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Abstract: Purpose of this article is to introduce a modification of Phillips operators on the interval B, oo)
via Dunkl generalization. This type of modification enables a better error estimation on the interval
[%, co | rather than the classical Dunkl Phillips operators on [0, o). We discuss the convergence results
and obtain the degrees of approximations. Furthermore, we calculate the rate of convergence by means
of modulus of continuity, Lipschitz type maximal functions, Peetre’s K-functional and second order
modulus of continuity.

Keywords: Szdsz operator; Dunkl analogue; generalization of exponential function; Korovkin type
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1. Preliminaries and Introduction

Szdsz operators [18] provide an extension to Bernstein operators [4] on the interval [0,00). In
the present years, several authors have studied the Dunkl type generalization of Szdsz operators (see
[1,2,9-12,14-16,19]).

Sucu [17] introduced Dunkl analogue of Szdsz operators. That is, for f € C[0,00), x > 0, v > 0 and
n €N,

® (4 14
S0 = o o s (C5), W

00 xé
ev(x) = . 2
o(x) E;) 7o @ 0
The coefficients <y, are given as
22T €+v+% 22T (P v+ 2
Yo(20) = ( )/ Yo(20+1) = ( 2) ®3)

r(o+1) r(v+})
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with recursion (1)
Yol +
g 4
Trirav,y - W @)
where
0 if¢=0,2,4,---,
6, = ' : 5)
1 if¢=1,35,---,

Studies on Dunkl type generalizations [13] and previous studies of Szdsz type operators [6,7]
demonstrate an error estimation to the operators which allow us much faster approximation to the
function which is being approximated. In this paper, we modify the Phillips operators given by [13]
via Dunkl generalization. Our main idea is to approximate these operators by well known Korovkin’s
and weighted Korovkin’s theorems. We estimate the degrees of approximations and calculate the rate of
convergence by means of modulus of continuity, Lipschitz type maximal functions, Peetre’s K-functional
and second order modulus of continuity.

2. New operators and their moments

Let {xx(x)} be a sequence of nonnegative continuous functions on [0, %) as

1
xn(x) = (x — %>+, neN, (6)
where
K ifx >0, @)
K ey
T o ifx<o.
Moreover, suppose

ev(—nxu(x))
xX) = — 25 8
jn,v( ) ev (an(x)) ( )

For f € C;(RT) = {f € C[0,00) : f(t) = O(t*),{ > n, n € N}, we define

Pn,v(f;x) Z an z

) T enty @—&-21)91 1te+2vof
/ F(H)dt, v >0
Tan fr s

where e, (x), 7, and 6, are defined as in [17] by (2), (3) and (5), respectively.
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Lemma 1. Lete, = t=1¢0=1,2,3,4,5and Tn,v(x) defined by (8). Then for x > 0, Py (e1; x) = 1 and for any
x > % we have

(1) Puolenr) = xt5,
Q) Puoles) = 4 (34 2000(0) %~ 1y Tunl),
(3) Pnoles;x) = x3+%(15—4v._7n,u(x))x2
+ 41? (39 4 16V + 720 T v (x)) x
_ 813 (7 + 16V + 680T00(x)),
(4) Puolesx) = x +1(14+4ujnv(x))x3

+ 53 (99 68070 (x )+8v2) 2

1
+ 53 (131429407, (x) + 960 + 160° Ty (x) ) x

+ —367 + 80807, (x) + 4320% + 640 Ty (x) )

o (

l; Pn,v (34/' x) =

Remark 1. For any 0 < x < %, we have Ppy(ex;x) = 5

%} Pn,v(e5;x) = %i

%; Puv (33} x) =

Here we also introduce the Stancu type generalization to the operators defined by (9). Thus, for each
f € C;(R") the modified version of the operators (9) is defined as

[e)

nz 00 an X K/e—nt €+2U9g 1t€+2U95 (Tlt-‘—lx)
eo(nxn(x)) = ro(f) Yo(£)

Spo(fix) =

0

where 0 < « < B. Note that if we take « = p = 0in (9), then the operators S, , reduce to operators defined
by (9) and if take x,(x) = x in P, then we get the operators defined studied in [13].

