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s Abstract In this article, the new HermiteHadamard type inequalities are studied via generalized
6 s-convexity on fractal sets. These inequalities derived on fractal sets are shown to be the gen-
7 eralized s-convexity on fractal sets. We proved that the absolute values of the first and second
s derivatives for the new inequalities are the generalization of s-convexity on fractal sets.

o Keywords: s-convex function; HermiteHadamard inequalities; Riemann-Liouville fractional inte-

10 grals; fractal space.

+ 1 Introduction

12 The convexity is considered among the important property in mathematical analysis. The ap-
13 plications of convex functions can be found in many fields of studies including economy, engi-
11 neering and optimization (see for example [1, 4]). A well-known result which was identified as
15 Hermite-Hadamard inequalities is the reformulation through the convexity. These inequalities,
16 widely reported in the literature, can be defined as follows:

Theorem 1. Suppose that ¢ : [u,v] C R — R is a convex function on [u,v] with u < v, then
<u + v) P(w) +¢(v) + b(©)
v 2

17 These two inequalities, which are the refinement to the convexity, can be held in reverse or-

(1)

18 der as concave. Following this, many refinements of convex functions using Hermite-Hadamard
19 inequalities have been continuously studied [3, 5, 7]. Given the variation of Hermite-Hadamard
»  inequalities, Dragomir and Fitzpatrick [6] established a new generalizations of s-convex functions

2 in the second sense.
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Theorem 2. Suppose that v : Ry — Ry is a s-convex function in the second sense, where
0<s<1,u,v€Ry andu<wv. If € L*([u,v]), then

() et [ D

2 Even though the Hermite-Hadamard inequalities are established for classical integrals, the
23 inequalities can also hold for fractional calculus. Other important generalizations include the work
a  of Sarkaya et al. [8], who proved the Hermite-Hadamard inequalities through fractional integrals

s as follows:

Theorem 3. Suppose that ¥ : [u,v] — R is a non-negative function with 0 < v < v and ¢ €

Li[u,v]. If ¢ is convex function on [u,v], we have:

o (M) < 2D )+ s < LEEY

% where a > 0.

2 The s-convexity mentioned in Hudzik and Maligranda [12] was also given as the generalization
s on fractal sets.

Definition 1. [9] A function ¢ : Ry — R is called generalized s-convex in the second sense if

Py +720) <7%(u) +9779(v), (3)

2 holds for all u,v € Ry, 41,72 > 0, with 71 + 2 = 1 and for some fixed s € (0, 1]. The symbol GK?
s denotes the class of this function .

3 The Riemann-Liouvile fractional integral is introduced here due to its importance.

Definition 2. [10] Suppose that ¢ € L;[u,v]. The Riemann-Liouvile integrals J, ¢ and J& v of
order o € Ry are defined by

T = s [ @) )y x>

and
5o = s [ -0 <
v— - F(Oé) . ’Y 7 77 )
3 respectively.
3 The following lemma for differentiable mapping is given by Sarikaya et al. [8].

Lemma 1. Let ¢ : [u,v] — R be a differentiable mapping on (u,v) with v < v. If " € Llu,v],

then we have:

Yw) +¢v)  Tlat1)
2 2(v —u)™

[J8, () + IO (w)] = / (1= 7)® =774 (v + (1 — 7o)y,
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3 Wang et al. [11] extended Lemma 1 to include two casses, one of wich involves the second

35 derivative of Riemann-Liouvile fractional integrals.

s Lemma 2. Let ¢ : [u,v] = R be a twice-differentiable mapping on (u,v) with u < v. If " €
s LYu,v], then

Y(u) +¢)  Tla+1)

[T () + Ty 1 (u)]

2 (v —u)®
(U _u)2 /1 1- (1 — 7)a+1 _7a+1 "
_ 1-— d
>, P P (yu+ (1 —7y)v)dy,
s holds.
30 This paper is aimed at establishing some new integral inequalities via generalized s-convexity

w0 on fractal sets. We show that the newly established inequalities are generalized form of Theorem 2.
. The new HermiteHadamard type inequalities in the class of functions having derivatives in absolute
«2 values are shown to be s-convex function on fractal sets. This was achieved using Riemann-Liouville

s fractional integrals inequalities.

