
HYPO-q-NORMS ON CARTESIAN PRODUCTS OF ALGEBRAS
OF BOUNDED LINEAR OPERATORS ON HILBERT SPACES

SILVESTRU SEVER DRAGOMIR1;2

Abstract. In this paper we introduce the hypo-q-norms on a Cartesian prod-
uct of algebras of bounded linear operators on Hilbert spaces. A representation
of these norms in terms of inner products, the equivalence with the q-norms
on a Cartesian product and some reverse inequalities obtained via the scalar
reverses of Cauchy-Buniakowski-Schwarz inequality are also given. Several
bounds for the norms �p, #p and the real norms �r;p and �r;p are provided as
well.

1. Introduction

In [11], the author has introduced the following norm on the Cartesian product
B(n) (H) := B (H) � � � � � B (H) ; where B (H) denotes the Banach algebra of all
bounded linear operators de�ned on the complex Hilbert space H :

(1.1) k(T1; : : : ; Tn)kn;e := sup
(�1;:::;�n)2Bn

k�1T1 + � � �+ �nTnk ;

where (T1; : : : ; Tn) 2 B(n) (H) and Bn :=
n
(�1; : : : ; �n) 2 Cn

���Pn
i=1 j�ij

2 � 1
o
is

the Euclidean closed ball in Cn: It is clear that k�kn;e is a norm on B(n) (H) and
for any (T1; : : : ; Tn) 2 B(n) (H) we have

(1.2) k(T1; : : : ; Tn)kn;e = k(T
�
1 ; : : : ; T

�
n)kn;e ;

where T �i is the adjoint operator of Ti; i 2 f1; : : : ; ng :
It has been shown in [11] that the following inequality holds true:

(1.3)
1p
n








nX
j=1

TjT
�
j








1
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� k(T1; : : : ; Tn)kn;e �








nX
j=1

TjT
�
j








1
2

for any n-tuple (T1; : : : ; Tn) 2 B(n) (H) and the constants 1p
n
and 1 are best pos-

sible.
In the same paper [11] the author has introduced the Euclidean operator radius

of an n-tuple of operators (T1; : : : ; Tn) by

(1.4) wn;e (T1; : : : ; Tn) := sup
kxk=1

0@ nX
j=1

jhTjx; xij2
1A 1

2
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2 S. S. DRAGOMIR

and proved that wn;e (�) is a norm on B(n) (H) and satis�es the double inequality:

(1.5)
1

2
k(T1; : : : ; Tn)kn;e � wn;e (T1; : : : ; Tn) � k(T1; : : : ; Tn)kn;e

for each n-tuple (T1; : : : ; Tn) 2 B(n) (H) :
As pointed out in [11], the Euclidean numerical radius also satis�es the double

inequality:

(1.6)
1

2
p
n








nX
j=1

TjT
�
j








1
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� wn;e (T1; : : : ; Tn) �








nX
j=1

TjT
�
j








1
2

for any (T1; : : : ; Tn) 2 B(n) (H) and the constants 1
2
p
n
and 1 are best possible.

Now, let (E; k�k) be a normed linear space over the complex number �eld C. On
Cn endowed with the canonical linear structure we consider a norm k�kn. As an
example of such norms we should mention the usual p-norms

k�kn;p :=

8<:
max fj�1j ; : : : ; j�njg if p =1;

(
Pn

k=1 j�kj
p
)
1
p if p 2 [1;1):

The Euclidean norm is obtained for p = 2, i.e.,

k�kn;2 :=
 

nX
k=1

j�kj2
! 1

2

:

It is well known that on En := E � � � � � E endowed with the canonical linear
structure we can de�ne the following p-norms:

kxkn;p :=

8<:
max fkx1k ; : : : ; kxnkg if p =1;

(
Pn

k=1 kxkk
p
)
1
p if p 2 [1;1);

where x = (x1; : : : ; xn) 2 En:
Following the paper [4], for a given norm k�kn on Cn; we de�ne the functional

k�kh;n : En ! [0;1) by

(1.7) kxkh;n := sup
k�kn�1








nX
j=1

�jxj







 ;
where x = (x1; : : : ; xn) 2 En and � = (�1; : : : ; �n) 2 Cn:
It is easy to see that [4]:

(i) kxkh;n � 0 for any x 2 En;
(ii) kx+ ykh;n � kxkh;n + kykh;n for any x; y 2 En;
(iii) k�xkh;n = j�j kxkh;n for each � 2 C and x 2 En;
and therefore k�kh;n is a semi-norm on En: This will be called the hypo-semi-

norm generated by the norm k�kn on En:
We observe that kxkh;n = 0 if and only if

Pn
j=1 �jxj = 0 for any (�1; : : : ; �n) 2

B (k�kn) : If there exists �
0
1; : : : ; �

0
n 6= 0 such that

�
�01; 0; : : : ; 0

�
;
�
0; �02; : : : ; 0

�
; : : : ;�

0; 0; : : : ; �0n
�
2 B (k�kn) then the semi-norm generated by k�kn is a norm on En:
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HYPO-q-NORMS ON CARTESIAN PRODUCTS 3

If p 2 [1;1] and we consider the p-norms k�kn;p on Cn; then we can de�ne the
following hypo-q-norms on En :

(1.8) kxkh;n;q := sup
k�kn;p�1








nX
j=1

�jxj







 ;
with q 2 [1;1] : If p = 1; q =1; if p =1; q = 1 and if p > 1; then 1

p +
1
q = 1:

For p = 2; we have the hypo-Euclidean norm on En; i.e.,

(1.9) kxkh;n;e := sup
k�kn;2�1








nX
j=1

�jxj







 :
If we consider now E = B (H) endowed with the operator norm k�k ; then we

can obtain the following hypo-q-norms on B(n) (H)

(1.10) k(T1; : : : ; Tn)kh;n;q := sup
k�kn;p�1








nX
j=1

�jTj







 with p; q 2 [1;1] ;
with the convention that if p = 1; q = 1; if p = 1; q = 1 and if p > 1; then
1
p +

1
q = 1:

For p = 2 we obtain the hypo-Euclidian norm k(�; : : : ; �)kn;e de�ned in (1.2).
If we consider now E = B (H) endowed with the operator numerical radius w (�) ;

which is a norm on B (H) ; then we can obtain the following hypo-q-numerical radius
of (T1; : : : ; Tn) 2 B(n) (H) de�ned by

(1.11) wh;n;q (T1; : : : ; Tn) := sup
k�kn;p�1

w

0@ nX
j=1

�jTj

1A with p; q 2 [1;1] ;

with the convention that if p = 1; q = 1; if p = 1; q = 1 and if p > 1; then
1
p +

1
q = 1:

For p = 2 we obtain the hypo-Euclidian norm

(1.12) wh;n;e (T1; : : : ; Tn) := sup
k�kn;2�1

w

0@ nX
j=1

�jTj

1A
and will show further that it coincides with the Euclidean operator radius of an
n-tuple of operators (T1; : : : ; Tn) de�ned in (1.4).
Using the fundamental inequality between the operator norm and numerical

radius w (T ) � kTk � 2w (T ) for T 2 B (H) we have

w

0@ nX
j=1

�jTj

1A �








nX
j=1

�jTj







 � 2w
0@ nX
j=1

�jTj

1A
for any (T1; : : : ; Tn) 2 B(n) (H) and any � = (�1; : : : ; �n) 2 Cn: By taking the
supremum over � with k�kn;p � 1 we get
(1.13) wh;n;q (T1; : : : ; Tn) � k(T1; : : : ; Tn)kh;n;q � 2wh;n;q (T1; : : : ; Tn)
with the convention that if p = 1; q = 1; if p = 1; q = 1 and if p > 1; then
1
p +

1
q = 1:

For p = q = 2 we recapture the inequality (1.5).
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4 S. S. DRAGOMIR

In 2012, [6] (see also [7] and [8]) the author have introduced the concept of
s-q-numerical radius of an n-tuple of operators (T1; : : : ; Tn) for q � 1 as

(1.14) ws;q (T1; : : : ; Tn) := sup
kxk=1

0@ nX
j=1

jhTjx; xijq
1A 1

q

and established various inequalities of interest. For more recent results see also [10]
and [12].
In the same paper [6] we also introduced the concept of s-q-norm of an n-tuple

of operators (T1; : : : ; Tn) for q � 1 as

(1.15) k(T1; : : : ; Tn)ks;q := sup
kxk=kyk=1

0@ nX
j=1

jhTjx; yijq
1A 1

q

:

In [6], [7] and [8], by utilising Kato�s inequality [9]

(1.16) jhTx; yij2 �
D
jT j2� x; x

ED
jT �j2(1��) y; y

E
for any x; y 2 H; � 2 [0; 1] ; where "absolute value" operator of A is de�ned by
jAj :=

p
A�A; the authors have obtained several inequalities for the s-q-numerical

radius and s-q-norm.
In this paper we investigate the connections between these norms and establish

some fundamental inequalities of interest in multivariate operator theory.

2. Representation Results

We start with the following lemma:

Lemma 1. Let � = (�1; : : : ; �n) 2 Cn:
(i) If p; q > 1 and 1

p +
1
q = 1; then

(2.1) sup
k�kn;p�1

������
nX
j=1

�j�j

������ = k�kn;q :
In particular,

(2.2) sup
k�kn;2�1

������
nX
j=1

�j�j

������ = k�kn;2 :
(ii) We have

(2.3) sup
k�kn;1�1

������
nX
j=1

�j�j

������ = k�kn;1 and sup
k�kn;1�1

������
nX
j=1

�j�j

������ = k�kn;1 :
Proof. (i). Using Hölder�s discrete inequality for p; q > 1 and 1

p +
1
q = 1 we have������

nX
j=1

�j�j

������ �
0@ nX
j=1

j�j jp
1A1=p0@ nX

j=1

���j��q
1A1=q

;
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which implies that

(2.4) sup
k�kn;p�1

������
nX
j=1

�j�j

������ � k�kn;q
where � = (�1; : : : ; �n) and � = (�1; : : : ; �n) are n-tuples of complex numbers.
For (�1; : : : ; �n) 6= 0; consider � = (�1; : : : ; �n) with

�j :=
�j
���j��q�2

(
Pn

k=1 j�kj
q
)
1=p

for those j for which �j 6= 0 and �j = 0; for the rest.
We observe that������

nX
j=1

�j�j

������ =
������
nX
j=1

�j
���j��q�2

(
Pn

k=1 j�kj
q
)
1=p
�j

������ =
Pn

j=1

���j��q
(
Pn

k=1 j�kj
q
)
1=p

=

0@ nX
j=1

���j��q
1A1=q

= k�kn;q

and

k�kpn;p =
nX
j=1

j�j jp =
nX
j=1

����j ���j��q�2���p
(
Pn

k=1 j�kj
q
)
=

nX
j=1

����j��q�1�p
(
Pn

k=1 j�kj
q
)

=

nX
j=1

���j��qp�p
(
Pn

k=1 j�kj
q
)
=

nX
j=1

���j��q
(
Pn

k=1 j�kj
q
)
= 1:

Therefore, by (2.4) we have the representation (2.1).
(ii). Using the properties of the modulus, we have������

nX
j=1

�j�j

������ � max
j2f1;:::;ng

j�j j
nX
j=1

���j�� ;
which implies that

(2.5) sup
k�kn;1�1

������
nX
j=1

�j�j

������ � k�kn;1 ;
where � = (�1; : : : ; �n) and � = (�1; : : : ; �n) :

For (�1; : : : ; �n) 6= 0; consider � = (�1; : : : ; �n) with �j :=
�j

j�jj for those j for
which �j 6= 0 and �j = 0; for the rest.
We have ������

nX
j=1

�j�j

������ =
������
nX
j=1

�j���j���j
������ =

nX
j=1

���j�� = k�kn;1
and

k�kn;1 = max
j2f1;:::;ng

j�j j = max
j2f1;:::;ng

����� �j���j��
����� = 1

and by (2.5) we get the �rst representation in (2.3).
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6 S. S. DRAGOMIR

Moreover, we have ������
nX
j=1

�j�j

������ �
nX
j=1

j�j j max
j2f1;:::;ng

���j�� ;
which implies that

(2.6) sup
k�kn;1�1

������
nX
j=1

�j�j

������ � k�kn;1 ;
where � = (�1; : : : ; �n) and � = (�1; : : : ; �n) :
For (�1; : : : ; �n) 6= 0, let j0 2 f1; :::; ng such that k�k1 = maxj2f1;:::;ng

���j�� =���j0�� : Consider � = (�1; : : : ; �n) with �j0 = �j0
j�j0 j

and �j = 0 for j 6= j0: For this
choice we get

nX
j=1

j�j j =
���j0�����j0�� = 1 and

������
nX
j=1

�j�j

������ =
����� �j0���j0���j0

����� = ���j0�� = k�kn;1 ;
therefore by (2.6) we obtain the second representation in (2). �

Theorem 1. Let (T1; : : : ; Tn) 2 B(n) (H) and x; y 2 H; then for p; q > 1 and
1
p +

1
q = 1 we have

(2.7) sup
k�kn;p�1

������
*0@ nX

j=1

�jTj

1Ax; y+
������ =

0@ nX
j=1

jhTjx; yijq
1A1=q

and in particular

(2.8) sup
k�kn;2�1

������
*0@ nX

j=1

�jTj

1Ax; y+
������ =

0@ nX
j=1

jhTjx; yij2
1A1=2

:

We also have

(2.9) sup
k�kn;1�1

������
*0@ nX

j=1

�jTj

1Ax; y+
������ =

nX
j=1

jhTjx; yij

and

(2.10) sup
k�kn;1�1

������
*0@ nX

j=1

�jTj

1Ax; y+
������ = max

j2f1;:::;ng
fjhTjx; yijg :