Lemma 2. Forx >0, S ,(e1;x) = Land for x > 5, we have
o * 4
]. Sn,v(ez;x) = n+ﬁpnv(€2, )+ n —i—’B,
2° S, o(e3;x) = LP (e'x)—&-zainp (e'x)+a72
n,v 37 - (1’1+ﬁ)2 n,v 37 (Tl+ﬁ)2 n,v 27 (Tl+ﬁ)2,
n3 3an? 302n o3
30 S* ; - T o\ v ; v I v I T A\
) = g P ) G g P ) Gy P e ) g
0 ox n 4an 6a’n?
4° Sy (es;x) = an,v(e& x) + an,v(€4/ x) + an,v(esz x)
403n ot
T g I G
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Lemma 3. For 0 < x < --, we have

S 2
(1) Spolesx) = %,
(2)°° Spulessx) = %,
()% Spplessx) = o 6(0:113/;)6)23+ o ,
24 + 4o + 120% + 4o + ot

(4)00 S:;,v(65,'x) = (Tl-’-ﬁ)‘l
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Lemma 4. Suppose 11; = (e2 — x) for j = 1,2,3,4, where e, is defined in Lemma 2. Then, for x > % we have

% * . _ n 142
1 Sn,u(ﬂlrx) = <m_1>x+2(”—+}3),
20 Sy (px) = {n—kﬁ n+ﬁ+1]
20n 20041
" {n+ﬁ 3+%$”(»+(w+@2_n+ﬁ]
o+ a? 1
+ Tl—l—ﬁ ( +ﬁ) an,v(x)/
B 4n® +6n2 _4n+1}4
AR G Y §

(
3" 82,0(774/‘3() = |:
[ By (14 + 4o + 40T 0(x))

o o? 4 eo(—nx(x))
[CEBE @5+“ 4”emm>>>
6n 2+4a}x3

+ m(3+2“+20jnv( >)_Tl+‘B

1’12
" L<+m4
e +/3) 2 (394160 +12(3 + &) (2 + &) 0.T0 (%))

1
2(n+p)?

n
+ | =————— (131 + 78a + 164 + 31av + 9602
{Z(n + B)* (

+ (294 + 144a + 16u2)ujn,v(x)>

(99 + 60 + 80 + 4(17 — 40)40.7,,0(v))

(12a + 1207 + 120%0° — 3ujn,v(x)) } 2

+ m (7 +160 — 124> — 8% + (68 + 6oc)v.7n,v(x)>

+ 612)2 (3 +20F,0(x ))]x

T m ( — 367 + 43207 + 640° Jy,0(x) — 560 — 12800

4+ 16a%(2a 4+ 1) + (808 — 544a)vjn,u(x)> - 2(%:_2‘3)20‘771,11(35).
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Lemma 5. Suppose 17; = (ez — x)! for j = 1,2,3,4, where e, defined in Lemma 2. Then, for any 0 < x < 5 we
have

Kk * a+1
(1) Sn,v(nl;x) = n+p - X
2
2_2(oc+1)x+2+¢x+02é,
(n+p) (n+B)
4a+1) 5 62+a+a?) ,
3 SE (nyx) = xt— X X
B Siolrax) L
4(6+6a+3a>+ad) 24+ 24a + 1247 + 40 + ot

CEYICE (n+ B

) Spolx) =

3. Korovkin type approximation

In the present section the results related to uniform convergence of the operators defined by (9) are
given via well-known Korovkin’s and weighted Korovkin’s type theorems.
Let R = [0,00) and Cp(R™) denote the linear normed space with the norm

I f leges, = sup | f() ]

Let

e tim L) o
H = {f.xlglgo1+x2 exists, x € [0,00)}.

Theorem 1. Let the function f € C[0,00) NH and the operators S;; (- ; - ) defined by (9). Then

lim Sy, (f;x) = f(x)

n—o0

uniformly on U, where U is any compact subset of [0, o).

