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Abstract: In the present paper we investigate the conservative conditions in Quadratic Gravity. It is
shown explicitly that the Bianchi identities lead to the conservative condition of the left-hand-side of
the (gravitational) field e quation. Therefore, the total energy-momentum tensor is conservative in
the bulk (like in General Relativity). However, in Quadratic Gravity it is possible to have singular
hupersurfaces separating the bulk regions with different behavior of the matter energy-momentum
tensor or different vacua. They require special consideration. We derived the conservative conditions
on such singular hypersurfaces and demonstrated the very possibility of the matter creation. In the
remaining part of the paper we considered some applications illustrating the obtained results.
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1. Introduction

Everybody knows that Albert Einstein imposing requirements to the relativistic theory of
gravitation claimed that one of the most important among them is the conservative condition of the 1
energy-momentum tensor — the source of gravity. It is this very feature of the (future) theory that 1
allowed him to discover eventually the “correct” Einstein equations. It was more than one hundred +
years ago. Everybody believed at the time that the matter and geometry must be completely separated, 17
and the matter can not be created.

The development of quantum theory revealed the fact that particles are created by strong fields
from the vacuum state, and the vacuum itself is not empty but filled with zero fluctuations of all the
fields. The gravitational field may cause the parametric resonance inducing the process of the matter 2
creation. A.D.Sakharov even suggested [1] that the gravitational field does not exist as the fundamental 2
one, but it is simply the tensions of the vacuum fluctuations of all other quantum fields.

In the early 70s of the last century three groups of theoreticians [2-11] started to investigate the
processes of the quantum creation of particles by a scalar field on the cosmological model backgrounds.
They found that the main role is played by the so-called conformal anomaly, which is a consequence of 2
the renormalization procedure, necessary in quantum field theory.

The conformal anomaly (= trace anomaly) can be incorporated into the action integral, where it
consists of two parts, local and nonlocal ones. The local part enters the gravitational Lagrangian as the 2 set
of the counter-terms, and in the one-loop approximation equals to the sum of the terms, quadratic % in
Riemann curvature tensor and its contractions (Ricci tensor and curvature scalar). This is why we
decided to consider just the Quadratic Gravity. Usually, the local part is interpreted as describing the s
vacuum polarization effects. The nonlocal part, then, associated with the particle creation process. s
While the local part explicitly inserted into the Lagrangian of the Quadratic Gravity, the nonlocal s one
is included, implicitly, into the matter Lagrangian and, consequently, into the energy-momentum
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tensor. If this picture is correct, it is natural to suppose that the local part gives rise to the divergentless

gravitational field equations. Therefore, the corresponding part of the total energy-momentum tensor

is conservative. We showed that this is indeed the case. Nevertheless, the transferring the geometry ss
into the matter (particles) is possible due to that nonlocal term in the action integral mentioned above.

The above statement is valid provided the Riemann tensor and its contractions are well-defined,
i. e., in the bulk. But, both in General Relativity and in the Quadratic Gravity there may appear singular a1
hypersurfaces, where the curvature exhibit jumps and (Dirac’s) delta-function behavior. In General 4
Relativity this happens when the energy-momentum tensor is concentrated on this hypersurface, «i. e.,
it has a term proportional to delta-function. In the Quadratic Gravity it is sufficient for the 4 energy-
momentum tensor to have a jump, describing the shock wave in the matter or even in the
cosmological term (cosmological phase transition). These singular hypersurfaces are characterized by s a
three-dimensional metric tensor and three-dimensional extrinsic curvature tensor which describes « the
embedding of this three-dimensional hypersurface into the ambient four-dimensional space-time.

The Einstein equations on the singular hypersurface were derived by W.Israel [12,13]. They
relate the jumps in the extrinsic curvature tensor to the surface energy-momentum tensor of the
thin shell formed by concentration of the matter fields on this hypersurface. In general, the s
surface energy-momentum tensor is four-dimensional. It can be, naturally, decomposed into the s
three-dimensional tensor, which is, actually, describes the energy content of the thin shell, the s
three-dimensional vector and the scalar. It appears that the last two, namely, vector and scalar parts s
are zero by virtue of the field equations.

In the case of Quadratic Gravity the corresponding equations were derived by ].M.M.Senovilla
[14-19]. They are essentially different from the Israel equations. First, the primeval equations contain s7not
only the delta-function, but also its derivative. Thus, they describe not only the familiar thin shells, ss but
also the so-called double layers. This is a rather new phenomenon, describing the gravitational ssshock
waves. Second, after integration across the singular hypersurface there appear some “arbitrary” e
functions that should be determined by specifying the solutions in the bulk regions. Third, as it was e
mentioned and emphasized by ].M.M.Senovilla, the vector and scalar parts of the four-dimensional e
surface energy-momentum tensor are not necessarily zero, he gave them the names “extrinsic pressure” e
and “extrinsic flow”, correspondingly.

In the present paper we derived the field equations on the singular hypersurface using quite
different approach, namely, we did it using solely the least action principle. In the case of the Quadratic
Gravity our method has an interesting feature: the derivative of the delta-function does not appear e at
all, and the delta-function itself appears only virtual. Nevertheless, we managed to extract the e
“arbitrary” functions. These functions enter only those equations that form the three-dimensional e
tensor, the three-dimensional surface energy-momentum tensor being the source. This means, that in 7
order to determine the singular hypersurface itself for given solutions in the bulk we will need only 7
the three-dimensional vector equation, as well as the scalar one.

At last, we derived the conservative condition for the energy-momentum tensor on the singular
hypersurface and proved that it is the vector and scalar parts of the surface energy-momentum tensor,
that are responsible for the matter creation. One may say, that they are the “remnants” of the nonlocal 7
part among the counter-terms leading to the conformal anomaly.

2. Introduction to Quadratic Gravity

The action integral for Quadratic Gravity, Sy, in its standard form reads as follows
Sp = f Lr=gdix, 1)
with the Lagrangian

Lo = 1R 1R + apRwRM + a3R? + asR + asA. )
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Here R”V Ao is the Riemann curvature tensor
ot ort
u _ Vo vA e R nied
R viAe OxA - 9x° + F%AFVU - F%Urw\’ (3)
R, is the Ricci tensor
Rys = R/\w\cr’ 4)
and R is the curvature scalar
R=R} ®)

and A is the cosmological constant. We adopt the metric formalism, so the only gravitational
dynamic variables are the components of the metric tensor g, (and its inverse, g: ¢tV¢,) = 6%),
defining the space-time interval, ds,

ds? = guydxtdx’ (6)

and the metric compatible symmetric connections (= Christoffel symbols)

Th = 38" (Soun + o = Suve) @)

(comma (,) denotes a partial derivative).
The total action is the sum of the gravitational action and the the action of the matter fields Sp,,
and the variation of the latter defines the matter energy-momentum tensor as follows

05m= [ Tu(og)vgatr =3 [ T (og) VE % ®)