Proof. If we take � = (hT1x; yi ; : : : ; hTnx; yi) 2 Cn in (2.1), then we get0@ nX
j=1

jhTjx; yijq
1A1=q

= k�kn;q = sup
k�kp�1

������
nX
j=1

�j�j

������
= sup

k�kn;p�1

������
nX
j=1

�j hTjx; yi

������ = sup
k�kn;p�1

������
*

nX
j=1

�jTjx; y

+������ ;
which proves (2.7).
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The equalities (2.9) and (2.10) follow by (2.3). �

Corollary 1. Let (T1; : : : ; Tn) 2 B(n) (H) and x 2 H; then for p; q > 1 and
1
p +

1
q = 1 we have

(2.11) sup
k�kn;p�1

������
*0@ nX

j=1

�jTj

1Ax; x+
������ =

0@ nX
j=1

jhTjx; xijq
1A1=q

and, in particular

(2.12) sup
k�kn;2�1

������
*0@ nX

j=1

�jTj

1Ax; x+
������ =

0@ nX
j=1

jhTjx; xij2
1A1=2

:

We also have

(2.13) sup
k�kn;1�1

������
*0@ nX

j=1

�jTj

1Ax; x+
������ =

nX
j=1

jhTjx; xij

and

(2.14) sup
k�kn;1�1

������
*0@ nX

j=1

�jTj

1Ax; x+
������ = max

j2f1;:::;ng
fjhTjx; xijg :

Corollary 2. Let (T1; : : : ; Tn) 2 B(n) (H) and x 2 H; then for p; q > 1 and
1
p +

1
q = 1 we have

(2.15) sup
k�kn;p�1








nX
j=1

�jTjx







 = sup
kyk=1

0@ nX
j=1

jhTjx; yijq
1A1=q

and in particular

(2.16) sup
k�kn;2�1








nX
j=1

�jTjx







 = sup
kyk=1

0@ nX
j=1

jhTjx; yij2
1A1=2

:

We also have

(2.17) sup
k�kn;1�1








nX
j=1

�jTjx







 = sup
kyk=1

nX
j=1

jhTjx; yij

and

(2.18) sup
k�kn;1�1








nX
j=1

�jTjx







 = max
j2f1;:::;ng

fkTjxkg :

Proof. By the properties of inner product, we have for any u 2 H; u 6= 0 that

kuk = sup
kyk=1

jhu; yij :
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Let x 2 H; then by taking the supremum over kyk = 1 in (2.7) we get for p;
q > 1 with 1

p +
1
q = 1 that

sup
kyk=1

0@ nX
j=1

jhTjx; yijq
1A1=q

= sup
kyk=1

0@ sup
k�kn;p�1

������
*0@ nX

j=1

�jTj

1Ax; y+
������
1A

= sup
k�kn;p�1

0@ sup
kyk=1

������
*0@ nX

j=1

�jTj

1Ax; y+
������
1A

= sup
k�kn;p�1








0@ nX
j=1

�jTj

1Ax






 ;

which proves the equality (2.15).
The other equalities can be proved in a similar way by using Theorem 1, however

the details are omitted. �

We can state and prove our main result.

Theorem 2. Let (T1; : : : ; Tn) 2 B(n) (H).
(i) For q � 1 we have the representation for the hypo-q-norm

(2.19) k(T1; : : : ; Tn)kh;n;q = sup
kxk=kyk=1

0@ nX
j=1

jhTjx; yijq
1A1=q

= k(T1; : : : ; Tn)ks;q

and in particular

(2.20) k(T1; : : : ; Tn)kn;e = sup
kxk=kyk=1

0@ nX
j=1

jhTjx; yij2
1A1=2

:

We also have

(2.21) k(T1; : : : ; Tn)kh;n;1 = max
j2f1;:::;ng

fkTjkg :

(ii) For q � 1 we have the representation for the hypo-q-numerical radius

(2.22) wh;n;q (T1; : : : ; Tn) = sup
kxk=1

0@ nX
j=1

jhTjx; xijq
1A1=q

= ws;q (T1; : : : ; Tn)

and in particular

(2.23) wn;e (T1; : : : ; Tn) := sup
kxk=1

0@ nX
j=1

jhTjx; xij2
1A 1

2

:

We also have

(2.24) wh;n;1 (T1; : : : ; Tn) = max
j2f1;:::;ng

fw (Tj)g :
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Proof. (i) By using the equality (2.15) we have for (T1; : : : ; Tn) 2 B(n) (H) that

sup
kxk=kyk=1

0@ nX
j=1

jhTjx; yijq
1A1=q

= sup
kxk=1

0B@ sup
kyk=1

0@ nX
j=1

jhTjx; yijq
1A1=q

1CA
= sup

kxk=1

0@ sup
k�kn;p�1








nX
j=1

�jTjx








1A

= sup
k�kn;p�1

0@ sup
kxk=1








nX
j=1

�jTjx








1A

= sup
k�kn;p�1








nX
j=1

�jTj







 = k(T1; : : : ; Tn)kh;n;q ;
which proves (2.19). The rest is obvious.
(ii) By using the equality (2.11) we have for (T1; : : : ; Tn) 2 B(n) (H) that

sup
kxk=1

0@ nX
j=1

jhTjx; xijq
1A1=q

= sup
kxk=1

0@ sup
k�kn;p�1

������
*0@ nX

j=1

�jTj

1Ax; x+
������
1A

= sup
k�kn;p�1

0@ sup
kxk=1

������
*0@ nX

j=1

�jTj

1Ax; x+
������
1A

= sup
k�kn;p�1

w

0@ nX
j=1

�jTj

1A = wh;n;q (T1; : : : ; Tn) ;

which proves (2.22). The rest is obvious. �
Remark 1. The case q = 2 was obtained in a di¤erent manner in [4] by utilising
the rotation-invariant normalised positive Borel measure on the unit sphere.

We can consider on B(n) (H) the following usual operator and numerical radius
q-norms, for q � 1

k(T1; : : : ; Tn)kn;q :=

0@ nX
j=1

kTjkq
1A1=q

and wn;q (T1; : : : ; Tn) :=

0@ nX
j=1

wq (Tj)

1A1=q

where (T1; : : : ; Tn) 2 B(n) (H) : For q =1 we put

k(T1; : : : ; Tn)kn;1 := max
j2f1;:::;ng

fkTjkg and wn;1 (T1; : : : ; Tn) := max
j2f1;:::;ng

fw (Tj)g :

Corollary 3. With the assumptions of Theorem 2 we have for q � 1 that

(2.25)
1

n1=q
k(T1; : : : ; Tn)kn;q � k(T1; : : : ; Tn)kh;n;q � k(T1; : : : ; Tn)kn;q

and

(2.26)
1

n1=q
wn;q (T1; : : : ; Tn) � wh;n;q (T1; : : : ; Tn) � wn;q (T1; : : : ; Tn)

for any (T1; : : : ; Tn) 2 B(n) (H) :
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In particular, we have [4]

