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Abstract: For traffic management under sudden disaster in high-density areas, the first and 

foremost step is to prevent traffic congestion in the disaster-affected area by traffic flow control, as 

to provide enough and flexible traffic capacity for emergency evacuation and emergency rescue. 

Catastrophe border identification is the foundation and the key to traffic congestion prediction 

under sudden disaster. This paper uses a mathematical model to study the regional traffic flow in 

the high-density area under sudden fire disaster based on the Cusp Catastrophe Theory (CCT). 

The catastrophe border is identified by fitting the CCT-based regional traffic flow model to 

explore the stable traffic flow changing to the instable state, as to provide a theoretical basis for 

traffic flow manage and control in disaster-affected areas, and to prevent the traffic flow being 

caught into disorder and congestion. Based on VISSIM simulator data by building simulation 

scenarios with and without sudden fire disaster in a Sudoku traffic network, the catastrophe 

border is identified as 439pcu/lane/h, 529pcu/lane/h, 377pcu/lane/h at 5s, 10s, 15s data collection 

interval respectively. The corresponding relative precision, which compares to the method of 

Capacity Assessment Approach (CAA), is 89.1%, 92.7% and 76.5% respectively. It means that 10s 

data collection interval would be the suitable data collection interval in catastrophe border 

identification and regional traffic flow control in high-density area under sudden fire disaster.. 

Keywords: catastrophe border identification; sudden fire disaster; emergency management; cusp 

catastrophe theory; high-density urban area 

 

1. Introduction 

With the rapid development of China's social economy and the accelerating urbanization 

process, population, buildings, wealth and other infrastructures are more highly concentrated in 

urban areas. Cities, especially urban centers, have gradually formed in a high-density state. The 

high-density characteristics of spatial structure, population, buildings and wealth make the urban 

safety system more fragile, with more potential disaster, higher disaster risk, harder in identification 

of disaster sources, more complicated in disaster risk management, more serious in damage and 

loss, and so on. 

With the characteristics of high density, high intensity and high complexity, these urban center 

areas present a situation of multiple disasters and secondary disasters coexisting and concurrent. 

These disasters include natural disasters and man-made disasters. They are may be traditional 

disasters or new types of disasters (such as virus infection, terrorist). This situation makes the 

disaster management more difficult to control and withstand. In addition, the disaster is easier to 

propagate and diffuse in high-density environment. In view of the high-density urban central area's 

disaster-formative environment and the disaster-prone characteristics, the high-density urban 
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central area has become the core area of urban disaster prevention and mitigation[1]. The research 

on the high-density urban central area disaster prevention and mitigation system has become the 

basic premise and difficult problem in ensuring urban security and keeping sustainable urban 

development.  

The emergency traffic organization guarantee under the sudden disaster in the high-density 

urban center area is an important part in the disaster prevention and mitigation system of the whole 

city. Fast and effective emergency traffic organization guarantees can significantly reduce the loss of 

life and property, and minimize the loss of disasters. According to statistics, effective emergency 

transportation organization guarantees can reduce disaster losses to 6% of without emergency 

transportation organization guarantees[2]. 

However, the concentration of facilities in high-density urban centers, strained traffic land, and 

frequent activities of residents make the contradiction between traffic demand and supply more 

prominent. According to the statistics of the competent traffic authorities, 90% of the surface roads in 

the central urban areas of many large and medium-sized cities in China are saturated or 

supersaturated[3], and even traffic congestion in urban centers’ road segments has become 

normalized in some cities[4,5]. Under such circumstances, in the event of a sudden disaster, surface 

road traffic system which is supposed to play an emergency safe-guarder in urban disaster 

prevention, disaster mitigation and relief, may have adverse effects on disaster relief due to traffic 

congestion in the rescue traffic route. 

In addition, when the urban traffic management department responds to urban sudden 

disasters, they often rely on administrative orders and historical experiences when formulating 

emergency traffic organization safeguard measures and resolving control strategies, and lacks of 

theoretical and technical supports. Due to the characteristics of uncertainties, multi-category, 

information loss, companionship, derivative, and chain reactions, the sudden disaster is hard to 

predict and control by traffic agents. Moreover, they are unable to consider the characteristics of 

traffic flow aggregation, propagation and distribution under the incompleteness information of 

traffic network condition in sudden disaster. These may lead to make the traffic agent making a 

simple, inefficient and high-vulnerability emergency traffic organization plan. This plan may pose 

great risks to disaster prevention, mitigation and relief work under sudden disaster in high-density 

urban centers. 