« 2 Main results

s Our first main result is obtained by the following theorem.

Theorem 4. Suppose that) : [u,v] C Ry — RS is a genralized s-convex on [u,v], where0 < s < 1,
u,v € Ry and u <wv. If ¢ € L'([u,v]), then we obtain

as—1 u+v F(Oé + 1) o (e 1 F(OéS + 1)F(Oé + 1) [’l/)(u) + w(’U)]
2 ¢( 2 ) = 2(v —u)e [ 9 (0) + T v(u)] < [s +1 INa(s+1)+1) 2 '

(4)

Proof. Since 1) € GK?2, we get

NENPECELT) 5
Substituting x = yu + (1 —y)v and y = (1 — y)u + yv with v € [0,1] in inequality (5), we obtain
20 (T52) < vlou+ (L)) + 00+ (1= 1)) )

Multiplying both sides of (6) by v*~! and integrating the result inequality with respect to v over
[0,1], then we get

2”‘2/,(“*”; y) < /O gt (= 7))+ /O i+ (-9

= L@ e ) g2 g, (7)

(v—u)

s Then the first inequality in (4) is proved.
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To prove the second inequality in (4), since ¢ € GK2, we get
P(yu+ (1 =)o) <" ¢(u) + (1 =7)*P(v), (8)
and
Y(yo+ (1 =y)u) <y**Y(v) + (1 —7)*p(u). (9)
Combining the inequalities (8) and (9), we obtain

Pyu+ (1 =7)v) + (1 = Y)u+v) <*P(u) + (1 =7)*h(0) + 7" (u) + (1 =) *P(u)
="+ A=) (w) + P ()] (10)

A similar technique used in (6) is applied to inequality (10) to get the following:

F (0% « ! as s
1 v) + I )] < [ 4T (=) ) + vl
(v—u)* 0
(as + 1T ()
11
< |aor oy | e,y
where
1
1
as+s—1d —
/O 0 = e
and
1
_ Tas+ 1) ()
a—1 1— S I = .
/0 7T A=)y I'as+a+1)
« Using inequalities (7) and (11), we proved Theorem 4. O
Remark 1. If we set k = lerl + W} for 0 < s < 1, then it is best possible in the

second inequality of Theorem 4.
The map 9 : [0,1] — [0%, 1¢] given by ©(z) = 2°¢ is generalization s-convex in the second sense,

INa+1)
2

1 Fas+1)I(a+ 1)]

[(Jox (1) + T3 9(0)] = L +1 Nla(s+1)+1)

and

1 Flas+ 1) (a+ 1)] [W(0) +v(1)] [ 1 Flas+ 1)I(a+ 1)]
s+1  T(a(s+1)+2) 2 S ls+1 0 T(a(s+1)+1)

s Corollary 1. Taking a = 1 in Theorem 4, then the inequality 2 is similar to Theorem 2 introduced

w0 by Dragomir and Fitzpatrick [6].

Remark 2. Since
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Then we have

utv, Na+1)

2(18—1,(/}(

2 )_Q(U—u)"‘ s+1 Na(s+1)+1) 2

% (o) + T2 (w)] < [ 1 FNas+ 1) (a+ 1)] [t(u) + ()]

< [1+3(a5+1,a+1)][¢(u)+w<v)].

s+1 2
Theorem 5. Suppose that M : [0,1] — R® is a mapping given by
T(a+1) u+v U+ v
= —F7=|J% 1—7v)—— J 1-— 0,1
e R SRR R R CORNIER oy | RIS
o where 1 : [u,v] — R* belongs to GK?2, s € (0,1], u,v € Ry,u < v and 9 € L*([u,v]). Then

s (i) M eGK2on[0,1].

M(7)

(ii) We have the following inequality:

M<7)22“3w(“;”>.

