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» 1. Introduction and preliminary results

8 Inequalities for convex functions, for example the celebrated one is the Hadamard inequality
o provide a new horizon in the field of mathematical analysis. Many authors have been working on it
1o continuously and several Hadamard like integral inequalities have been established for many kinds
1 of functions related to convex functions. Recently a lot of integral inequalities of the Hadamard
1z type for harmonically convex functions via fractional integrals have been published (see, [3,6-9] and
1z references there in). The Hadamard inequality for convex functions is stated in the following theorem.

Theorem 1. Let I be an interval of real numbers and f : I — R be a convex function on 1. Then forall a,b € 1
the following inequality holds

(40 = 2 [ e < L0200

14 Fejér gave a weighted version of the Hadamard inequality stated as follows.
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Theorem 2. Let f : [a,b] — R be a convex function and g : [a,b] — R is non-negative, integrable and
symmetric to %b. Then the following inequality holds

£(57) [ st < [ orgtoran < LEZEE st

15 It is well known as the Fejér-Hadamard inequality. In the following we give the definition of

1e  harmonically convex functions.

Definition 3. [7] Let I be an interval of non-zero real numbers. Then a function f : I — R is said to
be harmonically convex function if the inequality

f <m+(alb_t)b) <tf(b)+(1—1t)f(a) o)

17 holds for a,b € I and t € [0,1]. If inequality in (1) is reversed, then f is said to be harmonically
1= concave.

t 2ab

Definition 4. [6] A function i : [a,b] C R\ {0} — R is said to be harmonically symmetric about 7

if
_1>
X

h(x)=h <1+

SRy

1o holds for x € [a,b].
20 In the following we give the Hadamard inequality for harmonically convex functions.

Theorem 5. [7] Let f : I C R\ {0} — R be harmonically convex function and a,b € I witha < b. If
f € Lla, b], then the following inequality holds

f<2ab> / flx d < )+f(b) @)

a+b

2 A Fejér-Hadamard inequality for harmonically convex functions is stated as follows.

Theorem 6. [3] Let f : I C R\ {0} — R be a harmonically convex function and a,b € I witha < b. If
f € Lla,bland g : [a,b] C R\ {0} — R is a non negative integrable and harmonically symmetric with

respect to ‘f%bb, then the following inequality holds
2ab g(x flx < fla) +f(b) /” 8(x)
< .
(a + b> / d / x2 - 2 a X2 )
22 The following definition of the Riemann-Liouville fractional integral is the asset of fractional

23 calculus.

Definition 7. [16] Let f € L[a, b]. Then two sided Riemann-Liouville fractional integral of f of order
v > 0is defined as

Bf) = oy [ =0, x> a

and

I f(x) = FL) / ") L, x < b.

(v
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A version of the Fejér-Hadamard inequality for harmonically convex functions via
Riemann-Liouville fractional integrals is stated as follows.

Theorem 8. [9] Let f : I C (0,00) — R be a function such that a,b € Twitha < b. If f € L[a,b] and f is
harmonically convex function, then the following inequality for Riemann-Liouville fractional integral holds

F(25) <N (G2 [merom) + 1 (Fem(g)

_ f@)+fb)
- 2

(4)

In the following we give the definition of a generalized fractional integral operator which will
help us to give a generalized Fejér-Hadamard inequality for harmonically convex functions and
related results.

Definition 9. [14] Let y, v, k, I, 7y be positive real numbers and w € R. Then the generalized fractional
integral operators containing generalized Mittag-Leffler function for a real valued continuous
function f are defined as follows:

(18 e ) ) = [ (=0 B (e = M) p (1),

and

b
10,k 0,k
(et £) @) = [ (6= TELSH (e = 0" f(t)at,
where the function EA’ ,1 is a generalized Mittag-Leffler function defined as
1Ky e .
}“/l ; (5)171 ©)

YOk
W, l w,at

YLk
wv,lw,at

For 6 = | = 1in (9), the integral operator € reduces to an integral operator €

containing generalized Mittag-Leffler function E7 ’1 introduced by Srivastava and Tomovski in [15].
Along with § = = 1inadditionif k = 1 then (9) reduces to an integral operator defined by Prabhaker
in [12] containing Mittag- Leffler function E}},. For w = 0 in (9), integral operator ek

vl at reduces
to the Riemann-Liouville fractional integral operator [14].

