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Abstract

In this article we study the presence of chaos in supersymmetric(SUSY) quantum mechanics. For
that purpose we present a form of 4-point out of time order correlator(OTOC) for SUSY quantum
mechanical systems using tensor product formalism. We calculate the 4-point OTOC for SUSY
1D harmonic oscillator and find that the OTOC is exactly equal to that of 1D bosonic harmonic
oscillator system. In similar manner using the eigenstate representation of supersymmetric systems
we calculate the generalized higher order out of time order correlator. The higher order OTOC is
a more sensitive measure of chaos than the usual 4-point correlator used in literature. Finally, we

calculate the generalized 2N-point OTOC for SUSY 1D harmonic oscillator.
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I. INTRODUCTION

In the recent times Out of Time Ordered correlator (OTOC) has found numerous appli-
cations in various branches of Physics like condensed matter physics®, quantum many-body
systems'!, holographic duality®® to name a few. This is considered to be an indication of the
presence of chaos in a system. The exponential growth of OTOC in the initial time indicates
the presence of a positive Lyapunov exponent which is a quantity that indicates the amount
of chaos in the system. Non-oscillatory quantum OTOC growth reaches the MSS bound in
the late time scale®. Though a recent work has shown that even non-chaoatic systems like
1-d inverted anharmonic oscillator can give a positive value of Lyapunov exponent in the
early times but that is as mentioned in that paper is due to the local unstable maximum
present in the form of the potential. On the other hand supersymmetric(SUSY) quantum
mechanics provides a way too go beyond the standard model physics by introducing a new
symmetry transformation between the bosons and fermions. A recent work has been done
on the study of OTOC in SUSY systems using partner Hamiltonian formalism in the eigen-

", In this work we choose to work in the eigenstate representation to

state representation
calculate the OTOC for SUSY systems in tensor product formalism, We also present a way
to calculate the generalized 2N-point OTOC by following the same approach. The general-
ized 2N-point OTOC can be regarded to be a more sensitive measure of randomness present
in the system. In a semi-classical picture we can replace the commutator [z(t),p(0)] by

Poisson Bracket ifi{z(t), p(0)}, which is equal to ih%. For a chaotic system with positive

Lyapunov exponent A, we can write gi((é)) ~ eM. Clearly for 2N-point OTOC, [z(t), p(0)]
will lead us to eM*. So even if the value of Lyapunov exponent is small, it gets multiplied
by N and magnifies the effect.

This paper is organised as follows; in section III, we have shown explicitly how 4-point out of
time order correlators can be calculated for a supersymmetric system using tensor product
formalism. We then give an example of SUSY 1-D harmonic oscillator explicitly. In section
IV A, we give a generalized way to calculate 2N-point OTOC for arbitrary N. In IV B, we
calculate the 2N-point SUSY OTOC for the same harmonic oscillator system.
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II. PRELIMINARIES

In this section we write a brief review of the supersymmetric quantum mechanics and the
general form of 4-point OTOC, already present in literature. The idea of a more generalized
symmetry between bosons and fermions was brought into the picture to solve a few problems
that can not be addressed by the standard model of particle physics. There are mainly
two formalisms present in the literature to study these systems viz., partner Hamiltonian
formalism and tensor product formalism"*®. In the tensor product formalism we first define
a tensor product Hilbert space Hp ® Hr of bosonic and fermionic systems and then we

proceed by defining our quantum operators as
Os=000r Hp@Hr > Hp @ Hr (1)

where Og, Op, OF are supersymmetric, bosonic and fermionic operators respectively. On
the other hand in partner Hamiltonian formalism we define two Hamiltonians namely bosonic
and fermionic Hamiltonian and their eigenstates are called partner states. In this article we
are interested in tensor product formalism only.