(iii) We have the following inequality:

M(’Y) < min{Ml (’Y)a MQ(V)}’ Y€ [07 1]a
where,
M) = LD (o) + T v] + (=) ()
and

1 Nas+ 1)T(a+1)

(12)

My(y) = L+1+ Ta(s +1) 12) ][w(wﬂl—v)u—;v)+¢(w+(1—v)u—;v)]

(iv) If M = max{M,(v), Ma(7)},~ € [0,1], then we have

o e B s ()]

Proof. (i) Let v1,72 € [0,1] and 1, o > 0 with gy + pe = 1, then

. _
(v(a—;)l‘j _Jgﬂ/)((ul’h + ) ; C (1= (m + p2v2)))

M (pam + poy2) =

+ Jﬁw((ulvl +p2y2)u+ (1= (pay + ”m))u;ﬂ))]

SN
< T D e (e (0w =)+ (e (=)

wug (a0 (0 =) g v (et (-2 50 ) )]

2
= " M(v1) + p3* M ().

u—+v
2

d0i:10.20944/preprints201909.0272.v1
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(ii) Assume that v(0,1]. Then by the change variables ¢ = yv-+(1—7)“* and p = yu+(1—7) %52,

we have

MNa+1) [ ., u+v o u+v
MO = e J<7v+<1v>w>+7/’(7“+(1_7) > )J“](wm www(V“(l_” 5 >]
~ I(a+1)

o ) + 5 0)

Applying the first generalized Hermite-Hadamard inequalities, we obtain

w[ﬁiwp) + I (g)] > Qaw(q;;p) _ 2”%(“;“),

and inequality (12) is obtained.

u—+v as— u+v
o(ar)zze(5)

(iii) Applying the second generalized Hermite-Hadamard inequalities, we obtain

If v = 0, the inequality

52 also hold.

I(a+1)
(v —u)e

1 Flas+ 1) (a+1)
1 e e + v

[ e (e

)+

(

)+
+¢<7v+ (1—» u—l—v)]

= Az(7), ¥y € 0,1].

mewﬂﬁwws[

Note that if v = 0, then the inequality

o(£5) - s [ T e (11)

holds as it is equivalent to

(s ] =) () =

and we know that for s € (0, 1).

Since

w(“”*l‘”u;v><7“wmw+u— Ww(u+v>

and

w@““‘”?ﬂé%%@( r%@*ﬂ
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Forall v € [0, 1] and x € [u, v], then we obtain
Tr
M) = (D g a0 ae (e a -5
JT(a+1)
R

= M (v),

(T2 b(v) + T p(u)] 4+ (1 — )asd}(u—i—v)

53 and the inequality (13) is proved.

(iv) We have
Ma(vy) = [ 1 + (as—i—l)l—‘ga—i—l)] [¢<7u+(1—7)u2+v> _,_w(vv_i_(l_v)u—;—v)}

(a

1)+

s+l Tlas+D)+2)
< |+ e e D et + (= pu (S50 + e

+1 " T(als+
——e
I

~ | e e e + v+ 2o - (450

Since
MNa+1) . ., o 1 Tas+ 1) (a+ 1) ] [¥(u) + ¥ (v)]
2(1} _ u)a [Jquw(’U) + Jv*d](u)] S |:S I 1 + F(Q(S + 1) I 1) :| 2 )
and
TR o ws] 1 I'as+ 1)T(a+1) u+v
(1=7) ¢< ) <2%(1-7) LH P T }1&( 2 )
then
M) <7 o e () + 6
o ws] 1 Mas+1)(a+1) u+v
281 =) [s+1 T(a(s+1) +1) }d’( 2 )
54 and the proof of Theorem 5 is complete. O

ss Corollary 2. Choosing s = 1 in Theorem 5, we have

@)

anc] E AR R R (RN (LIRS |

< min {4 D w(0) + I 0]

)
R Caa N LU

X [w(wﬂl—v)u;v) +¢<vv+(1—7)ugv)]}

7
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(ii) Since
M = max {'70‘ I(;E _—Z)lo? [(Jur o (v) + Ji-p(u)] + (1 — 'Y)Qw(u —2i_ U)’
1 (F(a+1))2 u+ v U+ v
N et =)
we get

[ S s e (23)

