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ABSTRACT. In the present paper, we introduced and study a new class
of harmonic univalent functions on unit disc U. also we obtain coefficient
conditions, extreme points, convolution condition for the above class of
harmonic univalent functions.

1. INTRODUCTION

A continuous function f = u + iv is a complex-valued harmonic function
in a complex domain C if both u and v are real harmonic. In any simply
connected domain B C C, we can write f = h+g, where h and g are analytic
in B. We call h and g are analytic part and co-analytic part of f respectively.
Clunie and Sheil-Small [5] observed that a necessary and sufficient condition
for the harmonic functions f = h 4 g to be locally univalent and sense-
preserving in B is that |h/(2)| > |¢/(z)| for all z € B. Denote by Sy the
class of functions f = h+g that are harmonic univalent and sense-preserving
in the unit disk U = {z € C: |z| < 1} for which f(0) = f,(0) —1=0.

In 1984, Clunie and Sheil-Small [5] investigated the class Sy as well as
its geometric subclasses and obtained some coefficient bounds. They proved
that although Sy is not compact, it is normal with respect to the topology of
uniform convergence on compact subsets of U. Meanwhile the subclass S
of Sy consisting of the functions having the property fz(0) = 0 is compact.

Some of the following subcalsses has been studied as mentioned:

(i) The classes Sg(1,0;0,0) = Sy and Si(2,1;0,0) = Cy were studied by

Avci and Zlotkiewicz in [4].
(ii) The classes Sg(1,0;,0) = Sp(w) and Sy (2,1;,0) = Cu(a) were
studied by Ozturk and Yalcin in [9].
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(iii) The class Sg(m,n;a,0) = Sg(m,n,«) was studied by Dixit et al. in
[6].

(iv) The class Sg(1,0;a, ) = Su (o, B) was studied by Seoudy in [12].

(v) The class Sg(n+ 1,n;a,0) = Sy(a,n) was studied by Aouf et al. in

[11].

In secion 2, we denote some fundamental defenitions, theorems and lemmas

and in section 3, we investigate several properties of the classes Sgr(m, n; «, )

and 8% (m,n;a,B). Also, we generalize, improve and correct some results

of Ozturk and Yalcin [9]. More recent works in this area can be found in [1]

and [2].

2. PRILLIMINARIES AND DEFINITIONS
We begin with the basic definition on harmonic univalent functions.

Definition 2.1. A harmonic, complex-valued, orientation preserving, uni-
valent mapping f defined on U can be written as:

f=h+3, (1)

where
hz)=z+) a2, g(z)=> ba*, |b] <1 (2)
k=2 k=1

We call h the analytic part and g the co-analytic part of f.

Denote by Sg(m,n;a,3) the class of all functions of the form (1) that
satisfy the following inequality:

o

D (K™ —ak™) (L= B+ Bk)(Jax] + b]) < (1 —a)(1 — |bu]) (3)

k=2
Where m € Nyn € Ngym >n,0<a<1,8>0and 0 < |b] < 1.
The class Sy (m,n;a, 8) with |b1| = 0 will be denoted by S%(m,n; a, 3).

Definition 2.2. If h, g are the form (2) and if f = h+7, F = H + G, where
the functions H and G are given by

H(z) :z—i—ZAkzk, G(z) :ZBkzk. (4)
k=2 k=1

Then the convolution of f and F' is defined to be the function

o o
(f*F)(2) =2+ apdpz + > bpByzk, (5)
k=2 k=1
while the Integral convolution is defined by:

(fOF)(2) =2+ a’f’“ 2* 4 %zk. (6)
k=2 k=1
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In Ozturk and Yalcin [9] defined the generalized d—neighborhood of f to
be the set:

N(f) = {F > (k= a)(Jar — Ag| + |br — Bel) + (1 — a)by — By| < 6(1 —Oé)},
k=2

where F' = H + G, and H, G are the form (4).

Theorem 2.3. For harmonic univalent mapping f as above, |ai| < 2 and
for alln > 2,

lan| = |bn| < 2/n.

Complete proof is explained in theorem 4.7 of [7].

3. MAIN RESULTS
We start this section with the most important following theorem.
Theorem 3.1. For 0 < a; < as <1, we have
Su(m,n; ag, ) C Su(m,n; az, B)
Consequently
S (m,n; oz, B) € Sir(m, n;an, B)
In particular
Sg(m,n;a, ) C Sg(m,n;0,5)
and
S%(m,n;a, B) C 8% (m,n;0,B)
Where m € Ny;n € Ng,m >n and 8 > 0.

