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Abstract: Helmholtz energy of ice VII-X is determined in a pressure regime extending to 450 GPa at 

300 K using local basis functions in the form of b splines. The new representation for the equation 

of state is embedded in a physics-based inverse theory framework of parameter estimation. Selected 

pressures as a function of volume from 14 prior experimental studies and two theoretical studies 

constrain the behavior of Helmholtz energy. Separately measured bulk moduli, not used to 

construct the representation, are accurately replicated below about 20 GPa and above 60 GPa. In the 

intermediate range of pressure, the experimentally determined moduli are larger and have greater 

scatter than values predicted using the Helmholtz representation. Although systematic 

experimental error in the experimental elastic moduli is possible and likely, the alternative 

hypothesis is a slow relaxation time associated with changes in proton mobility or the ice VII to X 

transition. A correlation is observed between anomalies in the pressure derivative of the predicted 

bulk modulus and previously suggested higher-order phase transitions. Improved determinations 

of elastic properties at high pressure would allow refinement of the current equation of state. More 

generally, the current method of data assimilation is broadly applicable to other materials in high-

pressure studies. 

Keywords: Equation of state, Helmholtz energy, phase transition, Ice VII, Ice X, NaCl, exoplanets, 

icy/ocean worlds, local basis function, b spline, Tikhonov Inverse  25 

26 

1. Introduction27 

From icy worlds of our solar system to water-rich super-Earth exoplanets, high-pressure water 28 
ices are potential planetary constituents that can exist as distinct mineral species. For example, on 29 
Earth, ice VII as a mineral inclusion has been identified in a mantle-derived diamond [1]. Having 30 
accurate equation of state representations for all ice phases is prerequisite in evaluating questions of 31 
origins, evolution, and the potential habitability of ocean worlds [2–9]. A particularly challenging 32 
domain for equation of state analysis of ices lies between 2.2 GPa (the pressure of the first order 33 
transition between tetragonal ice VI and cubic ice VII) and 450 GPa where 3-fold compression is 34 
accommodated without first order transitions. First order transitions have been predicted to occur in 35 
a regime beyond 300-400 GPa. The experimental and theoretical evidence for higher order transitions 36 
at lower pressures is further discussed below.  37 

To provide an improved representation of ice, a new framework for equations of state analysis 38 
is described that relies on the thermodynamic representation of Helmholtz energy. The approach 39 
follows naturally from long-standing ideas. Birch [10] identified four principle means to obtain 40 
equation of state representations: (1) quantum-mechanical treatment, (2) the Thomas-Fermi electron 41 
gas approximation, (3) semi-empirical laws for interactions of atoms and ions, and (4) 42 
thermodynamic relationships involving elasticity. The latter, a thermodynamic approach using series 43 
expansions truncated at low order of Helmholtz energy with parameters expressed in terms of the 44 
bulk modulus and its first two pressure derivatives, is the widely practiced approach. This approach 45 
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can, in addition, be related to special cases of semi-empirical laws for atom/ion interactions [11]. Here, 46 
results from quantum mechanical and Thomas-Fermi calculations are combined with measurements 47 
within the new framework. 48 

The current work is also guided by the Stacey et al.[11] comments that “Since almost any analytic 49 
form may be used to represent a finite data set if sufficient arbitrary or adjustable constants are 50 
allowed, we may logically regard as most successful those that use fewest such constants to achieve 51 
a particular precision of fit. If this still leaves too much choice, we would prefer a theory in which the 52 
adjustable constants are determined most directly from observations.” The new framework is 53 
responsive to the need to keep the size (number of required parameters) of a model small while 54 
adequately representing measurements, theory, and physical insight garnered from examination of 55 
data and calculations. An additional argument developed here is that representational results should 56 
not depend on the method of parameterization (ie. the choice of underlying basis functions) and the 57 
size of a model should be flexibly adjusted to meet the physics needs of a particular material. 58 

Our primary findings are straightforward. The traditional physics-blind series expansion to low 59 
order of Helmholtz energy, while successful in reproducing measurements and/or theory in 60 
restricted regimes of compression, eventually fails over larger regimes. Electronic states and the 61 
nature of bonding fundamentally change over a large range of compression. Representations, as 62 
developed here, preserve the concept of low-order expansions, using subdomains of compression, 63 
while allowing for the necessary changes of the crystal potential (as represented by Helmholtz 64 
energy) over larger regimes of pressure and volume compression. Within this framework, concerns 65 
that dominate conventional equation of state analysis, including the choice of the expansion order 66 
and the definition of a strain metric, become less important. The relevant concerns then appropriately 67 
shift to a physics-based discussion: the relative weighting of data from varied sources, the quality of 68 
results based on theory, as well as the articulation of appropriate physical insight that should be 69 
applied to the representations. 70 

In the following sections we (1) review knowledge concerning the behavior of ice beyond 2.2 71 
GPa, (2) discuss the conceptual foundations of conventional equations of state based on series 72 
expansions of Helmholtz energy in powers of strain, (3) describe local-basis-functions that are related 73 
to but are more flexible than the polynomial global-basis-functions underlying standard 74 
parameterizations, (4) test the new framework against data over an extended regime of pressure for 75 
a relatively simple ionic material (NaCl), and finally (5) use the new framework in analysis of high 76 
pressure ices. Mathematical and conceptual details of the framework are given in an exposition on 77 
basis functions and inverse theory found in Appendix A.  78 

1.1 Phase Behavior of Ice Beyond 2.2 GPa 79 

Although continuous in volume, the complex variations in observed physical properties in the 80 
stability field of ice VII and ice X are currently understood as changes in proton dynamics and 81 
distortions of the oxygen lattice during compression. Details of transitions remain debated and 82 
observations that support the existence of higher-order transitions are summarized in Table 1 and 83 
are further discussed here. 84 

Cubic (bcc) ice VII (Pn-3m) is stable beyond 2.2 GPa until reaching an indistinct transition above 85 
about 60 GPa to ice X. The gradual symmetrization of hydrogens between oxygens leads to ionic ice 86 
X (which is also Pn-3m). The stability of cubic ice X above 150 GPa is experimentally unconstrained, 87 
but DFT calculations of ground state structures [12,13] suggest an eventual transition to the Pbcm 88 
structure between 300-400 GPa, then to Pmc21 at 930 GPa and P21 at 1.3 TPa. Eventually a metallic 89 
transition to C2/m is predicted at 4.8 TPa. 90 

At pressures below 100 GPa anomalies are reported associated with changes in derivatives or 91 
discontinuities in optical spectra, bulk moduli, proton dynamics, and electrical conductivity. The 92 
most prominent features include a suggested softening of ice VII volume around 40 GPa [14–16] and 93 
the onset of the ice X transition by proton symetrization above about 65 GPa. The latter is supported 94 
by changes in the IR reflectivity trend of ’and translation modes  [17], optical reflectivity [18] and 95 
from H-NMR experiments [19]. 96 
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Table 1. Reported transitions in ice VII and ice X. 97 

Pressure of 

transition 
Suggested transition Type of measurements References 

5 GPa 

5 GPa Tetragonal distortion Powder X-Ray diffraction [20] 

10-15 GPa 

11 GPa Lattice distortion XRD peak splitting [24] 

14 GPa Strain in cubic lattice Powder X-Ray diffraction [22] 

11 GPa 

- 

Changes in trend in the 

FWHM of Raman 𝜈1(𝐴1𝑔) 

band 

[21,24] 

13-15 GPa - Raman lines pressure trend [55] 

13 GPa 
- 

Neutron diffraction (220/110 

ratio)   

[23] 

10-14 GPa Lattice distortion c/a ratio changes in ice VIII [25] 

10-14 GPa 
- 

Maximum in electrical 

conductivity 

[56] 

10-15 GPa 
- 

Maximum in proton 

diffusion 

[57] 

20-25 GPa – Possible transition to Ice VII’ with proton dynamic disorder with tunneling and thermal 

hoping 

23-25 GPa 
- 

bump in the 220/110 ratio 

from Neutron diffraction 

[23] 

25 GPa Proton tunneling : ice VII’ IR reflectivity trend of 𝜈3 

and 𝜈3′ trend 

[17] 

20-25 GPa Proton tunneling : ice VII’ H-NMR [19] 

27 GPa - Raman lines pressure trend [55] 

40 GPa 

40 GPa Softening Drop in volume observed in 

XRD 

[14–16] 

44 GPa - Raman lines pressure trend [55] 

44 GPa 

- 

Discontinuity in the pressure 

dependence of 

backscattering Brillouin 

signal 

[58] 

40 Gpa 
- 

Changes in trend of 

reflective index 

[18] 

40 GPa 

- 

Drop in Brillouin transversal 

velocities over a narrow P 

range (< 2GPa) in 

compression and 

decompression 

[52] 

> 60 GPa transition to ice X

60 GPa Proton symetrization IR reflectivity trend of 𝜈3′  

and translation modes 𝜈𝑇 

[17] 

62 GPa - Raman lines pressure trend [55] 

60 Gpa 
- 

Changes in trend of 

reflective index 

[18]
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59 GPa 
- 

Drop in Brillouin transversal 

velocities in compression  

[52] 

70 GPa Proton symetrization H-NMR [19] 

90 GPa 
Proton symetrization 

Emergence of the p20 Raman 

mode  

[55] 

Several other potential higher order transitions have been identified. Tetragonal distortion is 98 
possible above 5 GPa [20]. Between 10 GPa and 14 GPa shifts are observed in X-Ray, Neutron and 99 
Raman measurements [21–24]. Such behavior is also observed in the proton-ordered analog of ice 100 
VII, known as ice VIII [25]. The initiation of proton tunneling above 25 GPa (possible transition to ice 101 
VII’) is interpreted on the basis of IR reflectometry [17] and H-NMR data [19]. 102 

As a result of the complex behavior noted here, ice VII and X viewed as a single-phase 103 
continuum, cannot be appropriately represented by a single (relatively low order) global polynomial-104 
based equation of state. Previous equations of state, constrained by measurements over limited and 105 
differing ranges, present a confusing collection of parameterizations. Extrapolations using any of 106 
these equations of states to higher or to lower pressures than the range of fitted data results in 107 
significant misfits of other measurements. 108 