For traffic management under sudden disaster in high-density area, the first and foremost step 

is traffic flow control to prevent traffic congestion in the disaster-affected area, as to provide 

enough and flexible traffic capacity for emergency evacuation and emergency rescue. Therefore, 

identification catastrophe border which will transfer the traffic flow unstable, disorder and trending 

toward congestion, is the foundation and the key in regional traffic flow control under sudden 

disaster. Furthermore, most high-density urban areas in China are in the old town of inner cities, 

the electrical and gas systems are older, degradation and prone to trigger sudden fire disaster. 

Many sudden fire disasters reported were caused by the ageing electrical and gas systems in 

high-density areas. With the aim of understanding the aggregation, propagation and distribution of 

traffic flow characteristics in high-density area under sudden fire disaster, providing a theoretical 

basis method for traffic agents to manage and control regional traffic flow in disaster-affected area, 

and to prevent the regional traffic flow being caught into disorder and congestion. This paper 

tempts to identify the catastrophe border of traffic flow in high-density area under sudden fire 

disaster. This study focuses on: 

(1) Using catastrophe theory to analysis the traffic flow characteristics in high-density area 

under sudden fire disaster, modeling a regional traffic flow model based on Cusp Catastrophe 

Theory (CCT) to describe the changing of traffic flow and to identify the catastrophe border of 

traffic flow. 

(2) For the aim of regional traffic flow control, using VISSIM simulator data with different 

collection intervals to identify the catastrophe border, and analysis the suitable data collection 

interval for adaptive and automatic traffic control in sudden fire disaster. 
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The rest of the paper is structured as follows: Section 2 introduces the state-of-the-art research 

under fire disaster. Section 3 presents the proposed methods for analyzing traffic flow under sudden 

fire disaster. Simulation and calibration are presented in Section 4 and Section 5 concludes the paper 

with contributions and limitations, as well as the perspectives on future work. 

2. Literature Review 

In the last decade, researchers mainly focused on the evacuation problem in the case of sudden 

fire disaster. Zheng[6] investigated the dynamics of pedestrian evacuation with the influence of the 

fire spreading. A numerical model based on cellular automaton was proposed by Yuan [7] to 

simulate the human behavior termed “flow with the stream” in emergency evacuation from a large 

smoke-filled compartment. Evacuation features from a terrace classroom were investigated by Xi [8] 

through simulations using both the models and experiments. A modified particle swarm 

optimization algorithm was proposed by Li[9] to investigate the dynamic of pedestrian evacuation 

from a fire occurred in a public building—a supermarket with multiple exits and configurations of 

counters. Sahin[10] proposed an approach which combines a multi-agent model with fuzzy logic to 

smoothly and successfully handle multiple features of each individual to simulate common human 

and group behavior during safety egress. Delcea[11] analyzed the possibility of using agent-based 

simulations in Net-Logo for a classroom with two exits in order to increase pupils’ awareness on 

how to act during an evacuation process caused by sudden-onset fire disaster. The floor field model 

consisted of static floor field, dynamic floor field and emergency diffusion field was established by 

Lin[12], the corresponding updating rules were defined. Based on the stair-unit model, a 

schedule-line model was proposed by Wen[13] to calculate evacuation paths in stair-units; a 

modified algorithm was proposed to describe the evacuee movements in stairwells as to calculate 

the pedestrian forces; and a projection strategy was proposed to model the 3-dimensional evacuation 

process in multi-floor buildings. Wen[14] found that, with the increase of the occupant density, the 

evacuation efficiency would decline.  

In the past few years, scholars focused on studying the sudden fire disaster in tunnels. 

Sýkora[15] designed a simple but realistic model to calculate the hazards posed by tunnel sudden 

fire disaster. Aralt[16] exanimated the smoke and heat detection systems to research what kind of 

principle is the best suitable for detecting a fire in an early stage. Numerical study was conducted by 

Hua[17] to investigate the smoke control strategies for a designed sudden-onset fire scenario in the 

Beijing Center Business District (CBD). Caliendo[18] presented a model to simulate the effects of 

sudden fire disaster due to different vehicle types in a bi-directional road tunnel. A set of full-scale 

experiments was conducted by Yu[19] to study thermal and smoke control strategies using 

transverse ventilation system in a sloping urban traffic link tunnel and the results showed that it was 

not the case: the slower the smoke spread longitudinally, the better the smoke being controlled. 

Experimental studies on the smoke spread in a titled tunnel were carried out by Li[20] with a 

reduced-scale tunnel model.  