(2.27)
1p
n
k(T1; : : : ; Tn)kn;2 � k(T1; : : : ; Tn)kh;n;e � k(T1; : : : ; Tn)kn;2

and

(2.28)
1p
n
wn;2 (T1; : : : ; Tn) � wh;n;e (T1; : : : ; Tn) � wn;2 (T1; : : : ; Tn)

for any (T1; : : : ; Tn) 2 B(n) (H) :

Proof. Let (T1; : : : ; Tn) 2 B(n) (H) and x; y 2 H with kxk = kyk = 1: Then by
Schwarz�s inequality we have0@ nX

j=1

jhTjx; yijq
1A1=q

�

0@ nX
j=1

kTjxkq kykq
1A1=q

=

0@ nX
j=1

kTjxkq
1A1=q

:

By the operator norm inequality we also have0@ nX
j=1

kTjxkq
1A1=q

�

0@ nX
j=1

kTjkq kxkq
1A1=q

= k(T1; : : : ; Tn)kn;q :

Therefore 0@ nX
j=1

jhTjx; yijq
1A1=q

� k(T1; : : : ; Tn)kn;q

and by taking the supremum over kxk = kyk = 1 we get the second inequality in
(2.25).
By the properties of complex numbers, we have

max
j2f1;:::;ng

fjhTjx; yijg �

0@ nX
j=1

jhTjx; yijq
1A1=q

x; y 2 H with kxk = kyk = 1:
By taking the supremum over kxk = kyk = 1 we get

(2.29) sup
kxk=kyk=1

�
max

j2f1;:::;ng
fjhTjx; yijg

�
� k(T1; : : : ; Tn)kh;n;q

and since

sup
kxk=kyk=1

�
max

j2f1;:::;ng
fjhTjx; yijg

�
= max

j2f1;:::;ng

(
sup

kxk=kyk=1
jhTjx; yij

)
= max

j2f1;:::;ng
fkTjkg = k(T1; : : : ; Tn)kn;1 ;

then by (2.29) we get

(2.30) k(T1; : : : ; Tn)kn;1 � k(T1; : : : ; Tn)kh;n;q

for any (T1; : : : ; Tn) 2 B(n) (H) :
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Since

k(T1; : : : ; Tn)kn;q :=

0@ nX
j=1

kTjkq
1A1=q

�
�
n k(T1; : : : ; Tn)kqn;1

�1=q
(2.31)

= n1=q k(T1; : : : ; Tn)kn;1 ;

then by (2.30) and (2.31) we get

1

n1=q
k(T1; : : : ; Tn)kn;q � k(T1; : : : ; Tn)kh;n;q

for any (T1; : : : ; Tn) 2 B(n) (H) :
The inequality (2.26) follows in a similar way and we omit the details. �

Corollary 4. With the assumptions of Theorem 2 we have for r � q � 1 that

(2.32) k(T1; : : : ; Tn)kh;n;r � k(T1; : : : ; Tn)kh;n;q � n
r�q
rq k(T1; : : : ; Tn)kh;n;r

and [12]

(2.33) wh;n;r (T1; : : : ; Tn) � wh;n;q (T1; : : : ; Tn) � n
r�q
rq wh;n;r (T1; : : : ; Tn)

for any (T1; : : : ; Tn) 2 B(n) (H) :

Proof. We use the following elementary inequalities for the nonnegative numbers
aj , j = 1; :::; n and r � q > 0 (see for instance [12])

(2.34)

0@ nX
j=1

arj

1A1=r

�

0@ nX
j=1

aqj

1A1=q

� n
r�q
rq

0@ nX
j=1

arj

1A1=r

:

Let (T1; : : : ; Tn) 2 B(n) (H) and x; y 2 H with kxk = kyk = 1: Then by (2.34) we
get 0@ nX

j=1

jhTjx; yijr
1A1=r

�

0@ nX
j=1

jhTjx; yijq
1A1=q

� n
r�q
rq

0@ nX
j=1

jhTjx; yijr
1A1=r

:

By taking the supremum over kxk = kyk = 1 we get (2.32).
The inequality (2.33) follows in a similar way and we omit the details. �

Remark 2. For q � 2 we have by (2.32) and (2.33)

(2.35) k(T1; : : : ; Tn)kh;n;q � k(T1; : : : ; Tn)kh;n;e � n
q�2
2q k(T1; : : : ; Tn)kh;n;q

and

(2.36) wh;n;q (T1; : : : ; Tn) � wh;n;e (T1; : : : ; Tn) � n
q�2
2q wh;n;q (T1; : : : ; Tn)

and for 1 � q � 2 we have

(2.37) k(T1; : : : ; Tn)kh;n;e � k(T1; : : : ; Tn)kh;n;q � n
2�q
2q k(T1; : : : ; Tn)kh;n;e

and

(2.38) wh;n;e (T1; : : : ; Tn) � wh;n;e (T1; : : : ; Tn) � n
2�q
2q wh;n;e (T1; : : : ; Tn)

for any (T1; : : : ; Tn) 2 B(n) (H) :
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Also, if we take q = 1 and r � 1 in (2.32) and (2.33), then we get

(2.39) k(T1; : : : ; Tn)kh;n;r � k(T1; : : : ; Tn)kh;n;1 � n
r�1
r k(T1; : : : ; Tn)kh;n;r

and

(2.40) wh;n;r (T1; : : : ; Tn) � wh;n;1 (T1; : : : ; Tn) � n
r�1
r wh;n;r (T1; : : : ; Tn)

for any (T1; : : : ; Tn) 2 B(n) (H) :
In particular, for r = 2 we get

(2.41) k(T1; : : : ; Tn)kh;n;e � k(T1; : : : ; Tn)kh;n;1 �
p
n k(T1; : : : ; Tn)kh;n;e

and

(2.42) wn;e (T1; : : : ; Tn) � wh;n;1 (T1; : : : ; Tn) �
p
nwn;e (T1; : : : ; Tn)

for any (T1; : : : ; Tn) 2 B(n) (H) :

We have:

Proposition 1. For any (T1; : : : ; Tn) 2 B(n) (H) and p; q > 1 with 1
p +

1
q = 1;

then we have

(2.43) k(T1; : : : ; Tn)kh;n;q �
1

n1=p








nX
j=1

Tj








and

(2.44) wh;n;q (T1; : : : ; Tn) �
1

n1=p
w

0@ nX
j=1

Tj

1A :
Proof. Let �j = 1

n1=p
for j 2 f1; :::; ng ; then

Pn
j=1 j�j j

p
= 1: Therefore by (1.8) we

get

k(T1; : : : ; Tn)kh;n;q = sup
k�kn;p�1








nX
j=1

�jTj







 �







nX
j=1

1

n1=p
Tj







 = 1

n1=p








nX
j=1

Tj







 :
The inequality (2.44) follows in a similar way. �

We can also introduce the following norms for (T1; : : : ; Tn) 2 B(n) (H) ;

k(T1; : : : ; Tn)ks;n;p := sup
kxk=1

0@ nX
j=1

kTjxkp
1A1=p

where p � 1 and

k(T1; : : : ; Tn)ks;n;1 := sup
kxk=1

�
max

j2f1;:::;ng
kTjxk

�
= max

j2f1;:::;ng
fkTjkg :

The triangle inequality k�ks;n;q follows by Minkowski inequality, while the other
properties of the norm are obvious.