2. Materials and Methods109 

2.1 Helmholtz Energy Based Equations of State 110 

Here a brief overview of conventional (global) equation of state parameterizations is provided 111 
to differentiate them from the local-basis-function method described later. The derivation of an 112 
equation of state based on a series expansion of Helmholtz energy as a function of a strain metric, , 113 
has been extensively discussed [10,11,26–28]. The choice of strain metric is arbitrary, and several have 114 
found favor in successful applications of data representation, although the finite strain metric based 115 
on an Eulerian representation (as opposed to Lagrangian) is commonly adopted. The Eulerian finite 116 
strain metric (as used in the Birch-Murnaghan equation of state) is 𝜂 = 1/2((𝑉 𝑉𝑜⁄ )−2/3 − 1) where V117 

is volume and subscript o refers to the ambient pressure value. The Vinet strain metric [28] is 𝜂 =118 
((𝑉 𝑉𝑜⁄ )−1/3 − 1). Poirier and Tarantola [27] developed a logarithmic equation of state using 𝜂 =119 

−1/3log(𝑉/𝑉𝑜). Other definitions are possible and have been used120 
The expansion of the Helmholtz energy about ambient pressure as a function of the strain metric 121 

is given as 122 

𝐹(𝜂) = 𝐹𝑜 + 𝐹1𝜂1 + 𝐹2𝜂2 + 𝐹3𝜂3 + 𝐹4𝜂4 + ⋯     (1) 123 

where the expansion coefficients Fi contain appropriate derivatives of F evaluated at = 0. The first 124 
term on the right establishes the energy datum. Pressure follows as  125 

𝑃(𝑉) = −
𝑑𝐹

𝑑𝑉
= −

𝑑𝐹

𝑑𝜂

𝑑𝜂

𝑑𝑉
=  

𝑑𝜂

𝑑𝑉
(𝐹1 + 2𝐹2 𝜂 + 3𝐹3𝜂2 + 4𝐹4𝜂3 + ⋯ )     (2) 126 

The isothermal bulk modulus given as 127 

𝐾 = −𝑉
𝑑𝑃

𝑑𝑉
(3)  128 

has pressure derivatives indicated by the number of prime superscripts: 129 

𝐾′ =
𝑑𝐾

𝑑𝑃
𝐾′′ =

𝑑2𝐾

𝑑𝑃2 𝐾′′′ =
𝑑3𝐾

𝑑𝑃3130 

Based on one definition for strain, the Eulerian strain metric, and with algebraic effort, Equation 2, 131 
truncated at 4th order in energy, can be expressed in terms of the ambient pressure bulk modulus and 132 
its pressure derivatives (denoted with subscript o) as: 133 

𝑃 =
9𝐾𝑜

16
(−𝐵1 (

𝑉

𝑉𝑜
)

−5 3⁄

+ 𝐵2 (
𝑉

𝑉𝑜
)

−7 3⁄

− 𝐵3 (
𝑉

𝑉𝑜
)

−9/3

+𝐵4 (
𝑉

𝑉𝑜
)

−11 3⁄

)       (4) 134 

𝐵1 = 𝐾𝑜𝐾𝑜
" + (𝐾𝑜

′ − 4)(𝐾𝑜
′ − 5) + 59 9⁄135 
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𝐵2 = 3𝐾𝑜𝐾𝑜
" + (𝐾𝑜

′ − 4)(3𝐾𝑜
′ − 13) + 129 9⁄136 

𝐵3 = 3𝐾𝑜𝐾𝑜
" + (𝐾𝑜

′ − 4)(3𝐾𝑜
′ − 11) + 105 9⁄137 

𝐵4 = 𝐾𝑜𝐾𝑜
" + (𝐾𝑜

′ − 4)(𝐾𝑜
′ − 3) + 39 9⁄138 

Equations 2 and 4 contain the common physical assumption that a low order series expansion 139 
of energy is adequate. The focus in Equation 2 is on model parameters that are measures of 140 
derivatives of the energy at equilibrium. In Equation 4, with application of a particular strain metric, 141 
parameters are cast as elastic properties determined at ambient condition. The use of other strain 142 
metrics generates different algebraic relationships but preserves the underlying physics of a 143 
truncated series expansion.  144 

While expansion of Equation 1 to arbitrary higher order is straightforward, equation of state 145 
applications have been limited to no more than 4th-degree polynomials for several reasons. A general 146 
belief has been that an appropriate choice of a strain might lead naturally to a convergent series. 147 
Higher order derivatives of the bulk modulus are not well constrained by pressure-volume 148 
measurements that may not be sufficiently accurate and/or span a sufficiently large range of 149 
compression. The low order (2nd and 3rd) forms of Equation 4 have provided relatively stable 150 
extrapolations to high pressure and have proven adequate to represent many measurements. The 4th-151 
order expansion is often marginally stable or completely unstable in extrapolation. Higher order 152 
versions fit to measurements are expected to be less stable. The algebraic and arithmetic effort to 153 
relate the energy expansion coefficients to derivatives of the bulk modulus increases with increasing 154 
order. 155 

The strength of the strain-expansion-based representation of data is that a small model 156 
consisting of three or fewer parameters (F2, F3, F4 or Ko Ko’ Ko”, plus the 1-bar volume) adequately fits 157 
many data sets. The weakness lies in the requirement that the underlying energy potential be 158 
represented by a physics-blind series expansion arbitrarily truncated to small order. Only for a 159 
sufficiently small interval will a low order polynomial provide a complete (able to replicate all data 160 
within uncertainties) representation. Furthermore, high-pressure behavior may be governed by 161 
physics that is not represented in the near ambient pressure potential. In the following, a framework 162 
is developed that introduces the use of physics-based constraints and allows construction of 163 
equations of state using basis functions having greater flexibility. 164 

2.2 Local Basis Function Representation of Helmholtz Energy 165 

Numerical methods, developed to meet modern computational speed and accuracy 166 
requirements as well as for computer-aided graphics applications, are shown in this section to 167 
provide an alternative framework for the representation of Helmholtz energy. Although standard 168 
quantities (eg. trigonometric and logarithmic) can be determined numerically, interpolation of 169 
previously calculated values in lookup tables is more efficient. Various interpolation algorithms have 170 
been developed and are embedded in both modern hardware and software. Such methods can be 171 
applied to representation of Helmholtz energy since any empirically based equation of state is created 172 
as an accurate interpolating formula capable of matching all measurements and theory. 173 

The linear interpolation of a list of energies at different volumes is the simplistic approach that 174 
can work with sufficiently dense tables. However, accurate smaller models are possible using better 175 
interpolating functions and mathematical forms can be chosen to aid construction of representations. 176 
Here, piece-wise polynomials on intervals (splines) are used to represent Helmholtz energy over 177 
wide ranges of compression. Within each interval, representations are numerically analogous to the 178 
conventional series expansion-based equations of state. But, having separate polynomials in different 179 
intervals gives greater flexibility in meeting the needs of the underlying physics. 180 

In the following, b splines [29] are used since they have a number of beneficial numerical 181 
properties that are further described below. A b-spline representation, in essence a lookup table, 182 
consists of two lists, one containing points defining intervals of the independent variable and a 183 
second containing the model parameters. Basis functions then provide the means to interpolate the 184 
table. A b-spline of order two (spline order is one greater than the degree of underlying polynomials) 185 
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is equivalent to linear interpolation of model parameters as a function of the independent variable. 186 
In this case, the representation has discontinuous derivatives at interval boundaries. With increasing 187 
b-spline order (using higher degree polynomials within each interval) the number of continuous188 
derivatives at interval boundaries increases. The size of a b-spline equation of state is larger than that189 
of a conventional representation. In addition to coefficients required for any global polynomial190 
representation, at least one additional model parameter is needed for each added interval. As shown191 
later, only a few intervals are needed to achieve adequate representations and the model size remains192 
small.193 

Key properties of b-spline basis functions that make their use advantageous for equation of state 194 
representations include: 195 
 B-spline basis function values are available in all computer environments as a call to a196 

function/subroutine. Analogous to the use of exponential or trigonometric functions, no custom197 
(user) programing is necessary for use of b-spline basis functions. The evaluation of equation of198 
state properties then uses universal calling functions that are not material specific.199 

 The calculation of values and derivatives of a b-spline model are based on linear programing.200 
Interpolation using b splines is essentially a weighted average of neighboring model parameters201 
with the basis functions providing the normalized weights This enables efficient computer202 
algorithms for both construction and evaluation of spline models. Arbitrary precision is possible203 
in representing any functional behavior.204 

 B-spline basis functions are localized. Unlike global polynomial fits of data, spline model205 
parameters pertain to behavior of the underlying function in separate restricted regime of the206 
independent variable.207 

 Details of how intervals are defined allow flexibility in the behavior of function derivatives at208 
interval boundaries. It is possible to allow discontinuities of the function or specified derivatives209 
of the function at a location to meet the needs of a particular equation of state that might involve210 
higher-order transitions.211 

Additional b-splines details are important in understanding their use for equations of state 212 
representations. The full articulation of the underlying mathematics is provided by de Boor [29]. Only 213 
a short overview that emphasizes points relevant to the current applications is provided in Appendix 214 
A. These include further articulation of spline order, model parameters, and b-spline basis functions.215 
Also included is a description of the interval boundaries, the knots, and how local derivatives are216 
controlled by knot multiplicity. An example representation of Helmholtz energy is given to further217 
illustrate the underlying concepts.218 

Although spline representations of data can be constructed using standard numerical packages, 219 
the concept of local-basis-function (LBF) equation of state representations, as developed here, 220 
emphasizes the use of physics-based constraints during their construction. This was introduced in 221 
Brown [30] where Gibbs energy was expanded as a function of pressure and temperature. An 222 
equation of state for water based on Gibbs energy LBF representations is given in Bollengier et al. [31] 223 
and for high pressure ices in Journaux et al.[32]. Here, Helmholtz energy, with volume as the 224 
independent variable, is the focus. The representations are extended far beyond the regime of 225 
measurement using theory-based constraints for limiting behavior (ie. a constraint on the pressure 226 
derivative of the bulk modulus at infinite pressure, the Thomas-Fermi electron gas limit. 227 

2.3 Determination of Helmholtz Energy by Collocation 228 

Helmholtz energy, a surface in volume and temperature, can be reconstructed through 229 
collocation. Collocation is a standard approach for the numerical solution of differential equations in 230 
which basis functions are chosen that match differential properties at specified points, the collocation 231 
points. An integrating constant must in addition be applied. Here, considering only the volume axis 232 
of energy at 300 K, measurements, theory, and physical insight constrain derivatives of the energy 233 
surface at specified collocation sites. A sufficiently flexible set of b-spline basis functions then allows 234 
representation of any plausible physical behavior for Helmholtz energy and its derivative properties 235 
with energy set to zero at equilibrium. The challenges lie in the details of data selection, articulation 236 
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of what constitutes adequate fitting as opposed to overfitting of data, and how to constrain behavior 237 
in data-poor regimes. 238 