From the literature mentioned above, researchers mainly focused on fire disaster dynamic 

diffusion mechanism analysis, emergency evacuation models establishment, traffic behavior in 

sudden disaster occurring in the building and specially points of traffic network, such as tunnel. The 

studies on traffic flow characteristics in traffic network under sudden fire disaster are limited in the 

state-of-the-art research literature. However, Traffic flow characteristics analysis is the foremost step 

in emergency traffic organization, such evacuation route optimization, emergency vehicle 

dispatching, and disaster affected area traffic control and management. Therefore, this paper tries to 

analysis traffic flow characteristics in high-density urban central areas under the sudden fire 

disaster.  

Traditional traffic flow theory is intuitive and easy to understand, which can explain the 

relationship between traffic flow parameters by the two-dimensional relationship. However, when 

traffic flow approaches to the capacity of road, the traditional traffic flow theory does not explain 

traffic characteristics well. Traffic congestion is common in road segments after sudden fire disaster. 
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It is not suitable to use the traditional traffic flow theory to analyze the road traffic system after a 

sudden fire disaster. 

The catastrophe theory can handle complex linear and nonlinear relationships simultaneously, 

using a high order probability density function that has the advantage of being able to describe 

mutation behavioral [21]. It is particularly suitable for systems in which continuous changes of 

parameters can result in discontinuous changes in outcome variables. It was widely used in social 

and behavioral sciences such as sudden changes in a person’s behavior[22], crowd congestion in 

public buildings[23]. In the field of traffic system, Dendrinos[24] first applied catastrophe theory to 

traffic analysis, and used two-dimensional catastrophe model to describe the relationship between 

traffic volume and VC ratio. However, due to the complexity of traffic flow system, the model could 

not describe traffic flow system in detail. Navin[25] proposed a three-dimensional cusp catastrophe 

model in 1986, which can express the relationship of traffic flow’s speed, volume and density more 

clearly. Forbes and Hall[26] argued that the traditional relationship between speed, volume and 

density was not enough to analyze the characteristics of traffic flow when traffic flow approaching 

to the traffic capacity of road segment, and used the cusp catastrophe theory to study the traffic flow 

characteristics of Queen Elizabeth Avenue in Ontario during peak hours. 

3. CCT-based Traffic Flow Model 

3.1. Cusp Catastrophe Theory 

The catastrophe theory is a principle to describe the phenomenon that transitions from a stable 

configuration to another stable configuration. It points out that the status of motion in nature or in 

human society has two states: stability and instability. Under the action of tiny accidental 

disturbance factors, the status still keeping stability is called the stability status. On the contrary, the 

status quickly changing to the unstable status with slightly disturbed is called the instability status. 

The stability status and instability status are interlaced. The transformation of a nonlinear system 

from one steady status or equilibrium status to another stabilized state occurs in a mutant form. As a 

powerful mathematical tool in studying the evolution of systematic order, catastrophe theory can 

better explain and predict sudden phenomena in nature and society. Catastrophic change 

emphasizes the meaning of discontinuities or mutational changes in the process of changing. In most 

high-density urban centers, the traffic flow always within a stable equilibrium and unstable 

equilibrium boundary in the peak hours. With sudden fire disaster, the traffic flow status in 

high-density urban central area will be catastrophic changing and the traffic flow status will be 

transiting. The continuous steady traffic flow status will be interrupted and lead to qualitative 

changes.  

In the case of sudden fire disaster, the traffic flow in the disaster affected-area can be managed 

and controlled by intelligent transportation systems (such as adaptive traffic signal control system, 

advance route guidance system) or human being with insulate fences. Through controlling the 

inflow and outflow in the boundary of disaster-affected area and managing the speed within the 

disaster-affected area, the density or occupancy of regional traffic flow can be estimated and 

manage by the relationship of traffic flow characteristics and intelligent transportation systems. 

From the perspective of catastrophe theory, the cusp catastrophe is the simplest model to describe 

the catastrophe characteristics with two control variables and one state variable. Therefore, the 

relationship of flow-speed-occupancy can correspond to the variables in cusp catastrophe model. 

The relationship of variables in cusp catastrophe can be described as formula (1), when there is a 

slight change in control variable, then the catastrophic change will be happened in state variable.  

U(x, y, z) = 𝑥4 + 𝑦𝑥2 + 𝑧𝑥 (1) 

where: 𝑥 is the internal state variable of the system; 𝑦 and 𝑧 are the external control variables. 