Proof of Theorem 1. We apply the well-known Korovkin’s theorem to prove the uniform convergence of
operators S;; ,( - - ). Therefore, for £ = 1,2,3, we see lim;, 0 S;; ,(e;x) = xt-1 uniformly. Therefore, we
have

; ) — 1- ; ) — e ; ca) — 42
rllgr;OS;‘,v(el,x) =1 nh_r)roloS,f,U(ez,x) =x; nh_r)rolo Sy o(ezx) = x°.

Hence proved. O

We recall the weighted spaces defined by Gadziev [8]. We write B,(R™") for the set of all functions
such that

| f(x) [< mgo(x)
()]

with || f]|e = sup,~g +(x) - Where 1 is a constant depends on f , and x — ¢(x) is a continuous and strictly
increasing function such as o(x) = 1+ ¢?(x) with limy_,e 0(x) = co. Let C,(R*) = B,(RT) N C(R™).
Note that [8] the sequence of positive linear operators {L, },>1 maps C,(R") into B,(R") if and only if

|L,(0;x)|] < Ko(x)
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with o(x) = 1+ ¢?(x), x € R* and K is a positive constant. Let C2(R ") be a subset of C,(R*) such that

Theorem 2. Let Sy, be the sequence of positive linear operators acting from Cy(R™) into By(R™) such that
lim || S0(¢5(0;%) — 95(x) =0 k=0,1,2
Then for all f € CO(R), we have

im [| S, (f();x) = f(x) [o=0.

n—o00

Proof of Theorem 2. Consider ¢(x) = x, o(x) = 1+ x? and

[ S (e) = 21)|
Sholesx) = x|
= su
ng 1+ x2

Then by Korovkin’s theorem, it is easily proved that lim; e ‘ (-1

=0,for¢=1,2,3.

S:;,U (eZ; x) -X
o

Hence for any f € CO(RT), we get

lim |[S;, (f(£);x) = f(x)|], = 0.

n—oo

O
Theorem 3. Let S}, ,(-; - ) be the operators defined by (9). Then for every f € CI(R™), we have

Tim || 87, (f:2) — f [lo=0.
Proof of Theorem 3. We prove this theorem in the light of 2. Take f(t) = e¢; defined by Lemma 2. Then,
forany f(t) € CO(RT), Sj; ,(eg; x) — x~1 (¢ = 1,2,3) uniformly as n — oo. For £ = 1, by applying Lemma
2, we get S;; ,(e1;x) =1, so that
lim ||S;;, (e1;x) —1]| =0. ©)

n—»00 o

Take ¢ =2 and x > %, we get

1S3 (e2ix) = x|,

~ sup S o (e2;x) — x|
>0 14 x2

~ sup nnTﬁ’Pn,v(eZ; x) - X+ ni
¥>0 14 x2

<< n —1>su X n 1+ 2« su 1
=\n+p T2 2(n+B) a1+
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Incaseof 0 < x < %,
S0 (e2x) — ]|,
|SZ,U(32;x) _x}

0<x< L 1+x2
< max |8y, (e2;x) — x|
0<x<g
w+1 ‘
max —x
0<x< L [N+ p
1
+ﬁmax{tx+1, (x—%' }
Then
nlgroloHS,fv (e2;x) —x||, = 0.

In similar way if take { = 3 and x > zl—n, we get

doi:10.20944/,

= su
x;g 1+ x2
2 2
_ qup [ Pr(e ) + G Pan(eri ) + i =
x>0 1 +x2
< < " 1) su 2 +— (2a 4+ 34 20Tp,0(x)) su ad
“\n+p? )T T it p e T
1 1
= (4a+4a®— .,
+4(n+/3)2 ( o j”'v(x)> i;%l—i—xz
Incaseof 0 < x < %, we get
1S5 (e3i ) — x|,
|8;:v(62;x) - x|
= max 5
0<x<-L 1+x

< max |8y, (e2;x) — x|
nggﬁ

2+a+a®
—— — X
(n+p)?

_ 2+a+a?
 (n+p)?