For our future purposes we will try to rewrite the gravitational action in the following way

Lo =aC?+BGB+yR? + a4R + asA. 9)

Here Cy;,, is the Weyl tensor

1 1
Cyw\cf = Ryvao + E(Ryogv)\ + Rya8uo — Ryrgvo — Rvagy/\) + ER(gy/\g,ua - gyagw\)/ (10)

which is defined as the completely traceless part of the Riemann tensor, and its square C, 16CHA? equals

1
C? = RyyaoRM™ = 2R RHY + 5R2. (11)

Note, that all the coefficients in the last two formulas are calculated for the four-dimensional s space-
time.
Then goes for the famous Gauss-Bonnet term, GB,

GB = Ryy\oRM"™ — 4R, R¥Y + R?, (12)

which is pure topological in the four-dimensional space-time, i. e., after integration over some o7
manifold M it gives us its Euler characteristic y (topological invariant)

1

M =
x(M) o

f GB =g, (13)

M
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Gauss-Bonnet term does not influence the field equations, provided the Riemann curvature tensor
Ryvae is well defined. Evidently, special linear combination of C? and GB can be used instead of any

given combination of a1- and ap-terms in the standard form of the Lagrangian £, and new coefficient o1 8
and y are

a=2a1+ %az;
B=-a1—1ay; (14)
y=az+3(m +az).
Let us now write the field equations. Surely, a4- and as- parts give Einstein equations (for a5 = 2a4 =
1/(8nG)) with the cosmological term,

1 1
ayGyy — §a5Ag#v = ETHV(R)' (15)

1
Gyv = Ryv - ngR, (16)

Gy is the Einstein tensor.
The a-part in (9) produces the so-called Bach equations,

1
By = ETW(CZ), (17)
Bu = C,, 7"+ iRMC 18
wo = Avo +§ uAvors ( )

B,y is the Bach tensor, symmetric and traceless. Semicolon (;) denotes the covariant derivative
with respect to the metric compatible connection, Fﬁv, introduced above in (7).

The Gauss-Bonnet term — no field equations whenever R" 1o 18 well-posed.

At last, the y-part provides us with the following field equations

1
Dy = 4_yTW(R2), (19)

’ 1
Dw = Ruw- (R;/\;th)gﬂv —R(Rywy = ZRg!“’)' (20)

On the right-hand-sides of field equations (19) we put the corresponding partial energy-momentum
tensor (notations are obvious).

3. Introduction to double layers

It was already mentioned that the field equations (presented in the previous Section 1) are 114 valid
only if the curvature tensor is well-defined, i. e., metric tensor is differentiable. But, one can 1 easily
imagine the physical situation when the energy-momentum tensor of the matter fields behaves 11
differently in different regions of the space-time. In this case the energy-momentum tensor can be 117
approximately described by the jumps (shock waves, matter-vacuum boundaries etc.) or by the Dirac 115 6-
function distribution (caustics, vacuum phase transitions etc). Here we suppose that there are no

more singular terms (like ¢’, 6", ...) in the matter distribution. Therefore, we need to know the
field equations not only in the bulk, but also on these transient surfaces which can be considered 1
mathematically as the junction conditions for the two different solutions in two different space-time 12
regions.

Let the whole space-time is divided into two regions, (+) and (—), separated by some fixed
3-dimensional (non-null) hypersurface Xy. Given the solutions in the bulk, i. e., in the (+)-regions, 1s
what should be the junction conditions for the metric tensor and its derivatives at Xy? It is well known
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that, by suitable coordinate transformation (of course, different in (+)-regions) it is always possible to 127
make the metric tensor g,y continuous at any non-null hypersurface %.

Let n(x#) = 0 be an equation of our hypersurface X (of course, different in (+)-regions). Then, it 120is
always possible to introduce in its vicinity the famous Gauss normal coordinate system, associated 1o with
2,

ds® = edn® + )/i]-dxidxj , (21)

where n runs from (—)-region (1 < 0) to (+)-region (1 > 0) along the normal direction, € = +1, 12
depending on whether the hypersurface X is time-like (¢ = —1) or space-like (¢ = 1). Our hypersurface 1sis
characterized by a 3-dimensional metric y;; (in what follows we adopt the 4-dimensional signature 1 (+,
—, —, —), the Greek indices take values {0, 1, 2, 3}, while latin ones — {0, 2, 3} or {1, 2, 3} and the

extrinsic curvature tensor Kij, which describes the embedding of a 3-dimensional surface into a 1z
4-dimensional space-time. In the Gauss normal coordinates

1
Kij = =3Vijn- (22)

The matter energy-momentum tensor can be written now in the following way

TH = SH§(n) + TH (4)0(n) + TH (=)0 (—n), (23)

where 6(n) is the Dirac 6-function, and 6(n) is the Heaviside step-function. The tensor SH" is 1 called
the surface energy-momentum tensor. The behavior of the metric tensor derivatives at £ 1«0 depends on
the gravitational theory we are considering.

In General Relativity everything is rather simple. The field equations (15) are of the second order
in derivatives of the metric tensor. With S#” # 0 and continuous g, at X, the only way to compensate 1 the
O-function in the energy-momentum tensor is to demand the jumps of the extrinsic curvature tensor

Kij,

[Kij] #0, (24)

where [ | = (4) — (-). The junction conditions in this case are the Israel equations [12,13] that
establish relations between [K;;] and [S;j]. If the surface energy-momentum tensor is nonzero, the
hypersurface is singular, it has the special name “thin shell”. In the case, when the energy-momentum 1s
tensor has only jumps (i. e., there is a shock wave in the matter distribution), then ¥ is non-singular, 14
and the corresponding jumps in curvature mean that we are dealing with a shock gravitational wave.

In Quadratic Gravity the situation is more subtle. We are not allowed to have jumps in the first
derivatives of the metric tensor (i. e., in the Christoffel symbols) — otherwise in the Lagrangian (2) 1=
would appear 6>-function (in generic case), what ia absolutely forbidden in the conventional theory of 1ss
distributions. Instead, we are forced to impose the so-called Lichnerowicz conditions

(gl =0, (25)

which in the Gauss normal coordinate system is transformed to

[K;j] = 0. (26)

Since in Quadratic Gravity the field equations are of the second order in derivatives of the s
curvatures (respectively, the fourth order in derivatives of the metric tensor), there are only two 17
possibilities with S#” # 0. Either the Riemann curvature tensor is continuous at X, then its first 1s
derivatives undergo jumps, while the second derivative have a 6-function behavior. In this case we are s
dealing with the thin shell, but the junction conditions (= equations for the shell trajectory) will be 150
quite different from that in General Relativity [20]. Or the Riemann tensor undergoes a jump at X,
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then its first derivative have the 6-function behavior, while the second derivative behaves like the &’ —
the derivative of the o-function. And this what is called the “double layer”. Note, that because of the e
jump in curvature it is, at the same time, the gravitational wave shock wave. It may be, or may not be, 1

accompanied by thin shells.