By taking the derivative of formula (1), the equilibrium surface can be obtained as formula (2) and 

Figure 1[27]. 
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4𝑥3 + 2𝑦𝑥 + 𝑧 = 0 (2) 

 

Figure 1. Cusp catastrophe equilibrium surface. 

The critical equilibrium surface is divided into upper, middle and lower parts. As shown in 

Figure 1, the upper and lower parts represent stable regions. In the middle part, the state of the 

system jumps and becomes unstable. The middle lobe is composed of folding regions, and the 

folding area can be projected to the bifurcation set. The bifurcation set is shown as B section in Figure 

1. When  (u, v) is outside the bifurcation set, the changing in the control variables will lead a 

continual change in the system status. However, when the point enters the bifurcation set, a sudden 

jump of the state variable occurs. Therefore, the critical value of mutation corresponds to a 

discriminant equal to zero[28]. 

Due to sudden fire disaster, the traffic flow will presents as an aggregation characteristic in 

disaster-affected area. As to evacuate, the traffic flow will concentrate to the road segments and 

intersections. Because of traffic congestion, the vehicle speed decreases sharply. This phenomenon 

is consistent with the characteristics of the cusp catastrophe theory. Therefore, this paper focuses on 

using the cusp catastrophe theory to describe the catastrophe change of traffic flow under sudden 

fire disaster. Before the sudden fire disaster happen, the traffic network is in a stable state of high 

speed and low occupancy, which corresponds to the upper leaf of cusp catastrophe theory. Under 

the sudden fire disaster, the capacity of traffic network is decreasing, and the traffic network is 

changing to the state of low speed and high occupancy, which corresponds to the lower leaf of cusp 

catastrophe theory. It is considering that there is a sudden transition between two states with a 

catastrophe border. Therefore, a regional traffic flow model is proposed to identify the catastrophe 

border based on the formula (2). 

3.2. CCT-based Traffic Flow Model under Sudden Fire Disaster 

There are two critical issues need to be considered in constructing the traffic flow model based 

on cusp catastrophe theory: (a) the selection of traffic flow parameters and (b) the corresponding 

relationship between traffic flow parameters and variables in catastrophe theory. 

(a) Traffic flow parameters selection 

When a sudden fire disaster happening, the range of affection to traffic flow is not only the 

location where fire disaster happened, but also the adjacent road segments and intersections. It is a 

regional affection to traffic network. Therefore, the parameters of regional traffic flow are suitable to 

describe the status and degree of affection and changing for disaster-affected traffic network. The 

cusp catastrophe model has three variables, state variables 𝑥  and control variables 𝑦  and 𝑧 . 

Considering the possibility of traffic data collection and analysis under sudden fire disaster, the 

average traffic flow volume, average traffic flow occupancy and average traffic flow speed are 

selected to describe the characteristics of traffic flow in the sudden fire disaster affected area. 

(b) Relationship between traffic flow parameters and variables in catastrophe theory 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 April 2020                   doi:10.20944/preprints202004.0157.v1

Peer-reviewed version available at Appl. Sci. 2020, 10, 3197; doi:10.3390/app10093197

https://doi.org/10.20944/preprints202004.0157.v1
https://doi.org/10.3390/app10093197


 6 of 17 

In the corresponding relationship between traffic flow parameters and cusp catastrophe 

model’s variables, the most important thing is to determine the traffic flow parameter corresponding 

to the state variables. In reality, the most intuitive indicator of traffic state is speed, so the regional 

average speed is chosen as the state variable. From the perspective of traffic flow theory, the 

catastrophic change of speed may be caused by a slow change of occupancy or flow. Therefore, it is 

feasible to select the regional average speed as the state variable. Then, the remaining parameters 

regional average flow and regional average occupancy, correspond to the control variables 𝑦 and 𝑧 

in catastrophe theory. 

The regional traffic flow model based on cusp catastrophe theory can be constructed as follow: 

E(x, y, z) = a𝑥4 + b𝑦𝑥2 + 𝑧𝑥 (3) 

Where: 𝑥 is the average traffic flow speed in sudden fire disaster affected area. 𝑦 and 𝑧 are 

the average traffic flow volume and average traffic flow occupancy in the sudden fire disaster 

affected area, respectively. By calculating the first partial differential of the formula (3), the critical 

equilibrium surface equation of the state of disaster affected traffic network can be described as 

follows: 

4a𝑥3 + 2𝑏𝑦𝑥 + 𝑧 = 0 (4) 

For further simplification, formula (4) can be simplified as： 

c𝑥3 + 𝑑𝑦𝑥 + 𝑧 = 0 (5) 

Furthermore, the stable state traffic flow of disaster-affected area can be demonstrated by high 

speed and low occupancy of traffic flow before the sudden fire disaster. The instable state traffic 

flow of disaster-affected area can be demonstrated by low speed and high occupancy of traffic flow 

after the sudden fire disaster. The distribution and transition of the states can be analyzed in the 

three-dimensional space to identify the catastrophe border. 