In [14,15] properties of the generalized fractional integral operator ey 2, ;Cw .

+ and the generalized
Mittag-Leffler function E;Zj,l (t) are studied in brief. In [14] it is proved that EZif(t) is absolutely
convergent fork <[+ pandt € R.

Since
(’y)kn t"

v,0,k
B ()'* i+ )@ |

If we say that y0° |1“(w1ﬂz+n)| = S, then

,0,k
Epvi (D < 8.

d0i:10.20944/preprints201806.0089.v1
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We use this property of generalized Mittag-Leffler function in sequal in our results.
Also we use in sequal the following definitions of special functions known as beta and
hypergeometric functions, (see, [10])

R = [yt xy o

2F(a,b;c;w) = b - / =1 )b —wi) T,

ss where0 <b <cand |w| <1.

37 In this paper we give a generalized version of the Fejér-Hadamard inequality for harmonically
s convex functions via generalized fractional integral operator. We also obtain bounds of the absolute
3o differences of this generalized Fejér-Hadamard inequality for harmonically convex functions. Being
s generalizations, we reproduce the results proved in [8].

s 2. Main Results

a2 To obtain our main results we need the following lemmas.
Lemma 10. [13] For 0 < a < band 0 < u <1, we have
lat —b¥| < (b—a).

Lemma 11. Let g : [a,b] C R\ {0} — R,a < b, be integrable and harmonically symmetric function with
respect to 2 M’ . Then for generalized fractional integrals we have

Y0k 1\ [ a0k 1
(eeen) (2) = (e sor) ()
7,8,k 1 7.0,k
(6 w,B,lw 1+g h> (’1) + (ea,ﬁ,l,w,;g()h) (

2

)

=

e where h(t) = 1 forall t € [}, 1].

Proof. Since f is harmonically symmetric about %, we have f (%) = f( 1+11 x). By definition of
aty~

generalized fractional integral operator

s O L) Qe

replace t by 1 + % — x in equation (6), we have

(o) () (-3) s (o)) ()
B /; (+ zla>l £t (- 2)M) F(x)dx.

< oy e g) (1> - (el,’fifw,;,_f%) <;1,) - @)

This implies
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By adding ( 7‘5;{ 1Jrf g) ( ) in both sides of (7), we have

2(e pog) () = (€7 pog) (3)+ (7 pog) (5 ®)
yvla)l yvlwl wv,lw,l b
s (7) and (8) give the required result. [J
Theorem 12. Let f : [ C (0,00) — R be a harmonically convex function. Let for a,b € I,a < b, f € L[a, b]

and also let g : [a,b] — R be a non-negative, integrable and harmonically symmetric function about az%bb. Then
the following inequalities for generalized fractional integrals hold

2ab V6K 1 7,0k 1
o) [ eon) () + (200 500) ()] g
vk 1 7,8k 1
< (e teon) (3) + (7o) (5)
fla) + f(b) )+f( ) [ ok 1 1.5k 1
= 2 ey,v,l,w’,%+g oh a + ey,v,l,w’,%ig oh b ’

s where W' —w(b a) and h(t) = 1 forall t € [%,ﬂ

Proof. Since f is harmonically convex function, therefore for t € [0,1], we have

2f (5) < (mwtimmw) + (=) 10)

Multiplying both sides of (10) by tV’lEZ/"VSf (wtt)g (Mﬁ) and then integrating with respect to ¢

over [0,1], we have

2ab 1 v—1 7.0,k ab
2f <a+b) / B (wt)g (tb+ (1— t)a) at
v—1 770k ab ab
S/ FUE (Wty>f<ta+(1—t)b>g<tb+(1—t)a>dt (1)
v—1 5k ab ab
+/ ' EZ” wty)f<tb+(1t)a>g<tb+(lt)a)dt'

tb+( t)a

By choosing x = thatis ——%—— = 1 — in (11), we have
.