Going further, we would like to show how the junction condition can be derived using the least

action principle only. Let us start with General Relativity and Hilbert action

SH = 0(4fR \/—_gd4x.

Making the variation we get

0S4

as [{(0R) - SgiR(0g™) ) g s

For the variation of the Ricci tensor 6R,, we will use the Palatini formula [21] 1

5Ryv = (61”21,);,\ - (61“22\);1/

(note that 6T is a vector). Thus,

1
5S4 = ay f {guv(((srﬁv);A - 6%)”) ~ (R - Eg‘“VR)((Sg,UV)} =T

g f{gw(‘SRw) + %(R#v - g#vR)(égw)} V=gd'x.

(27)

(28)

(29)

(30)

(31)

Both terms in the integrand contain d-function (S#" # 0), giving rise the contributions to the 7 integral
over the singular surface we are intersected in. We must carefully integrate them out. To do 2 this, let us

write the Christoffel symbols as

Ty = T (9)0(n) + T}y (<) 0(=n).
Then,

8Ty, = (0T ) (+)0(n) + (6T3,) (-)0(-n)
since we keep X fixed, and

(@) = [ 18(mma + (0T ) (=),

(6T )w = [BI)I8(m)ma + (6T (),

since O(n)" = 6(n) and 6(—n)" = —6(n). Analogously,

Ruy = [Tpo(m)ny = [T 10(n)ny + ...

R = g”‘ﬁ [Fiﬁ]é(n)n,/\ - gaﬁ [Fi/\]é(n)n,ﬁ +...

The simplest way to integrate across the singular hypersurface > is to use the Gauss normal 17

coordinate system. The result is straightforward

1 V.AB. s greatly indebted to Prof. Friedrich Hehl, who told him about the author of this remarkable relation.

(32)

(33)

(34)
(35)

(36)
(37)
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P

+an [{lor) g - orkJog™)

Zo
1
- &) - 8T D (68™) | VT

+an [{g(rha - Orhs) g (38)
&)

where y is the determinant of the 3-dimensional metric y;; on Xo. We have already omitted the s terms
in the volume integral, proportional to 6g*’, because they do not contribute to the surface integral a0
anymore. Now, let us have a look at the remaining volume integral over (+)-regions only. It is easy to

recognized that it consists of the linear combinations of full derivatives (g" 1}/\ =0, l‘f V8= (V=8 A
for any vector [#). By Stokes’ theorem, it is converted into the surface integrals (here we need only the 1ss
integral over X), namely

£

{(g"(OTA) V=@)a — 8 OT1) V@) f V3 ' —
(+)

~a [{(g ok - g4 lor| VR dS), 9)
P
where dS* is the vector along the outward normal to Zy. The sign in front of the integral is due to 1ssour
definition of [ | = (4) — (—). In Gauss normal coordinate system this becomes
_ f {5 16T] - g6y ]} ViIdx, (40)
X

i.e., exactly the same as the first line of equation (38), but with the opposite sign!
What do we have at the end of the day? Taking into account that

%] = elKijl, 1) = -[K]), (41)

all others are zero, we have got (K = TrKj;)

az4€f{[ ] gl] }67/” \/_d3x———fsw(6g’”)\/Md3x, (42)

2 2

i. e., the Israel equations (for ay = 1/(161G))

e([Kij] - gij[K]) = 8nGS;; (43)
plus " = 0 and S$™ = 0 due to the absence of 6¢"" and 6¢" in the right-hand-side of equation
(42).
Let us turn to the Quadratic Gravity. Here we are interested in deriving the junction conditions
on the singular hypersurface X, using the least action principle only. The relevant calculations are s
very lengthy and cumbersome, so we will present here just main steps and will extensively make use 1ss of
our experience in obtaining the Israel equations. For more details see [22,23].

d0i:10.20944/preprints202009.0363.v1
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So, our task is to find the contribution of the variation of the total action to the surface integral over 1o
some (fixed) singular hypersurface ¥y. The gravitational action S, is defined in (1) with the Lagrangian 1es £>
from equation (2). We already know that, beside the continuity of the metric tensor on £, what 1sscan be
achieved by suitable coordinate transformation in (+)-regions, one has to impose, in addition, =0 the so-
called Lichnerowicz conditions, which, for given solutions in a bulk, serve, together with the 201 junction
conditions (still to be found) for determining this very singular hypersurface Xy. Thus, we 2 demand
that

[gw] =0, [T}]=0. (44)

Because of these Lichnerowicz conditions, there can be no o-functions in the Lagrangian £, only 204
jumps across Xy. For this very reason we can safely omit all the terms in 65, that proportional to the 205

variations of the metric tensor, 5g,, (6g""), since they do not contribute to the surface integral, we are 20s
interested in here. Moreover, the as-term will not contribute to the surface integral as well, what can 27be
easily deduced from our preceding consideration. Thus we are left with

88, — 2 ﬂalRHMU((SR“vM)—|—a2R’“’(6Rw)+a3Rg“V(6RW)}\/_—gd4x. (45)

We confine ourselves to showing some important details for the a1-patch. For the rest, a>- and a3-2000nes
we present only the final results.
So, we want to calculate the contribution to the surface integral over ¥ from the following volume
integral

6S(ar) = 21 f R,"(ORF | ) =g dtx. (46)

Again, we will make use of the Palatini formula, now for the Riemann curvature tensor,

6RH 6F50);)\ - (6F5;\);0 (47)

vioe — (
Substituting this into the integrand in (46) we get
65(an) = 21 f Ry((0T%0 )4 = (0T ) ) V=g s = 4 f RO a5y, (48)

where the symmetry property of the Riemann curvature tensor was taken into account. In the
next step we extract the full derivative,

A A
55(ay) = 4y f {(RHV “(ort), - R, U;A((Sl"ila)}\/_—gd‘lx. (49)
Here, for the first time, we encountered with d-function. Indeed,
R vAo R vAo vAo
p o =Ry (H)0(n) + R, (-)0(-n) (50)
and [6T%,] = 0. Hence,
A A
(Ryv 0(61—-50));}\ = [Ryv g](érffo)é(n)nl)\ +... (51)
and
A A
(R, , (6T%) = [R,"](6T%g )6 (m)np + .. (52)

(n(x*) = 0 is an equation for Xj). Remarkably, they cancel each other in the integrand as it ought zis to be,
because we started with the no 6-function at all. Thus, we may forget about 6-functions forever, 2zand deal
with the integrands over (+)-regions only, i. e.,
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65(ar) = 4oy f {(Ry“"(arﬁg)); ) —R”VM;A((SFff(, }\/_—gd4x. (53)
(%)
By making use of the Stokes” theorem we get
A A
6Sgr(ar) = —4ay f [R,""7](6T;) V=8dSy — 4y f Ryv ? A (0Tg) V=g d'x. (54)

%o (%)