4. Simulation and Calibration 

4.1. Simulation Scenarios and Data Collection 

In this paper, we use the microscopic traffic flow simulator VISSIM 8.0 (PTV Group, Karlsruhe, 

Germany) to simulate and collect data to calibrate the proposed model. As to collect the traffic flow 

stable state and instable state dataset, we first simulate the saturated traffic flow without sudden 

fire disaster in a Sudoku traffic network, as shown in Figure 2. Then, with the same traffic flow 

input, we run the simulator with sudden-onset fire disaster happening in the Sudoku traffic 

network, as shown in Figure 2 (b). 

 
(a) 

 
(b) 

Figure 2. Snapshot of traffic network in simulator 
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There are nine intersections in Figure 2, and each entrance direction of intersection has two 

lanes, where the inside lane is a straightforward lane, the outside lane is a straight and right-turn 

lane. In the Sudoku traffic network, the length of each arterial is 2400 meters, and including 3 

intersections. The traffic flow is composed of 80% of cars, 10% of trucks and 10% of buses. The input 

traffic flow in VISSIM simulator is setting as 800 pcu/lane/h. The expected vehicle speed in 

simulator is setting as 45km/h. As to simulate traffic flow under sudden fire disaster, we use the 

VISSIM COM and VC++ to restrict the capacity, speed, vehicle routes based on the temporal and 

spatial distribution influence model under traffic accident in the urban traffic network[29-34]. Then, 

the simulator was performed three times with and without sudden fire disaster respectively. The 

output evaluation data including flow, occupancy and speed of the traffic network are collected 

with different time intervals each time.  

4.2. Data Processing and Analysis 

Different time interval of traffic data will show out different accuracy and performance in 

regional traffic flow managing and controlling. In this paper, traffic data was collected at 5s 

interval, 10s interval and 15s interval with and without sudden fire disaster in the simulation 

network respectively as to identify the catastrophe border of traffic flow. 

Data from simulator was set to obtain the regional average flow, occupancy and speed of traffic 

flow. From the running time sequences, we get out of 240 groups of data in each case and each 

interval from the simulator. 

As to highlight the characteristics of traffic data, the regional average flow, occupancy and 

speed of traffic flow data are given normalized processing. The processing method is as follows: 

X = speed − speed at capacity (6) 

Y = (flow − capacity)/100 (7) 

Z = occupancy − maximum occupancy at maximum flow (8) 

The capacity in the formula is the statistical capacity, and the maximum flow is collected in each 

interval. After normalization processing, the traffic flow parameters in different traffic conditions 

can be converted into corresponding to the variables in cusp catastrophe theory, respectively.  

Figure 3 shows the traffic flow data at 5s interval with sudden fire disaster after normalization 

processing. Figure 4 shows the traffic flow data at 5s interval without sudden fire disaster after 

normalization processing. 

 

Figure 3. Traffic flow data at 5s interval with sudden fire disaster. 
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Figure 4. Traffic flow data at 5s interval without sudden fire disaster. 

By transformation using the formula (6) to (8), the traffic flow data of Figure 3 and Figure 4 are 

converted as follows: 

X = speed − 45.2375 (9) 

Y = (flow − 1200)/100 (10) 

Z = occupancy − 30.175 (11) 

The corresponding three-dimensional point diagrams obtained from the transformed data in 

Figure 3 and Figure 4 are shown in Figure 5. 

 

Figure 5. Distribution of traffic flow data at 5s interval with and without sudden fire disaster.  

Note: The red pentagon in the Figure 5 represents the traffic flow data without sudden fire disaster situation, and the black 
circle represents the traffic flow data with sudden fire disaster. 

