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Abstract 
The topological index is a numerical quantity based on the characteristics of various 
invariants or molecular graph. For ease of discussion, these indices are classified 
according to their logical derivation from topological invariants rather than their 
temporal development. Degree based topological indices depends upon the degree of 
vertices. This paper computes degree based topological indices of Bismuth Tri-Iodide 
chains and sheets with the help of M-polynomial.  
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Introduction 

3BiI  is an inorganic compound which is the result of the reaction of iodine and bismuth, 
which inspired the enthusiasm for subjective inorganic investigations [1]. 3BiI  is an 
excellent inorganic compound and is very useful in qualitative inorganic analysis [2].  
It has been proven that Bi -doped glass optical strands are one of the most promising 
dynamic laser media. Different kinds of Bi-doped fiber strands have been created and 
have been used to construct Bi-doped fiber lasers and optical loudspeakers [3]. 
Layered 3BiI  gemstones are considered to be a three-layered stack structure in which a 
plane of bismuth atoms is sandwiched between iodide particle planes to form a 
continuous I Bi I− −  plane [4]. 
The periodic superposition of the three layers forms diamond-shaped 3BiI  crystals with 

3R −  symmetry [5,6]. A progressive stack of I Bi I− −  layers forms a hexagonal 
structure with symmetry [7]. A jewel of 3BiI  has been integrated in [8]. 
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Figure 1 bismuth tri-iodide 

In the unit cell (figure 1), Main cycles are 1 2
4 4,C C central cycles are 3 6

4 4,C C  and Base cycles 
are 4 5

4 4,C C   
Given its enormous application in the science of impurity-free and connection, graph 
theory is a multidimensional topic. It is feasible to display and plan crystal structures, 
complex systems, and synthesis charts. There are many compounds that are organic 
and inorganic compounds that can be used in commercial, industrial and laboratory 
environments as well as in everyday life. There is a relationship between the synthesis 
mixture and its atomic structure. Graph theory is an effective field of arithmetic and has 
a huge range of applications in many scientific fields such as chemistry, software 
engineering, electrical and electronics. Chemical graph theory is other branches of 
science in which graphs are used to show the mixture graphically using proficient 
instruments. 
The physical structure of a strong material usually depends on the action of atoms, 
particles, or atoms that make up a strong bond between them. The crystal structure, also 
known as crystal material or crystal strength, is made of a unit cell, which is organized 
in 3D on the grid. The scheme of atomic or crystalline materials is crucial for 
determining the behavior and properties of materials such as metals, composites, and 
art materials. Cells are the smallest auxiliary units that can clarify the gem structure 
(unit cell). The redundancy of the cell creates the entire structure. 

Mathematical chemistry provides tools such as polynomials and functions to capture 
information hidden in the symmetry of molecular graphs and thus predict properties of 
compounds without using quantum mechanics. A topological index isa numerical 
parameter of a graph and depicts its topology. It describes the structure of molecules 
numerically and are used in the development of qualitative structure activity 
relationships (QSARs). Most commonly known invariants of such kinds are degree-
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based topological indices. These are actually the numerical values that correlate the 
structure with various physical properties, chemical reactivity and biological activities 
[9-13]. It is an established fact that many properties such as heat of formation, boiling 
point, strain energy, rigidity and fracture toughness of a molecule are strongly 
connected to its graphical structure. 
Hosoya polynomial, (Wiener polynomial), [14] plays a pivotal role in distance-based 
topological indices. A long list of distance-based indices can be easily evaluated from 
Hosoya polynomial. A similar breakthrough was obtained recently by Klavzar et. al.  
[15], in the context of degree-based indices. Authors in [15] introduced M-polynomial 
in, 2015, to play a role, parallel to Hosoya polynomial to determine closed form of many 
degree-based topological indices [16-20].  The real power of M-polynomial is its 
comprehensive nature containing healthy information about degree-based graph 
invariants. These invariants are calculated on the basis of symmetries present in the 2d-
molecular lattices and collectively determine some properties of the material under 
observation. 
In this article, we compute general form of M-polynomial for Bismuth Tri-Iodide chains 
and Bismuth Tri-Iodide sheets. Then we derive closed forms of many degree-based 
topological indices for these Bismuth Tri-Iodide. Zagreb indices and particular cases of 
Randic index was computed in [1]. 