< max
0<x< 4

lim’S* e3; X —x2H =0.
e n,v(3') -

This proves the theorem. [

reprints201912.0134.v1
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(10)

(11
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4. Order of approximation of S;; ,(-; -)
We denote the set of all uniformly continuous functions by C[0, ). Let @(f;J) denote the modulus
of continuity of f € C[0,0), i.e.
@(f;0)= sup | f(x1)—f(x2)|; x1,x2 €[0,00), 6> 0. (12)
|x1 —xZ‘Sé

which satisfies that lims . @(f;8) =0, and

| X1 — x|

[ fn) = ) < (1572 1) w(0) 13

In the light of Lemma 4 and 5 we use the notation

\ Sﬁ,v (72;x) = Sn,v(x)/ (14)

where "
oo ¢ 0sxs,
- +1|x
- |: (n+p)? ﬂ+ﬁ ]
(Guul)” = s et )
+[(n+ﬁ) (3+20;7nv( ))+ (n+p)? - nﬂ;}x
+(zig) n_,_/g)z N v( ) if x> %
and
Tnal) = Fion(@) = { £ 0Sx< g (16
no(X) = Jpo\MXn(X)) = jn*lv (nx—%); y xzﬁ
Theorem 4. Forany f € C[0, ),
| Sno(fix) = f(x) <20 (f3dn0(x)),
where by, (x) is defined by (15).
Proof of Theorem 4. Using (12) and (13), we get
Spo(fix) = f(x) = Suu(fix) = f(x)S;(e1;x)

(x)Sy
= S (f(H) - f(X)/)
< Suo (1F(8) = F()]5%)

Yot
wllmli) ) @t

Since Sj; ,(e1;x) = 1, by (13) we get

—

S

|Sno(fix) = f(x)| < Sy <+|77

- (-

/'\
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From the Cauchy-Schwarz inequality we conclude that

NI
NI

Spo(Iml;x) < Sy (e1;0)2 Sy (172; %)
= Sno(25%)2.

Nf—=

Therefore,

N—

Sialfin) = F0)] < (14 3500 )} ) @(:0)

Choose § = b,,0(x) = /S;;, (112; x), then we get the result. [

Here we use the usual class of Lipschitz functions and obtain the rate of convergence of the sequence
of positive linear operators S; ,(-; - ) (9). For L >0, 0 < ¢ <1 and for the continuous functions f on
[0, 0), the class of Lipschitz functions Lip, o (f) is

Lipr,o(f) ={f:1 fle) = fl2) IS LIg1 -2 £L>0,0<0<1 (61,62€[0,))}  (17)
Theorem 5. Forany f € Lipy,,, we have
| Sno(fi0) = F(2) | L (buo(x))*
where 5y, (x) is defined by (15).

Proof of Theorem 5. By Holder inequality and (17), we get

S50~ f) | < 1S5(F(0) ~ ()|
< S50 F0) — F(x) )
< £8;,(ml%v)
< L(Sulen) T (Shu(m o)

Nl

L (S5,0(n2%))

O

The space of all that continuous and bounded functions on R is denoted by Cz(R™) and
CB(R™) = {p € Co(R) : ¢/, 9" € Cy(RT)}. (18)
The norm on C3(R") is given by
I llez @)=l V' ey + 119 lepmey + 1 9 lcpmy 19)

where the norm for Cz(R™) is
19 lcymey=sup | $(x) |- (20)
x>0

Theorem 6. Let € C3(RY). Then

| S (%) = (%) [< pno (O [Wllcz e+
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I 2
where jin,y (x) = 8y, (x) + Le2fS

Proof of Theorem 6. By Taylor series expansion for i € C3(R™) we obtain

P(t) = (x) + ¢ (X)m + ¢ (9) T where y, 1 are given by (4, (5)

1
[p(t) — ()| <l [ m | +5thn,
where

Uy = sup [¢' (x)| = [[¢'[lcymr) < [#llcz @+
x>0

U = sup [¢" (x)| = |[¢"]|cym+) < ]l m+y:-
x>0

Therefore,
1
90 -9l < (Im 1 +3m) ¥l me

By using linearity of S;; , we get

1550003 =900 < (il 1)+ 3Sh00m%) ) Wl e
So that
Sh(3) — )] = [S5o(p() — 90| < i (900 — 9] 53)

From Cauchy-Schwarz inequality,

1
2

S50 m %) < (s,’;,v <nz;x>) .