In Figure 5, it can be clearly seen that after conversion, the traffic flow data of regional average 

flow, occupancy and speed without sudden fire disaster situation are distributed in a small area, 

relatively concentrated, and located on the positive half axis of speed. In generally, the traffic status 

without sudden fire disaster is in a high-speed stable state. The regional average flow, occupancy 

and speed of traffic flow under sudden fire disaster are more discretization comparing to those 

without sudden fire disaster. Before sudden fire disaster happening, the traffic network was in a 

state of high speed and low occupancy (as shown by the red pentagon in Figure 5). During the 

sudden fire disaster happening, the traffic flow is changing to the status of low speed and high 

occupancy (as shown by the black circle in Figure 5). According to the catastrophe theory, there is a 

catastrophe border to make the catastrophe change occur. Therefore, the catastrophe border can be 

identified by catastrophe fitting with the transformed data. The transformed data was fitted as 

Figure 6. 
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Figure 6. Fitting chart of traffic flow data at 5s interval. 

In Figure 6, X represents the regional average speed, Y represents the regional average flow, 

and Z represents the regional average occupancy. From the angle of x-axis, we can see the obvious 

catastrophe border.  

The parameters obtained after the fitting are as follows: 

c = −0.0001511    d = −0.0621 (12) 

Therefore, the equation of critical equilibrium surface obtained by the fitting is as follows: 

0.0001511𝑋3 + 0.0621YX − Z = 0 (13) 

In order to find the catastrophe border under sudden fire disaster and determine the singularity 

set, the potential function is quadratically differentiated according to the catastrophe dynamics 

method, and the singularity set formula is obtained as follows: 

{0.0001511𝑋3 + 0.0621𝑌𝑋 − 𝑍 = 0
0.0004533𝑋2 + 0.0621𝑌 = 0

 (14) 

The singularity set of the equilibrium surface is two creases in the folded part of the equilibrium 

surface. By eliminating the state variable X and satisfying formula (14), the bifurcation set of the 

stability of the traffic flow state can be obtained as follows: 

𝑍2 + 0.234805𝑌3 = 0 (15) 

Therefore, the discriminant is formed as follows: 

∆= 𝑍2 + 0.234805𝑌3 (16) 

When ∆< 0, the traffic flow is in an instable state. When ∆> 0, the traffic flow is in a stable 

state (including the traffic states with high speed and low occupancy, low speed and high 

occupancy). When ∆= 0, the traffic flow is in catastrophe border. 

Small changes in traffic flow and occupancy can cause huge changes in speed when the above 

discriminant equals zero. According to the traffic data obtained at 5s interval, the critical occupancy 

value is based on the border between traffic flow with sudden fire disaster and traffic flow without 

sudden fire disaster. Solution the formula (14) and (15), the occupancy value is 20%, and the 

catastrophe border is 439 pcu/lane/h. That is to say, for the aim of prevent traffic congestion and 

disorder under sudden fire disaster, the traffic flow should not exceed 439 pcu/lane/h within the 

disaster-affected area. 

Figure 7 shows the traffic flow data at 10s interval with sudden fire disaster after normalization 

processing. Figure 8 shows the traffic flow data at 10s interval without sudden fire disaster after 

normalization processing. 
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Figure 7. Traffic flow data at 10s interval with sudden fire disaster. 

 

Figure 8. Traffic flow data at 10s interval without sudden fire disaster.. 

By transformation using the formula (6) to (8), the traffic flow data of Figure 7 and Figure 8 are 

converted as follows: 

 

X = speed − 47.4333 (17) 

Y = (flow − 1080)/100 (18) 

Z = occupancy − 27.49167 (19) 

The corresponding three-dimensional point diagrams obtained from the transformed data in 

Figure 7 and Figure 8 are shown in Figure 9. 
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Figure 9. Distribution of traffic flow data at 10s interval with and without sudden fire disaster 

The distribution of traffic flow data in Figure 9 is similar to that in Figure 5. The traffic status 

without sudden fire disaster is in a high-speed stable state while the traffic status under sudden fire 

disaster is in the instable state. The traffic flow data under sudden fire disaster is more 

discretization comparing to those without sudden fire disaster. Considering the transformation of 

two states, he catastrophe border can be identified by catastrophe fitting with the transformed data. 

The transformed data was fitted as Figure 10. 

 

 

Figure 10. Fitting chart of traffic flow data at 10s interval. 

In Figure 10,  X represents the regional average speed, Y represents the regional average flow, 

and Z represents the regional average occupancy. From the angle of x-axis, we can see the obvious 

catastrophe border. 