Such challenges are not unique to equation of state studies and are described within the rubric 239 
of parameter estimation using inverse methods [33]. The “damped least-square method” or Tikhonov 240 
inversion is used to determine model parameters for equation of state representations. The 241 
minimization of one or more side constraints (hereafter called regularization) is added to the standard 242 
least square solution. A straightforward approach based on physical insight is to minimize a specified 243 
derivative of the model. Linear inverse methods then allow determination of the model parameters 244 
using pressure-volume data with a side constraint on the derivative of energy. A smooth model 245 
would be one with the smallest second derivatives while still adequately fitting data. In the case of 246 
equations of state represented by energy potentials, the second derivative of the Helmholtz energy 247 
figures into the determination of the bulk modulus (as shown in Equations 4), a third derivative is 248 
needed to determine K’ and a fourth derivative for K”. Since K’ is a frequent quantity of interpretation 249 
and since it is typically found to be smooth and trending to an asymptotic value at infinite pressure, 250 
minimizing the 4th derivative of the Helmholtz energy (making K” as small as possible while still 251 
fitting data) emerges as one likely strategy. The explicit minimization of the third derivative of the 252 
bulk modulus (to make K’ smooth or to require a specific value for K’) is undertaken with non-linear 253 
analysis. Further details of inverse theory are described in the Supplemental Materials. 254 

In summary, a framework is described to find Helmholtz energy by collocation of 255 
measurements, theory, and physical insight (through use of regularization) over arbitrarily large 256 
regimes of compression. Local-basis-functions (LBF) based on piece-wise polynomials in the form of 257 
b splines are used. A linear problem allows fits of pressure-volume and bulk modulus-volume 258 
measurements. Fits involving determinations of the bulk modulus as a function of pressure and its 259 
pressure derivatives requires iterative and non-linear analysis. The resulting representations for 260 
Helmholtz energy have model parameters in units of energy that can be analytically evaluated for 261 
equation of state properties including pressure, the bulk modulus, and derivatives of bulk modulus 262 
as a function of volume (or density). The numerical function to evaluate properties based on the LBF 263 
representation is universal; no material-specific coding is required. 264 

A number of decisions are required in creation of an LBF representation for Helmholtz energy. 265 
An optimal choice of strain metric may reduce model size. The number of intervals for strain (as well 266 
as their distribution and bounds) can be varied. The cost of subdivision is that at least one additional 267 
model parameter is required for each added interval of representation. The total parameter count 268 
grows slowly since boundary conditions (matching values and derivatives of values at boundaries) 269 
reduce the required number of unique parameters. The order of a chosen basis function set is 270 
arbitrary and might depend on the physics of a specific material. Smaller intervals allow lower order 271 
fits. The derivative of the potential used for regularization is an arbitrary choice. Additional non-272 
linear optimization is required if a specific limiting value for the pressure derivative of the bulk 273 
modulus is required.  274 

Using the MATLAB numerical environment, a set of tools based on the concepts given here are 275 
provided with the Supplemental Materials. They allow creation and evaluation of LBF equations of 276 
state. Scripts using these tools are also provided that reproduce the analyses given in the following 277 
sections. 278 

3. Results279 

3.1 Equations of State for NaCl 280 

3.1.1 Data and Representations 281 

Measured volumes of NaCl provide an internal pressure calibrant in some high-pressure 282 
experiments [34]. The widely used pressure scale for NaCl given by Decker (1971) [35] was based on 283 
an assumed two-term pair-wise interaction energy potential. Accurate high-pressure data obtained 284 
subsequent to Decker’s work exhibited systematic deviations from his pressure scale. Brown 285 
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(1999)[36] reported an energy potential for NaCl that provides a better representation of accurate 286 
high-pressure and high-temperature measurements. Here properties on the zero Kelvin isotherm, 287 
tabulated in [36], provide precise quantities to evaluate the current method of representation. The 288 
data and an example script illustrating the analysis given in this section are provided in Supplemental 289 
Materials. The fitting is constrained by both pressure-volume and bulk modulus data. The relative 290 
weight of these data was adjusted to provide a satisfactory balance between simultaneous fits of 291 
pressures and the bulk moduli as a function of volume. 292 

The zero-Kelvin densities, bulk modulus, and its pressure derivative as tabulated in [36] are 293 
plotted as a function of pressure in Figure 1. Values extend from negative pressures (constrained by 294 
high-temperature measurements at 1 bar) to the high-pressure limit of the NaCl B1 structure. The 295 
energy potential over this range samples significantly different physical behavior. Expanded state 296 
properties (negative pressures) are more strongly influenced by long-range cohesive forces  297 

Figure 1. Equation of state properties for NaCl as a function of pressure. Top: Density. Middle: 298 
Isothermal bulk modulus. Bottom: Pressure derivative of the isothermal bulk modulus. Solid Circles: 299 
from tabulate values in [36], Lines are predictions based on differing parameterizations as listed in 300 
Table 2. Solid lines: local basis function fits for two strain metrics. Dotted line: 3rd order finite strain, 301 
Dashed Line: 4th-order finite strain, Dash-dot Line: 9th-order finite strain. 302 

(including Coulomb and inductive). In the compressed state, the overlap of electrons creates large 303 
short-range repulsive interactions. The large variation of K’ values with a maximum just below 304 
ambient pressure provides evidence that the underlying potential is more complex than one that can 305 
be represented by a global low order series expansion. 306 
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Table 2. Equation of state parameters and root-mean-square (rms) misfits for representations of the 307 
NaCl 0 K isotherm. A 1-bar density of 2.226 gm/cm3 is used in all representations. Units for all 308 
parameters are shown. 309 

Type of function Parameters (rms) 

Global Basis function 

3rd order/degree 

Eulerian Finite 

Strain 

Ko= 28.0 GPa  Ko’= 4.5 Prms=0.15 GPa 

Krms=2.3 GPa 

4rd order/degree 

Eulerian Finite 

Strain 

Ko= 27.4 GPa  Ko’= 5.4  Ko”=-0.44 GPa-1  Prms=0.02 GPa 

Krms=0.3 GPa 

9th order/degree 

Eulerian Finite 

Strain 

Ko= 27.8 GPa       Ko’= 5.4    Ko”=-0.67 GPa-1 

(Five more parameters for the 9th order fit are not reported here. 

See supplemental materials) 

 Prms=0.01 GPa 

Krms=0.2 GPa 

Local Basis function: 

knots (strain units): Coefficients (GPa m3/Mg) 

Eulerian Finite 

Strain 

 Order: 6 

(degree 5) 

[-.08 -.035 .24 .67]  

(first and last knots are 

repeated 6 times) 

[0.308 .242 -.155 -0.292 4.10 

10.9 19.8 26.1] 

Prms=0.01 GPa 

Krms=0.2 GPa 

log Strain 

 Order: 5 

(degree 4) 

[-.09 -.036 .2 .42]  

(first and last knots are 

repeated 5 times) 

[.326 .241 -.141 -.326 3.92 16.4 

26.0] 

Prms=0.01 GPa 

Krms=0.2 GPa 

Model predictions for density, the bulk modulus and its pressure derivative are also shown in 310 
Figure 1. The associated model parameters and data misfits are listed in Table 2. Properties are plotted 311 
to pressures beyond the stability regime of the B1 structure to examine the behavior of each equation 312 
of state in extrapolation. Both conventional global fits (Birch-Murnaghan 3rd and 4th order) and a non-313 
standard global fit (9th-order), all based on Equation 2, are illustrated. Local basis function (LBF) 314 
representations (using both Eulerian and log strain metrics) are also shown. 315 

3.1.2 Discussion 316 

In Figure 1 all equations of state appear to provide an approximation to values and trends in 317 
density and the bulk modulus with pressure in the regime of measurements. Unsurprisingly, as 318 
shown in Table 1, misfit is largest for the 3rd-order representation and this lower order fit has an 319 
unsatisfactory representation of the pressure dependence of K’. The 4th-order version, while 320 
providing a more plausible fit of measurements in the compressed regime, does not have sufficient 321 
flexibility to follow the behavior of K’ in the expanded state. The 4th-order predicted pressure 322 
derivative of the bulk modulus continues to increase as pressure becomes increasingly negative. The 323 
data show a maximum in K’ slightly below ambient pressure as required by the necessary behavior 324 
of the crystal energy of interaction in the expanded state. As a result of a need for significant curvature 325 
of the bulk modulus as a function of pressure near equilibrium (requiring a large second derivative 326 
of the bulk modulus), the behavior of the bulk modulus for the global 4th-order fit at high pressure is 327 
unstable; K’ implausibly goes through zero to negative values and the bulk modulus decreases with 328 
increasing pressure. A 9th-order fit proved to be the lowest order global representation that could 329 
adequately represent all data. As expected, this equation of state cannot be extrapolated.  330 

The LBF equations of state are constructed to have satisfying performance from the expanded 331 
state to high compression. They are required to adequately fit data while extrapolating with 332 
appropriate physics-based limiting behavior. Two versions (graphically indistinguishable) are shown 333 
that fit data equally well. One LBF uses Eulerian finite strains and the other uses log strains. The log 334 
strain version allowed use of a lower order spline (order 5) than did the Eulerian strains (order 6). 335 
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Both LBF’s used three intervals (two in the low-pressure regime, and one extending well beyond the 336 
regime of measurements). The high-pressure behavior for both was constrained by requiring that the 337 
4th derivative of the potential be small and that the high-pressure limit of K’ be greater than 5/2 [37,38]. 338 
The high-pressure constraint on K’ was enforced through non-linear optimization of an initial linear 339 
model. In this case, it is a choice to slightly misfit the pressure derivative of the bulk modulus for the 340 
highest-pressure data as a necessary consequence of enforcing the smooth asymptotic behavior for 341 
K’. Here, physical insight is given more weight that the accuracy of a single data point at the extreme 342 
of the measurements. 343 

The key finding of this section include the following. (1) Standard forms for equations of state 344 
based on global representations using series expansions of the Helmholtz energy can neither capture 345 
the details of NaCl behavior in regimes of measurement nor do they correctly extrapolate to high 346 
pressure. (2) Higher order global fits can be constructed that adequately fit all data but even modest 347 
extrapolation is impossible. (3) In contrast, an LBF representation having three volume intervals (one 348 
extending well beyond measurements) can both better represent data and provides plausible 349 
(physics-based) behavior well beyond any possible measurement. (4) the choice of strain metric has 350 
no impact on the quality of the fit. (5) The behavior of representations in regions of extrapolation can 351 
be adjusted to match theory-based constraints. (6) The model size of the LBF representations are 352 
larger (a dozen or so parameters) compared to three for a global 4th-order fit. But this is not a serious 353 
impediment to their use.  354 