The usual 4-point OTOC is defined as

Cr(tr, ta) = —([z(t1), p(t2)]?) (2)

where (O) is the thermal average of the operator O. In the eigenstate representation we can

rewrite Eq.2 as

1
CT(tl, tg) :E Z 6_5E"Cn(t1, tg) (3)

n

Here Z is the partition function of the system defined as (e 7##) with H being the Hamiltonian
of the system and F, its eigenvalues. For quantum chaotic systems initially the thermal
OTOC might grow as ~ h%e*** but unlike the classical case it will saturate after ¢z time
scale(*), usually denoted as the Eherenfest time scale of the system. We would also like to
mention another relevant time scale for this study of chaos after which we can express the
expectation value of the 4-point out of time order correlators as a product of expectation
value of two pairs of operators at different times with some negligible higher order corrections
as (O1(t1)O1(t1)Oa(ts) Oa(ts)) ~ (O1(t1)O1(t1)){Os(ts) Oa(ty)) + h.o.(e~1=21/ta) This time

scale is known as dissipation time scale.
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III. GENERALIZED CALCULATION FOR 4-POINT OTOC IN TENSOR PROD-
UCT FORMALISM

In order to do our study of supersymmetric OTOC we at first build the supersymmetric
Hilbert space as Hz®H r and for a general supersymmetric system we write the Hamiltonian

of the form
H=Hz I+ Iz @ Hp (4)

where Hp and Hp are the bosonic and fermionic Hamiltonians respectively. For these
systems the eigen states can be written as the tensor product of bosonic eigenstate and

fermionic eigenstate. We express them as
Ing,nr) = [np) @ |np). (5)
Now from Eq.2 and we can write the thermal OTOC in the form of Eq.3 where,
ca(ts, tz) =(np, nplle(t), p(t))Ing, nr) (6)

and

Z = Ze‘ﬁE”. (7)

Here, [ is the inverse temperature. We can write the microcanonical OTOC, ¢, as,

ety ts) =) (np,nplle(t), pto)llms, me) (mp, me|[e(t), p(t2)]ns, nr)

m

=" bt t2)b (t1, 12) (8)

where

bnm(tla t2> - _Z.<77“B? nF’[x(tl)vp(t2)”va mF>' <9>
Using the notation of Eq.1 the position and momentum operators can be expressed as,

r=2pQlr+Ig®axr (10)

x:\/%_w ((a+a) @Iy + I ® (c+ ') (11)
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and
o jw
p:u/§((aT—a)®]IF+]IB®(CT—c)). (12)
Here af, a, ¢f, ¢ are bosonic and fermionic creation and annihilation operators respectively.

We set w = 1 for rest of the calculations. Now, From Eq.9 we have,

bum(t1,t2) = — i{np, npl[z(t1), p(tz)|/mp, mr)

= Z {—=i(np,nplx(ti)|ks, kr)(ks, kr|p(t:)|/mp, mp)
kp.kr

+ i(nB, nF|p(t2)]kB, ]{JF> <]€B, kF’£C<t1)|mB, TTLF>} (13)

We now define the 1st term of b, as
B\, = —i Z (ng,nrp|x(ti)|ks, kr){kp, krlp(t2)|mp, mr) (14)
kp.kp

Using the Heisenberg picture representation of the operators z(t,) and p(t2) we rewrite this

equation as,

[’3’%)1 = —3 Z lnptnp—kp—kp)li  i(kp+kp—mp—mp)tz (ng,np|z|ks, k) ks, kplplms, mp).
kp.kr

(15)

We now use Eq.11 to calculate the expectation value of x as

Tk :<nB7nF|$|kBa kF)

[(ngl(a+ a)|kp)(nplkp) + (nplks)(np|(c + c")|kr)]

S-Sl

[\/ ng+ 15n3+1,k35np,k1r + vV nB(snB—l,kgénF,kF + 5n3,k35np+1,kp + 5nB,kB(5nF—1,kF:|

(16)
and similarly using Eq.12 we have,
Pkm :<kB? kF‘p’mBa mF>
/1
=i\/5 [(ksla" — almp)(kp|mp) + (kplmp) (ke|ct — clmp)]
[ R —
_l\/; |: mp + 16mB+1,k35kF,mF -V mB(SmB—LkB(SkF,mF + 6kB,mB(5mF+l,kF - 5k3,m35mp—1,k1:]
(17)
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Substituting Eq.16 and Eq.17 in Eq.15 we get

