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ABSTRACT. In the paper, by induction and recursively, the author proves that
the generating function of multivariate logarithmic polynomials and its recipro-
cal are a Bernstein function and a completely monotonic function respectively,
establishes a Lévy-Khintchine representation for the generating function of
multivariate logarithmic polynomials, deduces an integral representation for
multivariate logarithmic polynomials, presents an integral representation for
the reciprocal of the generating function of multivariate logarithmic polyno-
mials, computes real and imaginary parts for the generating function of multi-
variate logarithmic polynomials, derives two integral formulas, and denies the
uniform convergence of a known integral representation for Bernstein func-

tions.
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1. PRELIMINARIES AND MOTIVATIONS

In this section, we recall some preliminaries and state motivations of this paper.
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2 F. QI

1.1. Completely monotonic function and the Bernstein function. Recall
from [9, Chapter XIII], [I3l Chapter 1], and [I4, Chapter IV] that an infinitely
differentiable function f is said to be completely monotonic on an interval I if it
satisfies (—1)*f*)(x) > 0 on I for all k£ > 0. Theorem 12b in [14] reads that a
necessary and sufficient condition that f(t) should be completely monotonic for
0 <t < oo is that

f@) = /000 e da(s), (1.1)

where «(s) is non-decreasing and the integral converges for 0 < s < oo.

Recall also from [I3, p. 21, Definition 3.1] that a nonnegative function f :
(0,00) — R is a Bernstein function if its first derivative f’ is completely mono-
tonic on (0,00). Theorem 3.2 in [I3] states that, a function f : (0,00) — [0, 0) is
a Bernstein function if and only if it admits the Lévy-Khintchine representation

f(z) :a—i-bx—l-/ooo(l—e_“’t)du(t), (1.2)

where
. A O))
‘= t£%1+ @), b= L Tt
and 1 is called the Lévy measure on (0, 00) satisfying [;° min{1, ¢} d u(t) < cc.
1.2. Integral representations for the logarithmic function and its recip-

rocal. We can directly verify by definition that In(1 + ¢) is a Bernstein function.
In [T, p. 230, 5.1.32] and [I2, Remark 1], it is listed that

b oo —au _ ,—bu
1n7=/ £ —° Jdu (1.3)
a 0 u
Letting a =1 and b =1+ ¢ in ([1.3)) leads to
© —u _ ,—(1+t)u o] —u
ln(1+t):/ Ldu:/ (lfe*t“)e—du. (1.4)
0 u 0 u

Comparing the integral representation (|1.4), which is the Lévy-Khintchine repre-
sentation of In(1 4 ¢), with (1.2]) shows that In(1 + ¢) is a Bernstein function.
In [2, Eq. (1.4)], [3} p. 2130}, and [12, Lemma 1], it was proved that

1 _1+/°° 1 dt
In(1+2) =z J; WmE-1DP2+n2z+t

for z € C\ (—00,0]. Then it is clear that m is a completely monotonic function

on (0,00). In [I2, p. 996], it was presented that

e [ el

where ¢ > 0 and I'(2) is the classical gamma function which can be defined by

T'(z) :/ t*~le7tdt, R(z) > 0.
0

Then it is easy to see that m is a completely monotonic function on (0,00).

Comparing (1.5 with (1.1]) reveals that m is completely monotonic on (0, 00).

This can also follows from the fact that In(1+¢) is a Bernstein function and the fact
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in [4, pp. 161-162, Theorem 3] and [13| p. 64, Proposition 5.25] that the reciprocal
of a Bernstein function is completely monotonic on (0, c0), but not conversely.
Proposition 3.6 in [13, p. 25] states that every Bernstein function f has an
= =
extension f : H = {z € C: R(z) > 0} — H which is continuous for £(z) > 0 and
—
holomorphic for R(z) > 0, satisfies f(z) = f(2) for all z e H = {z € C: R(2) > 0},
and has the representation
2 o0
F(z) =a+bz+ ;/O %Jrsz%(f(si)) ds, R(z) >0, (1.6)
where ¢ = v/—1 is the imaginary unit, a = lim;_,¢+ f(¢), and b = lim;_, @
Theorem 3.1 in [B [6l [7] reads that, if ¢ is a Bernstein function, then
x

2 o0
B T
$() x+77/0 x? 4 u?

By virtue of (L.6) and (L.7), we see that the complex function In(1 + 2) for z €
C\ (—o00, —1] has the integral representation

R[p(ui)] d u. (1.7

z [ 1In(1 + s?)
The formula (1.8) can also be derived from takinga =b=g¢g=1and ¢ = z in
e dz T . ag+be
In(a? +b?2%) —+— = —In ——— b 0
/0 n(a + x)CZ_'_ngZ an g , a,b,c,g>

listed in [8] p. 564, Item 7].

