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ABSTRACT

A recently proposed classical field theory comprised of four field equations that geometrically couple the
Maxwell tensor to the Riemann-Christoffel curvature tensor in a fundamentally new way is reviewed and
extended. The new theory’s field equations show little resemblance to the field equations of classical
physics, but both Maxwell’s equations of electromagnetism and Einstein’s equation of General Relativity
augmented by a term that can mimic the properties of dark matter and dark energy are shown to be a
consequence. Emphasized is the emergence of gravity and the unification brought to electromagnetic
and gravitational phenomena as well as the consistency of solutions of the new theory with those of the
classical Maxwell and Einstein field equations. Unique to the four field equations reviewed here and based
on specific solutions to them are: the emergence of antimatter and its behavior in gravitational fields, the
emergence of dark matter and dark energy mimicking terms in the context of General Relativity, an
underlying relationship between electromagnetic and gravitational radiation, the impossibility of negative
mass solutions that would generate repulsive gravitational fields or antigravity, and a method for

guantizing the charge and mass of particle-like solutions.
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1. INTRODUCTION

Electromagnetic and gravitational fields have long range interactions characterized by speed of light
propagation; similarities that suggest these fields should be coupled together at the classical physics level.
Although this coupling or unification is a well-worn problem with many potential solutions having been
proposed, it is fair to say that there is still no generally accepted classical field theory that can explain both
electromagnetism and gravitation in a coupled or unified framework.! Today, the existence of
electromagnetic and gravitational fields are generally understood to be distinct and independent with
electromagnetism described by Maxwell’s field equations and gravitation described by Einstein’s General
Relativity. The purpose of this manuscript is to assess a recently proposed set of field equations that
geometrically couple electromagnetism and gravitation in a fundamentally new way, putting both

phenomena on an equal footing with both being intimately tied to the curvature of space-time.

Assuming the geometry of nature is Riemannian with four dimensions, the following four field equations
provide a classical field description of physics at the level of the Maxwell and Einstein Field Equations

(M&EFEs),” but then go further by geometrically coupling electromagnetism and gravity

Fﬂv;K = aﬂ' Rﬂ.lc,uv (1)

'R, = pu’ )

utu, =-1 (3)
[pmu”uv+F”1FV’1—%9””F”"FPJ =0 (4)

Both equations (1) and (2) are new, as is the vector field a* that appears in them and serves to couple

electromagnetism to gravity and as will be seen in section 3.3 is also related to the 4-vector potential A

of classical electromagnetism. Equation (1) couples the derivatives of the Maxwell tensor FW to the
Riemann-Christoffel (R-C) tensor RMW in a way that is fundamentally new and unique by taking advantage
of the indicial symmetries of the R-C tensor. Equation (2) couples charge density o, to the Ricci tensor
R,”. Supplementing these first two equations are equations (3) and (4), both of which are well known.

. . . ) p) . .
Equation (3) normalizes the four-velocity vector field U™ that describes the motion of both the scalar

charge density field o, and the scalar mass density field o, , which are assumed to be comoving.
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Equation (4) describes the conservation of energy and momentum for a specific choice of the energy-
momentum tensor. Much of the discussion that follows is focused on describing solutions to the
fundamental field equations (1) through (4) and demonstrating that these solutions are consistent with
those of the classical M&EFEs but then go further by unifying electromagnetic and gravitational

phenomena.

Taken together, the fundamental field equations (1) through (4) are used to axiomatically build up a

description of nature in terms of the six dynamic fields described in Table I.

Table I. Dynamic fields

Field Description Number of components
Guv Metric tensor 10
Fuv Maxwell tensor 6
u* Four-velocity vector field 4
7t Four-vector field coupling electromagnetism 4
to gravitation

Pe Charge density scalar field 1
Pm Mass density scalar field 1

Total number of independent field components 26

An outline of the paper is as follows:

First, a discussion of the consequences of fundamental field equations (1) through (4) is given. Dependent
equations that are a consequence of fundamental field equations (1) through (4) are then derived. These
dependent equations include Maxwell’s field equations, Einstein’s equation of General Relativity
augmented by a term that can mimic the properties of dark matter and dark energy, a conservation of
charge equation, a conservation of mass equation, and the Lorentz force law. The focus of this section is
to show in a concise and axiomatic development how the classical M&EFEs which show little resemblance

to the fundamental field equations (1) through (4) are in fact a consequence them.

Next, a discussion of the basic mathematical structure of the fundamental field equations (1) through (4)
is given. Covered are the logical consistency of the equations from the standpoint of general covariance,

the symmetries exhibited by the equations and the physical interpretation of those symmetries, the
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relationship of the vector field ai of equations (1) and (2) to the conventional 4-vector potential AZ of
classical electromagnetism (F,w = a/A —8VA#), and the solvability of the fundamental field equations

(1) through (4).

Specific solutions to the fundamental field equations (1) through (4) are reviewed next. Covered are
solutions for a non-rotating spherically symmetric charged particle, solutions for electromagnetic and
gravitational waves, and a solution describing an isotropic and homogenous universe. The focus of this
section is develop solutions of the fundamental field equations (1) through (4) that can be directly

compared to well-known solutions of the classical M&EFEs.

Finally, a discussion of the consequences of fundamental field equations (1) through (4) that go beyond
the classical M&EFEs is given. Covered in this section are the emergence of gravity described by Einstein’s
field equation of General Relativity augmented by a term that mimics the properties of dark matter and
dark energy, the way in which antimatter naturally emerges from solutions of the fundamental field
equations (1) through (4) and its interaction with electromagnetic and gravitational fields, the
impossibility of negative mass solutions that would generate repulsive gravitational fields or antigravity,

and a mechanism for quantizing the charge and mass of particle-like solutions.

In this manuscript geometric units are used throughout with a metric tensor having signature [+, +, +, -].
Spatial indices run from 1 to 3 with 4 the time index. The notation within uses commas and semicolons
before tensor indices to indicate ordinary and covariant derivatives, respectively. For the definitions of

the R-C curvature tensor and the Ricci tensor, the conventions used by Weinberg are followed.?!

2. CONSEQUENCES OF FUNDAMENTAL FIELD EQUATIONS
2.1 Maxwell’s equations and conservation of charge

Equations (1) and (2) relate the derivatives of the Maxwell tensor to the R-C tensor and the charge current
density to the Ricci tensor, respectively, and are the fundamental relationships from which all of Maxwell’s

equations flow. Maxwell’'s homogenous equation is derived using the algebraic property of the R-C tensor

R

WV+R +R

0. (5)

Auvic Avku =

Contracting (5) with a* gives
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a’R,,, +a'R,,, =0. (6)

Using (1) to substitute Fﬂm for a* R, in (6) leads to

KL

FW;K + FVK;# +F =0, (7)

KV
which is Maxwell’s homogenous equation.

Maxwell’s inhomogeneous equation follows from (1) by contracting its # and K indices

F — a'RY. @

i

Making the connection between the RHS of (8) and the coulombic current density p.u” =J" using (2)

then gives the conventional Maxwell-Einstein version of Maxwell’s inhomogeneous equation

F~v :—pcu" =-3) . (9)

s

Because F*"is forced to be antisymmetric by (1), the identity F* . =0Iis forced which in turn forces

the coulombic charge to be a conserved quantity

(pcuv);v =(a’R;") =0. (10)

n

Using equations (2) and (3), the coulombic charge density can be solved for in terms of a*,u” and the

Ricci tensor,

+,/-a’R,"a’R_,
P = or . (11)
-a’R,"u,

In the forgoing development, only equations (1), (2) and (3) are fundamental to the new theory.
Maxwell’s equations (7) and (9), the conservation of the charge (10), and the solution for the coulombic
charge density (11) are all consequences of (1), (2), (3) and the properties of the R-C curvature tensor.
These additional equations represent constraints; any solution of (1), (2) and (3) must also satisfy (7), (9)

,(10) and (11).

2.2 Lorentz force law and conservation of mass
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Now consider the last of the theory’s fundamental equations, the energy-momentum conservation

equation

(pmu”uv+F”1F”—%g”vF”"Fpaj =0. (4)

The specific form of the energy-momentum tensor in (4) ensures that p,, is conserved and that there is
a Lorentz force law. These two dependent equations are derived by first contracting (4) with u, which

leads to the conservation of mass

(pmuv) -0, (12)

and then combining (4) and (12), which leads to the Lorentz force law

Du”“

m = pculF/ul (13)
T
u
where DDU =u”_u?. A more detailed outline of the derivation of (12) and (13) is given in section 8.1
7 ;
(Appendix 1).