Theorem 6. Let v : [u,v] C Ry — R® be a differentiable function on (u,v) where 0 < u < v. For

some fized ¢ > 1, if |'|? is a generalized s-convex on (u,v), we obtain

1—1

V—U 2 a
< i
-2 (a—i—l)

X ([6(04—1—1,045—1-1)-%@]

‘MJ(U) +¢)  Tlat+l)
2

S ORI

1

wwmm«uwwwof

s Proof. Applying Lemma 1, we obtain

v—u
2

) +90) T+ o, .
o ek L) + T3 ()

1
A[u—vw—vﬂwwu+u—wwm7.
(14)

First, suppose ¢ = 1. Since the function |¢)'(u)| is a generalized s-convex on (u,v), we obtain
[’ (yu + (1 = y)oy| < ™" (w)| + (1 =) ** [’ (v)]. (15)

Therefore,

/(; [(1—7)* —~9 ,(/}/(fyu +(1- ’)/)U)d'y‘ < W}I(“”/O [(1— 7)™ + ’Yas+a]d’y

-+|¢/u»|]€ (1= )55 4 (1= 42 )12]dy

1

= 1 Nt —
(6(a+ yas + 1)+ ———ry

)wwo+ww»
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Suppose that ¢ > 1, from the power mean inequality

1
q

1
Jia=a e+ - w“sw’(v)ﬂdv)

X
2 \'"u
= 1 1 _—
a—}-l) (6(04—1— st )+043—|—a+1}
1
<V @+ ) (1)
sv  In view of inequalities (14), (16) and (17) complete the proof of Theorem 6. O

ss  Corollary 3. Under the similar conditions of Theorem 6, we get
(i) If ¢ =s=1, then

’1/1 (u) ;L Y(v) 22&)“_*5)21 [T (v) + T ()]

<250 gty +8at a1 (@l + 1 ).

(ii) f g = a=s =1, then

ORI

v—1U

4

<

(W' ()] + [¢'()])-

v—Uu

(iii) If g>1land s=1

‘w(U) +¢()  Tlet+1)
2

2(,0 _ U)a [‘]3‘*'1/}(’0) + Jg‘—d)(u)]

1—1
v—u 2 a 1
< —_— 1 1 B EE——
-2 <a—|—1> <[B(a—|— a8+ )+a3+a—|—1
1
q

< [ (W] + |w'<v>m) |

(iv) fg>landa=s=1

‘¢(u) ‘QHP(U) . i . /uv Sy < v ; u <|¢’(u)|q ;r W(v”q);.
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60

Theorem 7. Let ¢ : [u,v] C Ry — R® be a differentiable function on (u,v) where 0 < u < v. If
|7 is a generalized s-convex on (u,v) for ¢ > 1, we get

Pt D vt + sl | < 2 (2 - )
([Pgeirten L)’
X (I (u)]? + | (v)]9] 7.

Proof. Since |9’ (u)] is a generalized s-convex on (u,v), we obtain

[0 (yu + (1 =)oy < 1" (u)] 4 (1 = 7)Y’ (v)].

From this fact and applying the Hlder’s inequality, we have

Q=

h
>
—
|
2
Q
|
2
R
<
)
s
Jr
—
|
2
=
Y
=
A\
c\
>
_
|
2
Q
|
2
_R
-
I
hD‘)—‘

(L =7 =7 (yu+ (1 - ’y)v)dv‘

1—1

1 q

IN

IN
TN/~ 7 N/~
S—
Nl=

(1= 7)® = dy + /

1
2

b1 v)“]dv)

11— ) — 7| (a4 (1 — v)v)lqd7> “’
0

/1 1
/5[(1 —9)* — y%dy + /1[701 a- W)Q]dy)l_q

X

1
2

Qe

X

/0 (=" + "Iy [ (W) + (1 = v)asllb’(v)q]dv)

(-] (e )

X [ ()9 + [ (v)9) 7. (18)

Q=

Thus, the inequalities (14) and (18) complete the proof of Theorem 7. O

Theorem 8. Let v : [u,v] C Ry — R* be a differentiable mapping on (u,v) with 0 < u < v. For

some fized q > 1, if [V'|? is a generalized s-convex on [u,v] , then we have:

P(u) ;Lw(v) _ Tla+ 11 [T (v) + T3 (w)] ’ <— ( : [1 - 1D |

2(v —u) 2 \ap+1 20p

Proof. By applying Hlder’s inequality and (15), we obtain

10

: (557) (v + )’

d0i:10.20944/preprints201909.0272.v1
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AWu—vw—wﬂWWu+u—wwmﬂs sul—wa—vwwo (/|w7u+1— >Ww0

/1
‘Aiul—Jwa-—vanv+-/Zry (1= Pdv>p

2

IN

1

(
(
(/Ol[vas|¢'(u)lq +(1— W)C“slw’(v)de) ;

(il e]) (M)

o Finally, from (14) (19) we get the desired result. O

X

IN

Remark 3. From Theorem 8, 6 and 7 we obtain the following inequality for ¢ > 1

‘ww) +¢@) _ Tla+1)
2(v —u)®

[ﬁww+ﬁwxﬂ<mwa&ﬂﬁ( =) [ )|+ )9

where

S = <a11>1_2([ﬁ(a+1’as+1)+W})é-
"o (O‘il [1 - 21”‘])1_2 <[F(FOEZ(J; i)E;a;;)l) T als +11) + 1Dé'

G (2L Ly
8 ap+1 2ap as+1) °

Theorem 9. Let ¢ : [u,v] C Ry — R® be a twice-differentiable function on (u,v) with 0 < u < v.

For some fized ¢ > 1, if [¢)"|? is a generalized s-convex on (u,v), then we get

()

-2
1 1
_ 1, 9 -
<oz Blas+1,a+ ) as+a+2>

(14" (u w+¢%»)

=

‘MU) +¢)  Tlat+l)
2

S ORI

q

X

Q=

Proof. Applying Lemma 2, we have

‘w(u) +P(v) 5(5}“_*131 [T h(v) 4+ T (u)] ‘

7(v_u)2 /1 1— (1 _,y)oc+1 _,ya+1
2 0 a+1

(20)

[ (yu + (1 = ~)v)|dy.

11
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63

64

d0i:10.20944/preprints201909.0272.v1

Firstly, suppose that ¢ = 1. Since the mapping |¢)”| is generalized s-convexity on fractal sets, we
obtain

[0y (L= 0] < 7% [ (w)| + (1= ) [9(0)] (21)
Therefore,
) FOED ) + g vt
S(U;WQXT1_(1_ztzl_7w4(ymyﬂmﬂ+%l—vfﬂvﬁw0dv
::;Jﬁi(a;+l—ﬂms+La+®—¢w+z+2>WMWH+WWWL
where,

Blas+1,a+2)=F(a+2,as+1).

Secondly, for ¢ > 1. From Lemma 2 and the power mean inequality, we have

Y +¢@)  Tla+l) ., o
2 - 2(,0 _ u)a [Ju+’l/](v) + Jufw(u)]
(’U — u)2 ! a+1 a+1 1_%
Sma+n(ﬁ“*1‘”4‘7+) 22)

1

1 q
X (/ L= (1 =) =2y (yu + (1 - v)v)lqdv)
0
Hence, from inequalities (21) and (22), we obtain

‘w(U) t9)  Tlat+1)
2(v —u)~

g‘(’af)l) </1 1— (1 =yt = 7"‘“) o </01 1= (1 =) =y (yu+ (1 - V)U)lqd“V) q

1 q
X(A 1uvw+1¢Hw¢ﬂw%mw+<lvwﬂwxwmw0

N2 -3 1 1 i
Sg(}oz +U)1) (aiQ) (as+ T~ Blas+1la+2) - OM) (W//(u)'q + W/l(v)'q)

[nwm+ﬁwwﬂ

1

| /\

IN

Q=

O

Theorem 10. Let ¢ : [u,v] C Ry — R* be a twice-differentiable function. If |¢)"|? is a generalized
s-convex on (u,v), where 0 < u < v, s € (0,1] and for some fixred ¢ > 1, then we get

