliton-particle has a maximum amplitude which significantly greater148

than the field of distant solitons-particles. Then the weak field of distant particles will not significantly149

affect the amplitude of the considered soliton-particle. Thus if we consider the weak soliton instead of150

the soliton-particle, we actually investigate the influence of the distant solitons field Φ̃ to the part of151

soliton-particle which is sufficiently far from its center and has a small amplitude. The movement of152

this weak part should direct the entire soliton-particle, since it is a modified exact solution.153

We substitute this sum (11) in the equation of space-time film (6). Here we suppose an averaging
of the effective metric ∼mµν (6b) with the background field Φ̃ over a defined space-time localization

region for the weak soliton
◦
Φ̃. Then we obtain the following equation:

∼̃m
µν ∂2

◦
Φ̃

∂xµ ∂xν
= 0 . (12)

where the averaging effective metric ∼̃m
µν

depends on the derivatives of the background field: ∼̃m
µν

=154

∼̃m
µν
(Φ̃). Here below we use the designation ∼mµν for the averaging effective metric ∼̃m

µν
in an effort to155

simplify the designations.156

We consider that the averaging background effective metric ∼mµν is almost constant in the157

space-time localization region of the weak soliton
◦
Φ̃. In this area, let us find a coordinate transformation158

which reduces the equation (12) to ordinary wave one (7).159

Let we have the following relations for the coordinate differentials:

d ·x
µ = X̂µ

.ν dxν , dxµ = X̌µ
.ν d ·x

ν , (13)

where the matrix X̂µ
.ν and X̌µ

.ν are mutually inverse and satisfy the relations

∼mµν X̂σ
.µ X̂ρ

.ν = −m
σρ , ∼mµρ = X̌µ

.ζ X̌ρ
.ξ −m

ζξ . (14)

Then the solutions of equation (12) in the limited area under consideration has the form

◦
Φ̃ =

◦
Φ
(
·x

σ(x)
)

. (15)

where
◦

Φ
(
·x

σ
)

is a solution of the linear wave equation (7), in particular, the weak soliton (9a). Here the160

functions ·x
σ(xδ) are defined by the transformation (13).161

The averaged background effective metric ∼mµν calculated in an expanded four-dimensional space162

defines a Riemann space that is not generally flat. Also, in general, it is not possible to find the163

coordinate transformation ·x
σ = ·x

σ(xδ) satisfying (13) and (14) everywhere.164
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But we can write this transformation approximately in the following form:

·x
i = X̂i

.j(x0)
(

xj − ·xj(x0)
)

, (16a)

·x
0 = ·x

0(xν) =
∫

k̄µ dxµ , k̄µ(xν) + X̂0
.µ(xν) . (16b)

where ·xj(x0) is a position of energy center for the weak soliton at the time x0, k̄ is called a normalized
wave vector such that

∂k̄µ

∂xν
=

∂k̄ν

∂xµ . (16c)

Taking into account the transformation (16) we obtain that ·ω ·x
0 is a phase of the wave

◦
Φ̃. Then

we have the following its wave vector components:

kµ = ·ω k̄µ . (17)

It should be emphasized that the substitution of type (16b) for ·x
0 to the solution (9a) is the known165

approach to solving the problem of wave propagation in an inhomogeneous medium [15]. In this166

approach, the wave phase is considered as an unknown coordinate function, and the substitution of167

the modified wave solution into the equation gives a dispersion relation for this wave.168

Using (16b) and (14), we have the following dispersion relation for the weak soliton:

∼mµν k̄µ k̄ν = −m
00 , (18)

where ∼mµν = ∼mµν(xρ), k̄µ = k̄µ(xρ).169

Now let us obtain a trajectory of energy center for the weak soliton ·xj = ·xj(x0). We use the
intrinsic time ·x

0(xµ) (16b) at the point ·xµ as a parameter of movement s. Taking also ·x0 = x0 we have

s + ·x
0(·xµ) = s(x0) , (19a)

·uµ +
d·xµ

ds
= X̌µ

.0(·x
ν) . (19b)

where ·uµ is the four velocity. We have the last relation in (19b) in accordance to (13) and (19a).170

The definitions ·uµ (19b) and k̄ν (16b) with (14) gives also the following relations at the point {·xµ}:

k̄µ ·uµ = 1 , (20a)

·uµ = −m
00 ∼mµν k̄ν . (20b)

Let us introduce the inverse tensor ∼̌mµν to the tensor ∼mµν:

∼̌mµν
∼mνρ = \δ

ρ
µ . (21)

We have from (20) and (21) the following relation at the point {·xµ}:

∼̌mµν ·uµ ·uν = −m
00 . (22)

This leads to the well-known expression in general relativity theory:

ds2 =
1

−m00
∼̌mµν d·xµ d·xν =

∣∣∣ ∼̌mµν d·xµ d·xν
∣∣∣ . (23)
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We have also from (20) the following relation at the point ·xµ

k̄µ =
1

−m00
∼̌mµν ·uν (24)

One must note that although ·uµ and k̄µ are defined as components of second-order matrix, they171

are actually four-vectors.172

Indeed, if we consider the problem in another coordinate system {x′µ} then we have

ds + d ·x
0 = X̂0

.µ dxµ = X̂′0.µ dx′µ . (25)

This means that the intrinsic time ·x
0 is not changed for such transformations or it behaves as scalar.173