The parameters obtained after the fitting are as follows: 

c = −0.0005264 d = −0.1059 (20) 

Therefore, the equation of critical equilibrium surface obtained by the fitting is as follows: 

0.0005264𝑋3 + 0.1059YX − Z = 0 (21) 

In order to find the catastrophe border under sudden fire disaster and determine the singularity 

set, the potential function is quadratically differentiated according to the catastrophe dynamics 

method, and the singularity set equation is obtained as follows: 

{0.0005264𝑋3 + 0.1059𝑌𝑋 − 𝑍 = 0
0.0015792𝑋2 + 0.1059𝑌 = 0

 (22) 
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The singularity set of the equilibrium surface is two creases in the folded part of the equilibrium 

surface. By eliminating the state variable X and satisfying formula (22), the bifurcation set of the 

stability of the traffic flow state structure can be obtained as follows: 

𝑍2 + 0.334248𝑌3 = 0 (23) 

Therefore, the discriminant is formed as follows: 

∆= 𝑍2 + 0.334248𝑌3 (24) 

When ∆< 0, the traffic flow is in an instable state. When ∆> 0, the traffic flow is in a stable 

state (including the traffic states with high speed and low occupancy, low speed and high 

occupancy). When ∆= 0, the traffic flow is in catastrophe border. 

According to the traffic data obtained at 10s interval, the critical occupancy value is based on 

the border between traffic flow with sudden fire disaster and traffic flow without sudden fire 

disaster. Solution the formula (22) and (23), the occupancy value is 20%, and the catastrophe border 

is 529 pcu/lane/h. That is to say, for the aim of prevent traffic congestion and disorder under sudden 

fire disaster, the traffic flow should not exceed 529 pcu/lane/h within the disaster-affected area. 

Figure 11 shows the traffic flow data at 15s interval with sudden fire disaster after 

normalization processing. Figure 12 shows the traffic flow data at 15s interval without sudden fire 

disaster after normalization processing. 

 

Figure 11. Traffic flow data at 15s interval with sudden fire disaster. 

 

Figure 12. Traffic flow data at 15s interval without sudden fire disaster. 

By transformation using the formula (6) to (8), the traffic flow data of Figure 11 and Figure 12 

are converted as follows: 

X = speed − 44.62913 (25) 

Y = (flow − 1030)/100 (26) 

Z = occupancy − 27.34583 (27) 
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The corresponding three-dimensional point diagrams obtained from the transformed data in 

Figure 11 and Figure 12 are shown in Figure 13. 

 

Figure 13. Distribution of traffic flow data at 15s interval with and without sudden fire disaster 

The distribution of traffic flow data in Figure 13 is similar to that in Figure 9 and Figure 5. The 

traffic status without sudden fire disaster is in a high-speed stable state while the traffic status under 

sudden fire disaster is in the instable state. The traffic flow data under sudden fire disaster is more 

discretization comparing to those without sudden fire disaster. Considering the transformation of 

two states, he catastrophe border can be identified by catastrophe fitting with the transformed data. 

The transformed data was fitted as Figure 14. 

 

Figure14. Fitting chart of traffic flow data at 15s interval. 

In Figure 14, X represents the regional average speed, Y represents the regional average flow, 

and Z represents the regional average occupancy. From the angle of x-axis, we can see the obvious 

catastrophe border.  

The parameters obtained after the fitting are as follows: 

c = −0.001583   d = −0.2745 (28) 

Therefore, the equation of critical equilibrium surface obtained by the fitting is as follows: 

0.001583𝑋3 + 0.2745YX − Z = 0 (29) 

In order to find the catastrophe border under sudden fire disaster and determine the singularity 

set, the potential function is quadratically differentiated according to the catastrophe dynamics 

method, and the singularity set equation is obtained as follows: 
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{0.001583𝑋3 + 0.2745𝑌𝑋 − 𝑍 = 0
0.004746𝑋2 + 0.2745𝑌 = 0

 (30) 

The singularity set of the equilibrium surface is two creases in the folded part of the equilibrium 

surface. By eliminating the state variable X and satisfying formula (30), the bifurcation set of the 

stability of the traffic flow state structure can be obtained. 

𝑍2 + 1.935719𝑌3 = 0 (31) 

Therefore, the discriminant is as follows: 

∆= 𝑍2 + 1.935719𝑌3 (32) 

When ∆< 0, the traffic flow is in an instable state. When ∆> 0, the traffic flow is in a stable state 

(including the traffic states with high speed and low occupancy, low speed and high occupancy). 

When ∆= 0, the traffic flow is in catastrophe border. 