(Note, again, the change of the sign in front of the surface integral.) We do not intend to describe 22s here
the whole machinery, though it is by no means trivial, and present only the final result for the 224 a1-

patch:
oer(cn) = [{-28"7 (Kl (0K + €K [Ki) (051
P
288 [Kip ] 0i) +(-8 87 (K] — 48K K]
K85 [Kip])(675) | VA€, 55)

where the vertical line (|) denotes the 3-dimensional covariant derivative.
In the same manner, i. e., without any details , we present the results for the a;- and az-patches:

0Sgr(az) = aZf{_z(gilgjp+gijglp)[Klp,n](6Kij>
2

+ € (KP + Kg) [Kypu (0un) +2(8" g7 + 18" [Kyp ] (58in)
+ (— (gﬂgj” + gijglp) [Klp,nn] + (_4gilij + ZglpKij

— 5¢UKY + (g'g" + gg")K) [sz,n])(éyij)} iz, (56)

Oe(ea) = das [ {285 Kl 0K;) + €K [Ki) (05
)

28 gV [Kiy ) 0in) + (- 8787 [Kip
+ (=58"K"P + Kg' gl + Kiigl) [Klp,n])(éyij)} Vil dPx. (57)

In total,
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05 = [{{-2{4on +a2)gg? + (a2 + daa)gTg? ) Kl 5K)
P

¥ e {(4a1 +ap)KP + (2 + 4a3)1<glr’}[1<,p,n] (65gm)

_|_

2{ (401 + a2)g"g? + (2 +4a3)g 8" J[Kip ] (55

+

{~((40n + a2)g" + (a2 + 4013) g8 ) [Kipm] — 4401 + 12) " K [Kip
+ ((4a1 +az)g" g + (a2 + 4az)g g )K[Klp,n]
(@2 403) (7K = 5TKP) )IKip s (673) } VBT (58)

Let us analyze shortly the results obtained so far. First: since the variation of the total action on zsthe
singular hypersurface >~y must be zero, then

0Sgrly, = % f S (5guv) Iyl d3x. (59)
2o

Second: note, that the coefficients a4, ap and a3 from the Quadratic Gravity Lagrangian (2) enter zs 6Sgr(20)
only in two combinations, (4a; + a) and (az + 4as3). If both of them are zero, then S#” = 0. 22 But, this is
just the case of the pure Gauss-Bonnet term. Thus, if the Riemann curvature tensor does not 2 exhibit the 6-
function behavior at X (i. e., either it is continuous there, or undergoes a jump), then =sadding the
Gauss-Bonnet term to the curvature scalar in the Hilbert action does not produces neither zssdouble layer,
nor additional thin shells. Note also, that in this case the existence of the 6-function in =ssthe curvature is
possible (and, therefore, the Lichnerowicz conditions are not obligatory), because the 2 &-terms do not
appear in the corresponding Lagrangian.
Third: consider the case when the curvature is continuous at ¥, i. e., [Ki]-,n] =0, and no double = layer
exists at all. Then,

o g 1
- [{(aar+a2)g? + (a2 + 4a)g1g" Kyl 073 VI3 = 5 [0 VIR (60)
) Py

and

- {(4a1 +a2)g"e + (an + 4043)8ij81’7}[1<lp,nn] = 35Y;
g — ), Sm' =0; (61)
[Kij] = 0, [Kiju] = 0.

This is the analogue of the Israel equations for the thin shells.

At last, let us come to the generic case, when there is a jump in the curvature at the singular
hypersurface, and, thus, the double layer is produced. At once, we encounter the problem. In the
integrand there exist variations of the extrinsic curvature tensor 6K;j, which are not the variations of the zs
dynamical variables and, at the same time, cannot be removed. In General Relativity these variations 24
were canceled by contributions from the 6-function terms in the Lagrangian, but now we completely
lack such a possibility. What to do? The solution of this puzzle lies in recognizing, that 6K;; are not the 2
independent variations, they depend on 6y;j, simply because 6Kij = (1/2)(07ij1)ls, - But, in a sense, 2ss the
relation between them is arbitrary, since the equations in the bulk, i. e., in (+)-regions, are of the
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fourth order in derivatives of the metric tensor, and they are not uniquely defined by g, and g;,,1 at
some Cauchy hypersurface. Thus we are forced to write down the following

0Kyy =B, (6)/1]) (62)

The appearance of the arbitrary function are not completely surprising. This is just a reminiscent
of the &’-functions in the field equations, and, thus it is a marker of the double layer. In the next
Section 4 we will demonstrate, how it works. Actually, B, ,] are not completely arbitrary, they depend

on our choice of the solutions in the bulk and should be found when solving the junction equations.

Now we are ready to write down the equations for the double layer in Quadratic Gravity [22,23]:

1
€{ 4&1 + 0(2 Klp + (0(2 +4a3)Kg }[Klp,n] = Esnn’ (63)
3 1 .
2{ (4a1 + )8 g + (e + 4a3)g’]gl”}Klp,n|j] = ES”’, (64)
{( ~2(4a1 + a2)g"'g" + (a2 +4a3)gi'f'g’p)[sz,n]Bif/j

+{—((4a1 +0a2)8"g + (az + 4a3) g gl”)[sz,nn]
—4(4o1 + a2)g" KPP [K, ]
{401 + a2)gg + (a2 + 4035 KKy
g ) 1 ..
+((0¢2 + 4a3) (87K _Sgl]Klp))[Klp,n]}(éyij)} = 55”- (65)

J. M. M. Senovilla [14-19]) was the first who discovered and emphasized the fact, that S"" and
S" are not necessary zero. The structure of equations (63)—(65) are rather curious. The (1) and (i)
equations serve for determining the singular hypersurface X itself, while the (ij) equations serve for
calculating the “arbitrary” functions Bi,jf] only.

4. Conservative condition

More than one hundred years ago, Albert Einstein, trying to construct a relativistic theory of 2 gravity,
claimed that one of the requirement to the future theory must be the conservative condition for ze: the
energy-momentum tensor for the matter fields. He was, evidently, encouraged by the fact that in zes the
case of Special Relativity the energy-momentum tensor TH" for the isolated (conservative) systems e
automatically obeys the following conservation equation (in Minkowski coordinates)

™, =0, (66)

and, also, that Maxwell equations for the electrodynamics incorporates the electric charge
conservation law (in Minkowski coordinates)

J', =0, (67)

where ] is the electric current 4-vector. In Special Relativity the conservation law (68) follows 27 from
the Noether’s theorem due to the homogeneity of the flat space-time. When using curvilinear
coordinates (but still in the Minkowski space-time), the conservative condition reads

™. =0, (68)

where a semicolon denotes the covariant derivative with respect to the metric compatible 27
connections (Christoffel symbols).
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It is this condition that automatically holds in General Relativity due to the conservative condition
for the Einstein tensor

1
GLJV = RLFV - ER’H =0, (69)

that follows from the Bianchi identities for the Riemann curvature tensor.