Basic definitions and Literature Review 

Throughout this article, we assume G to be a connected graph, V (G) and E (G) are the 
vertex set and the edge set respectively and vd denotes the degree of a vertex v.  

Definition 1. [15] The M-polynomial of G is defined as: ( ) ( ) , ,
i j

i j
ijm G xM G x y y

δ ≤ ≤ ≤Δ
= 

where Min{ | V (G)},vd vδ = ∈ Max{ | V (G)},vd vΔ = ∈ and ( )ijm G  is the edge ( )vu E G∈  

such that  where j≤ . 

 Wiener index and its various applications are discussed in [21-23] . Randic´ index,  

1/2 ( )R G− ,is introduced by Milan Randic´ in 1975  defined as: 1/2
( )

1( ) .
u vuv E G

R G
d d−

∈
=    For 

general detains about 1/2 ( )R G−  and its generalized Randic´ index, 

( )

1( ) ,
( )uv E G u v

R G
d dα α

∈
=   please see [25-29]. 
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and the inverse Randic´ index is defined as 
( )

( ) ( ) .u v
uv E G

RR G d d α
α

∈
=    Clearly 1/2( )R G−  is 

a special case of ( )R Gα  when 
1
2

α = − . This index has many applications in diverse 

areas. Many papers and books such as [30-32] are written on this topological index as 

well. Gutman and Trinajstic´ introduced two indices defined as: 1
( )

( ) ( )u v
uv E G

M G d d
∈

= +

and 2
( )

( ) ( )u v
uv E G

M G d d
∈

= × . Thesecond modified Zagreb index is defined as:

( )
( )

2
1 .

( ) ( )
 

uv E

m

G d u
G

d v
M

∈
=   We refer [38-32] to the readers for comprehensive details of 

these indices. Other famous indices are Symmetric division index: SDD(G) = 

( )

min( , ) max( , )
max( , ) min( , )

u v u v

u v u vuv E G

d d d d
d d d d∈

 
+ 

 
  harmonic index defined 

( )

2( ) .
u vvu E G

H G
d d∈

=
+  Inverse sum 

index:
( )

( ) .u v

u vvu E G

d dI G
d d∈

=
+  and  augmented Zagreb index:

3

( )
( ) ,

2
u v

u vvu E G

d dA G
d d∈

 
=  + − 


[43,44]. 

Tables presented in [15-19] relates some of these well-known degree-based topological 
indices with M-polynomial with following reserved notations 

( ) ( ) ( ) ( ) ( )( ) ( )

( )( ) ( )
0 0

( , ( , , ,
,? ? ?? ,

, , .

yx

x y x y

f x y f x y f t y f x t
D x D y S dt S dt J f x y f x x

x y t t

Q f x y x f x yα
α

∂ ∂
= = = = =

∂ ∂

=

 

 

 
 
 
 
 

Computational Results 
In this section we give our computational results. 
Bismuth Tri-Iodide Chain 
Theorem 1. Let G be the graph of Bismuth Tri-Iodide Chain 3m BiI− . Then M-
Polynomial of 3m BiI−  is 

( ) ( ) ( )6 2 6
3 ,? 4 20 48 .M x y m xm B I xyi m y= +− + +

 
 

Proof: Let G be the graph of 3m BiI−  bismuth tri-iodide chain. 

The edge set of 3m BiI−   has following two partitions [1],  
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{ } ( ){ }1 1,6 | 1,? ,u vE E e uv E d dG= = = ∈ = =   

 { } ( ){ }2 ,6 | 2,? ,u vE e uv E G d d= = ∈ = =   
Now 

( )1 4 8,GE m= +   
( )2 20 4.GE m= +   

Thus the M-polynomial of 3m BiI−  is: 

( ) ( )

( ) ( )

( ) ( )

( ) ( )
( )

1 2

6 2
16 26

6

1
6 6

16 26

6 2 6
1 2

6 2
2

6

6
                                                 

                 

                 

; ,

                0  = 4 8 2

i j
ij

i j

uv E uv E

M x y m x y

m y m x y

m xy m x y

E x

G G

G G

G

y E

G

G G yx

m xy m

≤

≤ ≤

∈ ∈

=

= +

= +

= +

++



 