3.2 Equations of State for High Pressure Ice (Ice VII-X system) 355 

3.2.1 Data and Representations 356 

Based on the success of local-basis-function representations in the previous section, attention is 357 
focused on the ice VII-ice X system to 450 GPa. The upper pressure limit of this representation is 358 
associated with the span of the DFT results. Equations of state at 300K are constructed minimizing 359 
misfit to 291 selected pressure-volume points from 16 independent datasets. While independently 360 
determined values for the bulk modulus have been reported and are discussed below, these data 361 
were not directly used as fitting constraints. Data and the numerical analysis are provided as scripts 362 
with the Supplemental Material. Both experimental [14–16,20,39–50] and DFT studies [43,44] are 363 
considered. Results above 150 GPa are based solely on theory. The results in [14], based on an 364 
experimental method for pressure calibration that has subsequently not been used, and results from 365 
[15], that deviate substantially from other work, are excluded in the current fits. Inclusion of these 366 
data increases misfit but does not change the interpretations given below. No additional quality-of-367 
data assessment is undertaken in the current analysis. Biases associated with systematic and random 368 
errors are likely reduced in the current meta-analysis of all data. The sample size may be sufficient to 369 
diminish the impact of small disagreements between merged datasets, arising from the use of 370 
different pressure gauges, volume measurement techniques, or experimental protocols that may 371 
affect biases associated with non-hydrostatic stresses. Pressure-volume data are plotted in Figure 2a. 372 

To adequately explore the information contained in the pressure-volume measurements an 373 
ensemble of representations was created based on differing assumptions for parameterizations and 374 
regularization. Examples are plotted in all panels of Figure 2 and parameters for these fits and 375 
associated misfits are listed in Table 3. The global 4th-order Eulerian representation, Equation 2, has 376 
the largest rms misfit. The LBF versions have reduced rms misfits. Although reduced misfit is 377 
expected for models containing more parameters, the global representation has greater systematic 378 
misfit and, as shown below, the LBF representations give results that better align with the lowest 379 
pressure bulk moduli data and the known complex phase behavior in the ice VII-X system. The LBF 380 
representation labeled “low structure” resulted from exploration in which the goal was to find the 381 
smallest number of intervals with the least structure (smallest variations of K’). The impact of 382 
discontinuities in higher order derivatives of Helmholtz energy were tested at interval boundaries 383 
that were aligned with pressures in regions of proposed higher-order phase transitions. One such fit 384 
labeled “transition informed” is reported and is further discussed below. “Agnostic” LBF fits were 385 
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constructed using a 6th-order spline over fourteen internal intervals to allow more than necessary 386 
flexibility in representing the equation of state with no preconceptions of where higher-order phase 387 
transitions might occur. Two examples demonstrate differing levels of regularization. Additional LBF 388 
representations, created to explore hypothesized pressure dependences of the bulk modulus, are 389 
discussed and rejected in the following discussion. Regularization, based on minimizing the 4th 390 
derivative of Helmholtz energy, was applied to the LBF models. The damping parameter for 391 
regularization was varied to find an optimal trade-off between misfit and model smoothness. The 392 
tradeoff is illustrated in Figure 3 where the rms average of the Helmholtz energy 4th derivative is 393 
plotted against misfit of the pressure-volume data. As shown in the figure, larger average values of 394 
the 4th derivative allow smaller misfit at the cost of possibly over fitting data. The lower limit of data 395 
misfit is controlled by the intrinsic experimental scatter. As greater smoothing is enforced, misfit 396 
increases. Three points are marked on the diagram associated with the three levels of misfit reported 397 
in Table 3. 398 

Table 3. Equation of state parameters and root-mean-square (rms) misfits for representations of high-399 
pressure ice VII and X 300 K isotherm. Units for all parameters are shown. Vo for ice VII is taken from 400 
Klotz (2017): 12.7218 cm3/mol or 42.25 Å 3 at 300 K. 401 

Type of function Parameters (rms) 

Global Basis function 

4th order/degree 

Eulerian Finite 

Strain 

Ko= 19.2 GPa       Ko’= 3.8    Ko”=-.09 GPa-1  Prms=3.0 GPa 

Local Basis Function: 

knots (dimensionless strain): Coefficients (GPa cm3/mole) 

“Agnostic” 

 log Strain 

low damping 

 Order: 6 

(degree 5) 

[-.01  .02  .04  .06  .08  .10 

.12 .15 .17  .20  .24  .27 

.31  .36  .42] 

 (first and last knots are 

repeated 6 times) 

[-.10  -.07  .05  .40  1.37  

3.75  7.13  12.5  20.0  30.7 

46.7  72.5 103 157 254 379 520 

647 723] 

 Prms=1.7 GPa 

“Agnostic” 

   log Strain   

higher damping 

 Order: 6 

(degree 5) 

[-.01  .02  .04  .06  .08  .10 

.12 .15 .17  .20  .24  .27 

.31  .36  .42] 

(first and last knots are 

repeated 6 times) 

[0.02 -0.03 -0.03  0.23  1.16 3.55 

6.96  12.3 19.7 30.4 46.9 71.5 103 

157 253 375 516 645 724] 

 Prms=2.0 GPa 

“low structure” 

log Strain (7 

intervals) 

   Order: 7 

(degree 6) 

[-0.01 0.08 0.12 0.16 0.16 0.24 0.3 

0.42]  

(first and last knots are 

repeated 7 times) 

[-0.09 -0.04 0.43 2.21 6.50 17.5 46.3 

93.1 153 258 433 595 723]   

Prms=2.0 GPa 

“transition 

informed” 

log Strain (7 

intervals) 

 Order: 7 

(degree 6) 

[-0.01 0.12 0.16 0.16 0.21 0.23 

0.26 0.42]  

(first and last knots are 

repeated 7 times) 

[0.10  -0.27 0.26 2.86 10.6 25.6 57.3 

104  153  263  396  556  722 ]  

Prms=1.7 GPa 
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402 

Figure 2. Data and equations of states of ice VII and X at 300K. In all panels predictions based on the 403 
“low structure” LBF are shown with thick solid lines, the dotted and dot-dashed lines are the 404 
“agnostic” LBF’s with lighter or heavier damping, the dashed lines are “transition informed”, the gray 405 
lines are the global 4th order fit. a) Specific volume as a function of pressure. All measurements are 406 
represented with solid circles. Prior fits are identified in the legend. b) Residuals relative to the 407 
preferred LBF representation as a function of the logarithm of pressure. (c) and (d) Bulk moduli as a 408 
function of pressure. All symbols are identified in the legend. e) and f) Pressure derivative of the bulk 409 
moduli for the four current representations. The 5/2 limit for high-pressure behavior of K’ in 410 
represented as a dotted line. The behavior of K’ based on a quadratic fit to Shimizu et al (1996)[53] is 411 
shown for pressures between 2 and 8 GPa a thick line. Vertical bars indicate identified pressure ranges 412 
(Table 1) for higher order transitions. 413 

Fractional deviations from the low-structure representation of the pressure volume data and 414 
selected literature equations of state are plotted as a function of the logarithm of pressure in figure 415 
2b. As shown in this panel, the fractional deviations are relatively uniform as a function of pressure 416 
with a standard deviation near 5%. The highest-pressure points based on theory have greater 417 
precision with unknown accuracy but appear to merge into the more scattered measurements with 418 
little apparent offset or change in slope.  419 

In Figure 2c (full pressure range) and 2d (lower pressure regime), predictions of the isothermal 420 
bulk modulus based the current equation of state are compared to reported adiabatic bulk modulus 421 
based on Brillouin acoustic measurements [51–54]. The difference between adiabatic and isothermal 422 
moduli is small in the high-pressure regime and is currently ignored. Although the conversion from 423 
sound speeds to elastic moduli requires knowledge of the density, the differences in density between 424 
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the current representation and those used in the original studies had negligible impact on the 425 
reported moduli at the scale of the figures. The measurements to 8 GPa reported by Shimizu et al. 426 
(1996)[53] for single crystals grown in equilibrium with liquid water provide the highest quality 427 
determinations. Other studies relied on longitudinal and transverse wave measurements in 428 
polycrystalline material with unknown fabric in a non-hydrostatic environment. In spite of the cubic 429 
symmetry for the high-pressure ices, such data may suffer from systematic biases.  430 

Pressure derivatives of the bulk modulus based on our representations are shown in Figure 2e 431 
(full pressure range) and 2f (lower pressure regime). Also shown between 2 GPa and 8 GPa is the 432 
behavior of K’ as constrained by a quadratic fit to the single crystal measurements of Shimizu et al. 433 
Vertical bands in these panels indicate the pressure ranges for the suggested higher-order transitions 434 
listed in Table 1.  435 

3.2.2 Discussion 436 

Possible changes of ice’s compressive behavior related to higher order transition as summarized 437 
in Table 1 include the following ideas. A possible distortion in the bcc lattice around 15 GPa is 438 
suspected to be the expression of the locking of OH-rotational disorder which could change the rate 439 
of stiffening under compression [43]. Changing derivatives of K near 25 GPa might reflect the 440 
transition from ice VII to ice VII’ associated with the start of dynamic translational proton disorder 441 
by tunneling and thermal hoping. The onset of the hydrogen bond symmetrization, with the 442 
transition toward a purely H-translational disorder [43] should have an effect on compression beyond 443 
40 GPa. Furthermore, a broad minimum in K’ would be the expected behavior for a second order 444 
transition between ice VII and a slightly higher density ice X phase.  445 

An over-arching question is whether an interpolating curve through pressure-volume data with 446 
scatter can resolve changes in the compression behavior that are linked to the underlying physics of 447 
higher order phase transitions. Departures of the derivative properties (K and K’) from normal 448 
compressive behavior (empirically defined as positive K’ in a range roughly from 3 to 7 with a small 449 
negative value for K”) are expected. The following discussion progresses through considerations of 450 

(1) the pressure-volume data, (2) the bulk modulus determinations, and finally (3) how variations of451 
the pressure derivative of the bulk modulus correlate to pressure ranges where higher-order452 
transitions likely occur.453 