R" + R

VAo vxA;o

+ R =0. (70)

vosA
Indeed, the contraction in indices u and s gives us
Ryv)\a;y + RV/\;U + Rva,'}l =0, (71)

and the subsequent contraction in indices v and o leads to the famous relation

1
R}, = >R (72)

Thus, the corresponding part of the total energy-momentum tensor, i.e., T}, (R) is conservative,

T*(R)., = 0. (73)

Let us turn to the next part, namely, to T#"(C?). To check its conservative condition, we need
to calculate the full covariant derivative of the Bach tensor, BHK,. We do not intend to exhibit all the
details, show only the main steps. Let us demonstrate, first, that the Bach tensor (18) is symmetric,
B#” = BY#. The symmetry of the second term in (18) is rather obvious. The proof relies on the symmetric
properties of the Weyl tensor, which is, by definition the same as that of the Riemann curvature tensor zes
(CHvAo = CAouv — _CHvol) as well as of the Ricci tensor (R, = Ry1),

CHYIR )y = CH'R)y = R™MHIR . (74)

Then using the famous relation for the commutation of the second covariant derivatives, one can
easily obtain

A

UOVA UoV. o Al 2
C Ao C oA T _(C%O'V R »Ao + RV%AU)‘ (75)
Since the Weyl tensor is completely traceless, we can replace R" o PY C”% Ao”
A A
C.uUV o™ CHGV ot _ _(C%UV)\CM%/\G 4 C‘ud%/\cv%}w)‘ (76)

Here the first term on the right-hand-side can be transformed, by making use of the cyclic identity 20 (C***¥*
— CVvA»0 — Cvodsx _ Cvmf)\) into

Ak Ase ol Ao At
CoC e = —CC ) T CTC (77)

while the second one — into

A A A A A
Chox CV%/\O‘ =-C# G%Cv%}la - UCV%/\G =t %CV%/\G - GCV%)\ (78)

o
Evidently, their sum is zero. Hence,
B = B"t. (79)

Further, we are going to calculate the full covariant derivative of the Bach tensor,

wv  ~uovA
B v C Ao

1 1
+ ECMVU;VRM + 5O MR g (80)
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Due to the symmetries we have

1.1
v e = 5(=RMR;s — Ry ;gRF*Y). (81)

uovA
C ; ;/\;V;U) ) 6

_ ~vould
Aoy C ;

_ uAve o 1 uAvo
dor =€ e =2

Aoy D Ao

Here we made use of the Bianchi identities and commutation relations. Again, the Bianchi
identities and rather lengthy calculations lead us to the conclusion that the Bach tensor is conservative,

BY, =0. (82)
Hence, the corresponding part, T*"(C?) of the total energy-momentum tensor is also conservative,

T, (C?) = 0. (83)

At last, we investigate the conservative relation for the remaining part,

1
Dy = Ry - (R;A;KgAK)gHV —R(Ryy - ZRgW) (84)
We have
. . 1
Z)‘;W = (R’V;W - R":V,.H) - R;VRL - RR‘;W + ERR;H (85)
Since R}, = (1/2)Ry, it follows then,
Z)‘;m, = (R"V;W - R”;,;H) - R,-VRL =0. (86)
Here we used the commutation relation. Thus,
D, =0 (87)
and
T (R*) = 0. (88)

So, we showed the conservation of the total energy-momentum tensor in Quadratic Gravity,
provided that all the tensors and their derivatives, entering the field equations, are well defined, what 30
is true in the bulk.

But, if there exists a jump in the matter distribution, or the 6-function behavior, there appears
a singular hypersurface, where the bulk field equations are not valid. In fact, at such a surface two s
different solutions in two different bulk regions must be linked, using the so-called junction conditions. sesIn
General Relativity these are the Israel equations for the thin shells (with 6-like behavior of the siwenergy-
momentum tensor), while in Quadratic Gravity they are the equations for the double layers.

Our aim here is to consider the conservative equation on the singular hypersurfaces. So, let the

whole space-time be divided in two different bulk regions, (+) and (—) ones, separating by some a1
singular hypersurface ¥, whose equation is

n(xt) =0, (89)

(of course) different in each of the bulk regions. We will be using (as before) the Gauss normal s1s
coordinate system associated with X,

ds? = edn® + yijdxidxj , €==l1, (90)
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where the coordinate # runs from (—)-region (n < 0) to (+)-region (n > 0) along the outward si7normal.
And let the total energy-momentum tensor T#" has the form of the equation (23). The sis conservative
condition takes the form

™, = S"&(n)n, +S",6(n)
+TH (4)6(n)ny — TH (=)o(n)n, + T, (+)0(n) + T, (-)0(n). (91)

Since, as we already know T, (+) = 0, then

T, =S¥ (n)n, + S",,6(n) + [T*]6(n)n.,. (92)

Note that taking the covariant derivative of the -function in Gaussian normal coordinates requires s1some
care, as was explained in details in [17]. Our article does not address these issues.
According to the rules of the theory of distributions, we must multiply this equation by arbitrary
function f with compact support and integrate along the coordinate n (1, = 0}}), the result is

= (fSH") + F(S™, + [TH]) = f(6,x))CH(x). (93)

Dividing it by f(0,x') we get

W) (x') gk — M S [THY) = CH(xf), (94)

Where b(#) (x') = —( f,/ f)(n = 0) is an arbitrary function of the coordinates on singular s hypersurface
Y. In Gauss normal coordinates the above expression is split in 1 scalar and 1 vector s27(3D) ones,

b —K)S™ + 8™ + Ky, S + [T = C",
{ ( | 0 (] (95)

(b -~ K)s™ ~ Kis" + 8 4 [T™"] = C',

where Kjj = —(1/2)yj; is the extrinsic curvature tensor of hypersurface Xg, and K = Kf
Strictly speaking, the above expressions in this very form are valid for Quadratic Gravity, but

not for General Relativity, because in the latter case Kj, has jumps if S # 0. One needs to specify s
additionally the values of the extrinsic curvature tensor components on Xy. In the next Section 5 we sz

will present an example when this is not necessary. Remember, that in General Relativity S = S™ = 0. s
But, even if there is no thin shell at all, i. e., S/ = 0, we still have a room for the non-conservation of s the
energy-momentum tensor. It is easy to deduce from the above equations, that the shock waves in s the
matter distributions, accompanied by the gravitational shock waves (the nonzero jumps in the as
curvature), are also responsible for the “matter creation”.
In Quadratic Gravity the jumps provide us with double layers. We see, that in the absence of the
thin shells, it is " and S™ that are responsible for the gravitational particle production.