2.3 Is electromagnetism as it emerges in the new theory compatible with the classical Maxwell

equations?
Equations (1) and (2) are the most important concepts being proposed in this manuscript, fundamentally
new and tying the Maxwell tensor F  and charge density p_ to the R-C curvature tensor and thereby
unifying electromagnetic and gravitational phenomena. The cost of this unification is the introduction of
anew field a” , a field that serves to couple electromagnetic and gravitational phenomena and as will be

shown in section 3.3 is related to the 4-vector potential A” of classical electromagnetism. The unification
that ensues puts electromagnetic and gravitational phenomena on the same footing, with both being

intrinsically tied to nonzero curvatures.

On its surface, the central role for nonzero curvature in all electromagnetic phenomena imposed by
fundamental field equations (1) through (4) might be construed as problematic due to the prevalent view

today that electromagnetic phenomena exist in flat space-time. However, if one were not aware of the

. 2 . . . ) .
vector field &, then the new theory directly morphs into the classical Maxwell’s field equations. To see
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this consider equations (1) through (4) and all equations derived from them that contain ai . These

equations are collected in Table Il along with the equations that result after replacing all occurrences of

i':l'1 using the substitutionsaﬂRﬂKyv—>F#V;K by fundamental equation (1), and alRAV—L]V by

. . . N p)
fundamental equation (2). The updated equations with these substitutions do not reference @" , do not
have an explicit connection to the R-C curvature tensor, and are exactly the classical Maxwell equations

used in flat space-time and their consequences.

Table Il. Equations containing a* updated with aARXW —>F,. and aﬂRA" —JY

Updated with
Equation Substitutions
Original equation 2 Comment
Number a'R,., 2 F.,.
a’'R’ —>1J"
R R R Maxwell’s homogenous
a Rﬂx,uv +a Rﬂ,,uw( +a R/‘tvr(,u = o (6) FﬂV;K + th(;,u + Fl(y;v = 0 .
equation
, . , , Maxwell’s inhomogeneous
F~ ;#:—a Rﬁ. (8) F# ;,u:_‘] )
equation
(,ocuv)_v = (ai R,” )_V =0 (10) Jv., =0 Conservation of charge
+,/-a’R,"a’R_,
P = or (112) L. = P, Trivial identity
A v
-a’R;"u,

The approach followed here relating the classical Maxwell field equations to the theory of
electromagnetism valid in curved space-time that follows from equations (1) through (4) is fundamentally
new and different than previously followed approaches, and in particular does not follow from the
accepted flat space-time Maxwell’s equations using the “minimal substitution rule”.®* B! |n the approach
followed here, the classical Maxwell equations applicable in flat space-time are not recoverable from the
fundamental field equations (1) through (4) using the usual principal of equivalence argument in which

the flat space-time version of a physical law follows from its curved space-time version by replacing 9,

with the Minkowski metric M - This is not to say that the theory of electromagnetism being put forth
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here violates the principle of equivalence, it does not, but rather it implies that the classical Maxwell field
equations applicable in flat space-time are at some level an approximation. In the context of the new

theory, the view of the classical Maxwell field equations is that they are incomplete, there being a hidden

field @* that has gone unrecognized. By not recognizing the existence of a* and writing the

fundamental field equations and their consequences as is done using the substitutions outlined in Table

I, all ties to curved space-time and the vector field a” are hidden and Maxwell’s classical field equations
emerge with the appearance of being applicable in flat space-time. However, the classical Maxwell field
equations that describe electromagnetic phenomena in flat space-time are an approximation to the
theory of electromagnetism that flows from fundamental field equations (1) through (4) and in which

curved space-time is strictly required for a complete description of electromagnetic phenomena.
2.4 Is gravitation as it emerges in the new theory compatible with General Relativity?

While evident from the preceding discussion that Maxwell’s field equations and the classical physics that
flows from them are derivable from the fundamental field equations (1) through (4), at this point it is not

obvious that the same can be said of Einstein’s equation of General Relativity

G" =-8xT" (14)

where G*" = R*¥ _E g“'R is the Einstein tensor. The particle-like solution to be analyzed in section

4.1 demonstrates that the Reissner-Nordstrom metric is an exact solution of the fundamental field
equations (1) through (4), thus establishing that the new theory and classical General Relativity (14)
support the same metric field solutions, at least in the case of spherical symmetry, but one must go
further to determine if Einstein’s field equation is a derivable consequence of the fundamental

equations of the new theory.

To investigate this question | start by considering the conserved energy-momentum tensor (4). An

immediate consequence of G*" and T# being both symmetric and independently conserved

(independently conserved because G**, =0 by the Bianchi identity and T*". =0 by (4)) is that for

any constant @ one can define a tensor field A" by

A" =G" —aT*" | (15)
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where A" is constrained to be both symmetric

A" = A" (16)
and conserved
A" =0. (17)

The value of the constant & in (15) is completely arbitrary and without physical significance because

A" is defined so that any change in the value of & can be absorbed by a change to A" such that (15)
remains satisfied. Taking advantage of this arbitrariness and setting the value of the o = —-8x gives

with a slight rearrangement of (15)
G =-8xT" + A" (18)

which is recognized as Einstein’s equation of General Relativity (14) augmented on its RHS by the term

A", a term that from the perspective of classical General Relativity mimics exactly the properties of
dark matter and dark energy, viz., it is a conserved and symmetric tensor field, it is a source of gravitational

fields in addition to T#*, and it has no interaction signature beyond the gravitational fields it sources.

To the questions posed in the title of this section, “Is Gravitation as it emerges in the new theory

compatible with General Relativity?”, the answer is that equation (18), Einstein’s General Relativity field

equation augmented on its RHS by the A" term is a trivial result of fundamental field equations (1)
through (4). In fact, the physical validity of (18) rests only on the existence of a conserved energy
momentum tensor, as for example the one given in fundamental field equation (4), everything else in the

derivation of (18) being just mathematics. This establishes that any solution of fundamental equations

(1) through (4) must also be a solution of (18) for some choice of A", aterm that in the context of the
new theory has no connection to dark matter or dark energy but rather is explained in terms of normal

matter and normal energy through full solutions of the fundamental field equations. The emergence of

A" will be shown through several specific solutions to the fundamental field equations (1) through (4)

investigated in section 4.

3. MATHEMATICAL STRUCTURE OF FUNDAMENTAL FIELD EQUATIONS
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3.1 Logical consistency of fundamental field equations from the standpoint of General

Table Il collects and summarizes the four fundamental equations of the new theory, along with the

Covariance

number of components of each equation.

Table lll. Fundamental equations

Number of
Equation Equation number in text
components
F,uv;)c = ai R/’Lic;zv (1) 24
a’'R," = pu" (=3") (2) 4
uu, =-1 (3) 1
J7RY u" vA 1 UV [ PO
puu” +F4 F —Zg F Fpa =0 (4) 4
Total number of equations 33

The total number of fundamental component equations listed in Table Ill is 33 which is greater than the
26 field components listed in Table I, 26 being the number of field components a logically consistent
theory must be able to solve for. If all the fundamental component equations listed in Table Il were
independent, then the field components listed in Table | would be overdetermined and in general no
solutions would be expected to exist. However, not all 33 component equations listed in Table Il are
independent. Asalready noted, dependent constraint equations were derived from the fundamental field
equations (1) through (4) and the properties of the R-C curvature tensor. Table IV collects these

dependent constraint equations along with a brief description of their derivation and number of

components.
Table IV. Dependent equations
Equation number in Number of
Equation Derivation
text components
(1) and
F.,.+tF.,+F.,, =0 (7) 4
UV K VI, 1 KLV
R/lx;uv + Rl,uwc + R/lwgu = O
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(pu”) =(a’R,") =0 (10) (1) and (2) 1
+,/-a’R,"a’R_,
P. = or (11) (2) and (3) 1
-a’R,'u,

pal”) =0 (12) (4), (3) and (7) 1
Y

p DY e (13) (4), (3) and (12) 4
Dt

Total number of equations 11

The 11 dependent constraint equation components listed in Table IV reduce the number of independent
fundamental equation components listed in Table lll by 11, leaving 33-11=22 independent components of
the fundamental field equations (1) through (4). These 22 independent component equations satisfy the
requirements of general covariance for determining the 26 independent field components given in Table
I. The remaining four degrees of freedom in the solution represent the four degrees of freedom in
choosing a coordinate system. To further elucidate the mathematical content of the fundamental field
equations (1) through (4), an outline of their solution when viewed as a Cauchy initial value problem is

presented in section 8.2 (Appendix Il).
3.2 Symmetries of fundamental field equations