Proof. Let f € Sg(m,n;asz, B), Thus we have

Z (™ — agk™)(1 — B + Bk) (

be|) <1—1b
oy ag| + [bg) <1 — [b] (7)

k=2

Now, using (7), we have

(K™ — k™) (1 — B8+ Bk (B — k™) (1 — B+ Bk
5 ek Mo + i) < 3o F 22 (e + e
— Q1 — (9
k=2 k=2
<1—|b
This completes the proof of Theorem 3.1. ([

Theorem 3.2. Sg(m,n;a, ) C Sy(a) form e N,n e Noym >n,0<a<
1,86>0 and Sg(m,n;a, 8) CCh(a) if f>10orm>2,n>1 and m > n.
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Proof. Let f € Sg(m,n;«a, ), Then
i (k™ — ak™)(1 — B + Bk)

l—«o

(lar| + [br]) <1 — b (8)
k=2

Now, using (8), we obtain

>

k=2

Thus, f € Sy(a) and we get Sy(m,n;a, 8) C Sg(a).
We have to show that Sg(m,n;a, ) C Cgy(«). By using the inequality (8),
we have

ak” + Bk
 laxl + o] <2 00258 oy + 1oy < 1 - [,

Z” |ak|+|bk|<Z K7 = k") = BHBR) (10| 1 bul) < 1 — b,

11—«

Wher65210rm22,n21andm>n.
Thus, f € Cy(a) and we get Sg(m,n;a, 8) C Cr(a). O

Theorem 3.3. The class Sg(m,n;«a, 3) consists of univalent sense preserv-
ing harmonic mappings.

Proof. If z1 # zo then

f(z1) — ‘ 1 ‘ —g(22)
h(zl) — h(ZQ) - h(zl) — h(ZQ)
> br(2f — 25)
—1_ k=1
o0
(21 = 22) + 3 an(ef — 25)
k=2
& > (kK™ —ak™)(1 - B+ Bk)
3 ki > A b
>l —|—|>1- —= > 0.
e - (K™ — ak™)(1 — B+ Bk -
U IS il UL AL LN
k=2 k=2 —a
which proves univalence. Note that f is sense preserving in U because
- (K™ — ak™)(1 - B + Bk
HEN 213 Kyl >1 -y LI,
k=2 k=2
= (k™ — ak™)(1 — B + Bk) (k™ — ak™)(1 — B+ Bk) _
=3 S EDY S 1"
k=2 k=2

8

> > kbl = 19 (2)-

k=1
So, the proof of Theorem 3.3 is completed. O
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Theorem 3.4. If f € Sy(m,n;a, 3), then
(1= [oa))(J2] = l21?) < [f()] < (L + o]l + (1 = [oa)]z[> (9)

1 —
Where ¢ = T 5)(27”&_ 2ra)’ and equalities are attained by the functions:
fo(2) = 2+ |b1]e?z + (1 — |by|)p2? (10)
and
fo(2) = 2z + [bale”z + (1 — [ba] )92 (11)

For properly chosen real 0.

Proof. We have

[F] < X+ b2l + 1217 ) (lak] + [be])

k=2
1- 2 (1= B+ B (K™ — kma)
< (4Dl + P 2W1§; T (jae| + [bx])
1-—
< (L4 [ba])]=] + 12\2(1 A )(1 — [ba])- (12)
and
FE = (= b))zl = D (law] + [b)]2* = (1 = [ba])]2] = |2 Z |ar| + |bx[)
k=2
1o N 1—ﬁ+ﬁk>< "a)
> (1=l - 1P g = ;; T (ax] + [bk])
1—
zu—me—bPu+m@m gy (L~ 1)
1 -«
= =100 (lel = o =g ) (13)
We define ¢ := 1 —a in inequalities (12) and (13), and so

(1+8)@2m —2"a)
attained (9). It can be easily seen that the functions fy(z) defined by (10)
and (11) are extremal for Theorem 3.4.

Thus the class Sy (m,n; «, ) is uniformly bounded, and hence it is normal
by Montel’s Theorem. ([l

Putting m = 1,7 =0 and 8 = 0 in Theorem 3.4, we obtain the following
result which correct the result of Ozturk and Yalcin [9, Theorem 3.6].

corollary 3.5. If f € Sy(«a), then

(1=[ba]) (2] =

%) <17 < @+ S 2D e g

d0i:10.20944/preprints201905.0018.v1


https://doi.org/10.20944/preprints201905.0018.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 May 2019 d0i:10.20944/preprints201905.0018.v1

6 SOME DISTORTION THEOREMS FOR NEW SUBCLASS OF HARMONIC ...

Equalities are attained by the functions:

fo(e) = 2+ brfez + 0 C;)(_la_ b2 (1)
and
fo(e) = 2+ brfez + 0 C;)(_la_ b2 (16)

For properly chosen real 0.