In prior analyses of individual datasets, equations of state were constrained by data spanning 454 
restricted ranges of pressures. The envelopes of such regional fits, extrapolated to cover the entire 455 
range of pressure, are illustrated in Figures 2a and 2b. The various fits are essentially 456 
indistinguishable below 50 GPa (Figure 2a). Even at the scale of the residuals (Figure 2b), data scatter 457 
is as large as the envelop bounds. Unsurprisingly, predictions in regimes of extrapolation diverge 458 
and do not accurately match the highest-pressure DFT results. 459 

Figure 3. Tradeoff between data misfit and model smoothness as measured by the rms average 

of the 4th derivative of Helmholtz energy. Circles mark points with misfits of 1.7 GPa, 2 GPa, and 

3 GPa that can be compared to values listed in Table 3.
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The adequacy of representations as measured by the rms misfit to data is not immediately 460 
obvious in examination of the pressure-volume relationships shown in Figures 2a and 2b. A tool of 461 
analysis is the tradeoff between measurement misfit and representation smoothness based on the rms 462 
average of the 4th derivative of Helmholtz energy as shown in Figure 3. A reasonable expectation is 463 
that the rms misfit lies near the corner of the tradeoff curve. On this basis, the global 4th-order 464 
representation underfits the data while the fits with larger rms average of the 4th derivative may be 465 
overfitting data. For similar levels of misfit, the differences in predictions allow assessment of the 466 
range of representations that all adequately fit the data. 467 

Additional discrimination between equation of state representations is expected at the level of 468 
the derivative properties: the bulk modulus and its pressure derivative (all panels on the right side 469 
of Figure 2). The relatively low-pressure (<8 GPa) values for K and K’ are replicated in the LBF fits, 470 
indicating that the underlying pressure-volume data are sufficiently accurate and that the analysis 471 
can extract higher order derivatives of Helmholtz energy. In contrast, all global fits, both prior 472 
literature and the current 4th-order, do not match the low-pressure behavior for K’. In order to 473 
approximate the pressure-volume trends at high pressure, all global fits require a nearly constant and 474 
low (~4) value for K’ since such global representations have insufficient flexibility to accommodate 475 
both behavior at low pressure and high pressure. This mirrors the findings in the previous section 476 
with the effort to represent the NaCl equation of state. At the highest pressures, where only theory 477 
provides constraints, the LBF representations smoothly approach the nominal limiting value near 5/2. 478 
No global representation provides correct limiting behavior. Furthermore, the current 4th-order 479 
global representation shows unphysical behavior with K’ increasing from 3.8 near zero pressure to a 480 
nearly constant value of approximately 4 at the highest pressure. 481 

In the critical range of higher-order transitions for ice between 15 GPa and 60 GPa, the measured 482 
bulk moduli show disagreement between the independent studies and from the LBF representations 483 
Whether these differences are caused by systematic errors in measurements or are indicative of 484 
material properties that vary with the time-scale of measurement (static to GHz) or differences in 485 
non-hydrostatic stresses remains unresolved. However, a clear observation is that between 40 GPa 486 
and 60 GPa properties inferred from static compression (the LBF representations) lie below measured 487 
bulk moduli. Furthermore, any LBF equation of state fit required to match the bulk moduli in this 488 
pressure regime was found to have large and systematic misfit of the pressure-volume data. The bulk 489 
moduli beyond 60 GPa [51,54] converge to a common pressure dependence that is consistent with 490 
LBF predictions. 491 

Focusing on K’ in panels 2e and 2f, trends for its pressure dependence separate into three zones. 492 
In the low-pressure regime K’ decreases from a value near 6.5 at 2.2 GPa (similar to values for ice V 493 
and ice VI [32]) to about 4 for pressures between 10 to 15 GPa. As shown in the figure, this normal 494 
trend is in agreement with the Shimizu et al. determinations to 8 GPa. Above 60-70 GPa, K’ also shows 495 
normal behavior, an asymptotic decrease with pressure. In contrast, the intermediate pressure range, 496 
the previously identified regime of higher-order transitions, shows the most anomalous behavior for 497 
K’. A minimum in all LBF representations lies between 30 GPa and 40 GPa. The “agnostic” fits have 498 
shoulder maxima on the sides of the minimum values. One “agnostic” fit has an optimal misfit of 2 499 
GPa; the other with an rms misfit of 1.7 GPa may overfit data with more structure in K’. The “low 500 
structure” representation has a shallower minimum and no shoulder maxima around 25 GPa for the 501 
same 2 GPa misfit. Since K’ is negative in the transition region only in the least damped “agnostic” 502 
solution, the bulk modulus does not generally “soften” (decrease at higher pressure). Instead, it 503 
simply fails to increase normally with pressure. The “transition informed” fit was created to better 504 
align features of K’ with identified pressures of transitions: the transition from dominant rotational 505 
disorder to more translational disorder around 15 GPa and the start of hydrogen symmetrization 506 
with the increase of translational disorder above 40 GPa, with a full transition to ice X above 60-80. 507 
As shown in Table 3, the misfit for the “transition informed” representation is reduced at the cost of 508 
a higher rms for the 4th derivative of Helmholtz energy. 509 

Key findings of this section reinforce those associated with the effort to represent NaCl. A global 510 
representation can provide an approximation to all pressure-volume data at the expense of a bulk 511 
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modulus that is not in accord with low pressure measurements and exhibits incorrect high-pressure 512 
limiting behavior. Local basis function representation for high-pressure ice are able to better satisfy 513 
these strong constraints. However, for the ice VII-X continuum, in the regime of higher-order phase 514 
transitions, an ensemble of possible representations is possible. Representations can have features of 515 
K’ aligned with expected transitions on the basis of a priori constraints although such close alignment 516 
is not required by the pressure-volume data. The most robust features of all members of successful 517 
fits are a decrease in K’ from normal values near 15 GPa to a minimum in the 25 to 40 GPa range 518 
followed by an increase to 60-70 GPa followed by normal asymptotic decreases at much higher 519 
pressures. No fit required to follow measured bulk moduli in the 25 to 60 GPa range provided an 520 
adequate representation of the pressure-volume data. Whether this is a result of errors in data or an 521 
indication of a rate-dependent process remains undetermined. 522 

4. Discussion523 

A representation of Helmholtz energy at 300 K for ice VII-X was developed in order to better 524 
understand the complexity of high-pressure ices that exist as mineral phases in this solar system and 525 
beyond. Questions of origins and evolution require knowledge of an underlying equation of state. 526 
The results of this investigation are summarized in the concluding section. In order to accomplish the 527 
principal goal, coverage of a broad set of concepts and analysis is necessary. Topics include a 528 
foundational review about the nature of numerical representations for equations of state, an 529 
exposition describing a new framework for representations, and articulation of important details 530 
associated with the new framework. Both interpolation and inverse problems are widely recognized 531 
challenges in data assimilation. Solutions, previously found useful in other fields, are adapted and 532 
modified to meet the unique requirements of Helmholtz energy representations. 533 

The underlying premise is that equations of state provide coherent empirical representations of 534 
all measurement-constrained and theory-based knowledge of a material. The previous generation of 535 
parameterizations under performed in this task as a result of a bias towards using physics-blind 536 
models with insufficient flexibility. This lack of flexibility resulted in discussions that shifted to 537 
numerical issues such as “what constitutes the best strain metric?” and “Which order expansion is 538 
preferred?”. The current analysis refocuses attention. The behavior of an equation of state should be 539 
physics-based and basis-function independent. The total number of model parameters required is 540 
less important than how well the representation matches the constraining information. Finding the 541 
best representation requires determining the appropriate relative weighting of data from varied 542 
sources, assessing the quality of results based on theory, and applying suitable side-constraints based 543 
on the best physical insight. Decisions based on these ideas were specifically expressed during the 544 
construction of equations of state for NaCl and high-pressure ice. 545 

The new equation of state analysis is a seminal step beyond the earlier generation of Helmholtz-546 
energy-based parameterizations that use polynomial series expansions of an arbitrarily defined strain 547 
metric. Here, a single global polynomial is replaced with flexible local piece-wise polynomials in the 548 
form of b splines. The new local-basis-function representations are more than simple spline fits of 549 
data since their creation is embedded in an inverse theory framework of parameter estimation by 550 
Tikhonov inversion that requires incorporation of physics-based constraints and insight. An 551 
important characteristic of inverse theory solutions is the ability to explore features shared by all 552 
possible representations of data. A key strength of this approach, demonstrated in the effort to 553 
represent ice, is the power to ask both what model features are required by data and conversely what 554 
are data requirements to adequately delineate model features.  555 

5. Conclusions556 

A large body of measurements and theory for ice VII-X were assimilated into an equation of 557 
state covering pressures to 450 GPa. Selected pressure-volume data from 14 experimental studies and 558 
two theoretical reports are then accurately represented. In addition, separately measured derivative 559 
properties (the bulk modulus and its pressure derivative) are replicated both in low-pressure and 560 
high-pressure regimes, indicating that the underlying pressure-volume data are sufficiently accurate 561 
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and that the current analysis can extract higher order derivatives. Anomalies in the bulk modulus 

(and its derivative) are found to roughly align with proposed higher-order transitions at intermediate 

pressures. However, in this range, bulk moduli determined using GHz-frequency Brillouin 

experiments do not match the static determination. The differences between results from different 

groups leaves open the possibility that systematic experimental errors are large. Alternatively, a 

relaxation time-constant for the underlying high-order phase transition or for proton mobility may 

be large compared to the frequencies used in acoustic measurements. The pressure-volume data can 

resolve variations of the second derivative of the bulk modulus with pressure. However, 

discontinuities in K” and/or the precise locations of features in the pressure derivative of the bulk 

modulus are not currently resolvable. Improved high-pressure determinations of derivative 

properties could provide better constraints for the next-generation representations. More generally, 

the tools and methodologies developed here can be broadly applied in other high-pressure equation 

of state studies. 

Articulation of the necessary background for b splines and for parameter estimation is placed in 

Appendix A. A small toolbox containing five functions and example scripts written in the MATLAB 

numerical environment are also provided with Supplementary Materials. MATLAB is convenient in 

exploration of the ideas presented in this paper. The open source environment OCTAVE is 

compatible with the provided MATLAB functions and scripts and can be downloaded for no cost. 

PYTHON and FORTRAN implementations can easily be created.  

In the provided MATLAB scripts, the analysis requires four steps: (1) load data, (2) set options, 

(3) fit data, (4) display results. This provides a straightforward workflow that encourages exploration 
of how modifications of assumptions provide differences in the resulting equation of state. It is 
important to try modifications of all adjustable elements in order to explore the parameter sensitivity 
and quality variations of fits.