ta+(1-t)b Ty
2ab @ ab \" N\ sk ab \" ¥ 1
o (a) %) (s) m (o (%a) (a) s (B)e
1 v v—1
a ab 1 5k ab \" 1
< S ie - S
< (%) (=a) (o (6a) (s x
1 v v—1
@ ( ab 1 VoK ab \" 1\" 1 1
f %) () mt (e %) () ) ()=
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2ab.
a+b’

2ab i N ek (. 1\ 1
(@5 ) (op) e (d) s (5) o
1 v—1
5 (1 vok (4 (1 # 1 1
S/l (a_x> E]/ll/l ((U (a_x> f ; g ; dx (13)
OOV sk (o (1YY (1) o (2
+/ ( b) E;wl (w (x b) f 283 dx.
This implies
2ab 7,8k 1
7 (35) (s 52%) (5)
1 1
< 'ysz 1 'yb‘k 2\
—<]4vlw/1+fgoh> (a>+<;4vlw’1fg0h b
Using Lemma 11 in above inequality, we have
2ab Tk 1 .6k 1
1) [y son) () (90 o) () <14>
1
< 'y(Sk 7,0,k 2
- ( o 1f8e h> ( >+ <€ﬂrv,l,w’,2fg0h b)

To prove the second half of inequality, again from harmonically convexity of f on [a,b] and for ¢ €
[0,1] we have

Since f is harmonically symmetric about therefore after simplification, (12) becomes

f(thr(albt)a) +f(m+(b)b> < f(a) + f(b). (15)
Multiplying both sides of (15) by ¥~ 1EZ§ ;‘( t)g (M) , then integrating with respect to ¢ over
[0,1], we have
/ e 1EZ§;((wt")f (tb + (alb— t)a) & (tb + (alb— t)a) dt
+/ B (@) f (ta+ (alb )b> 8 (tb—l— (alb— t)a> at (16)
< [f(a) + £ (b) / FEN (wt)g (M) dt.
Setting x = W and by using harmonically symmetry of f with respect to M in (16), after

simplification we have

< :jlkw 8o h) <a) " (ﬁfﬁw,,lfgoh) G’) (17)
< @+ o) (%, gon) (1)

Using Lemma 11 in (17), we have

7,8k 1 7,8k 1
(o peteon) (3) + (s teon) (3)
[f(a) + f(O)] T( 0k 1 1.6k 1
< 2 ey,v,l,w/,%igOh b + eyvlw/ 1+g oh a )

(18)
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s By joining (14) and (18) we get (9). O

sz Remark 1. In Theorem 12,

s (i) if we put w’ = 0 along with g(x) = 1 and v = 1, then we get inequality (2) of Theorem 5.
s (ii) if we put w’ = 0 along with g(x) = 1, then we get inequality (4) of Theorem 8.

so (iii) if we put w’ = 0 along with v = 1, then we get inequality (3) of Theorem 6.

51

Lemma 13. Let f : I C (0,00) — R be a differentiable function on the interior of I and f' € L|a, b] where
a,belanda <b. Alsolet g: 1 C (0,00) — R be an integrable and harmonically symmetric function about
206 Then the following equality holds for generalized fractional integrals

ath

(L0 (et oo (3) wepihs 6o ()

(e pvson (3) +epthy Geen (3)
| (1 —F . EZ,'% (‘“ (i - S)y> (8°h)(5)ds> (f oh)'(t)dt
a ; (/tl (S - ;)V_l EZ,% (“’ (S - ;)H) (goh)(S)ds> (foh)’(t)dt]

= whereh(t) =1 fort € [%, 1.