5. Examples of exact solutions

In this section we would like to consider some applications of the theory developed above. Note, s that the
applications and the theory are quite different things. When constructing a theory, we are szallowed to
claim: let the whole space-time be divided in two (+)-regions with the different behavior ssof the energy-
momentum tensor or different vacua, separated by the some singular hypersurface X. s« And let some
special conditions be fulfilled at such a hypersurface (in the case of Quadratic Gravity s« these are the
Lichnerowicz conditions). and as the result we obtain some equations on X, called the 6 junction
conditions. The situation with the applications, in a sense, reciprocal. We must know the s+ solutions in
(+)-regions. And our aim is just to find such a hypersurface ¥y, which satisfied both s the the matching
equations and some specific conditions (in our case, the Lichnerowicz’s ones). And
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one more important feature: the applications should be as simple as possible in order to make all the

machinery quite transparent. For this very reason we have chosen for consideration the spherical s

symmetric space-times. And in the case of Quadratic Gravity, in addition, we confined ourselves to the s

conformal gravity, when the linear part is absent (including the cosmological term), and the quadratic ass
parts are combined in the square of the Weyl tensor.

We start with the example from General Relativity and consider a spherically symmetric bubble

inside the “false” vacuum (described by the de Sitter solution with positive cosmological constant

A), and its wall is just the thin shell. The singular hypersurface X is time-like, the Gauss normal

coordinate system line element is

ds? = goo(t,n)dt* — dn® — *(t,n)(d6* + sin® Odp?), (96)

where r(t, n) is the radius of the sphere, the metric on X is simply

dx? = dt® - p?(1)(d6* + sin® Odp?), (97)

p(t) =r(t,0), 7 is the proper time of the observer sitting on the shell.

Due to the spherical symmetry, we have only two independent components of the extrinsic
curvature tensor, Kg = —(1/2)g00.nlx, and K% = Kg = —(7,,/7)lg,. Also, we have only two independent
components of the surface energy-momentum tensor of the bubble wall, 58 and S% = Sg. The Israel

equations are reduced to

{ [K3] = 4nGS)), 98)

[KO] + [K3] = 81GS3.
Here we consider the bubble of special kind, first proposed and investigated in [24-26].
The bubble wall brings no energy, i.e., 58 = 0, only surface tension, S% (like bubble in the
kettle), it is not empty, the interior is filled with some perfect fluid produced of the released vacuum
energy around it (in references cited above, this was called the “vacuum burning” phenomenon). The as
conservative condition equation now becomes

—2K352 + [TH] = C",
{ 2%2 [ n] (99)

~2687 4 [T = C°.

Our aim is demonstrate the very possibility of the matter creation. So, we write down here only
the final result without further details:

2 B 2 __(n
{ 2P +T1-APS}—(A+p) =C", 100)

2883+ (e +p) i = C,

1-vZ —
where pis the proper time derivative of the bubble radius p, A is the cosmological constant (outside a7
the bubble wall), € and p are, respectively, the energy density and pressure of the perfect fluid on the a7
inner side of the bubble wall, and V is the fluid velocity in the inward direction.
The other example comes from the Quadratic Gravity. Again, we assume the spherical symmetry. 75
Moreover, we restrict ourselves to the special case , the conformal gravity, when all the terms in the 7
Lagrangian (2), quadratic in curvature, are just the square of the Weyl tensor, C2 This means, that s77a; =
—ajand a3 = (1/3)a; according to relations ap + 4a1 = 2a1 and ap + 4a3 = —(2/3)a;. The sschoice
stemmed from the fact that we know all spherically symmetric solutions in this theory [22,23]. s» The
equations for the double layer (only those that are needed for the determination of the singular sso
hypersurface £y, which now becomes, actually, a world line) are the following (see (63) and (64)):
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K- Lo\ ik, 1= Lgm 101
are (K¥ = 2Kg¥ | [Kppu] = 75™, (101)
ilgip _ L ij iy _ Lo
a1(8"¢" - 3878”7 | [Kipnj] = 757 (102)
and we must add the Lichnerowicz conditions
[Klp] =0. (103)

The advantage of our choice in favor of the C? Lagrangian is that the corresponding action is
invariant under the conformal transformation. Such a nice property allows us to use the following ss
trick. Writing the spherically symmetric line element in the form

ds? = gij(x)dxidxj —7*(x)(d6? + sin® 0dg?), (104)
we may choose the radius r(x) as a conformal factor
ds*> = r*(x) ()/ij(x)dxidxj — (d6? + sin? Gd(pz)) , (105)

with y;;=(1/ r?) gij, and we can now forget about the radius, provided §"" and S" mean now, ss7

respectively, (1/7°)S™ and (1/7°)S™ (for details see [22,23]).
In what follows we will be interested only in time-like double layers and thin shells. So, the s

conformally transformed line element (¢ = 1) is
ds* = yoo(t,n)d7? — dn* — (d0* + sin® Odp?). (106)

Thus, we have only one nonzero component of the extrinsic curvature tensor K;;, namely

1
Koo = —5(7/00),;1 =K, (107)

where K is the trace of Kjj, and we put ygo(7, 0) = 1. Actually, we are dealing now with the s 2-
dimensional space-time, and the only invariant quantity that characterizes it is the 2-dimensional

curvature scalar R,

2
R Yoomn _ 1 (Voo,n) ‘ (108)
Yoo 2\ Yoo

The total curvature scalar of our 4-dimensional conformally transformed manifold equals
R=R-2. (109)

The equations for determining the trajectory of the double layer become (here a “dot” denotes the s
derivative with respect to the proper time 7):

K[R] = 2-5™,
[R] = —52-5", (110)
K] =0,

and the conservative relation now reads

(6" — K)S"" 4 §"0 4 eKSO[T™] = C™ a11)
(60 —2K)S0 4§10 + [T0n) = O,
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Since we decided to consider only time-like singular hypersurfaces, the function C%(t) describes as the
energy density creation, while C"(7) is responsible for the creation of the energy density flow. 40
Everybody knows that in General Relativity all spherically symmetric vacuum solutions belong 4«1 to the
two-parametric family. The parameters are the Schwarzschild mass m and the cosmological «2constant
A. In conformal gravity the spherically symmetric vacuum solutions belong to one of three s classes.
They are:

Class I:
R=2 C=o0. (112)
All the cosmological models, i. e., homogeneous and isotropic manifolds enter this class, including 4 the
flat Minkowski space-time and de Sitter (m = 0, A > 0) and anti-de Sitter (m = 0, A < 0) ones. «7Class II:

16
3
The solutions of this class are obtained from that ones of Class I by interchanging the temporal

R=-2 = (113)

and spatial variables.
Class III:
This is the one-parametric family. The corresponding two-dimensional conformally transformed
line element is
2 o dR? L 53 _ 155
dsy = Adt” — o A= E(R -12R+ Cy), Cp = const. (114)

The spherically symmetric vacuum solutions of General Relativity with A # 0 belong to this class,
in this case Cy = 16 — 2(12Gm)?A.