Three important symmetries of the fundamental field equations (1) through (4) that are shared by all their

solutions are reviewed here. The first of these symmetries corresponds to charge-conjugation

u* u*
a* —a*
uv _EMv
PSR (19)
gyv gyv
P S
Pm Pm

the second corresponds to a matter-to-antimatter transformation as will be discussed in section 5.2
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u* —u?
a* —a*
Fov | | —F
— , (20)
g/uv g,uv
P P
Pnm Pnm

u* —u*
a* a’
v uv
F - F . (212)
gﬂv gyv
P —P
Pm Pm

All three transformations (19) through (21) leave the fundamental equations (1) through (4) unchanged.
Adding the identity transformation to these symmetries forms the Klein-4 group with the product of any

two of the symmetries (19) through (21) giving the remaining symmetry. Note that among the

fundamental fields of the theory only 9, and p,, are unchanged by all the symmetry transformations,

a fact that will be useful in section 5.4 for defining boundary conditions that lead to quantized mass,

charge and angular momentum of particle-like solutions, as well as for the treatment of antimatter.
. . A . . . A
3.3 Relationship of & to the conventional electromagnetic 4-vector potential A

One of the new pieces of physics in the foregoing development is the introduction of the vector field a’
, a vector field that has no counterpart in the conventionally accepted development of classical physics

but here serves to couple the derivatives of the Maxwell tensor to the R-C tensor through (1) and the
charge density to the Ricci tensor through (2). In some respects a’* also appears to play a role similar to

. . A . .
the conventional 4-vector potential A" of classical electromagnetism
F.=A,—A.- (22)

The mathematical connection between @” and A/1 can be seen by differentiating (22), giving
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Frve = A — Ay (23)
and comparing it to equation (1) rewritten as

F =a'R a. _+a (24)

ik Ay Py Vi

where the RHS follows from the commutation property of covariant derivatives. Equating the RHSs of

equations (23) and (24) gives
aK;V;u _arc;,u;v = A/;y;l( - Aﬂ;v;l( (25)

s . A A
establishing the connection between @” and A"
3.4 A system of first order partial differential equations — Do solutions exist?

Equation (1) represents a mixed system of first order partial differential equations for FW and illustrates

one of the complexities of the fundamental field equations (1) through (4) that must be dealt with when
attempting to find solutions. Specifically, mixed systems of first order partial differential equations must
satisfy integrability conditions if solutions are to exist.[®! Although there are several ways of stating what

these integrability conditions are, perhaps the simplest is given by,

F

HviK;,A -

F =-F Ro-vkﬂ. - Fo‘vRo-/ud (26)

VA K uo

This condition can be derived using the commutation relations for covariant derivatives, the analogue of
the commutation property for ordinary derivatives. Using (1) to substitute for FW;K in (26) gives,
(a’R

pKLLY ) 2 -

(apR

pAuv ) K = _FyaRavkﬂ, - FavRa;ud (27)

which can be interpreted as conditions that are automatically satisfied by any solution consisting of

expressions for 9, a* and FW that satisfy (1). With (27) as integrability conditions that must be

satisfied by any solution of (1), the question that naturally arises is this: Are these integrability conditions
so restrictive that perhaps no solution exists to the proposed theory? Although this view could be
construed as making the proposed field theory based on the fundamental field equations (1) through (4)
uninteresting because perhaps no solutions exist, it will be shown that solutions that are consistent with
known solutions of the M&EFEs can be found. Finally, to further elucidate this and other questions

regarding solutions of the fundamental field equations (1) through (4), and to outline how they could be
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solved numerically, section 8.2 (Appendix 1) presents an analysis of (1) through (4) in terms of a Cauchy

initial value problem.

4. SOLUTIONS TO FUNDAMENTAL FIELD EQUATIONS
4.1 Spherically symmetric charged particle

In this section a solution representing a non-rotating, spherically symmetric charged mass is investigated.

It is demonstrated that the Reissner-Nordstrom metric with an appropriate choice for the fields

F,,a* u*, p, and p, satisfy the fundamental field equations (1) through (4). Although the

uv?
presentation in this section is purely formal, it is included here for several reasons. First, if the theory
could not describe the asymptotic electric and gravitational fields of a charged particle it would be of no
interest on physical grounds. Second, as already discussed the presented theory requires the solution of
a mixed system of first order partial differential equations, a system that may be so restrictive that no
solutions exist and so at least a mechanical outline of one methodology to a solution is warranted. Finally,
having an exact solution to field equations (1) through (4) that corresponds to a known solution of the

M&EFEs enables a direct comparison of the two solutions to be made.

To proceed, | draw on a solution for a spherically symmetric charged particle that was previously

derived.l”! Starting with the Reissner-Nordstrém metric,®

21 0 0 0
1+q——2—m
r’ or
gﬂv = 0 r2 0 0 , (28)
0 0 I’ZSin[é’]2
2
0 o o 1 %,2m
r r
and a guess for 8./1 ,
a*=(0,0,0,c,), (29)

where C, is a yet to be determined constant, o, is determined from the first form of (11),

p. =+/-a’R,"a’R_, , to be
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2Jg%+r(r—2m
EFREL r5( Vo) (30)

Pe

Using equation (2), a’lR/lv =pu”, u” is then found to be

u*=(0,0,0,+ r & (31)
\/qz +r(r—2m) |G

The next step is to satisfy (1) by solving for Fﬂv. Rather than tackle this head on by directly trying to find

a solution to the mixed system of first order partial differential equations (1), | solve the integrability

equations (27) which are linear in FW for Fﬂv. Proceeding in this manner | find all the integrability

equations are satisfied for Fﬂv given by

(mr—q°)
0 B, -B E 0 00 —=—¢
-B 0 B, E
Foo| T . o |_ 0 00 0 . (32)
! Be _Br 0 E¢ 0 0 0 0
-E, -E, -E, O —q?
' 0 ¢ _wcl 0 0 0

By direct substitution it is easily verified that F  as given in (32) is a solution of (1). Choosing

C, =0/ m then gives an electric field which agrees with the Coulomb field of a point charge to leading

orderin 1/r. Finally, the remaining unknown field, the scalar mass density field p,, is found using (4)

the conservation of energy-momentum equation. Substituting the known fields into (4) and solving for
P gives

q*(q® —2mr +r?)

po— (33)

Pm =

To summarize, the following expressions for 9. F, a*,u*, p, and p,, are an exact solution to the

v

fundamental field equations (1) through (4)
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21 _ 0 0 0
LU
r r
g = 0 20 0
m 2¢; 2
0 0 r°Sin[d] 0
2
0 0 0 —[1—2—”‘+q—2
r r
qg g°/m
0 B, -B, E 0 00 55
. _|B 0 B E| 0 0 0 0
“ 1B, -B 0 E,| 0 00 0
“E, -E, -E, 0 3
S _4.9/m 59 9
r r

eV e
'OC:F ré
2m q°
4(1——+q—2)
p =4 r
m m2 r.4

In (34) I've introduced a parameter S where s=+1, which as will be explained in section 5.2 distinguishes
between matter (s=+1) and antimatter (s=-1). Except for this possibility of both matter and
antimatter solutions, the physical interpretation of solution (34) is identical to that of the M&EFEs, i.e., a

non-rotating, spherically symmetric particle having charge g and mass M. Of note is the metric tensor

which is identical to the Reissner-Nordstrom metric, establishing that the new theory predicts a

gravitational field identical to the prediction of Einstein’s General Relativity.