Supplementary Materials: The following are available online, Computer files. 
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Appendix A:  B-Spline and Inverse Method Details Related to Equation of State Representations 

A1. B-Spline Basis Functions 

Fundamentals of b-splines are covered in detail in de Boor [29]. Here a few points are highlighted 

in association with the use of b splines in equation of state representations. B splines are piece-wise 

polynomials of specified order, on intervals defined by the interval bounding knots. In polynomial 

representations, x3 is both a third degree and third order polynomial. However, using accepted 

convention, a kth-order spline is associated with polynomial of degree k-1. To avoid confusion in the 609 
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following discussion, the spline order is parenthetically followed by explicit articulation of the 610 
underlying degree of an associated polynomial.  611 

Knots are points along the independent variable (x) axis that define interval boundaries. For a 612 
knot sequence (t1, t2, …, tp+k), where p is the number of coefficients (the model parameters) and k is the 613 
order of the b-spline (degree k‐1), a recursion relationship (equation A1) defines the spline basis 614 
function, Bj,k(x), where x lies between the first and last knot and the first order basis function Bj,1 is 615 
equal to 1 for x within the interval between tj and tj+k and 0 otherwise.  616 

𝐵𝑗,𝑘(𝑥) =
𝑥−𝑡𝑗

𝑡𝑗+𝑘−1−𝑡𝑗
𝐵𝑗,𝑘−1(𝑥) +

𝑡𝑗+𝑘−𝑥

𝑡𝑗+𝑘−𝑡𝑗+1
𝐵𝑗+1,𝑘−1(𝑥) (A1) 617 

Analytic values for basis functions, Bjk evaluated at specified locations, are numerically obtained 618 
and represented as arrays with a column count equal to the number of spline coefficients (model 619 
parameters) and a row count equal to the number of locations of the function evaluation. The 620 
underlying algorithms are robust and available as functions/subroutines in all numerical 621 
environments. The use of b-spline basis functions requires no more concern on the part of the user 622 
than the use of any standard numerical functions (ie. trigonometric or logarithmic functions). 623 
However, in order to develop new equations of state, the user needs to know how to create an 624 
acceptable knot series for a specific application. The knots (ti) used to construct the spline basis 625 
functions must meet several requirements. (1) The total number of knots must equal k+p. (2) Each 626 
repetition of a knot reduces by one the number of continuous derivatives at the interval boundary. 627 
(3) The first and last knot are repeated k-fold times in order for arbitrary data to be fit. Further628 
discussion of how knots are chosen is given below.629 

A2. Evaluation of B-Spline Representations 630 

The evaluation of y=f(x), where function f is a b-spline representation, is numerically represented: 631 

𝑦𝑙 = ∑ 𝐵𝑗,𝑘
𝑝
𝑖=1 (𝑥𝑙)𝑚(𝑖) (A2) 632 

where data and predictions are paired values (xl and yl), vector 𝑚̅ contains p spline coefficients (the 633 
model parameters), and Bj,k(xl) values are determined using Equation A1. Using vector and matrix 634 
notation Equation A2 is simply a linear equation of the form: 635 

 𝑦̅̅̅̅ = 𝐵̿𝑚̅        (A3) 636 

which leads naturally and advantageously to spline coefficients, 𝑚̅, being determined through the 637 
inverse solution of a linear system (further discussed below). As written in Equation A2, the 638 
determination of a set of modeled 𝑦̅ values requires that a (possibly large) matrix of basis functions 639 
be determined and held in computer memory. The Cox-de Boor algorithm is implemented in all 640 
numerical environments and allows Equation A2 to be more efficiently evaluated (not holding the 641 

matrix 𝐵̿ in memory) which reduces computer CPU and memory requirements. 642 
Evaluation of derivative or integral properties of a b-spline representation simply requires 643 

analytic determination of the appropriate derivative or integral values of the polynomial basis 644 
functions Bj,k(xl):  645 

𝐷𝐵𝑗,𝑘(𝑥) =
𝑘−1

𝑡𝑗+𝑘−1−𝑡𝑗
𝐵𝑗,𝑘−1(𝑥) −

𝑘−1

𝑡𝑗+𝑘−𝑡𝑗+1
𝐵𝑗+1,𝑘−1(𝑥)        (A4) 646 

followed by solution using the form shown in Equation A2. 647 

A3. Details of B-Spline Knots and Control Points 648 

As an example of knots for a (k=4) fourth order (3rd degree) b-spline on a domain spanning from 649 
1 to 10, an arbitrary chosen knots sequence containing the 9 elements [1 1 1 1 5 10 10 10 10] divides 650 
the domain into two intervals (1 through 5 and 5 through 10). Bounding knots are repeated k times. 651 
Based on the relationship that the number of knots is equal to the sum of the number of spline 652 
coefficients (model parameters) and the spline order, five spline coefficients are required to describe 653 
the two associated cubic polynomials. While a single 3rd degree polynomial has four possible 654 
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coefficients, the additional polynomial associated with a second interval requires one additional 655 
coefficient since the matching boundary conditions fixes the other three parameters. The sequence [1 656 
1 1 1 4 7 10 10 10 10] has three intervals using 10 knots that require 6 spline coefficients. The spacing 657 
of intervals is an arbitrary choice to meet needs in a particular application. An alternate sequence 658 
with 10 knots having different intervals is [1 1 1 1 2 4 10 10 10 10]. The sequence [1 1 1 1 2 4 4 10 10 10 659 
10] (with one interior knot repeated) contains 11 knots and requires 7 coefficients. The underlying660 
representation is then allowed to have a discontinuous 2nd derivative at the location 4.661 

An important distinction is made between splines as a tool to interpolate precise data and splines 662 
as a method to represent, in a least square sense, data with uncertainty. In the historical development 663 
of spline methods, data (pairs of dependent and independent variables) were assumed to have high 664 
precision and basis functions were constructed to provide accurate interpolation between the data. 665 
In this context, the number of knots is chosen such that the number of required model parameters 666 
exactly matches the number of constraints (the available data). Knot locations are then chosen such 667 
that at least one data point is associated with each interval. For such an exactly constrained problem, 668 
the locations of the independent variables are labeled “control points”. The resulting model 669 
parameters are then directly associated with the specified control points. However, the model, given 670 
as list of the knots (different from the list of control points) and a list of model parameters, does not 671 
require that control point locations be specified. In the least-square fitting of more data than model 672 
parameters, with representations that are constructed through choice of knot locations (not a choice 673 
of data locations), the control point locations are ill defined other than that model parameter locations 674 
sequentially progress across the span of the knots with a few more model parameters required than 675 
intervals. This discussion is provided since the standard presentations of splines tend to emphasize 676 
an perspective centered on control points. 677 

A4. Local-Basis-Function Equations of State Representations 678 

A simplified equation of state application using b-splines is illustrated in Figure A1. The panel 679 
on the left shows Helmholtz energy as a function of volume. The corresponding pressures (the 680 
negative derivative of Helmholtz energy) are shown on the right side. An energy minimum on the 681 
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left is associated with zero pressure on the right. Pressures increase as volumes decrease from 682 
equilibrium. Pressure becomes negative in the expanded state but tends back to zero for sufficiently 683 
large volumes.  684 

In this example, three intervals are chosen for a b-spline representation using cubic basis 685 
functions (a 4th-order spline for energy). The ranges of the internal intervals are marked by the vertical 686 
dotted lines. If three independent cubic polynomials were used for these intervals, 12 separate basis 687 
functions and parameters would be required (four degrees of freedom for each cubic polynomial). 688 
However, matching the function and its first two derivatives at the two internal boundaries reduces 689 
the problem to six degrees of freedom – two additional basis functions are required beyond the four 690 
that otherwise would be associated with a single global cubic polynomial. Given specified intervals 691 
and spline order, the b-spline basis functions are exactly defined and numerically determined by a 692 
subroutine call. The behavior of the six b-spline basis functions is shown at the bottom of each panel. 693 

The b-spline basis functions are non-zero over subdomains of the full model space, extending 694 
over k intervals across some interval boundaries. Basis function in the right panel are clearly 695 
derivatives of basis functions plotted in the left panel. Model parameters, determined by fitting data 696 
on the right side, are plotted in the left panel. The volumes associated with model parameters (the 697 

Figure A1. Equation of state example using a cubic b-spline representation on three intervals. 

Helmholtz energy (F) as a function of volume (V) is shown as a thick line in the left panel. Pressure, 

as the negative of the first derivative of Helmholtz energy, is shown on the right side. Vertical 

dotted lines show the internal spline boundaries between three intervals of volume. B-spline basis 

functions are shown at the bottom of each panel with labels Bi and dBi . The six model parameters 

(labeled Mi) required to represent the function are shown in the left side panel, plotted at their 

control point locations. Note that the control point locations are implicit in the distribution of the 

intervals and are not separately tabulated in the model description. The evaluation of the function 

at a specified volume (vertical dashed line) is illustrated in each panel where the function is given 

as a sum of the product of basis function values and model parameters. The evaluation of the 

functions for any other value of volume is undertaken by the same linear analysis. The model 

parameters, in units of energy, can be determined through a fit of pressures and volumes based on 

the linear relationships as shown on the right side. 
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control points as previously described) are not directly aligned with the interval boundaries; instead 698 
they are implicit in the distribution of intervals and do not figure into evaluations of the splines. In 699 
the limit of small intervals, the model parameters are equal to the function being represented within 700 
each interval.   701 

Interpolation using b splines is a weighted average of neighboring model parameters; the basis 702 
functions provide the normalized weights. As shown in Figure A1, both the model and the derivative 703 
of the model are evaluated as a linear problem: a sum of basis function values times model parameter 704 
values. The same model parameters are used for calculation of the function and for calculation of its 705 
derivatives. This provides a path to determine the Helmholtz energy by collocation, using 706 
measurements of its derivatives. Implicit is the need to set an integrating constant. The inverse 707 
problem, determining model parameters from data, is further discussed below. 708 

A5. Defining Equation of State Properties with Derivatives of Helmholtz Energy 709 

In the current framework, equation of state properties are numerically evaluated using analytic 710 
representations for the underlying quantities. The necessary relationships associated with derivatives 711 
of Helmholtz energy that define pressure, the bulk modulus, and its pressure derivative are 712 
summarized. Since Helmholtz energy is parameterized as a function of strain 𝐹(𝜂, 𝑇 = 300𝐾) the 713 
relationship of 𝜂 as a function of volume figures into the thermodynamic quantities. Derivatives of 714 
strain with volume are analytically determined from the variously defined functional forms and 715 
derivative of energy are analytically calculated from the local-basis-function representation. These 716 
derivatives are denoted using subscripts for the derivative level: 717 