Proof. To prove this lemma, we have
1

/j (/;,t <i - S>H E <w <le - S)V) (go h)(s)ds> (f o h)(t)dt

b

Il
 ~
whﬂ\;
7N

| =
|
~_
<
™
=2
= >
~
/N
g
7N
ISEEE
|
1)
~~
=
~~_
~~
[o2e}
o
=
SN—
—~
95
SN—
20
195
~_—
—
~
o
=
N~—
—
[
SN—

This implies

() Tt (e (29)) <goh><s)ds) (F o) (1) (19)
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Similarly

This implies
1

/f (/t (5 - ;,)H Efozk (w (S - ;)y> (goh><s)ds> (foh) (t)dt (20)

b

= (gon) (3 ) +erh (o) ()

wvlw,t v lLw,;

ss  on substracting (20) from (19) and using lemma 11, we get the result. O
s« Remark 2. In Lemma 13 if we take g(x) = 1 with w = 0, then it gives [9, Lemma 3].

Theorem 14. Let f : I C (0,00) — R be a differentiable function on the interior of I and f' € Lla, b]
where a,b € I and a < b. If |f'| is harmonically convex function on [a,b], ¢ : [a,b] C (0,00) — R
is a continuous and harmonically symmetric function with respect to %, then the following inequality for
generalized fractional integrals holds

(959 0, o )y (1)
- (e g (5 )+€Ziﬁw,;(fgoh) ()

_av+1
< I8l S =a) 7 o ()] + )1 (B)])

v(ab)v-1
ss  where ,
w (V) = ZopRR LV 31— ) - bR v+ L+ 31— ) + 2 o oR Qv+ v+
b
s 3 b+2)
ss  and
4(a+b)~2

b 2(a+b)~2
60 2,b+2) mzl:l(v V+1 V+3’b+u)

o with0<v<1h(t)=1forallte [} 1]

(v+1)


http://dx.doi.org/10.20944/preprints201806.0089.v1
http://dx.doi.org/10.3390/math6070122

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 June 2018 d0i:10.20944/preprints201806.0089.v1

90f19

Proof. By Lemma 13, we have

’<W) (elfifw,y(g °h) (i) ey 800 <;1,>) (1)
(et vsen (3) ety vsen (3))

S C) (o)) womon)

- (/t (S - ;)H Epi (w (s - ll,)y) (g0 h)(s)ds) ‘ |(f o) (1)]at.

Since g is Harmonically symmetric with respect to % therefore g(1) = ¢ (1+11t) forallt € [}, 1],
ats

‘ </; (:l - s)vl El (w (i - s>y> (g0 h)(s)ds)

[0t (o () oo

</ - (o i)l £k (s - },)”) <goh><s>ds>
1

we have

b
_ ‘ </;+117t <S_ ;)v—l EZLS;C (w (s _ 2)”) (goh)(s)ds> ‘
J

t v
< (22)
Sl =5 Er (s — )Ms(s)lds, b e[S ]
Using (22) in (21), we have
f@ SO (vok (gony (L) 4e* | (gony (1 (23)
2 ]/l,l/,l,w,%+ a V/V/llw/%, b
5, 1 Sk 1
- (GZj,;wf(fgo h) <u) + ez,i,z,w%f(fgo h) (b ) ‘
a+b l+l_t v—1 I
< ¥ (/f Tle-h) E(e(s-g) ) seme|d ) F om' (o)
b b

) el 1) e
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using || g |leo= 51[112] |g(t)| and absolute convergence of Mittag-Leffer function, above inequality
tela,

(570 (g om (3) + iy won (3)) @
~ (e som (3)rers rzon ()
sngnwslég£<ﬂ“%t(s—;)%4m>ufom%wut
+55</l<4<is)W4%>Kfom%ﬂw4
=www4f%<@‘”;“‘w’>v(3mt

becomes

Setting t = W in (24), we have

)(fOﬁj;f%b>> (e ogom (F) et on (3)) )
(0o 00 )

> (1—u) —uw ab
v(abV 1 / (ub+ (1 —u) )2|f ((ub—l—(l—u)a)) du
f

*/; (uub;((l —_u) 7 ((ub+(alb—u)a)> W}'

Since |f’| is harmonically convex on [a, b], it can be written as

, ab
f ((ub+(1—u

Using (26) in (25), we have
() (5 teom (B) by o0 (3)
—(:ffw (fgoh)< )+ ot (goR) >'
_”“ﬁgy1W1Mi£;3gﬁywﬂm+u—wﬂwwu