Also of note in the solution (34) is the form of the radial electric field

3 2
g -3 9/m =i£1—wj, (35)
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which agrees with the coulomb field q/rz to leading order in 1/r. Going beyond the leading order

coulomb field, the next term in the radial electric field depends on both the charge and mass of the

particle. Taking an electron as an example, its electric field as given by (35) is

-15
e z&(l_rij zq_;[l_wj , (36)

or? r r r

where 1, = qe2 /' m, is recognized as the classical radius of an electron (~2.82x10%°m). Although the

correction term to the coulomb field is small, only 53 ppm at a distance of a Bohr radius it may have
interesting consequences in various situations because it depends on both the charge and the mass of
the particle. For example, considering a hydrogen atom the correction term to the electron’s coulomb

/m

electron

field would be larger than that of the proton’s by m ~1836, generating a slight imbalance

proton

(non-canceling ) in the asymptotic electric fields originating from the hydrogen’s electron and proton.

At least for the case of spherical symmetry, (34) demonstrates that the fundamental field equations (1)
through (4) and the M&EFEs have consistent metric field solutions. However, the new theory’s solution

(34) goes further than the M&EFE’s solution by specifying the spatial dependence of both the charge
density p. and the mass density p,,, solutions which themselves then completely define the spatial

dependence of the energy-momentum tensor

14 v 14 1 v (o}
T =p u“u” +F* F A—Zg" FF,, - (37)

By direct substitution it can be verified that the resulting spatial dependence of the energy momentum

tensor (37) along with the Reissner-Nordstrém metric (28) do not satisfy Einstein’s equation of General
Relativity (14). However, Einstein’s equation of General Relativity augmented by the A" term on its RHS

(18) is trivially satisfied. For completeness the values of G**, T*" and A"" that go with solution (34)

are given here
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q*(g*+r(-2m+r))

e 0 0
2
0 *(:7, 0 0
G - . ,
0 o -gecl] 0
r
qz
0 0 0 -
r*(q®+r(-2m+r))
qz(qz—mr)z(qz+r(—2m+r))
- P 0 0 0
0 o (a" -mr) 0 0
T 2m’r®
o (g7 -mr)’ esc[o]f (38)
0 0 R ) B e 0
2m°r
0 0 0 39° +m?g’r® +2q°r (-3m+r)
2m?r* (o® +r(-2m-+r))
qz(qz+r(—2m+r))(—m2rz+47z(q2—mr)z)
0 0 0

m2ré

2(n2 _ )’
q2+47zq (q*—mr)

0 T 0 0
AR =
q2(—mzrz+47z(qz—mr)z)csc[0]2
0 0 — 0
?(m?r? =4z (3q* +m?r? +29°r (=3m+r
0 0 0 (' 473 g'r(am+r)))

meré (o2 +r(-2m+r))

In the context of classical General Relativity (14), the interpretation of A" in (38) is that of dark matter
and dark energy, a source term for gravitational fields in addition T*". However, in the context of the

new theory, the value of A" depends only on the existence of normal matter and normal energy and is
a consequence of fundamental field equations (1) through (4). This description of what would naturally
be viewed as dark matter and dark energy in the context of General Relativity but is defined in terms of

normal matter and normal energy in the new theory will be discussed more fully in section 5.1.

Another feature of the spatial distributions for both the charge and mass density being specified as part
of the solution to the fundamental field equations (1) through (4) is that it gives a mechanism for
quantizing both the mass Mand charge q parameters of the Reisner-Nordstrom metric (28). By requiring
that both the mass M and charge g be consistent with the spatially integrated mass density and charge
density, respectively, self-consistency equations can be derived that put additional requirements on the

physically allowable values these parameters can have, a topic that will be picked up in section 5.4.
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Finally, an interesting constraint on particle-like solutions with metrics that depend explicitly on a charge

parameter  such as the Reissner-Nordstrdm metric used in (34) follows from the charge-conjugation
symmetry (19) of fundamental field equations (1) through (4). The charge conjugation symmetry
transformation (19) takes g, — g, and p, = —p;, or equivalently q — —q as will be justified in
section 5.4. This forces the conclusion that the sign of g has no impact on the metric, i.e., the metric can
only depend on the absolute value of g (or the absolute value of p,) since it is unchanged by the
transformation q — —q. This result, which is applicable to all solutions of fundamental field equations
(1) through (4) is also in-line with known charge containing solutions of Einstein’s field equation such as

the Reissner-Nordstrém and Kerr-Newman metrics, both of which depend on q°.

4.2 Electromagnetic radiation

Working in the weak field limit, derived here are expressions for a propagating electromagnetic plane
. . 2 . . . .
wave in terms of the vector field &~ and the metric tensor g, . This example is useful because it

establishes a fundamental relationship between electromagnetic and gravitational radiation imposed by
the field equations (1) through (4) and predicts that electromagnetic and gravitational waves are both

manifestations of wave propagation of the underlying metric 9, To begin, consider an electromagnetic

plane wave having frequency @, propagating in the +z-direction and polarized in the x-direction. The

Maxwell tensor for this field is given by

0 0 -B, E
0 0 0 0],
F — elw(t—z) 39
“~'B, 0 0 0 39
E, 0 0 O©
where E, and B, are the constant field amplitudes. Assume a near-Minkowski weak field metric
g 14 = 77 v + h veiw(t_Z)
)z H H (40)
‘hﬂv <1

where 17, =diag[1,1,1,-1], the h,, are complex constants, and the vector field a” is also assumed to

be constant
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a* :(al, a’, a, a“) . (41)

| proceed by substituting for FW from (39), 9, from (40) and a* from (41) into (1), and then only retain

terms to first order in the fields hﬂv and Fyv which are both assumed to be small and of the same order.”!

A

Doing this leads to a set of 8 independent linear equations for the 16 unknown constants: hw ,a”, E,;

and B, . Solving these 8 independent equations, the 8 field components E,, B, h,, h,,, hy;, hy,,

a* and @’ can be solved for in terms of 8 free constants a, a’, h,, h,, h,, h,, hy,and h,,

(h* +h°)

E,=io—'a
2h, , (42)
B, =E,
h11 h12 _h14 hl4
hlZ _hu _h24 h24
g/“/ =M + _h14 _h24 h33 _%(hss + h44) eiW(H) ’ (43)
1
h14 h24 _E(has + h44) h44
and
aiz[al,alh,a“,a“j . (44)
hy,

This solution illustrates several ways in which the new theory departs from the traditional view of
electromagnetic radiation. Of most significance, the undulations in the electromagnetic field are due to

undulations in the metric field 9, (43) via the coupling defined in (1). This result also underscores that

the existence of electromagnetic radiation is forbidden in strictly flat space-time. An interesting aspect of
this solution is that while electromagnetic radiation necessitates the presence of an underlying
gravitational radiation field, the underlying gravitational radiation is not completely defined by the

electromagnetic radiation. The supporting gravitational radiation has 6 undetermined constants

(hus hy, by, by, g, by, ) with the only restriction being ‘hyv <1 and h, #0 as required by (42).
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Further insight into the content of the metric (43) is evident after making the infinitesimal coordinate

transformation from X“ — X'* given by

X+th4 piolt-2)
X X' i
yl |y y+—hy, et
Z - z' - al) (43)
Z__h iw(t—z)
t t' 20 %
| io(t-z
t—ghzme (t )

h, h, 00

' h12 _hu 0 0 io(t-z)

Yw=Mw® 0 0 0 0 (46)
0O 0 00

while E', and B 'y, the transformed electric and magnetic field amplitudes, respectively, are identical to
E.and B, given in (42). Note, only the h;, and h;, components of the metric (46) have an absolute

physical significance, and h,, =—h;, which makes the plane wave solution (46) identical to the

gravitational plane wave solution of the classical Einstein field equations.™ 1!

Because the underlying gravitational wave couples to both charged and uncharged matter, one
consequence of the solution here is that there will be an uncertainty when describing the interaction of
electromagnetic radiation with matter if the gravitational wave component of the problem is ignored.
However, for nonrelativistic matter, this gravitational interaction (46) vanishes to first order in the h’s. To
see this, consider the following expansion of the Lorentz force law

Du*

pm DT = pcuAFlu/l

J . (47)
du”

_ Vo AT U Apcu
dz =—puuT  + pU"F,

P
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The first term on the RHS in the line above represents the gravitational interaction. This gravitational

interaction term vanishes for nonrelativistic matter with u* ~ (0, 0, 0,1) because for the metric (46) all

the T'“,, vanish to first order in the h’s.