𝜂1 =
𝑑𝜂

𝑑𝑉
, 𝜂2 =

𝑑2𝜂

𝑑𝑉2, …   718 

and 719 

𝐹1 =
𝑑𝐹

𝑑𝜂
, 𝐹2 =

𝑑2𝐹

𝑑𝜂2, … 720 

Through application of the chain rule for differentiation, pressure is then calculated as a product of 721 
derivatives: 722 

𝑃 = −
𝑑𝐹

𝑑𝑉
= −

𝑑𝐹

𝑑𝜂

𝑑𝜂

𝑑𝑉
= −𝐹1𝜂1 (A5) 723 

In order to calculate the bulk modulus and its pressure derivative, derivatives of pressure with 724 
volume are required 725 

𝑃1 =
𝑑𝑃

𝑑𝑉
= − 𝜂1

2𝐹2 −  𝜂2𝐹1726 

and 727 

𝑃2 =
𝑑2𝑃

𝑑𝑉2
= − 𝜂1

3𝐹3 − 3 𝜂1 𝜂2𝐹2 −  𝜂3𝐹1728 

Using these derivatives, the bulk modulus is 729 

𝐾 = −𝑉𝑃1 (A6) 730 

And its pressure derivative is 731 

𝐾′ =
𝑑𝐾

𝑑𝑃
= −𝑉 (1 +

𝑃2

𝑃1
) (A7) 732 

From these relationships it is apparent that pressure and the bulk modulus are determined as linear 733 
combinations of strain basis functions while the pressure derivative 𝐾′ requires a non-linear 734 
combination of strain basis functions.  735 

A5. Inverse Techniques to Find Model Parameters 736 

As described in (Aster et al.) [33] parameter estimation based on inverse theory is a foundational 737 
problem in diverse fields where data assimilation and interpretation are required. Here a selection of 738 
ideas is presented that directly bear on equation of state studies. As shown above, with Helmholtz 739 
energy expanded in a strain metric, both pressures and bulk moduli as a function of volume can be 740 
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with any equation of state 741 expressed using linear relationships. A general linear problem, associated 

application, is given as: 742 

𝐵̿𝑚̅ = 𝑑̅       (A8) 743 

where the array 𝐵̿  on the left-side contains values for the basis functions evaluated at the 744 
independent variable locations associated with the dependent variables 𝑑̅ given in the right-most 745 

column vector and 𝑚̅ contains the model parameters. For m model parameters and n data, 𝐵̿ is an 746 
n by m matrix of values. In the case of conventional equations of state fitting, the basis functions are 747 
the polynomial values of strain shown on the right side of Equation 2 (main text) or the fractional 748 
powers of (V/Vo) shown on the right side of Equation 4 (main text). For local basis function 749 
representations, the b-spline basis functions evaluated for each independent variable location, are 750 

placed in 𝐵̿.  751 
Following standard numerical analysis, the least square solution for a linear problem (Equation 752 

A8) for parameters 𝑚̅ is 753 

𝑚̅ = (𝐵̿𝑡𝐵̿)−1𝐵̿𝑡𝑑̅   (A9) 754 

Where bars above a variable indicate the dimension (one for a vector, two for a matrix), superscript t 755 
denotes the transpose operation and the negative one power implies determination of a matrix 756 
inverse. Equation A9 can usually be solved if more data than model parameters are available (not 757 
rank-deficit). However, even with an adequate number of data, solutions may be poorly conditioned 758 
when data do not adequately span the parameter space of the model. The typical example of a poorly 759 
conditioned solution is the exercise of fitting a linear distribution of data with a higher order 760 
polynomial. Problems can also arise in constraining model parameters for a local-basis-function 761 
representation if data are not adequately distributed in regimes containing measurements or in 762 
regions of extrapolation.  763 

To overcome problems of poorly-conditioned or rank-deficit inverse problems, additional side 764 
constraints are needed and are included through regularization. A common form of regularization is 765 
to make the model “smooth” by minimizing its 2nd derivative. More generally, based on physical 766 
insight in equation of state representations, a higher order derivative of Helmholtz energy is 767 
minimized, as described in the main text. Basis functions for the specified derivative of energy are 768 

added to the array 𝐵̿ and associated zeros are added to the data vector 𝑑̅:769 

[
𝐵̿𝑑

𝜆 𝐵̿𝑟

] [𝑚̅] = [𝑑̅

0
] (A10) 770 

where 𝐵̿𝑑 are the basis functions associated with data, 𝐵̿𝑟 are the basis functions for regularization 771 
(a chosen derivative of Helmholtz energy), and 𝜆 is an adjustable factor to weight the influence of 772 
the regularization (small value for no influence and large value to strongly enforce the 773 
regularization). The data vector on the right side of Equation A10 contains both measurements, 𝑑̅,774 

and as many zeros as rows of regularization in array 𝐵̿𝑟. The idea is that 𝐵̿𝑟𝑚̅ should be as close to 775 
zero as possible while simultaneously requiring the model to adequately fits data. In areas of sparse 776 
or no data, regularization controls the nature of the fit. The advantages of a least square solution of 777 
Equation A10 include an ability to suppress unnecessary structure (overfitting) and to provide 778 
constraints in regimes without data. Linear optimization of pressure-volume and bulk modulus-779 
volume data with regularization based on a user-specified derivative of Helmholtz energy is 780 
implemented in the numerical toolbox included with the Supplemental Materials. 781 

In order to directly fit measurements that cannot be expressed as a linear combination of model 782 
parameters (ie. derivatives of the bulk modulus with respect to pressure), non-linear optimization of 783 
model parameters is required. The form of the non-linear Tikhonov problem is given as: 784 

785 

[
𝐶̿

𝜆𝑄̿
] [𝛿𝑚̅] = [

𝛿𝑑̅

−𝜆𝑄̿𝑚̅𝑜

] (A11) 786 

787 
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where 𝑚̅𝑜is an initial guess for the model, 𝛿𝑚̅ are increments to 𝑚̅𝑜 that reduce data misfit, and 𝛿𝑑̅ 788 
are deviations between data and predictions based on 𝑚̅𝑜. Data can be a combination of equation of 789 
state measurements including pressures, bulk moduli, or derivatives of the bulk modulus. The array 790 

𝐶̿ contains derivatives of the model predictions with respect to model parameters and the array 𝑄̿ 791 
contains derivatives with respect to model parameters of any regularization quantity to minimize. 792 
The least square solution of Equation A11 gives the increments 𝛿𝑚̅ to 𝑚̅𝑜  that provide a better 793 
representation of data subject to the side constraint. Using an improved model 𝑚̅𝑜 after each step 794 
gives results that usually converge after a few iterations. Non-linear optimization that includes 795 
constraints on the pressure derivative of the bulk modulus is implemented in the numerical toolbox 796 
included with the Supplemental Materials. 797 

References 798 

1. Tschauner, O.; Huang, S.; Greenberg, E.; Prakapenka, V.B.; Ma, C.; Rossman, G.R.; Shen, A.H.; Zhang, D.;799 
Newville, M.; Lanzirotti, A.; et al. Ice-VII inclusions in diamonds: Evidence for aqueous fluid in Earth’s800 
deep mantle. Science 2018, 359, 1136–1139.801 

2. Léger, A.; Selsis, F.; Sotin, C.; Guillot, T.; Despois, D.; Mawet, D.; Ollivier, M.; Labèque, A.; Valette, C.;802 
Brachet, F. A new family of planets? Icarus 2004, 169, 499–504.803 

3. Sotin, C.; Grasset, O. Mass-radius curve for extrasolar Earth-like planets and ocean planets. Icarus 2007, 191,804 
337–351.805 

4. Noack, L.; Höning, D.; Rivoldini, A.; Heistracher, C.; Zimov, N.; Journaux, B.; Lammer, H.; Van Hoolst, T.;806 
Bredehöft, J.H. Water-rich planets: How habitable is a water layer deeper than on Earth? Icarus 2016, 277,807 
215–236.808 

5. Vance, S.D.; Panning, M.P.; Stähler, S.; Cammarano, F.; Bills, B.G.; Tobie, G.; Kamata, S.; Kedar, S.; Sotin,809 
C.; Pike, W.T.; et al. Geophysical Investigations of Habitability in Ice-Covered Ocean Worlds:810 
GEOPHYSICAL HABITABILITY. J. Geophys. Res. Planets 2018, 123, 180–205.811 

6. Journaux, B.; Daniel, I.; Petitgirard, S.; Cardon, H.; Perrillat, J.-P.; Caracas, R.; Mezouar, M. Salt partitioning812 
between water and high-pressure ices. Implication for the dynamics and habitability of icy moons and813 
water-rich planetary bodies. Earth and Planetary Science Letters 2017, 463, 36–47.814 

7. Unterborn, C.T.; Desch, S.J.; Hinkel, N.R.; Lorenzo, A. Inward migration of the TRAPPIST-1 planets as815 
inferred from their water-rich compositions. Nat Astron 2018, 2, 297–302.816 

8. Kite, E.S.; Ford, E.B. Habitability of exoplanet waterworlds. arXiv:1801.00748 [astro-ph] 2018.817 
9. Hendrix, A.R.; Hurford, T.A.; Barge, L.M.; Bland, M.T.; Bowman, J.S.; Brinckerhoff, W.; Buratti, B.J.; Cable,818 

M.L.; Castillo-Rogez, J.; Collins, G.C.; et al. The NASA Roadmap to Ocean Worlds. Astrobiology 2019.819 
10. Birch, F. Elasticity and constitution of the Earth’s interior. Journal of Geophysical Research 1952, 57, 227–286.820 
11. Stacey, F.D.; Brennan, B.J.; Irvine, R.D. Finite strain theories and comparisons with seismological data.821 

Geophysical surveys 1981, 4, 189–232.822 
12. Benoit, M.; Bernasconi, M.; Focher, P.; Parrinello, M. New High-Pressure Phase of Ice. Physical review letters823 

1996, 76, 2934–2936.824 
13. Hermann, A.; Ashcroft, N.W.; Hoffmann, R. High pressure ices. Proceedings of the National Academy of825 

Sciences of the United States of America 2012, 109, 745–750.826 
14. Hemley, R.J.; Jephcoat, A.P.; Mao, H.K.; Zha, C.S.; Finger, L.W.; Cox, D.E. Static compression of H2O-ice to827 