Our aim is to consider different combinations in (+)-regions and find the corresponding trajectories
of the double layers in-between. We begin with (I-II)-case, i. e., on one side of the singular hypersurface
2o one has a solution from Class I, while on the other side — from Class II. Note that the Classes have
to be different, otherwise there will be no double layer at all. Thus,

[R] = +4 = const, R =0, (115)

and we are left with the equation

K= i%al = s, (116)

But, we also have the equation (108), relating oo, and R. For R = +2 one gets

2
+0 — Y00,nn _ 1 (VOO,n) ) (117)
Yoo 2\ Yoo

This equation can easily be solved for Z = —(1/2)(y00,./00). The result is

N
I

—tanh (n —l—f(+)(’[)) for R=+2, (118)
tan (n +f(_)(’[)) for R=-2, (119)

where f(,)(7) are arbitrary real-valued functions. On Xo, where n = 0,

Zls, = K. (120)
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and the only way to obey the Lichnerowicz conditions is to put f(,)(7) = f(_)(t) = 0. This means
that

K=0. (121)

Thus we have got the static solution (on both sides of ¥ the curvature Ris constant) without s matter
creation (5" = §™ = 0). Both vacua remain to be vacua, and no collapse of the double layer.
Note, that, despite of the zero values for ™ and S"™° we can still have S0 — 0 (C* = 0, as it should be,
because we postulated the vacuum states in (+)-regions). Such a situation can be called the “emergent
thin shell”. And the source of this process is hidden inside the thin shell itself.

Let us consider the case when a double layer matches some solution from Class I (or Class II)
on the one side (with R = +2) and some solution from Class III on the other side. The requirement
that both vacua remained empty dictates §"0 — 0, hence [R] = 0, and the equation for the singular
hypersurface on that side where we have the solution from the Class Il is simply R = Ry = const. In

this region the two-dimensional line element has the form from equation (114). In order the double
layer be time-like, it is necessary that A(R) > 0. The normal coordinate to the surface R = const is

collinear with our coordinate R, i.e.,

dn = d—R, R, = VA. (122)
VA
Further,
A(R 1 ~ RS -4
yoo= 2L, K= ~Tyona(Ro) = ~——s = Ky (123)
(Ro) 4 A(RO)

The Lichnerowicz conditions can be easily satisfied by the appropriate choice of f.(t) for

R = +2 vacua. We see that 5" is constant and, in general, nonzero. The substitution of all these into
the conservative relations shows that they can be always satisfied by the appropriate choice of the
“arbitrary” function B") (remember, that [T""] = [T%"] = C" = 0 in the case of the vacuum solutions in s
the (+)-regions). Again, we may have a situation of the “emergent thin shell”, but this time the source 43

is the double layer (5™ # 0).
At last, consider the case when on both sides of the singular hypersurface > the vacuum solutions s

belong to Class III. All the formulas were already written above. Surely, choosing the appropriate 4
constants of integration, it is always possible to make the normal coordinate # continuous across .

Then, the requirement for the solutions in the bulk to be the vacuum ones translates into [R] = const,

and together with the Lichnerowicz condition, the latter leads to constant values for R on both sides of
Y. Therefore, again we have the static solution — no collapse.

The overall result is that in conformal gravity there are no collapsing spherically symmetric double
layers without radiation!
Suppose now, that there are no double layers — only thin shells. Then, as we already know,
§" =0, S" = 0, and the analog of the Israel equation for the spherically symmetric conformal gravity
takes the form

3

3 <00 0

[K,nn] = —%S = —%SO, (124)
3 3

Kl = =325 = 105 (125)

Note, that TrS;; = Sg + 25% = 0. To these equations one must add the Lichnerowicz condition
([Kij] = 0) and conditions for the double layer absence ([Kj,,| = 0). In our case they look as follows
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K] =0, [Ku]=0. (126)
This means that
[R] = 0. (127)
Since on both sides of the time-like Xy we have different vacuum solutions, the corresponding 4ss
conservative relations are now very simple
-KS) =",

Consider now different combinations of the vacuum solutions in (+)-regions. Let, first, on s both sides
the solutions belong to Class I (or Class II, they must be the s me). We have already
introduced above the function Z = —(1/2)(y00,,/y00), which equals — tanh (n + fi+) (’Z,')) for R = 42
and Z = tan (n + fo) (T)) for R = -2. It easy to see that from the Lichnerowicz condition [K] = 0 it
follows both [K ;] = 0 and [K ;] = 0. Hence S] = 53 = 0, what means that for such a combination the
thin shells without the double layers do not exist at all.
Now let on the one side of ¥ the vacuum solution is from Class I (or Class II), while on the
other side — from Class III. The result (without details) is the following: due to the continuity of the
curvature at £y, we may have only static solutions with R = 2 (or R = —2), but they exist only for the
specific values of the parameters C in the metric from Class III. So, no collapse.
The last of all possible combinations of vacuum solutions on (+)-regions is the case when both of 41 them
belong to Class III. This situation is most difficult for investigation, the main problem being to s2satisfy
the Lichnerowicz condition. But the result is rather nice and simple. Namely, the collapse is
possible, all the trajectories of the thin shell, R(1), obey the universal second order differential equation
2 1

R:l—zﬁ, (129)

which can be easily solved in quadrature, and the analogue of the Israel equations is

[ [ 3
O(4) Co(+) + V(z) —0(-) Co(—-) + VS = Esg, (130)

where Cy(+) are the values of the only parameter C of the solutions in (+)-regions, V = R(t=0)

is the initial “velocity” of the curvature, and o = £1 depending on which of the sides of the solutions
(R = +00) “looks” at matching hypersurface ¥y. Therefore 58 = const. Moreover, the dynamical

equation above guaranties the K = 0 on both sides of Zy. Thus, there is no creation of matter and no 7
radiation coming from the thin shell. See details for derivation of equation (130) in Appendix A.

6. Conclusions and discussions

In this concluding Section we would like to summarize the obtained results. We have chosen for our
investigation the Quadratic Gravity and its connections with the conservation of the energy-momentum s
tensor for the matter fields. The choice was motivated by the fact that it is the quadratic combinations 4z
of the Riemann curvature tensor and its contractions that appear in the trace anomalies in th one-loop s
approximation of the quantum field theories on the curved space-time background.

First of all, we rearranged the terms on the Lagrangian of the Quadratic Gravity and, instead of

the commonly used “naked” squared curvatures, we wrote down it as the sum of the Weyl tensor, the

Gauss-Bonnet term and the square of the curvature scalar. Then we proved explicitly, that the right-had s

(gravitational) side of the field equations is conservative, and so does the total energy-momentum seo

tensor. Of course, for the linear part of the total Lagrangian it was the well known fact for the whole 4
century, as well as for the C?-part, but we presented the proof for the sake of completeness.
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These conservative conditions are valid, provided the Riemann curvature tensor and its

contractions (Ricci tensor and curvature scalar) are well-defined, i. e., in the bulk. But, both the

General Relativity and Quadratic Gravity provide us with the possibility of the existence of the s
so-called singular hypersurfaces.