4.3 Gravitational radiation

The forgoing analysis demonstrates the necessity of having an underlying gravitational wave to support
the presence of an electromagnetic wave, but the converse is not true and gravitational radiation can
exist independent of any electromagnetic radiation. The following analysis demonstrates this by solving
for the structure of gravitational radiation in the absence of electromagnetic radiation. Following the

same weak field formalism for the unknown fields hﬂv given in (40), but this time zeroing out E  and

By in (39), leads to the following solutions for 9, and a’

hu h12 _h14 h14
2
h12 r;il_z _h24 h24
1
_ io(t-2)
9 =M + h.+h,, |© (48)
— -h h __33 M
hl4 24 33 2
h,, +h
h14 h24 2 2 “ h44
and
aﬁz(al,—al%,a“,a“] : (49)
2

Both g, given by (48) and a’ given by (49) are modified from their solutions in the presence of an

electromagnetic wave as given by (43) and (44), respectively. Performing a transformation to the same

primed coordinate system as given in (45) here gives the metric field

hohe O 0
n
== 0 0],
O e R (50
0O 0 00
0 0 00O
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illustrating again that only the h11 and h12 components have an absolute physical significance. The

interaction of nonrelativistic matter with the gravitational wave (50) vanishes to first order in the h’s for

the same reason that it vanished for the gravitational wave (46) that accompanies electromagnetic
radiation. Of particular note is the change in the value of the h,, component depending on whether the

gravitational wave supports an electromagnetic wave as in (46) or is standalone as in (50).

One of the successes of fundamental field equations (1) through (4) is the existence of solutions describing
both electromagnetic and gravitational radiation, unifying both phenomena as undulations of the

underlying metric field g, - Insome respects this is not too surprising, equation (1) with FW =0isa
system of second order partial differential equations a’lRMN =0 in the metric field components 9,

just as Einstein’s field equation is, so the fact that both sets of field equations give similar solutions for
gravitational waves is not to be completely unexpected. Finally, because both gravitational and

electromagnetic radiation are due to undulations of the metric field g, in the new theory, the speed of

propagation of these waves is predicted to be identical, a result that has recently been refined
experimentally with observations made during a binary neutron star merger in NGC 4993, 130 million light
years from Earth.'? The nearly simultaneous detection, within 2 seconds of each other, of gravity
waves™ and a burst of gamma rays!¥ from this event constrain the propagation speed of

electromagnetic and gravitational radiation to be the same to better than 1 part in 10%°.
4.4 Isotropic and homogenous universe

As shown in a previous section, the M&EFEs and fundamental field equations (1) through (4) share
particle-like solutions having similar character. However, when considering non-static metrics,
differences between the predictions of the two theories start to emerge. To illustrate some of these

differences, here | investigate the Friedmann—Lemaitre—Robertson—-Walker (FLRW) metric

R (1) 0 0 0
1-kr?
g.=| 0 RJZ(t)r? 0 0 (51)
0 0 R, (t)r?Sin*(9) 0
0 0 0 -1

where k equals +1, 0 or -1 depending on whether the spatial curvature is positive, zero or negative,

respectively, and R(t) is the cosmic scale factor. Just as in the case of Einstein’s equation of General
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Relativity where the FLRW metric is a cosmological solution representing a homogenous and isotropic

universe, it is the same for fundamental field equations (1) through (4) with an appropriate choice for the
time development of the cosmic scale parameter R (). To derive the time dependence of the cosmic

scale factor | start by noting that the 3-dimensional spatial subspace of (51) is maximally symmetric and

so any tensor fields that inhabit that subspace must also be maximally symmetric.[*>  Specifically, this

restricts the form of @ to be
a“ =(0,0,0,a*(t)), (52)

and forces the antisymmetric Maxwell tensor to vanish,

F,=0. (53)
Because F,, vanishessomust F
Fo.=0, (54)
which on substitution in (1) forces
a’R,,,, =0. (55)
This in turn forces
a‘R,” =0, (56)

which is just equation (2) with p, =0. Substituting a’ given by (52), and the FLRW metric given by (51)

into (55) then leads to the following set of equations to be satisfied

a4 (t) R4]_14 = a4(t) ( Rcs (t) dchs (t)j =0

kr?—1 dt?
d’R . (t
a4 (t) I:\)4224 = a4 (t) (_rz Rcs (t) Tcsz()J =0 (57)

8" (R =a' (1) (—rz R (1) Sinz(H)%jzo

with all other components of (55) not listed in (57) being trivially satisfied, i.,e., 0=0 . The nontrivial

component equations (57) are all satisfied if
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M =0 (58)
dt?
or
Ro(t) =R, o +Vt, (59)
where R, is the cosmic scale factor at t=0 and V is the rate of change of the cosmic scale factor. The

solution for R (t) given in (59) ensures that the metric (51) satisfies both (55) and (56) for all values of

k. Based on this solution, the predictions of the new theory for a homogenous and isotropic universe are:

1. It must be charge neutral, i.e., p, =0.

2. The cosmic scale factor changes linearly with cosmic time.
The second prediction above runs counter to results of the Friedmann models of classical General
Relativity in which the growth of the cosmic scale factor is divided into three regimes: the radiation
dominated regime with the scale factor growing as t”2, the matter dominated regime with the scale factor
growing as t3, and the dark energy dominated regime with the scale factor growing exponentially with
time. This emphasizes one of the challenges facing the classical field theory based on fundamental

equations (1) through (4), that of finding additional solutions that are in agreement with the interpretation

of recent observations and analyses indicating an accelerating universe.

Just as in the case of the spherically symmetric particle-like solution analyzed in section 4.1, the

cosmological solution of fundamental field equations (1) through (4) analyzed here must satisfy Einstein’s
equation of General Relativity augmented by a A" term on its RHS (18). For the cosmological solution

considered here it is straight forward to calculate the G**,T*" and A" by taking the energy-

momentum tensor to be
T =(p+p,)u“u" +pg"” (60)
and the four-velocity vector field to be

u* =(0,0,0,1) , (61)
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where the form of the energy-momentum tensor (60) as a perfect fluid with pressure p and mass-density

P and the form of the u” (61) are both dictated by the requirement that they be maximally symmetric

in the 3-dimensional spatial subspace of (51). For completeness the values of G**, T*" and A" that

go with (59), (60) and (61) are given here

K —Kr? +vg® —krivgg?

4 0 0 0
(Rcsu+tvcs)
0 K +Vg’ . 0 0
rZ(Rcsn+ths)
e = (K +ves? ) sc[o]
0 0 ARLE il iC8 0
r* (Reso +1Ves )
0 0 0 ~ 3(k+Vcs2)z
(Rcso+tvcs)
p?
(1-kr )p(t)2 0 0 0
(Rcqurths)
0 B IO — 0 0
T = rQ(Rcsn'*'ths)
2
0 0 csc[d] p(t) 2 0
rZ(Rcsn+ths)
0 0 0 Pn(t)
(—1+kr2)(k+vc52+8;r(RCSD+tvCS )2 p(t)) , . .
(Rcsu'*'tvcs)4
0 K+Ves? +87 (Rog o +1Ves )2 p(t) o .
4
A r*(Reso +tVes )
csc[e]z(k +Vcsz+8”(Rcso“Vcs)z p(t))
0 0 . 0
17 (Rogo +1Ves )
3(k+vcsz) (62)
0 0 0 —————+87p,(1)
(Rcso+l"cs)

Just as was the case for the spherically symmetric particle-like solution studied in section 4.1, in the
context of classical General Relativity (14) the interpretation of A" in (62) is that of dark matter and
dark energy, a source of gravitational fields in addition to those generated by T"". However, in the

context of the new theory, the value of A" depends only on the existence of normal matter and

normal energy and is a consequence of fundamental field equations (1) through (4).

5. DISCUSSION

5.1 Dark matter and dark energy
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Dark matter and dark energy are postulated to exist because of the many galactic and cosmological scale
observations that cannot be understood using General Relativity with normal matter and normal energy
alone. Most notably, observations of some of the large-scale gravitational features of galaxies and galactic
clusters dating back to Zwicky’s observations in the 1930’s have been explained using dark matter*®!, and
the acceleration of the universe discovered in the 1990’s has been explained using dark energy!*’l. One
of the vexing problems facing these dark matter and dark energy-based explanations is an ongoing
inability to directly detect such forms of matter and energy. This has led to dark matter and dark energy
distributions being defined to justify observations that are not explainable using normal matter and
normal energy alone, a development amounting to what is essentially an ad hoc correction to General
Relativity’s predictions based on only normal matter and normal energy. For example, the cosmological

constantterm A 9., that Einstein added to the RHS of his original field equation

G, =-8xT, +14,, (63)

uv T

to enable a solution for a static universe but then dropped after it was discovered that the universe was

expanding is today seen as a possible representation of dark energy.