Thus, we have _ 5
T On,v
20000 = 90| < (B0 + L2 1yl
O

5. Peetre’s K-functional and Direct theorem of S;; ,(-; - )

The Peetre’s K-functional is an influence of potential research work on approximation process has
given by J. Peetre in 1968. The Peetre was enable to to investigate the interpolation spaces between two
Banach spaces and an interactions to the real interpolation on K-functional. For any f € Cz(R"), the
Peetre’s, well-known K-functional property defined as:

Ka(f,8) = inf { (I £ =9 lleymr) +6 1 9" lgee)) : 9 € W2}, e3)

where

W2={y| ¢,y and ¢" € Cp(R")}. (22)
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For any § > 0 and a positive constant C one has K5 (f;9) < Cwa(f; 51 ), where

wy(f;82) = sup sup | F(E+2h) —2f(E+ 1)+ F() | - (23)
0<h<d2 —

Theorem 7. Let f € Cg(R™). Then there exists a positive constant D such as

|S:;,v(f;x) _f(x)|

< ZD{wz (f,' W) + min (1 An;( )) ||f||cB(R+)}f

where Ay, (x) is given by 6 and wy ( f; /\””T(x)> is given by (15).

Proof of Theorem 7. Take ¢ € C5(R™). Thus we get

}Sﬁ,v(ﬁx)— | |S;Lkvf ¢x |—|—’S:;vlle |+|f ( )|
<2[|f = Yllcyre) + Anp(x )Hl/’HcZ R+)

An
=2 (11F = ¥l + 22 gl ey ).

By taking the infimum over all € C3(R ") and by using (21), we get

% A
[Sialfin) = )] < 22 (22520,
Now, for an absolute constant D > 0 in [5], we use the following relation:

Ko(f;8) < D{wa(f; V&) + min(L;8)[|fl| ) )

/\nu( )

where § = . This completes the proof. [

For an arbitrary f € CJ(R") the following weighted modulus of continuity was defined in [3]

_ x+h)— f(x
o= \hlgsﬁl,lpxzo | {1(+ xz))(l J{§12)) |' @
satisfying
lim Q(f;3) =0, (25)
50
and
£ £ 12 (K5 1) e +2) (- 02 1) Q(5D) 6)

Theorem 8. Forany f € CO(R"), we have

sup |Sio(fix) = f(x)] SA<1+O(An,v)>Q(f}O(\/A7n,U))/

x€[0,Any) 1+x2
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where A is a positive constant and for x > %

n? 2n o+ a? 1
_ 11, — 0T (x),
o arp e g pr
n 2an sz—l—l}

CEYIE (B +2vTn,0(x)) + n+B)? n+p

Any = max{ (

andf0r0§x§l

2n’

2 1) 2 2
Any = max{l, (a+1) 2+ata }

(n+p)" (n+p)?

Proof of Theorem 8. We prove it by using (24), (26) and Cauchy-Schwarz inequality. We have
|Sno(fix) = f(x)]|

<2(1+6)(1+x2)Q(f;90) (1 + 85 o (12:%) + S o (1 +172) | 'z; |;x)>. (27)

From the Lemma 4, 5 we easily conclude that,

S;,v (772; x)

IN

A O (An,u> (1 +x+ xz)
< A1+x+x?)
where A and A, are positive constants, and for x > -

n? 2n &+ a2 1
ny — - 1/ -
Ans=max {2 L e q
n 2an 2¢x+1}

g pr CH2Inw )+ s ~ g

5 an,v (x)/

(28)

1
and for0 < x < 5,

2
An,vzmax{l,z(lx—i_l) 24 a+ua }

(n+p)" (n+p)?
By apply the Cauchy-Schwarz inequality we easily see that

Sia (14 )

1 1
<2s; ) (Sp(Zix))
<2( 8, (14 n4x) wlzmx)) (29)

Similarly for the constants A3 > 0 and A4 > 0, we have

1
2

Nl—

<8;:,v (1+ 74 x))

<A3(1+x2+x3+x4)
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1 1 )
21 3 !
() <o) rore)

Finally, in view of (27), (28) and (29), and choosing § = O (w /An,u> ,and A =2(1+ Ay +2A43A,),

we easily led to the desire result. [
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