] s i @]+ =l @) au]

2

)@2)‘ <ulf'(a)] + (1 —u)|f'()]. (26)

> \
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that is

’(W) (e:ifwl+(g h)( >+e;:fjfw,;(goh) (;)) 27)
(e pvon (3) wepin,, geon (7))

e e [ R = = LI
+</o; TRt d”/ i M”) 'f/(b”}'

One can has by using Lemma 10

2 (1—u)”—u” —(1—u)
o (b1 (1—wa)? +1 b+(1—u)a)

—/ (1= u)” —u udu — /l (1)’ —u udu
(ub+ 1—u)a)2 1 (ub+ (1 —u)a)?

u’ —(1—u)¥
+/l (ub+ (1 —u)a)? ud

2udu

’ (28)
—/ (1= w)” —u* > udu + (1= u)" udu
(ub+ (1 —u)a)? 1 ub—l— 1—u a)?
u’ —(1—u)¥
+/; (ub+(1—u)a)2udu
B (1—wu) —(1—w)"
/ b+ (1—u )Z”d”+ / (ub—i—(l—u) i
On simplification we get
1
1 (1—u) —u" Loy —(1—u)
/0 b+ (1 —u)a)Z“dH/; b+ (1 —wa2" "
b 2
b2 a (29)
—szl(z,V+1/V+3/l_E)
2(a+b)2 ) b—a
mZFl(Z,V+1,V+3,m)

= Cl (1/)
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Similarly

1

2 (1—u)V— —(1—u)
/o (ub~|—(1—u) )2 u)du + ! b+ Tz 1w

b 2

-2

+22F1(2 v+2,v+3;1— b) (30)

4(a+b)72 b a

2(a+b)72 _ b—a
7—(U+1)(U+2)2F1 <1/,1/+1,1/+3,b+a>
=C(v).

e2 Using (29) and (30) in (27), we get the result. O

e  Remark 3. In Theorem 14,

es (i) if we put w = 0, then we get [8, Theorem 6].

es (ii) if we take v = 1 along with w = 0, then we get [8, Corollary 1(1)].

es (iii) if we take g(x) = 1 along with w = 0, then we get [8, Corollary 1(2)].

or (iv) if we take v = 1, g(x) = 1 along with w = 0, then we get [8, Corollary 1(3)].

Theorem 15. Let f : I C (0,00) — R be a differentiable function on the interior of I and f' € Lla, b] where
a,b € ILanda < b. If |f'|1, g > 1 is harmonically convex function on [a,b], g : [a,b] C (0,00) — R be
a continuous and harmonically symmetric function about %, then the following inequality for generalized
fractional integrals holds

() (i eom () + ey on (5))
~ (e vsom (G)rer,, tzem (3))

v+1 1 1
cls '°°<a b()v —%) [@ ") (G @ + ) O)]7)
1

+(C6_%(V) (CW)|f (a)|7 + CS(VW/(b)'q)ﬂ

es wWhere

o Co(v) = 28R (v 4+ v +3;458)

o Cy(v) = ﬁ%zﬂ (2;1/—!—1;1/—1—3;%)

n C5(v) = G3(v) — Cu(v)

n Co(v) = LR Lv+1,(1-9) - mzpl(z v+ Lu42;(1- %) +C(v)
n C(v) = LR Lv+2(1-8) - LR Qv+ Lv+2;(1—4) + Ca(v
= Cg(v) = Ce(v) — C7(v)

n with0 <v<1,h(t)=1forallt € [},1]
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Proof. By inequality (25) of Theorem 14, we have

KW) (elffwy(g o (3)+et, son(3)) (1)
(:5f L+ (fgoh) < ) :ffw fgoh)(;»‘

gl s@—a) [ 12 (- —u ab
- v(abV 1 l/ (ub+ (1 —u) )2|f ((ub+(1—u)a))|du

+ ), wrawee  (@ri=om) |4

2
Using power means, inequality (31) becomes

KW) (elffw (e ”’( )* s (00) (2)) (32)
_<:i;‘w +(fge h)( )+ezf;‘w (fgoh)(ll)»‘

Ll ()
‘ (/o1 (u(; T (ul)v—;;gﬂ f ((ub+ (ib— u)a)2> qdl‘);
(e 5>av>2d”)1;
< ez (G =) | ) ;] -