128 GPa (1.28 Mbar). Nature 1987, 330, 737–740.828 
15. Loubeyre, P.; Letoullec, R.; Wolanin, E.; Hanfland, M.; Häusermann, D. Modulated phases and proton829 

centring in ice observed by X-ray diffraction up to 170 GPa. Nature 1999, 397, 503–506.830 
16. Sugimura, E.; Iitaka, T.; Hirose, K.; Kawamura, K.; Sata, N.; Ohishi, Y. Compression of H2O ice to 126 GPa831 

and implications for hydrogen-bond symmetrization: Synchrotron x-ray diffraction measurements and832 
density-functional calculations. Phys. Rev. B 2008, 77, 214103.833 

17. Goncharov, A.F.; Struzhkin, V.V.; Somayazulu, M.S.; Hemley, R.J.; Mao, H.K. Compression of Ice to 210834 
Gigapascals: Infrared Evidence for a Symmetric Hydrogen-Bonded Phase. Science 1996, 273, 218–220.835 

18. Zha, C.-S.; Hemley, R.J.; Gramsch, S.A.; Mao, H.; Bassett, W.A. Optical study of H2O ice to 120GPa:836 
Dielectric function, molecular polarizability, and equation of state. J. Chem. Phys. 2007, 126, 074506.837 

19. Meier, T.; Petitgirard, S.; Khandarkhaeva, S.; Dubrovinsky, L. Observation of nuclear quantum effects and838 
hydrogen bond symmetrisation in high pressure ice. Nat Commun 2018, 9, 1–7.839 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 December 2019                   doi:10.20944/preprints201912.0147.v1

Peer-reviewed version available at Minerals 2020, 10, 92; doi:10.3390/min10020092

https://doi.org/10.20944/preprints201912.0147.v1
https://doi.org/10.3390/min10020092


23 of 24 

20. Grande, Z.M.; Huang, C.; Smith, D.; Smith, J.S.; Boisvert, J.H.; Tschauner, O.; Steffen, J.H.; Salamat, A. Bond840 
strengthening in dense H2O and implications to planetary composition. arXiv:1906.11990 [astro-ph,841 
physics:cond-mat] 2019.842 

21. Pruzan, P.; Chervin, J.-C.; Gauthier, M. Raman Spectroscopy Investigation of Ice VII and Deuterated Ice VII843 
to 40 GPa. Disorder in Ice VII. Europhys. Lett. 1990, 13, 81–87.844 

22. Somayazulu, M.; Shu, J.; Zha, C. In situ high-pressure x-ray diffraction study of H2O ice VII. The Journal of845 
chemical physics 2008, 128, 064510.846 

23. Guthrie, M.; Boehler, R.; Tulk, C.A.; Molaison, J.J.; dos Santos, A.M.; Li, K.; Hemley, R.J. Neutron diffraction847 
observations of interstitial protons in dense ice. Proceedings of the National Academy of Sciences 2013, 110, 848 
10552–10556.849 

24. Hirai, H.; Kadobayashi, H.; Matsuoka, T.; Ohishi, Y.; Yamamoto, Y. High pressure X-ray diffraction and850 
Raman spectroscopic studies of the phase change of D2O ice VII at approximately 11 GPa. International851 
Journal of High Pressure Research 2014, 34.852 

25. Yoshimura, Y.; Stewart, S.T.; Somayazulu, M.; Mao, H.; Hemley, R.J. High-pressure x-ray diffraction and853 
Raman spectroscopy of ice VIII. J. Chem. Phys. 2006, 124, 024502.854 

26. Davies, G.F. Quasi-harmonic finite strain equations of state of solids. Journal of Physics and Chemistry of855 
Solids 1973, 34, 1417–1429.856 

27. Poirier, J.-P.; Tarantola, A. A logarithmic equation of state. Physics of the Earth and Planetary Interiors 1998,857 
109, 1–8.858 

28. Vinet, P.; Rose, J.H.; Ferrante, J.; Smith, J.R. Universal features of the equation of state of solids. Journal of859 
Physics: Condensed Matter 1989, 1, 1941.860 

29. de Boor, C. A practical guide to splines; Rev. ed.; Springer: New York, 2001; ISBN 978-0-387-95366-3.861 
30. Brown, J.M. Local basis function representations of thermodynamic surfaces: Water at high pressure and862 

temperature as an example. Fluid Phase Equilibria 2018, 463, 18–31.863 
31. Bollengier, O.; Brown, J.M.; Shaw, G.H. Thermodynamics of pure liquid water: Sound speed measurements864 

to 700 MPa down to the freezing point, and an equation of state to 2300 MPa from 240 to 500 K. J. Chem.865 
Phys. 2019, 151, 054501.866 

32. Journaux, B.; Brown, J.M.; Pakhomova, A.; Collings, I.E.; Petitgirard, S.; Espinoza, P.; Ott, J.; Cova, F.;867 
Garbarino, G.; Hanfland, M. Gibbs energy of ices III, V and VI: wholistic thermodynamics and elasticity of868 
the water phase diagram to 2300 MPa. arXiv:1907.09598 [physics] 2019.869 

33. Aster, R.C.; Borchers, B.; Thurber, C.H. Parameter Estimation and Inverse Problems, Waltham; Massachusetts,870 
USA: Academic Press, 2012;871 

34. Strässle, Th.; Klotz, S.; Kunc, K.; Pomjakushin, V.; White, J.S. Equation of state of lead from high-pressure872 
neutron diffraction up to 8.9 GPa and its implication for the NaCl pressure scale. Phys. Rev. B 2014, 90,873 
014101.874 

35. Decker, D.L. High‐pressure equation of state for NaCl, KCl, and CsCl. Journal of Applied Physics 1971, 42,875 
3239–3244.876 

36. Brown, J.M. The NaCl pressure standard. Journal of Applied Physics 1999, 86, 5801–5808.877 
37. Stacey, F.D.; Davis, P.M. High pressure equations of state with applications to the lower mantle and core.878 

Physics of the Earth and Planetary interiors 2004, 142, 137–184.879 
38. Stacey, F.D. The K-primed approach to high-pressure equations of state. Geophysical Journal International880 

2000, 143, 621–628.881 
39. Bezacier, L.; Journaux, B.; Perrillat, J.-P.; Cardon, H.; Hanfland, M.; Daniel, I. Equations of state of ice VI882 

and ice VII at high pressure and high temperature. Journal of Chemical Physics 2014, 141, 104505.883 
40. Bridgman, P.W. Freezings and Compressions to 50,000 kg/cm2. The Journal of chemical physics 1941, 9, 794–884 

797.885 
41. Fei, Y.; Mao, H.; Hemley, R.J. Thermal expansivity, bulk modulus, and melting curve of H2O–ice VII to 20886 

GPa. The Journal of chemical physics 1993, 99, 5369–5373.887 
42. Frank, M.; FEI, Y.; HU, J. Constraining the equation of state of fluid H2O to 80 GPa using the melting curve,888 

bulk modulus, and thermal expansivity of Ice VII1. Geochimica et Cosmochimica Acta 2004, 68, 2781–2790.889 
43. Hernandez, J.-A.; Caracas, R. Proton dynamics and the phase diagram of dense water ice. The Journal of890 

Chemical Physics 2018, 148, 214501.891 
44. Journaux, B.; Caracas, R.; Carrez, P.; Gouriet, K.; Cordier, P.; Daniel, I. Elasticity and dislocations in ice X892 

under pressure. Physics of the Earth and Planetary Interiors 2014, 236, 10–15.893 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 December 2019                   doi:10.20944/preprints201912.0147.v1

Peer-reviewed version available at Minerals 2020, 10, 92; doi:10.3390/min10020092

https://doi.org/10.20944/preprints201912.0147.v1
https://doi.org/10.3390/min10020092


24 of 24 

45. Klotz, S.; Komatsu, K.; Kagi, H.; Kunc, K.; Sano-Furukawa, A.; Machida, S.; Hattori, T. Bulk moduli and894 
equations of state of ice VII and ice VIII. Phys. Rev. B 2017, 95, 174111.895 

46. Liu, L. Compression of ice VII to 500 kbar. Earth and Planetary Science Letters 1982, 61, 359–364.896 
47. Munro, R.G.; Block, S.; Mauer, F.A.; Piermarini, G. Isothermal equations of state for H2O‐VII and D2O‐VII.897 

Journal of Applied Physics 1982.898 
48. Olinger, B.; Halleck, P.M. Compression and bonding of ice VII and an empirical linear expression for the899 

isothermal compression of solids. The Journal of Chemical Physics 1975, 62, 94.900 
49. Sugimura, E.; Komabayashi, T.; Hirose, K.; Sata, N.; Ohishi, Y.; Dubrovinsky, L.S. Simultaneous high-901 

pressure and high-temperature volume measurements of ice VII and its thermal equation of state. Phys.902 
Rev. B 2010, 82, 134103.903 

50. Wolanin, E.; Pruzan, P.; Chervin, J.; Canny, B.; Gauthier, M.; Häusermann, D.; Hanfland, M. Equation of904 
state of ice VII up to 106 GPa. Physical Review B 1997, 56, 5781–5785.905 

51. Ahart, M.; Somayazulu, M.; Gramsch, S.A.; Boehler, R.; Mao, H.; Hemley, R.J. Brillouin scattering of H2O906 
ice to megabar pressures. J. Chem. Phys. 2011, 134, 124517.907 

52. Asahara, Y.; Hirose, K.; Ohishi, Y.; Hirao, N.; Murakami, M. Thermoelastic properties of ice VII and its908 
high-pressure polymorphs: Implications for dynamics of cold slab subduction in the lower mantle. Earth909 
and Planetary Science Letters 2010, 299, 474–482.910 

53. Shimizu, H.; Nabetani, T.; Nishiba, T.; Sasaki, S. High-pressure elastic properties of the VI and VII phase of911 
ice in dense H2O and D2O. Physical Review B 1996, 53, 6107–6110.912 

54. Zhang, J.S.; Hao, M.; Ren, Z.; Chen, B. The extreme acoustic anisotropy and fast sound velocities of cubic913 
high-pressure ice polymorphs at Mbar pressure. Appl. Phys. Lett. 2019, 114, 191903.914 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 December 2019                   doi:10.20944/preprints201912.0147.v1

Peer-reviewed version available at Minerals 2020, 10, 92; doi:10.3390/min10020092

https://doi.org/10.20944/preprints201912.0147.v1
https://doi.org/10.3390/min10020092