 

( ) 2 64 .x y+

 

 

Proposition 2. Let G be the graph of 3m BiI− . Then 

1. ( ) ( )1 4 47 22 .M G m= +  

2. ( ) ( )2 8 33 12 .M G m= +  

3. ( )2
7 5 .
3 3

mM G m= +  

4. ( ) ( ) ( )4 6 1 2 5 4 6 2 2 .R G mα α α α
α = ⋅ + ⋅ + ⋅ +  

5. ( ) 5 4 11 2 .
2 66 2

4RR G mα α α α α
   + + +   
   

=  

6. ( ) 274 188
3 3

.SSD G m= +  

7. ( ) 2 .43 3
7 7

H mG = +  

8. ( ) 234 90
7

.
7

I mG = +  

9. ( ) 20864 .
125

5728
125

A G m= +  

Proof: Let  
( ) ( ) ( ) ( )6 2 6,? , 4 08 2 4 .M G x y f x y m xy m x y= = + + +   

Then 
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( ) ( )6 2 6( , ) 20 44 ,8 2x m xyD f x y m x y= + ++

( ) ( )6 2 6( , ) 6 20 44 6 ,8y m xy yD f x m x y= + ++
 

( ) ( )6 26 4 8( , ) 20 412 6y xD D f x y mm xy x y= ++ +

( ) ( )6 2 61 4 8 1( ( , )) 20
6

4 ,
12x yS S f x y m xy ym x= ++ +

 
( ) ( )6 2 6( ( , )) 6 4 8 2 6 20 8 ,x yD D f x y m xy m x yα α α α α= + + ⋅ +

( ) ( )6 2 61 1( ( , )) 4 8
6 2

4
6

20 ,x yS S f x y m xy m x yα α α
α α +

⋅
= + +

 
( ) ( ) ( )6 2 61 4 8 1(

6
, ) 20 4 ,

3y xS D f x y m xxy ym ++= +
 

( ) ( ) ( )6 2 6( , ) 4 8 3 4 ,6 20x yS D f ym yxx y m x= + + +

( ) ( )7 81 1( , ) 4 20 4
7

8 ,
8xS Jf x y m x m x= + + +

 
( ) ( )7 83( , ) 4 8 20 4

7
,

2
6

x x y xS JD D f x y m m x= + + +
 

( ) ( )3 3 3 5 6
2

216
125

( , ) 4 8 8 20 4 .x x yS Q JD D f x y m xx m− = + + +
 

1. First Zagreb Index 
( ) ( ) ( )1 1

( , ) 4 47 22 .x y x y
M G D D f x y m

= =
= + = +

 

2. Second Zagreb Index 
( ) ( )2 1

( ( , )) 8 33 12 .y x x y
M G D D f x y m

= =
= = +

3. Modified Second Zagreb Index 

( )2 1
7 5( ( , )) .
3 3

m
x y x y

M G S S f x y m
= =

= = +
 

4. Generalized Randic’ Index 
( ) ( ) ( )1

( ( , )) 4 6 1 2 5 4 6 2 2 .x y x y
R G D D f x y mα α α α α α
α = =

= = ⋅ + ⋅ + ⋅ +
 

5. Inverse Randic’ Index 

( )
1

5 4 11 2 .
2 6

( )
6 2
4( , )x y x y

RR G S S f x y mα α
α α α α α= =

   + + +   
   

= =
 

6. Symmetric Division Index 

( ) ( )( )
1

274 188
3

.( , )
3y x x y x y

SSD G S D S D f x y m
= =

= + = +

7. Harmonic Index 

( ) ( ) 1
43 232 ( , ) |
7

.
7x xH S f x y mG J == = +

8. Inverse Sum Index 

( ) ( ) 1
234 90( , )

7 7
.x x y xI G S JD f x y mD = == +
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9. Augmented Zagreb Index 

( ) ( )3 3 3
2 1

20864 .
12

572
5

8( , )
125xx x yA G S Q JD D mf x y

=− +==
 

Bismuth Tri-Iodide sheet 

Theorem 3. Let G be the graph of Bismuth Tri-Iodide sheet ( )3BiI m n× . Then M-

Polynomial of ( )3BiI m n×  is 

( ) ( ) ( ) ( )6 2 6 3 612 8 8 4,? 4 4 64 6 .mn m n x y mn n x yM G x y m n xy + + + − + −= + +
 

 

Proof: Let G be the graph of ( )3BiI m n×  bismuth tri-iodide sheet. 