By using the harmonically convexity of [f'|1 in (32), we have
‘(W) (elizkw;+<g°h><l>+ &t <g°h><b)> (33)
(et gom (D) e gon (1))
gl s K [ ;Z)Zdu>1—;

x ( [ @i+ - u)\f’(b)ﬁ)) %
(e 5>>av>2d”)1_é

1 MV—(l—u)V , l
(] s @+ a -l en)’ ]

d0i:10.20944/preprints201806.0089.v1
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That s
KW) GmMF(goh) (D et (€M) (D) (34)
(e son () + ity vson (5))
sngnwsw [(/0% (Lf;;(uly_—u;l:)zdu -4
><</0% (:;J) ”;:) e |q+/ ub+?)v ey (L~ wdulf (b )W)é
" </1 <ub+<(1l__ 5)):)zd )

(] it @i+ [ = (1_u)du|f()q));].

Now we evaluate the integrals of (34) by using Lemma 10

P (1-u)V—u
(b + (1= map ™ (35)

1

: (1-=2u)
<) (b + (1= wyay2 ™
1

1 (1—wu)
= E/ (1 %)a)zdu

2

Substitute u = 1 — w in (35), we have

2 (1—u)V—u
/0 (ub+ (1— u)a)zdu

<2(a+b)72/1w" 1—w(b_a) 72dw
- 0 b+a
_ (a+b)7? b a

= C3(v).

Similarly
1
2 (1—u)V—u¥
b+ —war (36)

1

2 (1-2u)
</ b+ (1 —war" "
1

1 (1—wu)
=1 (B (1 D

2
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Substitute u = 1 — w in (36), we have

3 (1—u)’ —u¥
/0 (ub+ (1 —u)a)? udu 37

< (a—f—b)’z/ol(l—w)wv (1—w(b_“))2dw

b+a

IR S A
= WZFl (2,V+1,V+3,b+a)
= C4(1/).
A (1(;;1/ i fVSa}”) (1= wdu < Cav) = C4lv) = G5(v). (38)
1 (1 _u)v
it - )y 39)
ot —(1=wu) ? (T—u) —uw
_/o (ub+(1—u )Zd“/o (uwb+ (1= wap ™"
< Vbﬂ (2Lv+20-3))
- v;lel (2;V+1;V+2;(1 - %)) +C3(v)
= Ce(v).
1 v (1 _ u)v
/ b+ (1 —wap ™ (40)
ot u”—(l—u (1—u)’ —u¥
_/0 (ub+ (1 —u) ud +/ (ub+ ( 1—u) )zudu
< ijza (2;1,-u+3;<1 -9)
b2 a
- mzﬂ <2;1/+ Lv+3(1- 5)) + Cy(v)
=Cr(v)
and 1 v (1 )v
u —(1—u
/% b+ (1= wap L~ WA s Co(v) — G (v) an)
= Cg(U).

76 Using (36)-(41) in (34), we get the result. O

7z Remark 4. Following results can be obtained by giving particular values to parameter in Theorem
7e  15.

7 (i) If we take w = 0, then we get [8, Theorem 7].

so (i) If we take v = 1 along with w = 0, then we get [8, Corollary 2(1)].

e (iii) If we take g(x) = 1 along with w = 0, then we get [8, Corollary 2(2)].

sz (iv) If we take v = 1, g(x) = 1 along with w = 0, then we get [8, Corollary 2(3)].