In General Relativity the singular hypersurface Xy appears only when the matter
energy-momentum tensor contains the 6-function part, it is called the thin shell. The corresponding 4
Einstein equations on these shells are the Israel equations which relate the surface energy-momentum
tensor, S;; (i, j are the coordinate indices on %), to the jumps in the extrinsic curvature tensor, Kjj, soo
describing the embedding of the three-dimensional singular hypersurface into the four-dimensional sor
space-time.

In Quadratic Gravity the situation is much more interesting. First, we are not allowed to have
o-function behavior in the curvature (unlike in General Relativity), since, in generic case, this would sos
lead to the appearance of §*-term in the Lagrangian what is forbidden by the conventional theory of s
distributions. So, we are obliged to impose the Lichnerowicz conditions [K;;] = 0. Thus, the Riemann sos
curvature tensor and its contractions may have at most jumps across singular hypersurface ¥, they sor
appear in the form [Kj, ,] # 0 (1 is the coordinate, normal to Xy). Second, since the field equations s in
Quadratic Gravity are of the fourth order in derivatives of the metric tensor (of second order in

derivatives of the curvature), these jumps lead not only to the 6-terms, but also to the ¢’-terms, the
former being describe the thin shells, while the latter — the so-called double layer, discovered recently
by J.M.M. Senovilla. Double layers can be considered as the gravitational shock waves. Following
the rules of the theory of distributions, one must to integrate the 6- and ’-terms, together with the
arbitrary function of four variables having a compact support. The result is the appearance of the
arbitrary functions of three variables in the field equations on Y. These functions should be then sis
determined by solving matching equations for every specific choice of the solutions in the bulk and
surface energy-momentum tensor S;; of the corresponding thin shell. Our approach to deriving the
field equations on the singular hypersurface, described shortly in the present paper, is based on the least
action principle. The ¢’-function is not even mentioned, but the allusion of its existence is there, taken
the form of the arbitrary tensorial function connecting the variations of the extrinsic curvature tensor,
0K;j, with that of the metric tensor, 6y;;. Third, the appearance of, possibly, nonzero components, S™"
and S, of the surface energy-momentum tensor. ]. M.M. Senovilla, who discovered this phenomenon sz
and emphasize its necessity, called them the external pressure and external flow, correspondingly.
They are rather unusual things, because it is only S/ (Sij) that describe the energy content of the thin s
shells. Note, that in General Relativity S = 0 and S™ = 0 by virtue of the field equations.

We derived the conservative conditions in the case when the energy-momentum tensor on the

singular hypersurface contains both a jump and a 6-function term. Since the existence of the ¢’-term in
the resulting equation, its subsequent integration leads to the appearance of the “arbitrary” functions sz
which, quite evidently, are connected with that “arbitrary” functions (and their normal derivatives) ses
entering the field equations for the double layers. It is seen at ones, that, in the absence of the thin s«
shell (S = 0) it is the “unusual” S"" and S™, that are responsible for the possible non-conservation of ss: the
energy-momentum tensor on the singular hypersurface ¥y. Thus, the nature of these components s
becomes clear: they describe, phenomenologically, the creation of matter by the geometry “inside” the sss
gravitational shock waves.

In the remaining part of the paper we considered some applications of the obtained theoretical
results. Our choice is the spherically symmetric conformal gravity, what was dictated by our knowledge s
of all vacuum solutions in this case [27,28]. The main result is that the time evolution of the singular s
hypersurface with the double layer between two different vacua, i. e., its collapse, is impossible without sss
radiation.
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Appendix A

In this Appendix we present the details of derivation of the equation (130) for the trajectories of s«
the time-like thin shells in the spherically symmetric conformal gravity (see the end part of Section 5), s«
when double layer is absent, and on both sides of the the thin shell the vacuum solutions belongs to s
Class IIL. The latter means that the two-dimensional line element (after removing the line element of

the unit sphere) has the form (114), where R is the two-dimensional curvature scalar, and Cy is the only
parameter of the Class III vacuum solutions.
Let the equation of the thin shell trajectory be R = Ry(7), and 7 be a coordinate in the direction

of outward normal vector to the trajectory, running from (—)-region to (+)-region, with n = 0 on it. s
Then, the line element can be written in the form

ds% = yoo(T,n) — dn?, yoo(z,0) = 1. (A1)
The only component of the extrinsic curvature tensor is

1 1 17/0011
Koo = —=voon, K=-=9% =21
00 27/00,n 2)/ V00,1 2 Y00

The equations governed the thin shell trajectory are jumps of the trace K and its normal derivative,

(A2)

[K]=0, [K,] =0. (A3)

The first one is the Lichnerowicz condition, unavoidable in Quadratic Gravity, while the second is
the condition for the absence of the double layer. The analogue of the Israel equations for thin shells is

3
(K] = —%500, (Ad)

where S% is the surface energy density of the shell.
The two-dimensional curvature scalar R equals

Y00 2\ Y00

From the conditions, imposed above,

2
2 (Voo,n) 1 (m) — (K, + EO). (A5)
n

R =0 (A6)

and vice verse, if we impose the condition [R] = 0 and satisfy the Lichnerowicz condition [K] = 0, ss7then
the absence of the double layer will be guaranteed.
Let us make the transformation from the coordinates (£, R) to (t,1) in (+)-regions (equation (114)),

1.
dsy = Adn*- ZdRz = yoodt> — dn?,
t = t,n), t=ts th=ty
R = R(t,n), R=R, R,=R,, (A7)

then,

Abt, — ERR, =0, (A8)

It follows from this, that


https://doi.org/10.20944/preprints202009.0363.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 September 2020 d0i:10.20944/preprints202009.0363.v1

22
YORZ-R2=A, R==% \/yoofgz -A=o0 \/yoofgz -A, (A9)
where 0 = %1, indicating whether Ris increasing in the n-direction or decreasing.
Let us rewrite the transformation relation in the form
A= L(AR-1) = M2
i:2 = % ()/00 + %RZ) = Lz, (AlO)
LM = ﬁRRn.
One must add also the integrability condition
L, =M. (A11)
Extracting, then, yqo,
R
y00 = AL* - —, (A12)

A
we managed to calculate Y, on the shell (from either sides). The calculations are cumbersome, sssbut the
result is surprisingly simple,

2Ry + A'(Ry)

= -2K. Al3
R, (A13)

Y00,n =

From Lichnerowicz condition it then follows the universal dynamical equation for the thin shells,

. 1
Ro=1- ZR%, (A14)

and, simultaneously, that (on both sides)
K=0. (A15)

The first integral for the dynamical equation (A14) can be easily found,

R2=_(12Ry-R}) + V2, — RE=RE4+A=Co+ V3 (Al6)

o

and, noticing, that [K ,] = —(1/2)[R,], we get the requested equation (130):

3 0

= E 0’ (A17)

G(+) C()(—l-) + V(z) —G(_) C()(_) + V(z)

Consequently,

88 = const. (A18)
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