The edge set of ( )3BiI m n×   has following three partitions [1],  

{ } ( ){ }1 1,6 | 1,? ,u vE E e uv E d dG= = = ∈ = =   

 { } ( ){ },2 2 6 | 2,? ,u vE E e uv E G d d= = = ∈ = =  
{ } ( ){ },3 3 6 | 3,? ,u vE E e uv E G d d= = = ∈ = =  

 

Now 

( )1 4 4 4,E mG n= + +   
( )2 12 8 8 4,E mn m nG = + + −  
( )3 6 6 .E mnG n= −  

 

Thus the M-polynomial of ( )3BiI m n×  is: 

( ) ( )

( ) ( ) ( )

( ) ( ) ( )
1 2 3

6 6

1

6 2 3
16 26 36

6 6
6

6
2 6 3 6

1 6
3

6 26 3
2

                                                                    

                 

              

; ,

+

 

i j
ij

i j

uv E uv E uv E

M x y m x y

m y m x y m x y

m xy

G G

G

m

G G

G x y mG x yG

≤

≤ ≤ ≤

∈ ∈ ∈

=

= +

= + +



  

  

( ) ( ) ( )
( ) ( ) ( )

6 2 6 3 6
1 2 3

6 2 6 3 6                 

  

12 = 8 8 4 6 64 4 .4

G G y G y

mn m n x y

E xy E x E x

m n x mny n x y

+

+ + + − + −

= +

+ +
 

 

Proposition 4. Let G be the graph of ( )3BiI m n× . Then 
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1. ( )1 150 92 38 4.M G mn m n= + + −  
2. ( )2 252 120 12 24 .M G mn m n= + + −  
3. ( )2

4 4 1 .
3 3 3

mM G mn m n= + + +  

4. ( ) ( ) ( ) ( )6 4 4 4 2 6 12 8 8 4 3 6 6 6 .R G m n mn m n mn nα α α α α
α = + + + ⋅ + + − + ⋅ −  

5. ( ) ( ) ( ) ( )1 14 4 4 12 8 8 4 6 6 .
2 6 3 6

1
6

m n mn m n mn nRR Gα α α α αα + + + += + + − −
⋅ ⋅

 

6. ( ) 1 5 4 1 0 9 3 45 5
3 3

.
3

S SD G m n m n= + + +  

7. ( ) 1 3 2 2 3 8 1
3 7 2 7

.
1

H mG n m n= + + −  

8. ( ) 1 0 8 2 4 1 83 0
7 7 7

.m n m nI G = + + −  

9. ( ) 8864 .
1

67920 1333648 3136
343 42875 12525

A G mmn n= −+ −  

Proof: Let  
( ) ( ) ( ) ( ) ( )6 2 6 3 6,? , 12 8 84 4 64 6 .4 mn m n x yM G x y f x my m nx nn yy x+ + + − + −= = + +   

Then 
 

( ) ( ) ( )6 2 6 3 6( , ) 14 4 4 2 8 8 4 3 6 6 ,2xD m n xf x y y x ymn m n mn n x y= + + − + −+ + +

( ) ( ) ( )6 2 6 3 6( , ) 6 12 8 8 4 6 6 64 4 4 6 ,yD f x y mnm n xy x ym n mn n x y+ + + + −+= + −
 

( ) ( ) ( ) 62 66 36 4 4 4 12 18( , ) 12 4 6 68 8 ,y xD D f x y mm n xy x y mn nm n n x y+ + + + −= + + −

( ) ( ) ( )6 2 6 3 61 1( ( , )) 12 8 8 4 6 6 ,
12 1

1 4
8

4 4
6x yS S f x y mn m n x y mnm n xy n x y= + + + − + −+ +

 
( ) ( ) ( )6 2 6 3 6( ( , )) 6 4 4 4 2 6 12 8 8 4 3 6 6 6 ,x yD D f x y m n xy mn m n x y mn n x yα α α α α α α= + + + ⋅ + + − + ⋅ −