1 )
BT(LlTZL :i Z el((nB‘i’nF*kB*kF)t1+(kB+kF*mB*mF)t2)[m5n3+17k35n1:7kp
kp.kp

+ V ananl,denF,kF + 5nB,kB5nF+l,kF + 5nB,k36anl,kF][v mp + 15mB+1,k35kF,mF

-V mBémB—l,kB(Skp,mF + 6k3,m36mp+1,kp - 5kB,mB($mF—1,kF] (18>
After some straight forward simplification we get

B, = 2 () g + 1) — e g) 4 ) _ o 6 (19

Similarly the second term of b,,, can be evaluated as

BY), =i Z (ng,nr|p(ta)kp, kr)(kp, krlz(t)|mp, mr)

kp,kr
=1 Z €i(nB+nF7kBikF)t2 €i(k3+kF7mBimF)tl <TLB, nF|p|kB, kF><kB; k’F|x|mB, mp>
kp,kr

(20)

Substituting the expressions of the expectation values of p and x we obtain

1 ] —kp— —-mp—m
87(1277)1 _ 5 Z ci(nptnr—kp—kp)ta+(kp+kr—mp F)t1)[ /annB—l,kB(snF,kF _ /nB+15nB+1,k35nF,kF

kp,kr
+ 6nszBénF_1,kF - 5nB,k36nF+1,kF] [ Vmp + 15mB+1,k35/€F,mF t v mB(SmB—Lk‘B 6kFamF

+ 6k3,m35mp+1,kp + 5k3,m35mpfl,kp]
After doing the multiplication and taking the summation over kg and kr we get:

B2 —

nm

(ei(t1—t2)(nB + 1) — ittt () — gil-hitta) 4 ei(tl—t2)) S (21)

N | —

Finally adding the two terms B, and BE, we get
bym = cos(t1 — t2)0nm (22)
Thus the microcanonical OTOC is given by
Cnltr,ts) = bum(t1,t2)b],, (1, 2)

=cos?(t; — to) (23)
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Substituting ¢, (t1, t2) in the expression of thermal OTOC we obtain

T(t1,t2) = Zefﬁ "cp(th, t2)

== Z e PEncos?(ty — ty)
=cos?(t; — ty) (24)

By comparing Eq.23 and Eq.24 with the result obtained by Hasimoto!? , we conclude that
the forms of four point microcanonical and the thermal OTOC are same for SUSY and

non-SUSY 1D harmonic oscillator.

IV. 2N-POINT OTOC IN TENSOR PRODUCT FORMALISM
A. General form of 2N point OTOC

Now we generalize our result for the 2N-point OTOC and define it as

Cr(ty, ta) = —([z(t1), p(t2)]™) (25)

In the eigenstate representation it takes the form,

CT(tl, t2> :% ; e_ﬁEnCn(tl, tg) (26)
where,
cu(tr ta) =(np,np|lz(t), p(ta)]" Inp, nr). (27)
Now we can write ¢, as,
ca(tr ta) =(np, np|le(t), p(ta)]" [np, nr) (28)
= > (nponelle(h), p(ta)][kig, ki) (ki kel (t), p(t2)] ke, Kar).-

k(1)
Akv-vB, kvyyr|[z(t), p(t2)]InB, nE)

> ok ik iy _n (29)
k1. kv—1)
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Here,

dpm = (np,np|[(t1), p(t2)]Imp, mp)
= (np,nr|z(t)p(te)|mps, mr) — (np, np|p(t2)z(t)|mp, mr)

= Z(HB,RF|CB(t1)|kB, kr){kp, krlp(t2)|mp, mr)—
K

(np,nr|p(ta)lkp, kr){kp, krlz(t)|mp, mr) (30)

We can write the first term of d,,,,, as,

Dgn)l :ei(En_Ek)tl ei(Ek_Em)t2xnkpkm (31>

Here, E" = E}, + E7 and we define E" — E* = E™. Now, substituting pgn, with Lz, E*,

we get,
(1) _i iE™kty _iEFT km,
D, =3¢ e Tk ThmE (32)
Similarly the second term can be written as

DR :%eiE"kt2 P g g B (33)

Now, adding equation 32 and 33, we can write d,,,, as,

dpm = (np, np|[x(t1), p(te)|lmp, mr)

— E éxnkka (ezE tlezE to Ekm o ezE to ezE t1 Enk) (34)
k

We can calculate d,,,,, for any arbitrary n and m. We can put these values to Eq. 29. Now,

eq. 27 will give us microcannonical OTOC and Eq 26 will give us the Thermal OTOC.