Proposition 2. Let (T1; : : : ; Tn) 2 B(n) (H) :
(i) We have for p � 1; that

(2.45) k(T1; : : : ; Tn)kh;n;p � k(T1; : : : ; Tn)ks;n;p � k(T1; : : : ; Tn)kn;p ;
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(ii) For p � 2 we also have

(2.46) k(T1; : : : ; Tn)ks;n;p =
h
wh;n;p=2

�
jT1j2 ; : : : ; jTnj2

�i1=2
;

where the absolute value jT j is de�ned by jT j := (T �T )1=2 :

Proof. (i) We have for p � 2 and x; y 2 H with kxk = kyk = 1; that

jhTjx; yijp � kTjxkp kykp = kTjxkp � kTjkp kxkp = kTjkp

for j 2 f1; :::; ng :
This implies

nX
j=1

jhTjx; yijp �
nX
j=1

kTjxkp �
nX
j=1

kTjkp ;

namely

(2.47)

0@ nX
j=1

jhTjx; yijp
1A1=p

�

0@ nX
j=1

kTjxkp
1A1=p

�

0@ nX
j=1

kTjkp
1A1=p

;

for any x; y 2 H with kxk = kyk = 1:
Taking the supremum over kxk = kyk = 1 in (2.47), we get the desired result

(2.45).
(ii) We have

k(T1; : : : ; Tn)ks;n;p

= sup
kxk=1

0@ nX
j=1

kTjxkp
1A1=p

= sup
kxk=1

0@ nX
j=1

�
kTjxk2

�p=21A1=p

= sup
kxk=1

0@ nX
j=1

hTjx; Tjxip=2
1A1=p

= sup
kxk=1

0@ nX
j=1



T �j Tjx; x

�p=21A1=p

= sup
kxk=1

0@ nX
j=1

D
jTj j2 x; x

Ep=21A1=p

=

264 sup
kxk=1

0@ nX
j=1

D
jTj j2 x; x

Ep=21A1=(p=2)
375
1=2

=
h
wh;n;p=2

�
jT1j2 ; : : : ; jTnj2

�i1=2
;

which proves the equality (2.46). �

3. Some Reverse Inequalities

Recall the following reverse of Cauchy-Buniakowski-Schwarz inequality [1] (see
also [2, Theorem 5. 14]):

Lemma 2. Let a; A 2 R and z = (z1; : : : ; zn) ; y = (y1; : : : ; yn) be two sequences
of real numbers with the property that:

(3.1) ayj � zj � Ayj for each j 2 f1; : : : ; ng :
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Then for any w = (w1; : : : ; wn) a sequence of positive real numbers, one has the
inequality

(3.2) 0 �
nX
j=1

wjz
2
j

nX
j=1

wjy
2
j �

0@ nX
j=1

wjzjyj

1A2

� 1

4
(A� a)2

0@ nX
j=1

wjy
2
j

1A2

:

The constant 14 is sharp in (3.2).

O. Shisha and B. Mond obtained in 1967 (see [13]) the following counterparts of
(CBS)- inequality (see also [2, Theorem 5.20 & 5.21]):

Lemma 3. Assume that a = (a1; : : : ; an) and b = (b1; : : : ; bn) are such that there
exists a; A; b; B with the property that:

(3.3) 0 � a � aj � A and 0 < b � bj � B for any j 2 f1; : : : ; ng ;
then we have the inequality

(3.4)
nX
j=1

a2j

nX
j=1

b2j �

0@ nX
j=1

ajbj

1A2

�
 r

A

b
�
r
a

B

!2 nX
j=1

ajbj

nX
j=1

b2j :

and

Lemma 4. Assume that a, b are nonnegative sequences and there exists 
; � with
the property that

(3.5) 0 � 
 � aj
bj
� � <1 for any j 2 f1; : : : ; ng :

Then we have the inequality

(3.6) 0 �

0@ nX
j=1

a2j

nX
j=1

b2j

1A 1
2

�
nX
j=1

ajbj �
(�� 
)2

4 (
 + �)

nX
j=1

b2j :

We have:

Theorem 3. Let (T1; : : : ; Tn) 2 B(n) (H).
(i) We have

(3.7) 0 � k(T1; : : : ; Tn)k2h;n;e �
1

n
k(T1; : : : ; Tn)k2h;n;1 �

1

4
n k(T1; : : : ; Tn)k2n;1

and

(3.8) 0 � w2n;e (T1; : : : ; Tn)�
1

n
w2h;n;1 (T1; : : : ; Tn) �

1

4
n k(T1; : : : ; Tn)k2n;1 :

(ii) We have

0 � k(T1; : : : ; Tn)k2h;n;e �
1

n
k(T1; : : : ; Tn)k2h;n;1(3.9)

� k(T1; : : : ; Tn)kn;1 k(T1; : : : ; Tn)kh;n;1
and

0 � w2n;e (T1; : : : ; Tn)�
1

n
w2h;n;1 (T1; : : : ; Tn)(3.10)

� k(T1; : : : ; Tn)kn;1 wh;n;1 (T1; : : : ; Tn) :
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(iii) We have

(3.11) 0 � k(T1; : : : ; Tn)kh;n;e �
1p
n
k(T1; : : : ; Tn)kh;n;1 �

1

4

p
n k(T1; : : : ; Tn)kn;1

and

(3.12) 0 � wn;e (T1; : : : ; Tn)�
1p
n
wh;n;1 (T1; : : : ; Tn) �

1

4

p
n k(T1; : : : ; Tn)kn;1 :

Proof. (i). Let (T1; : : : ; Tn) 2 B(n) (H) and put R = maxj2f1;:::;ng fkTjkg =
k(T1; : : : ; Tn)kn;1 : If x; y 2 H; with kxk = kyk = 1 then jhTjx; yij � kTjxk �
kTjk � R for any j 2 f1; :::; ng :
If we write the inequality (3.2) for zj = jhTjx; yij ; wj = yj = 1; A = R and

a = 0; we get

0 � n
nX
j=1

jhTjx; yij2 �

0@ nX
j=1

jhTjx; yij

1A2

� 1

4
n2R2

for any x; y 2 H; with kxk = kyk = 1:
This implies that

(3.13)
nX
j=1

jhTjx; yij2 �
1

n

0@ nX
j=1

jhTjx; yij

1A2

+
1

4
nR2

for any x; y 2 H; with kxk = kyk = 1 and, in particular

(3.14)
nX
j=1

jhTjx; xij2 �
1

n

0@ nX
j=1

jhTjx; xij

1A2

+
1

4
nR2

for any x 2 H; with kxk = 1:
Taking the supremum over kxk = kyk = 1 in (3.13) and kxk = 1 in (3.14), then

we get (3.7) and (3.8).
(ii). Let (T1; : : : ; Tn) 2 B(n) (H) : If we write the inequality (3.4) for aj =