Fundamental field equations (1) through (4) offer the prospect that dark matter and dark energy effects

can be explained in terms of normal matter and normal energy, i.e., the A" term representing dark
matter and dark energy in the context of General Relativity is provided with a mechanism for directly
calculating its structure using fundamental field equations (1) through (4) and only normal matter and
normal energy. The already investigated spherically symmetric particle-like solution which assumed a

Reissner-Nordstrom metric and the cosmological solution which assumed an FLRW metric are two

accessible examples that outline such a direct calculation of A" with questions today regarding the

validity of classical General Relativity beyond the confines of our own solar system,!*® the possible

explanation of the A" termin (18) is an enticing feature of fundamental field equations (1) through (4)

Finally, it must be acknowledged that one of the challenging tasks facing the field theory based on
fundamental equations (1) through (4), and one well beyond the analysis presented in this manuscript, is
that of finding additional solutions that could be interpreted as being in agreement with the rapidly
developing observational understanding of galactic and cosmological structures that are presently

explained by invoking the existence of dark matter and dark energy.
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5.2 Emergence of antimatter from solutions of fundamental field equations and behavior in

electromagnetic and gravitational fields

One of the unique features of fundamental field equations (1) through (4) as a classical field theory is that
the properties of matter and antimatter emerge naturally in solutions. For example, every matter
containing solution to equations (1) through (4) has a corresponding antimatter solution generated by the

symmetry transformation (20). This is evident in the spherically symmetric particle-like solution (34)

where the multiplicative factor S in the expressions for Fﬂv, a* and U” is defined by

(64)

+1 for matter
—1 for antimatter

and accounts for the matter-antimatter symmetry expressed in (20). The physical interpretation is the
s =—1 solution represents a particle having the same mass but opposite charge and four-velocity as the
s =+1 solution. This is equivalent to the view today that a particle’s antiparticle is the particle moving
backwards through time.™® Said another way, the time-like component of the four-velocity is positive

for matter and negative for antimatter

(65)

, | >0 for matter
<0 for antimatter

With these definitions for the four-velocity of matter and antimatter, charged mass density can annihilate
similarly charged anti-mass density and satisfy both the local conservation of charge (10) and local

conservation of mass (12). Additionally, such annihilation reactions must conserve total energy by (4).

Building on the distinction between matter and antimatter, their behavior in electromagnetic and
gravitational fields is now investigated. As already mentioned, antimatter can be viewed as matter moving
backwards through time. To see this more rigorously consider the four-velocity associated with a fixed

guantity of charge and mass density

A
ot = X (66)

dr

. . 2 2 . . .
Under the matter-antimatter transformation (20), U™ — —U", or equivalently dz — —d 7 . This motivates

the following expression for the four-velocity in terms of the coordinate time
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(67)

where S is the matter-antimatter parameter defined in (64), V= (VX,Vy,VZ) is the ordinary 3-space

-2
velocity of the charge and mass density, and ¥ =1/41—v . Equation (67) establishes that corresponding

matter and antimatter solutions travel in opposite time directions relative to each other. One of the

unusual aspects of the matter-antimatter transformation (20) is that o, does not change sign under the

transformation. To see that this is consistent with the usual view in which antiparticles have the opposite

charge of their corresponding particles, | use (67) to illustrate the behavior of a charged matter and

antimatter density in an electromagnetic field. Consider a region with an externally defined

electromagnetic field

z y X
B, 0 B, E

F =

“~|'B, -B, 0 E

-E, -E, -E, 0

z

(68)

. . . ~ ﬂ, ~ . .
but no, or at least a very weak gravitational field so that 9, ~ nﬂvand r“,  =0. Starting with the

Lorentz force law (13) and expanding

SyV,

SyV,
Syv,

Sy

(69)



Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 August 2020

Rev 7.8 LLNL-JRNL-726138

which on the last line above ends up at the conventional form of the Lorentz force law except for the extra
factor of S on the RHS. This factor of S in (69) gives the product Sp, the appearance that antimatter

charge density has the opposite sign to that of matter charge density when interacting with an

electromagnetic field.

Next, | investigate the behavior of antimatter in a gravitational field. There is no question about the
gravitational fields generated by matter and antimatter, they are identical under the matter-antimatter

symmetry (20) as 9, is unchanged by that transformation. To understand whether antimatter is

attracted or repelled by a gravitational field | again go to the Lorentz force law (13), but this time assume
there is no electromagnetic field present, just a gravitational field given by a Schwarzschild metric
generated by a central mass m > 0 that is composed of either matter or antimatter. | explicitly call out
m > 0 because | am endeavoring to develop a physical theory that axiomatically flows from fundamental

field equations (1) through (4) and at this point in the development there is nothing precluding the

existence of negative mass density p, <0, a consideration | will return to in section 5.3. Placing a test

particle having mass m,,, composed of either matter or antimatter a distance I' from the center of the

tes
gravitational field and assuming it to be initially at rest, the trajectory of the test particle is that of a

geodesic given by the following development

Du”*
=0
test DT
J
du”
Sy at =-T* u"u” (70)
J
2m\m
r 1-— = ? -
’ ( r )rz r
v S 2
y—| Sy— =-T* u'u” ~-TI*, u'u’=- 0 =—| 0 |s
dt dt »
/ 0 1-2m 0
t 0 r 0

where s =+1 references whether the test particle is composed of matter or antimatter (64). In the last

line of (70) | have approximated the RHS using the initial at rest value of the test particle’s four-velocity

u”z(0,0,0,s/\/1—2m/r), and additionally used the fact that the only nonzero I'¥,, in a
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2m
Schwarzschild metric is F144 = (1_Tj /r?, Simplifying the LHS of the last line in (70) by noting that

initially ¥ =1 gives

d?r m

71
dt? r? (71)

independent of S, demonstrating that the proposed theory predicts both matter and antimatter test
particles will be attracted by the source of the gravitational field, and this regardless of whether the source

of the gravitational field is matter or antimatter. The result that the test particle is attracted toward the

source of the gravitational field is also independent of whether the test particle’s mass M, is positive or

negative, this because equation the geodesic trajectory (71) is independent m,, .

5.3 Possibility of negative mass solutions and antigravity

As already noted, there appears to be nothing in the fundamental equations (1) through (4) that preclude

the possibility of negative mass density p,, < 0. The existence of negative mass density is equivalent to

the existence of antigravity because negative mass density would generate gravitational fields that are
repulsive, viz., equation (71) with m < 0. However, logical inconsistencies are introduced if negative mass
density can exist. As just shown, equation (71) with m > O predicts a test particle at some distance from
the origin will feel an attractive gravitational force regardless of whether it is comprised of matter or
antimatter and regardless of whether the test particle’s mass is positive or negative. Now consider
equation (71) with m <0, i.e., the gravitational field is generated by negative mass. Using the same
argument as in the previous section, the test particle in this case will feel a repulsive gravitational force
regardless of whether the test particle’s composition is matter or antimatter and regardless of whether
the test particle’s mass is positive or negative. These two situations directly contradict each other, making
fundamental equations (1) through (4) logically inconsistent if negative mass density were allowed to

exist. The only way to avoid this logical contradiction is to require mass density be non-negative always.

This condition that mass density o, be non-negative always is also consistent with the symmetry

transformations (19) through (21) where it was noted that the field p,, does not change sign under any

of the symmetry transformations.

It is interesting to note that the existence of negative mass in the context of classical General Relativity

has been studied extensively?® 2 and invoked particularly when trying to find stable particle-like
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solutions using the conventional Einstein field equations.?? 231241 However, in the context of the present
theory the existence of negative mass density leads to a logical contradiction that can only be resolved by

requiring mass density be non-negative always, i.e., p,, = 0.