Remark 3.6. The above result is different from that of Ozturk and Yalcin
[9, Theorem 3.6]. Also, our result gives a better estimate than that of [9]

because
—a)(l— —a?)(1 -
£ < il lef+ LD 2 < gy gy Lm0 0D, e
and
-« —a?
72 A= i)zl = 5212 2 (= o) (12—~ 2 1eP).

Although, zturk and Yalcin [9] state that the result is sharp for the function

(1—a®)(1-|n)) ,
2

it can be easily seen that the function fy(z) does not satisfy the coefficient
condition for the class f € Sy (a) defined by them. Hence, the function fy(z)
does not belong to the class f € Sg(«). Therefore the result of Ozturk and
Yalcin [9, Theorem 3.6] is incorrect. The correct result is mentioned in (14)
and the result is sharp for functions given by (15) and (16), respectively.

fg(z) =z+ |b1|€i05 +

Putting m =2,n =1 and f = 0 in Theorem 3.4, we obtain the following
result which correct the result of Ozturk and Yalcin [9, Theorem 3.6].

corollary 3.7. If f € Cy(«), then

1-a (1—a)(d —[ba])

(1= B 12] = =gy %) S 1A < (Lt aDlel + gt el
(17)
Equalities are attained by the functions:
; — —|b

fole) = =+ njes + C )2 (13
and

fo(2) = 2+ |b1lez + 1= )= o)) » (19)

2(2 - a)

For properly chosen real 0.

Remark 3.8. This result is different from the result of Ozturk and Yalcin
[9, Theorem 3.8], and it can be easily seen that our result gives a better
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estimate. Also, it can be easily verified that the sharp result for [9, Theorem
3.8] is given by the function

0 3—a—2
fo(2) = 2 + |y ez + 52052

does not belong to the class f € Cy(a). Hence the result of Ozturk and
Yalcin [9] is incorrect. The correct result is given by corollary 3.7.

Theorem 3.9. Let f = h + g, where h and g are of the form (2). Then
f € 8% (m,n;a,B) if and only if

f(z) =) [wrhi(2) + yrgr(2)],
k=1
where
hi(z) =2, h(z) = 2+ L —a Eo(k=23,...)
R (T+p)Em—2%)” T
and
_ l-a k(. _
Tho Uk > 0,51 = 0,21 = 1= > (wk + Yk)-
k=2

In particular, the extreme points of the class S¥(m,n;a, ) are {hy} and

{9x}-

Proof. Suppose that

f(z) = (zuhi(2) + yrgr(z))
k=1
_ = 11—« . 1— o By
_z+kzz2<(1—ﬁ+5z)(k;m—k;na)xkz + (1—ﬁ+ﬂk)(k:m—k"a)ykz )
Than
3 (1—ﬂ+5z)(km_kna)< -« k
k=2 I-a (A= B+ o) (k™ — kra) *°

1—a L [e'e) o)
+ I YkZ =Z$k+zyk=1—$1§1
(1= B+ Bk) (k™ — ka) ) £ T L

and so f € clcoSY (m,n;a, B) .
conversely, if f € clcoSY (m,n;a, B). Set
l-« l-«

= T By AR — ey Y T B pR (e — Ra)

bel,  (k=2,3,4,...).
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Then note that 0 < zp,yx < 1, (k = 2,3,4,...). We define z; =

o o

1— > o — > yk,z1 > 0 and y; = 0. Consequently, we obtain required
k=2 k=2

representation, since

£2) =2+ 3 (el + bilz")
k=2
=+ Xlarper vt arae vt

This completes the proof of Theorem 3.9. O

Remark 3.10. (i). Putting m = 1,n = 0 and $ = 0 in Theorem 3.9, we
obtain the extreme points of the class SY(«).
(ii). Putting m = 2,n = 1 and 8 = 0 in Theorem 3.9, we obtain the
extreme points of the class C¥(a).

Let K9 denote the class of harmonic univalent functions of the form (1)

with b; = 0 that map U on to convex domains. It is known [5, Theorem

k+1
5.10], that the sharp inequalities |Ay| < % |By| <

results will be used in the next theorem.

are true. These

Theorem 3.11. Suppose that F(z) = z + Z (ApzF + Byzk) belongs to the
class KY. If f € 8% (m,n;a, ), then f*F € 50 ym—1,n—1a,pB)ifn>1
and fOF € 8% (m,n;a, B).