Y) +¢Y) Tla+l) . o (w—u?( 9 1
‘ 2 2(v —u)e [Jus(v) + Jg-o( )]‘ < 2o+ 1) (1 p(a—|—1)+>

y <|w"<u>w«+|¢”<vnq>3
as+1

)

12
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e where % + % =1.
Proof. From (20), (21) and the Hlders inequality, we have

‘w(u) +¢@) _ Tla+1)
2 2(v —u)“

L2 (o) + T ()] \

s ([a-a- —ran) : (19"t @ = poran )
<O ( [ ) (s [ e [ o =)’
We use

(1= (1 —y)*H =92t <1 — (1 — y)alett) —galetd),
for any v € [0,1], which follows from
(V-N)?I<VI— N1,

where
V>N2>0and ¢ > 1.

e The proof of Theorem 10 is completed. O
67 The following another Hermit-Hadamard type inequalities of the second derivatives.

Theorem 11. Under the same assumptions of Theorem 10, we have

Pl tl) Tt D) e ) 4 g gpu)] ‘ S

2 2(v —u) 2(a+1)
X(asl—l—l —Blas+1,q(a+s)+1) — (a+1)q1+a8+1>q
(e + )

13
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68

69

70

71

Proof. By applying Lemma 2 and the Hlders inequality, we obtain

1

’1/1(u) +¢(v) ;((Uaj—b;i () + IO ()
<O (o) ([ a- = - o+ 0 - o)
<@ (Wl [ o = = iger ey,

1
(o)) / (1 —7)® — (1 = yysletDras _alasn(q —wasm)

IA

1 1

2
(" + o)’

(1()01_—1?)1) (as +1

—Bas+ 1,1+ qla+s)) —

Q=

1

Remark 4. From Theorems 9, 10 and 11, we have

q
(a+1)q+a3—|—1>

) (1wt + 1wl

‘¢(u) +v) 21“(Sja_+u§l [T p(v) + T (u)] ‘ < min{Ky, Ko, K3}

where

 (v—u)? a \'7d 1 1
KlQ(a+1)(a+2) <a3+1ﬂ(as+1’a+2)as+a+2

_wew? 2 Nl )

2_2(a—i—1)<1 p(a+1)+> ( as+1 ) '

 (v—u)? 1 1

Ky = 2(a+1) (as+1 ~Blast+Lglats)+1) - gla+1l)+as+1

3 Applications to special means

Using the obtained results, we examine some applications to special means of non-negative numbers

u and v.

1. The arithmetic mean:

A= A(u,v) =

_ u+v

;u,

v € R, with u,v > 0.

2. The logarithmic mean:

L(u,v) =

logv— logu’

v—u

u,v € R, with u,v > 0.

3. The generalized logarithmic mean:

() = |

Tl g r+1

(v—u)(r+1)

)é

1
] ;r € Z\{-1,0} u,v € R, with u,v > 0.

14
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7 Using the results obtained in Section 2, and the above applications of means, we get the following
79 proposition.

Proposition 1. Suppose thatr € Z, |r| > 2 and u,v € R such that 0 < u < v, we get the following:

v—u)lr 1o
< Oy = o),

'A(ur,vr) — L"(u, ) :

s Proof. This follows from Corollary 3 (ii) wich applied for ¢ (z) = 2", we get the required result. O

Proposition 2. Suppose that n € Z, |r| > 2 and u,v € R such that 0 < uw < v. Then for ¢ > 1,
we get the following:

‘A(ur7vr) — L7 (u,v)| < %/ﬁ(\ur’(r—l), jp[atr=1)),

st Proof. This follows from Corollary 3 (iv) wich applied for ¢(x) = =™, we get the required result. O

Proposition 3. Suppose that u,v € R such that 0 < u < v, then

< O A o)

22 Proof. This follows from Corollary 3 (ii) wich applied for ¢ (x) = 1, we obtain the required result.

:;7

83 D

Proposition 4. Suppose that u,v € R such that 0 < u < v, then

< L g =20, o2,

‘A(ul,vl) — L(u,v)

2
s Proof. This follows from Corollary 3 (iv) wich applied for ¢ (z) = %, we get the required result. [
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