B. SUSY OTOC in Harmonic Oscillator

Harmonic oscillator potential is very special in SUSY quantum mechanics because of its
shape invariant nature. It also has equally spaced energy spectrum and the Heisenberg-Weyl
algebra can be realized for such potentials. So, for this potential from Eq.9 and Eq.22 we
see that (ng,np|[z(t1), p(t2)]|mps, mp) is independent of the energy levels of the harmonic

oscillator and is equal to cos(t; — t3). Therefore, we have,

dnm(th tQ) = COS(tl - tg)(snm (35)
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Finally, from Eq.29 we get,
Cn(tla tg) = COSN<t1 — tg) (36)

Substituting ¢, (t1,t2) in the Eq.9 and Eq.26 we obtain the expression for 2N-point OTOC,

1

CT(tl, t2) :Z Z 6_’8E"Cn(t1, tQ)

1
= Z e PEncosN (t, — ty)
=cos™ (t; — to) (37)

Because of the unique nature of this potential we get this oscillatory thermal OTOC for
any higher power of the commutation relation. However, for some other potentials it might
show different behaviour for higher point correlators as it is expected to be a more sensitive

measure of chaos present in the system.

V. DISCUSSION AND CONCLUSION

To summarize, we have shown the explicit calculations for determining both the tempera-
ture independent microcanonical and temperature dependent thermal 4-point supersymmet-
ric OTOC in tensor product formalism. We have considered the harmonic oscillator system
for which the thermal OTOC (thermal average of mircocanonical OTOC) is temperature
independent. Then we have studied how the 2N-point SUSY OTOC can be computed for
arbitrary N using tensor product formalism. Again we have considered the harmonic oscilla-
tor system and have shown that the SUSY 2N-point OTOC goes as cos™ (t; — t5). However,
the general approach to calculate the 2N-point OTOC can be performed for various SUSY
systems and can be used to measure randomness with desired sensitivity, which is yet to be

done in literature.

* ph19c038@smail.iitm.ac.in
f rathin.phy@iitb.ac.in
I archana phy@iitb.ac.in

Bagchi, B.K. “Supersymmetry in quantum and classical mechanics”,(2001).

9



Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 October 2020

10

11

12

Naber, Gregory “Foundations of Quantum Mechanics:An Introduction to the Physical Back-
ground and Mathematical Structure”,(2015). Eur. Phys. J. C 79, no.4, 320 (2019)

S. Choudhury, A. Mukherjee, P. Chauhan and S. Bhattacherjee, “Quantum Out-of-Equilibrium
Cosmology”(2015).

Cooper, F., Khare, A., Sukhatme, U.(1995). “Supersymmetry and quantum mechanics”, Phys.
Rep. 251, 267-385.

Jaun Maldacena, Stephen H. Shenker and Douglas Standford. “A Bound on Chaos”, J. High
Energ. Phys. (2016), 106, (2016) . https://doi.org/10.1007/JHEP08(2016)106

Kulkarni, A., Ramadevi, P.(2003). “Supersymmetry”, Reson 8, 28-41. doi:10.1007/BF02835648
Kaushik Y. Bhagat, Baibhab Bose, Sayantan Choudhury et al(2020). “The Generalized OTOC
from Supersymmetric Quantum Mechanics”, .

U

Kitaev, Alexei.(2015). “A simple model of quantum holography.” Reson KITP strings seminar
and Entanglement., Vol. 12. 2015.

|. Heemskerk, J. Penedones, J. Polchinski and J. Sully.(2015). “Holography from Conformal Field
Theory,” JHEP 10, 079 (2009).

T. Wellman, “An introduction to supersymmetry in quantum mechanical systems”, Brown Uni-
versity Memorandum,(2003).

S. Sahu and B. Swingle, “Information scrambling at finite temperature in local quantum systems”,
https://arziv.org/abs/2005.10814

Hashimoto, K., Murata, K. & Yoshii, R., “Out-of-time-order correlators in quantum mechanics.”,

J. High Energ. Phys. 2017, 138 (2017). https://doi.org/10.1007/JHEP10(2017)138

10