Proof. Since f € 8% (m,n;a, 3), then

o0

D (K™ —ak™)(1 = B+ Bk)(|ak| + [br]) < (1 — @), (20)

k=2
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Using (20), we have

o

SO = ak™ ) (1= B+ Bk) (Jax Ax| + bk Bi)
k=2

(K™ — ak™)(1 -8 +Bk)<|ak|‘%‘ + |bk“%‘>

bl
||
N

k+1

E%g

(k™ = ak)(1 = 5 + k) (laxl | =

)

‘+|k“

i
[}

M

(k™ — ak™)(1 = B+ Bk)(Jax| + [be]) < (1 = ).

k=2

It fallows that f* F € S%(m — 1,n — 1;a, 8). Next, aggain using (20), we
have

= A bi.B

> (k" = k") (1= 5+ k) (| 27+ |22

k k
k=2
k+1

E%g

(K™ — ak™)(1 = 5+ BK) Jaxl| 5

)

‘+|k“

i
[N}

M

(k™ — ak™)(1 = B+ Bk)(Jax| + [be]) < (1 = ).

B
||

2

Thus we have fOF € 8% (m,n;a, ). This completes the proof of Theorem
3.11. ([

Let S denote the class of analytic univalent functions of the form F(z) =

z+ % Apz*. Tt is well known that the sharp inequality |Ax| < k is true. It
is ngezz(fed in the next theorem.

Theorem 3.12. If f € S%(m,n;a, B) and F € S, then for |¢| < 1, f* (F +
(F)eSY%(m—1,n—1;a,8) if n > 1.

Proof. Since f € 8% (m,n;«, ), then

o0

D (K™ —ak™) (1= B+ Bk)(|Jax| + |by]) < (1 @), (21)

k=2
Using (21), we have
SO — ak™ ) (1= B+ k) (Jax Ax| + [Cby Ay

k=2
oo

S (K™ — ak™)(1— 8+ Bk)(ax] + bel) < (1 - a).

k=2
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It follows that f * (F + (F) € 8% (m —1,n — 1, B) if n > 1. O

Let P?I denote the class of complex and harmonic functions F in U, F' =
H + G such that Re{F(z)} > 0,2z € U and

H(z)=1+ ZAkzk, G(z) = Z By2*.
k=1 k=2

It is known [8, Theorem 3] that the sharp inequalities |Ax| < k + 1, |By| <
k —1 are true.

Theorem 3.13. Suppse that F(z) =1+ Y. (Apz* + Byz*) belong to class
k=2
2 1
PY. If f € S%(m,n;a,B) and for 3 < |Ay| <2, then A—f x* F e Sh(m—
1

IL,n—1;a,8) ifn>1 and AifOFES%(m,n;a,ﬂ).
1

Proof. Since f € 8% (m,n;«, ), then

D (K™ —ak™)(1 = B+ Bk)(|ak| + [br]) < (1 - @), (22)

k=2

Using (22), we have

3 Rl (ER =)

o ap k+1 by k—1
(K™ — ok )(1—B+6/~:)(‘A—’i = +A—’“IT )

o

e
I
o

o

(K™ — ak™)(1 = B+ BE)(lar| + |bx]) < (1 — ).

i
[\

1
Thus A—f*FeS%(m—l,n—l;oz,,B) ifn>1.
1

1

Similarly, we can show that 1 fOF € 8% (m,n;a, B).This completes the
1

proof of Theorem 3.13. ([l

Theorem 3.14. Let

f(z)=z4+b1z+ Z (ap2" + by.z%)
k=2

be a member of the class Sg(m,n;«a, B). If
(1= [ba[)((2™ —2"a)(1 + B) — 1)

o= @~ 2a)(1 + F)

then N(f) C Su(«).
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Proof. Let f € Sy(m,n;a,B) and F(z2) = 2z + Biz + Y. (ApzF + ByzF)
k=2
belong to N(f). We have

(1—a|31|+z — a)(JAg| + | Bgl)

< (1-a)|By —by|+ Z — a)(|A — ax| + | Bp — bg|)
k=2

(1*a!bl|+z — a)(lag| + |bk])

1 - m_ gn
< (- + (- albl+ G gy —gngy 2 (1 -+ AR = ke (farl + o)
(1—o)(1— \bl\)
g(l—a)5+(1—a)|b1|+(1+5)( )gl—a.
(I— o)™ —2"a)(1 + B8) — 1)
If o < (@m —37a)(1 1 5) . Thus F(z) € Sg(a). O
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