5.4 Proposal for quantizing charge and mass of particle-like solutions

Consider particle-like solutions such as (34), because the mass density and charge density are specified as
part of the solution of fundamental field equations (1) through (4), a self-consistency constraint exists on
physically allowed solutions that provides a mechanism for quantizing the charge and mass of the

solutions. For example, in solution (34) the particle’s total charge q and total mass M are parameters

in the Reissner-Nordstrom metric that must agree with the spatially integrated charge and mass density,
respectively, for the solution to be self-consistent. For the charge, this amounts to requiring the

asymptotic value of the electric field be consistent with the spatially integrated charge density
qa=limr’F, = [ pu’\fy, d*x (72)
r—o0

where q is the total charge of the particle and given by the asymptotic value of r? F. F., being the
radial electric field component of the Maxwell tensor, and Ve is the determinant of the spatial metric
defined by

9is 94

44

7/spij=gij_ (73)
where i and j run over the spatial dimensions 1, 2 and 3. An analogous quantizing boundary condition for
the mass of the particle is arrived at by requiring the asymptotic value of its gravitational field be
consistent with the spatially integrated mass density of the solution

m=lim rﬂ—j u‘|\frs d° (74)

- 300 2 - pm 7sp :

The reason for the absolute value of U' in the mass boundary condition (74) but not in the charge
boundary condition (72) is the symmetry (20) exhibited by the theory’s fundamental field equations (1)
through (4) and the requirement that the boundary conditions exhibit that same symmetry. The boundary

conditions (72) and (74) represent self-consistency constraints on the charge and the mass, respectively,

of any particle-like solution. The proposal here is that these boundary or self-consistency conditions
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represent additional constraints on physically allowable solutions, conditions beyond the fundamental
field equations (1) through (4) which must be satisfied for solutions to be physically realizable. Finally,

defining the particle’s total charge q and total mass M in terms of the asymptotic expression in (72) and

(74), respectively, allows the self-consistency constraints to be applied to metrics with complicated charge

and mass distributions, e.g., metrics that cannot be written in terms of a simple total charge q or total

mass M parameter.

For the spherically-symmetric solution investigated in (34), the RHS of both (72) and (74) diverge leaving
no hope for satisfying these quantization/boundary conditions. The upshot of this observation is that
while (34) represents a solution that describes the gravitational and electrical fields of a particle-like
solution that formally satisfy the fundamental field equations (1) through (4), (34) cannot represent a
physically allowed solution. The possibility of finding solutions that satisfy both the fundamental field
equations (1) through (4) and the charge and mass boundary conditions (72) and (74) remains an open
guestion at this point. However, interesting possibilities exist beyond the spherically symmetric solution
based on the Reissner-Nordstrom metric investigated within (34). For example, the modified Reissner-
Nordstrém and modified Kerr-Newman metrics developed by S.M. Blinder!?®! give finite values for the LHS
of both (72) and (74). Finally, when considering metrics that include nonzero angular momentum, as for
example would be required for particles having an intrinsic magnetic field, the same methodology used

here to quantize the particle’s mass and charge can be used to quantize its angular momentum.

6. CONCLUSION

Based on equations (1) and (2) which couple the Maxwell tensor and charge density to the Riemann-
Christoffel curvature tensor in a fundamentally new way, a set of four fundamental field equations has
been assembled that encompass classical physics at the level of the M&EFEs but then go further by

unifying electromagnetic and gravitational phenomena. The cost of this unification is the introduction of

a new vector field @* that is mathematically related to the 4-vector potential A/1 of classical
electromagnetism but also serves to couple electromagnetic and gravitational phenomena. A compelling
aspect of the classical field theory based on the fundamental field equations (1) through (4) is that both
Maxwell’s equations of electromagnetism and Einstein’s equation of General Relativity augmented by a
term that can mimic the properties of dark matter and dark energy are shown to be consequences. The

unification that emerges between electromagnetic and gravitational phenomena is demonstrated
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through several specific solutions: the electric and gravitational fields of a spherically symmetric charged
particle, radiative solutions representing both electromagnetic and gravitational waves, and a
cosmological solution representing a symmetric and homogeneous universe. Of note to the solutions

investigated within are:

1. The emergence of antimatter and its behavior in electromagnetic and gravitational fields.

2. The emergence of an underlying unification of electromagnetic and gravitational radiation in
terms of undulations of the metric field.

3. A potential explanation for dark matter and dark energy in the context of classical General
Relativity in terms of normal matter and normal energy.

4. The impossibility of negative mass solutions that would generate repulsive gravitational fields or
antigravity.

5. A proposed mechanism for the quantization of a particle’s charge and mass via self-consistency

requirements that emerge for physically realizable solutions.

One of the strengths of the new theory’s fundamental field equations (1) through (4), and in fact a guiding
principle in their development is that they be logically consistent and satisfy the requirements of general
covariance. Another strength of the new theory is the reductionism brought to electromagnetic and
gravitational phenomena by treating their sources as dynamic variables rather than external entities as is
often done in classical physics, a development which provides a mechanism for the quantization of the
mass, charge and angular momentum of particle-like solutions in the context of a classical field theory.
Finally, to elucidate the mathematical completeness of the new theory’s fundamental field equations, an

outline for their numerical solution in the form of a Cauchy initial value problem is given.

The genesis of the work presented within was reported in a preliminary form in reference [2]. The same
fundamental field equations and quantizing boundary conditions reviewed here were first reported there.
New to this manuscript is the discussion of the symmetries of the fundamental field equations (1) through
(4), and based on these symmetries the interpretation of the particle-like solution has been advanced.
The derivation of the Einstein’s equation of General Relativity augmented by a term that can mimic the
properties of dark matter and dark energy is also new to this manuscript as is the discussion of the
cosmological solution based on the FLRW metric. The present manuscript also corrects an error in the
weak field analysis of reference [2] leading to the expanded discussion of electromagnetic radiation and

its underlying gravitational radiation. The discussion of the impossibility of negative mass solutions and
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antigravity is also new to this manuscript. Finally, the analysis of the Cauchy initial value problem as it

relates to the theory’s fundamental field equations (1) through (4) is new.
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8. APPENDICES
8.1 Appendix | — Derivation of the Lorentz force law and the conservation of mass

The conservation of mass (12) and the Lorentz force law (13) follow from the fundamental field equations
(1) through (4) and their consequences. An outline of the derivation of these equations is given here. To

derive the conservation of mass equation (12), | begin with equation (4) contracted with u,
“uY+F4OF” L HEPTE =0
u,| pouu” +F*, —Zg e | =0. (75)

Expanding (75) and then simplifying per the following development leads to the conservation of mass

equation (12) on the last line of (76) below.
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u, ((pmuv);v TR TRTI S Y I —%g‘”F”"FW;Vj =0
\}
(pmuv);v (u“u, )+ pou” (u,u”, ) +u, Fe, (F2)+u, F*, F —%uﬂg”vF”"Fpg;V =0
\}
1

(pmuv );V (_1)+pmuv (0)+ uyF#/l (_pcul)—i_uﬂ':#a;p':pg _EuﬂFng =0

2
\
_(pmuv );V +u,F” (% Foom +1 Fﬂp;cr) =0
\
—(pmuv);v +0=0 (76)
\
(o), =0

To go from the 2™ to the 3™ line | use u,u“, =0 as forced by fundamental equation (3) and

A

Fv’l;v =—p,u* Maxwell's inhomogeneous equation (9). To go from the 4™ to the 5" line | use

Fpo;" +F“ +F*, =0 which follows from Maxwell’'s homogenous equation (7).
The Lorentz force law (13) is now derived using the conservation of mass result (76) and equation (4).

Expanding and then simplifying equation (4) per the following development leads to the Lorentz force law

(13) on the last line of (77) below.
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po

(pmu“uVJrF”ﬂF”—%g”vF”"F ) 0
!
(pmuv);v U+ putut + F4RE R FE R —%g‘”F/’“FpU;V -0
!
(0)u* + puu, + F*, (F”, )+ F*, F* —%g”vFP”FM;V -0
l

Du“ s 1 _ o
Y +F*, (-pu*)+F¥, F” -5 F7F. =0
\’

Du” - 1_ .
P Dr _ch#lul—'_Fp (Fﬂo;p_zl:pa’#jzo
\’
Du“ : 1 1
me—ch”lul+Fp (F#U;p—I—EFGﬂ;p—'_EF#p;Uj:O
\’
Du“ 1 1
——p F U +F7| ZF*  +ZF* |=0
Prpy e (2 70 7Y f"“j (77)
u
P 5" +0=0
Dr
\’
Du”
= pF*,u*
pm DT pc A

To go from the 2" to the 3™ line | use (pmu")_v =0 the conservation of mass equation (76) just derived.
To go from the 3" to the 4™ line | use FWl;V =—p,u”* Maxwell’s inhomogeneous equation (9). To go
from the 5% to the 6™ line | use Fpa“’ +F*,+F* =0 which follows from Maxwell’s homogenous
equation (7).