jhTjx; yij ; bj = 1; b = B = 1; a = 0 and A = R; then we get

0 � n
nX
j=1

jhTjx; yij2 �

0@ nX
j=1

jhTjx; yij

1A2

� nR
nX
j=1

jhTjx; yij ;

for any x; y 2 H; with kxk = kyk = 1:
This implies that

(3.15)
nX
j=1

jhTjx; yij2 �
1

n

0@ nX
j=1

jhTjx; yij

1A2

+R
nX
j=1

jhTjx; yij ;

for any x; y 2 H; with kxk = kyk = 1 and, in particular

(3.16)
nX
j=1

jhTjx; xij2 �
1

n

0@ nX
j=1

jhTjx; xij

1A2

+R
nX
j=1

jhTjx; xij ;

for any x 2 H with kxk = 1:
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Taking the supremum over kxk = kyk = 1 in (3.15) and kxk = 1 in (3.16), then
we get (3.9) and (3.10).
(iii). If we write the inequality (3.6) for aj = jhTjx; yij ; bj = 1; b = B = 1; 
 = 0

and � = R we have

0 �

0@n nX
j=1

jhTjx; yij2
1A 1

2

�
nX
j=1

jhTjx; yij �
1

4
nR;

for any x; y 2 H; with kxk = kyk = 1:
This implies that

(3.17)

0@ nX
j=1

jhTjx; yij2
1A 1

2

� 1p
n

nX
j=1

jhTjx; yij+
1

4

p
nR;

for any x; y 2 H; with kxk = kyk = 1 and, in particular

(3.18)

0@ nX
j=1

jhTjx; xij2
1A 1

2

� 1p
n

nX
j=1

jhTjx; xij+
1

4

p
nR;

for any x 2 H with kxk = 1:
Taking the supremum over kxk = kyk = 1 in (3.17) and kxk = 1 in (3.18), then

we get (3.11) and (3.12). �

Before we proceed with establishing some reverse inequalities for the hypo-
Euclidean numerical radius, we recall some reverse results of the Cauchy-Bunyakovsky-
Schwarz inequality for complex numbers as follows:
If 
; � 2 C and �j 2 C, j 2 f1; : : : ; ng with the property that

0 � Re [(�� �j) (�j � �
)](3.19)

= (Re�� Re�j) (Re�j � Re 
) + (Im�� Im�j) (Im�j � Im 
)

or, equivalently,

(3.20)

�����j � 
 + �2
���� � 1

2
j�� 
j

for each j 2 f1; : : : ; ng ; then (see for instance [3, p. 9])

(3.21) n
nX
j=1

j�j j2 �

������
nX
j=1

�j

������
2

� 1

4
n2 j�� 
j2 :

In addition, if Re (��
) > 0; then (see for example [3, p. 26]):

n
nX
j=1

j�j j2 �
1

4

n
Re
h�
�� + �


�Pn
j=1 �j

io2
Re (��
)

(3.22)

� 1

4

j� + 
j2

Re (��
)

������
nX
j=1

�j

������
2

:
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Also, if � 6= �
; then (see for instance [3, p. 32]):

(3.23)

0@n nX
j=1

j�j j2
1A 1

2

�

������
nX
j=1

�j

������ � 1

4
n
j�� 
j2

j� + 
j :

Finally, from [5] we can also state that

(3.24) n
nX
j=1

j�j j2 �

������
nX
j=1

�j

������
2

� n
h
j� + 
j � 2

p
Re (��
)

i ������
nX
j=1

�j

������ ;
provided Re (��
) > 0:
We notice that a simple su¢ cient condition for (3.19) to hold is that

(3.25) Re� � Re�j � Re 
 and Im� � Im�j � Im 


for each j 2 f1; : : : ; ng :

Theorem 4. Let (T1; : : : ; Tn) 2 B(n) (H) and 
; � 2 C with � 6= 
: Assume that

(3.26) w

�
Tj �


 + �

2
I

�
� 1

2
j�� 
j for any j 2 f1; : : : ; ng :

(i) We have

(3.27) w2h;n;e (T1; : : : ; Tn) �
1

n
w2

0@ nX
j=1

Tj

1A+ 1
4
n j�� 
j2 :

(ii) If Re (��
) > 0; then

(3.28) wh;n;e (T1; : : : ; Tn) �
1

2
p
n

j� + 
jp
Re (��
)

w

0@ nX
j=1

Tj

1A
and

w2h;n;e (T1; : : : ; Tn) �

24 1
n
w

0@ nX
j=1

Tj

1A+ hj� + 
j � 2pRe (��
)i
35(3.29)

� w

0@ nX
j=1

Tj

1A :
(iii) If � 6= �
; then

(3.30) wh;n;e (T1; : : : ; Tn) �
1p
n

0@w
0@ nX
j=1

Tj

1A+ 1
4

j�� 
j2

j� + 
j

1A :
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18 S. S. DRAGOMIR

Proof. Let x 2 H with kxk = 1 and (T1; : : : ; Tn) 2 B(n) (H) with the property
(3.26). By taking �j = hTjx; xi we have�����j � 
 + �2

���� = ����hTjx; xi � 
 + �2 hx; xi
���� = ������Tj � 
 + �2 I

�
x; x

�����
� sup

kxk=1

������Tj � 
 + �2 I

�
x; x

����� = w�Tj � 
 + �2
�

� 1

2
j�� 
j

for any j 2 f1; : : : ; ng :
(i) By using the inequality (3.21), we have

nX
j=1

jhTjx; xij2 �
1

n

������
nX
j=1

hTjx; xi

������
2

+
1

4
n j�� 
j2(3.31)

=
1

n

������
*

nX
j=1

Tjx; x

+������
2

+
1

4
n j�� 
j2

for any x 2 H with kxk = 1:
By taking the supremum over kxk = 1 in (3.31) we get

sup
kxk=1

0@ nX
j=1

jhTjx; xij2
1A � 1

n
sup
kxk=1

������
*

nX
j=1

Tjx; x

+������
2

+
1

4
n j�� 
j2

=
1

n
w2

0@ nX
j=1

Tj

1A+ 1
4
n j�� 
j2 ;

which proves (3.27).
(ii) If Re (��
) > 0; then by (3.22) we have for �j = hTjx; xi ; j 2 f1; : : : ; ng that

nX
j=1

jhTjx; xij2 �
1

4n

j� + 
j2

Re (��
)

������
nX
j=1

hTjx; xi

������
2

(3.32)

=
1

4n

j� + 
j2

Re (��
)