Theorem 16. Let f : I C (0,00) — R be a differentiable function on the interior of I such that f' € L[a,b],
where a,b € Tand a < b. If |[f'|, ¢ > 1 is harmonically convex function on [a,b], g : [a,b] C (0,00) — R
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2ab

be a continuous and harmonically symmetric function about 7,

fractional integrals hold

(193) (2, o (32 o0 3)
(e gem (3) vertt ogoh><2))\
HET. fv+1<cjw)(u«aNWZBV%MW)%
v(ab)v—

+cg@0<3vxww;4f%mw>q>

then the following inequality for generalized

ss  where

Co(v) = %zﬁ(mwﬂ vp+2;554)

[
&

ss  and
—2p
ClO(V) = 2(3p+1)2F1(2P,1 vp +2; 2( ))
7 with0 <v <1, h(t)=1forallte [% %]and +1

0
o

[

Proof. By inequality (25) of Theorem 14, we have

'<W> (elif (e h)( >+€Zfizk,w,g<8°h> (2)) 2)
- ( :ffwﬁ(fg h) ( )+€Zi:;w,;(fgoh) G))‘
<l llo;(ab()v @ [/O (Lf;;zll):;l:)z I ((ub+(alb u)g)) "

+ﬁnﬁif_?vv(wwdiwwﬂwﬂ'

2

By using Holder inequality and harmonically convexity of |f'|7, (42) follows

(1) 2 (32, 0 )
—(fo (fgo h)( >+ roros (fgoh) (;))’

|| g oo S(b— )V+1 3 (1—u)" - uV)P %
B v(ab)v1 |:</0 (ub+ (1 —u)a)?r du)

(/7f@ﬂ”+ﬂ—unfwﬂﬂ )

(i) (farer-o-arome) |

2
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After simplification, we have

(2572 (i, om ()

2

(:Twy(fg h)( )+ S (fgoh)<
_lglos®-a)™ { z (1= u)? —u)?
v(ab yv-1 ub+ 1—u)a)

FCAREELL )

+ (/11 ((;z:

2

 (gon) (3))

1
b

1
v
du)

+(1—u)a)? 8

We evaluate the integrals by using Lemma 10

JRUEDEN
0o (ub+(1—u)a)?r

/% (1—2u)v?

IN

2

e putu =1—win (44), we have

2

((1—w? — )

(ub+ (1 —u)a)? "

1
< =

2

1 —2p _
z/va(a;b) (1w(b a
0

b+a

(a+b)~%

= C9(1/).

Similarly

2

(ub+ (1 —u)a)?» "
1 /1 (1—u)'rp
2 @ apar

—(1—=u)V P (1 (a)]7 4 31 (b)]7
1= )} (@

)

b—
= mzl—} <2p,vp+1 vp+2; P Ta

(2u —1)vP

2

put u = 1 — w in on right hand side of inequality (46), we have

u

1 (uv _ (1 _ u)v)P p
/% (ub+ (1 —u)a)?»

3 (1—2w)v
0o ((1—w)b+wa)?r
1

1w
2h A
b2

1
=—FhQ2p,Lvp+2; 5(1 -

2(wvp+1)
= Cyo(v).

b

)

V(' — (1 -uw")P !
J, b+ (1 —way ™ = /. (b + (1= wayr ™
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(43)

(44)

(45)

(46)

(47)
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s Using (45) and (47) in (43) we get the result. [J

so Remark 5. On giving particular values to parameter in Theorem 16 we have the following results.
o1 (i) If we put w = 0, then we get [8, Theorem 8].

o2 (i) If we put v = 1 along with w = 0, then we get [8, Corollary 3(1)].

os (iii) If we put g(¢) = 1 along with w = 0, then we get [8, Corollary 3(2)].

ea (iv) If we putv =1, g(f) = 1 along with w = 0, then we get [8, Corollary 3(3)].

os Conclusion

96 We have obtained generalized Fejér-Hadamard inequality for harmonically convex functions
oz via generalized fractional integral operator. This inequality includes several inclusions for
os example Fejér-Hadamard and Hadamarad inequalities for harmonically convex functions via
»o Riemann-Liouville fractional integral. —Taking different specific values of parameters in the
1o generalized Mittag-Leffler function one can obtain results for some known fractional integral
101 Operators for example, for fractional integral operators defined in [12,15]. Also we have established
102 some bounds of the difference of the generalized Fejér-Hadamard inequality, in particular several
13 bounds for particular values of parameters involved in the generalized Mittag-Leffler function.
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