Thus k̄µ is a four-vector according to the definition (16b).174

According to (16a), the three-dimensional coordinate system { ·x
i} is moving coupled with the

localization region of the weak soliton. Thus we have ·x
i = 0 and d ·x

i = 0 at the point {·xµ} and

d·xµ = X̌µ
.0(·x

ν)d ·x
0 , d·x′µ = X̌′µ.0 (·x

′ν)d ·x
0 . (26)

Therefore ·uµ are a four-vector according to definition (19b).175

Now let us obtain the trajectory equation for ·xµ(s). Differentiation of dispersion relation (18)
with respect to certain coordinate xρ with consideration of relations (16c) and (20) gives the following
equation at the point ·xµ:

∂∼mµν

∂xρ k̄µ k̄ν + 2−m
00 ·uν ∂k̄ρ

∂xν
= 0

=⇒ ∂∼mµν

∂xρ k̄µ k̄ν + 2−m
00 dk̄ρ

ds
= 0 . (27)

Substituting (24) into (27) and using (21) we obtain the trajectory equation in the following form:

d ·uµ

ds
+
∼
Γµ

νρ ·uν ·uρ = 0 , (28a)

where

∼
Γµ

νρ +
1
2
∼mµδ

(
∂ ∼̌mδν

∂xρ +
∂ ∼̌mδρ

∂xν
−

∂ ∼̌mνρ

∂xδ

)
. (28b)

As can be seen, this equation is the geodesic line one for the introduced effective Riemann space176

with the metric ∼mµν.177

Thus a weak soliton with rest frequency and small constant amplitude under the influence of178

distant solitons behaves as massive particle in gravitational field.179

We can assume that the obtained equation (28) describes also the movement of a soliton-particle180

under the influence of distant solitons-particles.181

4.2. Newtonian potential182

The geodesic line equation (28) in zero speed approximation contains the component ∼m00 only.
Let us write it in the following form:

∼m00 = ± (1− 2 ∼ϕ) , ∼ϕ + −2π χ2Ẽ (29)
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where ∼ϕ is the scalar potential of the gravitational field, Ẽ is an averaging energy density for the field183

of distant solitons. Here the averaging is performed over a space-time volume including a localization184

region of the soliton and a relevant time interval185

In order to have the real gravitation in our consideration we must obtain the following expression
for the gravitational potential:

∼ϕ = − ∼γ
m̃

R
, (30)

where ∼γ is the gravitational constant, m̃ is a mass for agglomeration of distant solitons-particles, R is a186

distance from the energy center of this agglomeration.187

Thus we must obtain the following asymptotic form for the averaging energy density as R→ ∞:

Ẽ ∼ 1
R

. (31)

4.3. The role of wave background188

Let us elucidate how we can obtain the necessary asymptotic form for the averaging energy189

density (31).190

If we consider only static parts of charged solitons-particles (Φ ∼ r−1) then the appropriate energy191

density will decrease apparently as r−4.192

Taking into consideration the oscillating parts of interacting solitons-particles with decreasing193

amplitude as r−1 (as, for example, for the weak soliton (9a)) gives the decrease of the averaging energy194

density as r−2.195

To obtain the asymptotic r−1 for the potential ∼ϕ we must also take into account a wave background196

with almost constant amplitude in space. This wave background must undoubtedly exist in the space197

where there is a bulk of oscillating solitons-particles.198

Then we must represent the field Φ̃ generating the effective metric in the form of the following
sum:

Φ̃ = Φ̃◦ + Φ̃∼ , (32)

where Φ̃◦ is the field of distant solitons containing the fast oscillating part with amplitude decreasing as199

r−1 (just as in the weak soliton (9a)), Φ̃∼ is the wave background field with almost constant amplitude.200

The substitution of the field (32) to the energy density gives the terms which are proportional to r−1.201

The following averaging of energy density can give the appropriate term in expression for the potential202

∼ϕ which is proportional to r−1. This expectation seems reasonable because the interaction between the203

fields Φ̃◦ and Φ̃∼ caused by nonlinearity of the model can give a defined phase synchronization for204

these fast oscillating fields.205

Thus the gravitational constant is defined by two factors

∼γ ∼
◦
∼γ ∼̃γ . (33)

where
◦
∼γ is a constant of proportionality between an amplitude of the fast oscillating field of distant206

agglomeration of solitons-particles and its total mass m̃, ∼̃γ defines the amplitude of the wave207

background in the considered space-time area.208

5. Practical applications209

5.1. Possible explanation for the dark matter effect210

We assume that the amplitude of the wave background (the factor ∼̃γ in (33)) may vary slightly in211

space. In this case we must assume that the gravitational constant is not really constant but it can also212

change slightly. Perhaps the observable effects of so-called dark matter [1] can be explained by a weak213

spatial dependence of the gravitational constant ∼γ(x).214
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It should also be noted that the concept of gravitational constant is connected with the concept215

of point mass. But the effective metric in the induced gravitation theory is defined by the wave216

background and the field of distant solitons-particles. The latter can have various spatial forms that217

satisfy the model equation asymptotically. The appropriate ideas for explanation of the dark matter218

effect require further study and separate publication.219

5.2. About the possibility of gravitational screening220

We have seen that in this approach, the existence of the long-range gravitational potential ∼ r−1
221

is is associated with the presence of the wave background.222

Then if the wave background is cut off or weakened with the help of some method, then the223

gravitational interaction will also be weakened. In this case we can talk about gravitational screening.224

Estimations of possible frequency of the wave background show [6] that the gravitational225

screening requires a metamaterial from which a gamma-ray mirror can be made.226
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