������
*

nX
j=1

Tjx; x

+������
2

for any x 2 H with kxk = 1:
On taking the supremum over kxk = 1 in (3.32) we get (3.32).
Also, by (3.24) we get

nX
j=1

jhTjx; xij2 �
1

n

������
nX
j=1

hTjx; xi

������
2

+
h
j� + 
j � 2

p
Re (��
)

i ������
nX
j=1

hTjx; xi

������ ;
for any x 2 H with kxk = 1:
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By taking the supremum over kxk = 1 in this inequality, we have

sup
kxk=1

nX
j=1

jhTjx; xij2

� sup
kxk=1

264 1
n

������
nX
j=1

hTjx; xi

������
2

+
h
j� + 
j � 2

p
Re (��
)

i ������
nX
j=1

hTjx; xi

������
375

� 1

n
sup
kxk=1

������
*

nX
j=1

Tjx; x

+������
2

+
h
j� + 
j � 2

p
Re (��
)

i
sup
kxk=1

������
*

nX
j=1

Tjx; x

+������
=
1

n
w2

0@ nX
j=1

Tj

1A+ hj� + 
j � 2pRe (��
)iw
0@ nX
j=1

Tj

1A ;
which proves (3.29).
(iii) By the inequality (3.23) we have0@ nX

j=1

jhTjx; xij2
1A 1

2

� 1p
n

0@������
nX
j=1

hTjx; xi

������+ 14 j�� 
j
2

j� + 
j

1A
=

1p
n

0@������
*

nX
j=1

Tjx; x

+������+ 14 j�� 
j
2

j� + 
j

1A
for any x 2 H with kxk = 1:
By taking the supremum over kxk = 1 in this inequality, we get (3.30). �

Remark 3. By the use of the elementary inequality w (T ) � kTk that holds for
any T 2 B (H), a su¢ cient condition for (3.26) to hold is that

(3.33)





Tj � 
 + �2




 � 1

2
j�� 
j for any j 2 f1; : : : ; ng :

4. Inequalities for �p and #p Norms

For T 2 B (H) and p � 1 we can consider the functionals

(4.1) �p (T ) := sup
kxk=kyk=1

(jhTx; yijp + jhT �x; yijp)1=p = k(T; T �)kh;2;p

and

(4.2) #p (T ) := sup
kxk=1

(kTxkp + kT �xkp)1=p = k(T; T �)ks;2;p :

It is easy to see that both �p and #p are norms on B (H) : The case p = 2 for
the norm � := �2 was considered and studied in [4].
Observe that, for any T 2 B (H) and p � 1; we have

wh;2;p ((T; T
�)) = sup

kxk=1
(jhTx; xijp + jhT �x; xijp)

1
p = sup

kxk=1
(jhTx; xijp + jhTx; xijp)

1
p

(4.3)

= 21=p sup
kxk=1

jhTx; xij = 21=pw (T ) :
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20 S. S. DRAGOMIR

Using the inequality (1.13) we have

(4.4) 21=pw (T ) � �p (T ) � 21+1=pw (T )
for any T 2 B (H) and p � 1:
For p = 2; we get

(4.5)
p
2w (T ) � � (T ) �

p
8w (T )

while for p = 1 we get

(4.6) 2w (T ) � �1 (T ) � 4w (T )
for any T 2 B (H) :
We have for any T 2 B (H) and p � 1 that

k(T; T �)k2;p = (kTk
p
+ kT �kp)1=p = 21=p kTk

and by (2.25) we get

(4.7) kTk � �p (T ) � 21=p kTk
for any T 2 B (H) and p � 1:
For p = 2; we get

(4.8) kTk � � (T ) �
p
2 kTk

while for p = 1 we get

(4.9) kTk � �1 (T ) � 2 kTk
for any T 2 B (H) :
From (2.32) we get for r � q � 1 that

(4.10) �r (T ) � �q (T ) � 2
r�q
rq �r (T )

for any T 2 B (H).
For any T 2 B (H) and p; q > 1 with 1

p +
1
q = 1; then by (2.43) we have

(4.11) �q (T ) �
1

21=p
kT + T �k :

In particular, for p = q = 2 we get

(4.12) � (T ) �
p
2

2
kT + T �k ;

for any T 2 B (H).
By using the inequality (2.45) we get

(4.13) �p (T ) � #p (T ) � 21=p kTk
for any T 2 B (H) and p � 1:
For p = 1 we get

(4.14) �1 (T ) � #1 (T ) � 2 kTk
for any T 2 B (H) :
For p � 2; by employing the equality (2.46) we get

(4.15) #p (T ) =
h
wh;2;p=2

�
jT j2 ; jT �j2

�i1=2
=
h
22=pw

�
jT j2

�i1=2
= 21=p kTk

for any T 2 B (H) :
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On utilising (3.7), (3.9) and (3.11) we get

(4.16) 0 � �2 (T )� 1
2
�21 (T ) �

1

2
kTk2 ;

(4.17) 0 � �2 (T )� 1
2
�21 (T ) � kTk �1 (T )

and

(4.18) 0 � � (T )� 1p
2
�1 (T ) �

p
2

4
kTk

for any T 2 B (H) :
Observe, by (4.3) we have that

wh;2;e ((T; T
�)) =

p
2w (T ) ;

for any T 2 B (H) :
Assume that T 2 B (H) and 
; � 2 C with � 6= 
 such that

(4.19) w

�
T � 
 + �

2
I

�
; w

�
T � � 
 + �

2
I

�
� 1

2
j�� 
j ,

then by (3.27) we get

(4.20) w2 (T ) � kRe (T )k2 + 1
4
j�� 
j2 ;

where Re (T ) := T+T�

2 :
If Re (��
) > 0; then by (3.28) and (3.29)

(4.21) w (T ) � 1

2

j� + 
jp
Re (��
)

kRe (T )k

and

(4.22) w2 (T ) �
h
kRe (T )k+

h
j� + 
j � 2

p
Re (��
)

ii
kRe (T )k :

If � 6= �
; then by (3.30) we get

(4.23) w (T ) � kRe (T )k+ 1
8

j�� 
j2

j� + 
j :

Due to the fact that w (A) = w (A�) for any A 2 B (H) ; the condition (4.19)
can be simpli�ed as follows.
If m; M are real numbers with M > m and if

w

�
T � m+M

2
I

�
� 1

2
(M �m) ;

then

(4.24) w2 (T ) � kRe (T )k2 + 1
4
(M �m)2 :

If m > 0; then

(4.25) w (T ) � 1

2

m+Mp
mM

kRe (T )k

and

(4.26) w2 (T ) �
�
kRe (T )k+

�p
M �

p
m
�2�

kRe (T )k :
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If M 6= �m; then

(4.27) w (T ) � kRe (T )k+ 1
8

(M �m)2

m+M
:

5. Inequalities for Real Norms

If X is a complex linear space, then the functional k�k is a real norm, if the ho-
mogeneity property in the de�nition of the norms is satis�ed only for real numbers,
namely we have

k�xk = j�j kxk for any � 2 R and x 2 X:
For instance if we consider the complex linear space of complex numbers C then
the functionals

jzjp : = (jRe (z)jp + jIm (z)jp)1=p ; p � 1
and

jzj1 : = max fjRe (z)j ; jIm (z)jg ; p =1;
are real norms on C.
For T 2 B (H) we consider the Cartesian decomposition

T = Re (T ) + i Im (T )

where the selfadoint operators Re (T ) and Im (T ) are uniquely de�ned by

Re (T ) =
T + T �

2
and Im (T ) =

T � T �
2i

:

We can introduce the following functionals

kTkr;p := (kRe (T )k
p
+ kIm (T )kp)1=p , p � 1

and
kTkr;1 := max fkRe (T )k ; kIm (T )kg ; p =1

where k�k is the usual operator norm on B (H) : The de�nition can be extended for
any other norms on B (H) or its subspaces.
Using the properties of the norm k�k and the Minkowski�s inequality

(ja+ bjp + jc+ djp)1=p � (jajp + jcjp)1=p + (jbjp + jdjp)1=p

for p � 1 and a; b; c; d 2 C, we observe that k�kr;p, p 2 [1;1] is a real norm on
B (H) :
For p � 1 and T 2 B we can introduce the following functionals

�r;p (T ) := sup
kxk=kyk=1

(jRe hTx; yijp + jIm hTx; yijp)1=p

= sup
kxk=kyk=1

(jhReTx; yijp + jhImTx; yijp)1=p = k(ReT; ImT )kh;2;p ;

�r;p (T ) := sup
kxk=1

(jRe hTx; xijp + jIm hTx; xijp)1=p

= sup
kxk=1

(jhReTx; xijp + jhImTx; xijp)1=p = wh;2;p (ReT; ImT )

and
�r;p (T ) := sup

kxk=1
(kReTxkp + kImTxkp)1=p = k(ReT; ImT )ks;2;p :
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The case p = 2 is of interest since for T 2 B (H) we have

�r;2 (T ) := sup
kxk=kyk=1

�
jRe hTx; yij2 + jIm hTx; yij2

�1=2
= sup

kxk=kyk=1
jhTx; yij = kTk ;

�r;2 (T ) := sup
kxk=1

�
jRe hTx; xij2 + jIm hTx; xij2

�1=2
= sup

kxk=1
jhTx; xij = w (T )

and

�r;2 (T ) := sup
kxk=1

�
kReTxk2 + kImTxk2

�1=2
= sup

kxk=1

�D
(ReT )

2
x; x

E
+
D
(ImT )

2
x; x

E�1=2
= sup

kxk=1

�Dh
(ReT )

2
+ (ImT )

2
i
x; x

E�1=2
=



(ReT )2 + (ImT )2


1=2 = 




 jT j2 + jT �j22







1=2

:

For p =1 we have

�r;1 (T ) : = sup
kxk=kyk=1

(max fjRe hTx; yij ; jIm hTx; yijg)

= max

(
sup

kxk=kyk=1
jhReTx; yij ; sup

kxk=kyk=1
jhImTx; yij

)
= max fkReTk ; kImTkg ;

and in a similar way

�r;1 (T ) = �r;1 (T ) = max fkReTk ; kImTkg = kTkr;1 :
The functionals �r;p; �r;p and �r;p with p 2 [1;1] are real norms on B (H) :
We have

�r;p (T ) = sup
kxk=kyk=1

(jRe hTx; yijp + jIm hTx; yijp)1=p

�
 

sup
kxk=kyk=1

jRe hTx; yijp + sup
kxk=kyk=1

jIm hTx; yijp
!1=p

= (kRe (T )kp + kIm (T )kp)1=p = kTkr;p
and

kTkr;1 = sup
kxk=kyk=1

(max fjRe hTx; yij ; jIm hTx; yijg)

� sup
kxk=kyk=1

(jRe hTx; yijp + jIm hTx; yijp)1=p = �r;p (T )

for any p � 1 and T 2 B (H) :
In a similar way we have

kTkr;1 � �r;p (T ) � kTkr;p
and

kTkr;1 � �r;p (T ) � kTkr;p
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for any p � 1 and T 2 B (H) :
If we write the inequality (1.13) for n = 2; T1 = ReT and T2 = ImT then we

get

(5.1) �r;p (T ) � �r;p (T ) � 2�r;p (T )
for any p � 1 and T 2 B (H) :
Using the inequlities (2.25) and (2.26) for n = 2; T1 = ReT and T2 = ImT then

we get

(5.2)
1

21=p
kTkr;p � �r;p (T ) � kTkr;p

and

(5.3)
1

21=p
kTkr;p � �r;p (T ) � kTkr;p

for any p � 1 and T 2 B (H) :
If we use the inequalities (2.32) and (2.33) for n = 2; T1 = ReT and T2 = ImT

then we get for t � p � 1 that

(5.4) �r;t (T ) � �r;p (T ) � 2
t�p
tp �r;t (T )

and

(5.5) �r;t (T ) � �r;p (T ) � 2
t�p
tp �r;t (T )

for any T 2 B (H) :
For p = 1 we have the functionals

�r;1 (T ) = sup
kxk=kyk=1

(jhReTx; yij+ jhImTx; yij) = k(ReT; ImT )kh;2;1 ;

�r;1 (T ) := sup
kxk=1

(jhReTx; xij+ jhImTx; xij) = wh;2;1 (ReT; ImT )

and
�r;1 (T ) := sup

kxk=1
(kReTxk+ kImTxk) = k(ReT; ImT )ks;2;1 :

By utilising the inequalities (3.7), (3.9) and (3.11) for n = 2; T1 = ReT and
T2 = ImT; then

(5.6) 0 � kTk2 � 1
2
�2r;1 (T ) �

1

2
(max fkReTk ; kImTkg)2 ;

(5.7) 0 � kTk2 � 1
2
�2r;1 (T ) � max fkReTk ; kImTkg �r;1 (T )

and

(5.8) 0 � kTk �
p
2

2
�r;1 (T ) �

p
2

4
max fkReTk ; kImTkg

for any T 2 B (H) :
Also, by utilising the inequalities (3.8), (3.10) and (3.12) for n = 2; T1 = ReT

and T2 = ImT; then

(5.9) 0 � w2 (T )� 1
2
�2r;1 (T ) �

1

2
(max fkReTk ; kImTkg)2 ;

(5.10) 0 � w2 (T )� 1
2
�2r;1 (T ) � max fkReTk ; kImTkg �r;1 (T )
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and

(5.11) 0 � w (T )�
p
2

2
�r;1 (T ) �

p
2

4
max fkReTk ; kImTkg

for any T 2 B (H) :
If m; M are real numbers with M > m and if

(5.12)





ReT � m+M2 I





 ; 



ImT � m+M2 I





 � 1

2
(M �m) ;

then by (3.27) we get

(5.13) w2 (T ) � 1

2
kReT + ImTk2 + 1

2
(M �m)2 :

If m > 0; then (3.28) and (3.29) we have

(5.14) w (T ) � 1

2
p
2

m+Mp
mM

kReT + ImTk

and

(5.15) w2 (T ) �
�
1

2
kReT + ImTk+

�p
M �

p
m
�2�

kReT + ImTk :

If M 6= �m; then by (3.30) we get

(5.16) w (T ) � 1p
2

 
kReT + ImTk+ 1

4

(M �m)2

M +m

!
:

Finally, we observe that a simple su¢ cient condition for (5.12) to hold, is that

mI � ReT; ImT �MI
in the operator order of B (H) :
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