( ) ( ) ( )6 2 6 3 61 1 1( ( , )) 4 4 4 12 8 8 4 6
2 6

6
3 66

,x yS S f x y m n xy mn m n x y mn n x yα α α
α α

α α= + + + + + − + −
⋅ ⋅  

( ) ( ) ( ) ( )6 2 6 3 61 4 4 1 1( , ) 12 8 8 4 6 6 ,
3 2

4
6y xS D f x y mm n x n m n x y m ny n x y= + − + −+ + + +

 
( ) ( ) ( ) ( )6 2 6 3 6( , ) 4 4 4 3 12 8 8 4 2 6 6 ,6x yS D f x y m n mxy n m n x y mn n x y= + + + + + − + −

( ) ( ) ( )7 8 3 61 1( , ) 4 4 4 12 8 8 4 6 6 ,1
7 8 9xS Jf x y m n mn m n x mx n n x y= + + + + + − + −

 
( ) ( ) ( )7 8 3 63( , ) 4 4 4 12 8 8 4 2 6 6 ,

2
6
7x x yS JD D f x y m n mn m n x mn n x yx= + + + + + − + −

 

( ) ( ) ( )3 3 3 5 6 7
2

5832( , ) 4 4 4 8 12 8 8 4 6 6 .
3 3

216
125 4x x yS Q JD D f x y m n mn mx n x mn n x− = + + + + + − + −

  
1. First Zagreb Index 

( ) ( )1 1
( , ) 150 92 38 4.x y x y

M G D D f x y mn m n
= =

= + = + + −
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2. Second Zagreb Index 
( )2 1

( ( , )) 252 120 12 24.y x x y
M G D D f x y mn m n

= =
= = + + −

3. Modified Second Zagreb Index 

( )2 1
4 4 1( ( , )) .
3 3 3

m
x y x y

M G S S f x y mn m n
= =

= = + + +
 

4. Generalized Randic’ Index 
( ) ( ) ( ) ( )

1
( ( , )) 6 4 4 4 2 6 12 8 8 4 3 6 6 6 .x y x y

R G D D f x y m n mn m n mn nα α α α α α α
α = =

= = + + + ⋅ + + − + ⋅ −
 

5. Inverse Randic’ Index 

( ) ( ) ( ) ( )
1

1 14 4 4 12 8 8 4 6 6 .
2

1( ( )
6

,
6 6 3

)x y x y
RR G S S f m n mn m n mn nx y α α

α
αα α α

α
= =

+ + + + + − + −
⋅ ⋅

= =
 

6. Symmetric Division Index 

( ) ( )( )
1

154 109 34( , ) 55
3 3

.
3y x x y x y

SSD G S D S D f x y mn m n
= =

= + = + + +

7. Harmonic Index 

( ) ( ) 1
13 22 38 12 ( , ) |
3 7 2

.
1 7x xG JH S f x y mn m n== = + + −

8. Inverse Sum Index 

( ) ( ) 1
108 24 18( , ) 30

7 7 7
.xx x yI G S JD D f x y mn m n= + −= = +

9. Augmented Zagreb Index 

( ) ( )3 3 3
2 1

67920 1333648 3136( , )
343 4287

8864 .
12 5 1255x x y x

f x y mn nA G S Q JD D m− =
= + −= −

 
Conclusions 
In the present article, we computed closed form of M-polynomial for Bismuth Tri-
Iodide and then we derived many degree-based topological indices as well. Topological 
indices thus calculated for these Bismuth Tri-Iodide can help us to understand the 
physical features, chemical reactivity, and biological activities.  In this point of view, a 
topological index can be regarded as a score function which maps each molecular 
structure to a real number and is used as descriptors of the molecule under testing. 
These results can also play a vital part in the determination of the significance of 
Bismuth Tri-Iodide. 

For example, it has been experimentally verified that the first Zagreb index is directly 
related with total π -electron energy. Also Randic index is useful for determining 
physio-chemical properties of alkanes as noticed by chemist Melan Randic in 1975. He 
noticed the correlation between the Randic index R and several physico–chemical 
properties of alkanes like, enthalpies of formation, boiling points, chromatographic 
retention times, vapor pressure and  surface areas.  
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