8.2 Appendix Il - The Cauchy problem applied to the fundamental field equations

One of the unusual features of fundamental field equations (1) through (4) is the lack of any explicit

derivatives of the vector field @™, a situation which raises questions about the time dependent
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y) . . . . .
developmentof &" . To further elucidate this and other questions regarding solutions of the fundamental
field equations, and to outline how they could be solved numerically, they are here analyzed in terms of

a Cauchy initial value problem.

Given a set of initial conditions comprising the values of the fundamental fields in Table | at all spatial

locations, a procedure is outlined that propagates those fields to any other time. To begin, assume

9 Fuvs u’, p., p, and % are known at all spatial coordinates at some initial coordinate time t, .

Note that the initial values for the field @~ are not required, rather they will be solved for using equation

o
(1) as described below. Also note that in addition to 9, the initial values of % must be specified
t

because the fundamental field equations are second order in the time derivatives of g, 3 situation

analogous to classical General Relativity. The goal of the Cauchy method as it applies here is to start with

ag v

specified initial conditions for 9 Fuvs u’, p., p, and at t;, and then using the fundamental

2

A a g v
oF,, ou ’ P , 0P and 6'[2# at t,. Armed with

oot et T oot ot

field equations (1) through (4) solve for a*, R

o
these values at {, it is straight forward to propagate the fields 9,., F, u’, Per P aNd % from
t

v

2
F 2 0°9,,
their initial conditions at t, to t,+dt and then solve for a*, R ., ou , OPn , %P and ——

oot T ot oot oot ot?

at t,+dt using the same procedure that was used to find them at t,. Repeating, values for the
fundamental fields of the theory can then be found at all times. One additional requirement on the field
values specified by initial conditions is that they must be self-consistent with the fundamental field
equations (1) through (4), i.e., the specified initial conditions must be consistent with a solution to the

fundamental field equations (1) through (4).
In what follows, Greek indices ( 2, v, «, ...) take on the usual space-time coordinates 1-4 but Latin indices

.. o
(n ] k, ...) are restricted to spatial coordinates, 1-3 only. Since the values of 9, and % are known
t

2 2
agyv a gyv 6 gyv .
and ———can be calculated at all spatial

oxt ' oxiox! ox'ot

at all spatial coordinates at time t, , the values of
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09,

coordinates at time t;. This leaves the ten quantities P as the only second derivatives of g, not

29/“/ aZ

known at t;. To find the values of Y at t; proceed as follows. First find the values of the six atzij

at t, using a subset of equations from (1), the subset containing only those equations having spatial

derivatives of F on the LHS and at most one time-index in each occurrence of the R-C tensor on the

RHS. These equations will be used to solve for the values of a’ attime t,. In all there are 12 such

equations out of the 24 that comprise (1), as listed here

Foy = a’ R
l:13;1 =a’ Ris
l:23;1 =a’ Rz
F12;2 =a’ Rio1

I:13;2 =a’ Rias

I:23;2 =a’ Ri2 (78)
Fos = a’ Ry
Figs = a* Ry

2
F23 ;=4 stzs

2

I:12;4 = _F24;1 - l:41;2 =a R/1412
2

I:13;4 = _F34;1 - F41;3 =a R/1413

2
I:23;4 = _F34;2 - I:42;3 =a R/1423

The last three equations in (78) use (7), Maxwell’'s homogenous equation to express the time derivative
of a Maxwell tensor component on the LHS as the sum of the spatial derivatives of two Maxwell tensor
components. The importance of having only spatial derivatives of the Maxwell tensor components on the

LHS of (78) is that they are all known quantities at time t;, i.e., since all the FW are known at time t,,

oF
all a—“lv and FHV_i can be calculated at time t;. Equally important is that the RHS of the 12 equations
" ;

that comprise (78) contain at most a single time index in each occurrence of their R-C tensor and so are

also known at time t;. To see that this is so | examine the general form of the R-C tensor in a locally

inertial coordinate system where all first derivatives of 9, vanish, i.e.,
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1 29u 9. g, | P9, (79)
Akuy 2 axvaxx axvaxl axﬂaxlr axﬂaxl .

Note, having at most a single time index on the RHS of (79) means that the R-C tensor is made up entirely

09y 3G,
of terms from and —
ox'ot

OX'Ox

, all of which are known at time t, . Examining the set of equations (78)

there are 12 equations for 4 unknowns, the unknowns being the components of a*. These12 equations

can be solved for @~ at time t, if the initial conditions were chosen self-consistently with the

fundamental field equations (1) through (4), i.e., chosen such that a solution to the field equations is

indeed possible.

Knowing the R-C tensor components with at most one time-index at t;, | now proceed to determine the
R-C tensor components with two time indices. Going back to the 24 equations that comprise the set of
equations (1), here | collect the subset of those equations in which the LHS is known at time 1, i.e.,

contains only spatial derivatives of the Maxwell tensor, and the RHS has an R-C tensor component that

contain two time indices

Fiaa = a* R
l:24;1 =a“ R4
I:34;1 =a“ R4
Fio = a* Rz
I:24;2 =a’ Rz : (80)
I:34;2 =a’ R
Fius = a* Riau
I:24;3 =a’ R

_ Al
I:34;3 =a RA334

Each of the equations in (80) contains only one unknown, the R-C component having two time indices. In

total, there are six such independent R-C tensor components,
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Ryt
Rtz
Ry (81)
R
Rosas
R

3434

so the system of nine equations (80) can be algebraically solved for the these six unknown R-C components

at time 1, . With this | now know the value of all components of the R-C tensor at time t, . From the {,

o%g,

values of the R-C tensor components listed in (81), the values of the six unknown T at t, can be
found.
There are three remaining equations from the set of equations (1) that have not yet been addressed

Fus=2a"R

I:24;4 =a* R/1424 : (82)

1414

!
F34;4 =a"R, 3

These are the equations for which the temporal derivatives of the Maxwell tensor components are not

y) -
yet known. Because all values of the R-C tensor and @~ are now known at {,, these three remaining

time-differentiated components of the Maxwell tensor can now be solved for directly using (82), giving

F
complete knowledge of aati attime t, .

2 2
9,4 %]
If the values of the four 6t2ﬂ could be calculated then all 8’[2/” would be known and all B could be
2
4
propagated from t; to t, + dt. Just as is the case with classical General Relativity, the four 2" can be
ot

determined from the four coordinate conditions that are fixed by the choice of coordinate system.?®
. . . A a9, :
Recapping, at t, the following quantities are now known: 9, Fus U 00 P and a—;‘ are defined by

2

0°g oF
£ and —#~ are solved for using those initial conditions, the

A
initial conditions, and ", ———, R, .,
oxsox*t ox*
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fundamental field equations, and the four coordinate conditions that are fixed by the choice of coordinate
u
ou ’ 0P, and
ot

system. Still needed to propagate the initial conditions in time from t; to {, +dt are

Pe . Using the Lorentz force law (13), the following progression,

Du“
= pcull:lu/l

s
Y :pculFﬂ/I
J
pmuﬂ?4u4 = _pmuﬂ;iui +pcul|:uﬂ
\2

auﬂ 7 o 4 7| A u
Pm ot +T acU u =-p,u ;iu + pU F A

Pm

Ppu”u
(83)

u
ou can be solved for at t; in terms of knowns at t;. Using the

shows on the last line above that

ou” . .
at t,, the following progression

conservation of mass (12) and knowing

(pa), =0
\’

(84)

shows on the last line above that Z°m can be solved for at t, in terms of knowns at t,. Following an
0
Pc can be solved for at t,

analogous progression for o, using the charge conservation equation (10),

oF,, ou* op, @ 09,
L p’“, Pe and pe are all

in terms of knowns at t; . With these, thevaluesof a*, R, , , ,
oot ot ot ot
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known at t, and can be used to propagate the initial conditions g, F,,, u*, p., p,, and at {,

ag v
ot

totime t;, + dt. Iterating the process, the values of the fundamental fields can be determined at all times.
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