According to the traffic data obtained at 15s interval, the critical occupancy value is based on 

the border between traffic flow with sudden fire disaster and traffic flow without sudden fire 

disaster. Solution the formula (30) and (31), the occupancy value is 20%, and the catastrophe border 

is 377 pcu/lane/h. That is to say, for the aim of prevent traffic congestion and disorder under sudden 

fire disaster, the traffic flow should not exceed 377 pcu/lane/h within the disaster-affected area. The 

catastrophe border at different data collection interval is shown as Table 1. 

Table 1. Model fitting and catastrophe border identification at different data collection interval 

Data Collection 

Interval 

Fitting result Catastrophe Border 

c d regional average occupancy 
regional average flow 

(pcu/lane/h) 

5s -0.0001511 -0.0621 20% 439 

10s -0.0005264 -0.1059 20% 529 

15s -0.001583 -0.2745 20% 377 

Chen and You[35] analyzed the traffic flow characteristics under sudden fire disaster in road 

segment used a Capacity Assessment Approach (CAA) based on VISSIM simulator data. The study 

results showed that the remaining capacity of the road after the fire is 61.611%. It can be concluded 

that if the traffic flow is 800 pcu/lane/h in traffic network in normal traffic condition, the capacity of 

traffic flow will be remain about 493 pcu/lane/h under sudden fire disaster. If the volume of traffic 

flow exceed this value, the traffic network will be caught in congestion and disorder. This value can 

be considered as the catastrophe border of traffic network under sudden disaster. So the model 

ability at different data collection interval based on cusp catastrophe theory can be seen in Table 2. 

Table 2. Model at different data collection interval based on cusp catastrophe theory. 

Data 

Collection 

Interval 

Catastrophe 

Border based 

on CCT 

(pcu/lane/h) 

Catastrophe 

Border based on 

CAA 

(pcu/lane/h) 

Relative 

Precision 

(%) 

5s 439 

493 

89.1 

10s 529 92.7 

15s 377 76.5 

In Table 2, the relative accuracy of catastrophe border identification at 5s interval and 10s 

interval are 89.1% and 92.7% compare to the method of capacity assessment approach (CAA) 

respectively, which shows that the study in this article based on cusp catastrophe theory can 

describe the traffic flow characteristics effectively at fine granularity data collection interval. 

However, the catastrophe border identification error at 15s interval is larger, which is more than 

20%. The cause of the larger error may be: traffic flow parameters in coarse granularity can not 
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catch the traffic flow changing accurately in the simulation; and traffic flow mutation happening 

under sudden fire disaster always at smaller data collection interval. 

5. Conclusion 

In this paper, we use the method of cusp catastrophe theory to model the regional traffic flow 

in high-density area under sudden fire disaster. The mathematical modeling method is proposed to 

study the changing process of traffic flow from the stable state to instable state based on cusp 

catastrophe theory, as to improve the understanding of traffic flow aggregation, propagation and 

distribution characteristics in disaster affected area under sudden fire disaster. This paper explores 

the catastrophe border of regional traffic flow as to provide a theoretical basis for traffic agents to 

manage and control regional traffic flow in disaster-affected area, to prevent the regional traffic 

flow being caught into disorder and congestion. Finally, we use the microcosmic traffic flow 

simulator VISSIM to simulate and collect the traffic data in high-density area under sudden fire 

disaster. Throughout the data normalization and analysis, the catastrophe border is identified as 

439pcu/lane/h, 529pcu/lane/h, 377pcu/lane/h at 5s, 10s, 15s data collection interval respectively. The 

relative precision, which compares to the method of capacity assessment approach, is 89.1%, 92.7% 

and 76.5% respectively. It means that 10s data collection interval may be the most suitable data 

collection interval in catastrophe border identification and regional traffic flow control in 

high-density area under sudden fire disaster. The low accuracy at 15s data collection interval may 

infer that the stable state of traffic flow catastrophe changing to instable state may be happen in 

short time, coarse granularity data collection interval can not capture the transformation process 

accurately.  

However, there are some topics remain to be studied, further research work includes: (1) the 

aggregation, propagation mechanism of reginal traffic flow under sudden disaster and their 

influence factors should be identified and analyzed. The changing of spatial-temporal distribution 

during the sudden disaster should be considered in the mathematical model. (2) In high-density 

areas of urban central, the types of land uses, traffic networks, and transportation patterns are 

different. In this paper, we just consider the vehicle stream in a simple Sudoku traffic network. 

Pedestrian flow and its disturb to traffic flow should be considered and analyzed in a real traffic 

network. (3) At present, only the simulator-based tests are performed, the field traffic data in 

high-density area before, during and after sudden fire disaster should be carried out in the future. 
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