1.3. Multivariate logarithmic polynomials. In [10], the notion “multivariate
logarithmic polynomials” was introduced.

Definition 1.1 ([I0, Definition 1.1]). For z; € R and 1 < k < m, denote x,, =
(1,22, Tm—1,Tm). Let h(t) = In(1l +¢) for ¢t > —1. Define H(¢;,,) and
L, n(Tm) by
o0 tn
H(t; @) = h(z1h(zah(- - Tm_1h(@mh(t)) ) = D Lnn(@m) . (1.9)
n=1 :
We call L, ,,(@,,) higher order logarithmic polynomials, logarithmic polynomials
of order m, m-variate logarithmic polynomials, multivariate logarithmic polynomi-

als, logarithmic polynomials of m variables x1, xo, ..., x,,, multi-order logarithmic
polynomials alternatively. When 1 = 22 = --- = ;1 = T, = 1, we denote
Lyn(1,...,1) by Ly, ,, and call them higher logarithmic numbers, logarithmic num-

bers of order m, and multi-order logarithmic numbers alternatively.

In the paper [I0], the author established an explicit formula, an identity, and two
recurrence relations for multivariate logarithmic polynomials Ly, ,,(€,,) by virtue
of the Faa di Bruno formula and two identities of the Bell polynomials of the
second kind in terms of the Stirling numbers of the first and second kinds and con-
structed some determinantal inequalities, product inequalities, logarithmic convex-
ity for multivariate logarithmic polynomials Ly, ,,(€,,) by virtue of some properties
of completely monotonic functions.

Naturally we pose a question: does the generating function H (¢; x,,) have similar
properties to the above ones for In(1+4¢) and its reciprocal? can these properties for


http://dx.doi.org/10.20944/preprints201709.0112.v1
https://doi.org/10.1016/j.cam.2017.11.047

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 September 2017 d0i:10.20944/preprints201709.0112.v1

4 F. QI

H(t; x,,) be applied to derive corresponding properties of multivariate logarithmic
polynomials Ly, »(€m,)?

2. INTEGRAL REPRESENTATIONS FOR MULTIVARIATE LOGARITHMIC
POLYNOMIALS

In this section, when x1,z9,...,2, > 0 and m € N, by induction and recur—
sively, we prove that the generatmg function H(t;x,,) and its reciprocal + W
are a Bernstein function and a completely monotonic function on (0,00) respec-
tively, establish a Lévy-Khintchine representation for H(t; x,,), deduce an integral
representation for multivariate logarithmic polynomials Ly, ,,(@,), present an inte-
gral representation for m, compute real and imaginary parts R[H (¢; z,,)] and

S[H (t; @4,)], derive two integral formulas, and deny the uniform convergence of the

integral representations (1.6 and (1.7]).

Theorem 2.1. For x1,xa,...,2, > 0, the generating function H (t; x,,) is a Bern-
stein function and has the Lévy-Khintchine representation

H(t;ar:m):/o (1—e‘smt)/0 /0 Q(8mi®m)dsg - dsy,_1ds,, (2.1)

where
Sk—1Tk m e_SZ
S Tm) = 2.2
ctmian = 1555115 @
for sm = (S0, 81,...,8m). Consequently, the multivariate logarithmic polynomials

Ly, (@) for m,n € N can be represented by the integral

Lm,n(xm = n 1/ / sm,wm)dso dSm (23)

Proof. Item (iii) in [I3} p. 28, Corollary 3.8] reads that the composition of two
Bernstein functions is still a Bernstein function. Hence, it is immediate that the
generating function H(t;®,,) is a Bernstein function.

By virtue of ( , we have

H(t; ) / [1— emumn0+0] £ gy
u
o0 e—u
= 1-— d
/0 [ (1+¢ “ml] U Y
/OO [1 00 purr—le—v(1+t) dv] 2 du
0 ua:l u

> ur1—1_—v 7vt 7”
/or {/vle(l )dv]udu

e —(u+v) pur1—1
:/ (1767“)/ _— dudw.
0 0 u  T(uzy)

Furthermore, it follows that
[e’e) oo —u ,uri—1
Hit: — 1 — e~ vE2 In(1+t) / e v d —vq
( 7332) /0‘ [ e ] 0 U F(U.’L'l) U v

Fl il g
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e o] 1 e o] e e} e—u ,Uuacl 1
:/ [1— / w”“_le_“’(l'*'t)dw} [/ du] ~Ydo
0 [(vzs) Jo 0 U F(uxl)
) 1 o] oo —u puri—1
:/ / w”“_le_w(l— _wt)dw / A dule ™"dov
o I(vzz) Jo o u D(uxi)
t e —(utv+w) pur1—1 g vza—1
_ 1_ —w dudovd
/0 ‘ / / T(uzy) D(ozg)

and, inductively, that

Hiwa = [ [ /(z)

Sk 1Tk — 1

XH Sg - dsm_1dsm,
Sk 11'k

which can be rearranged as and again confirm that the generating function
H(t;x,,) is a Bernstein function.

Considering in Definition differentiating on both sides of with
respect to t, and taking the limit ¢ — 0T derive readily. The proof of Theo-
rem [2.1]is complete. O

Theorem 2.2. For x1,%2,...,Ty, > 0, the function W s completely mono-
tonic with respect to t € (0,00) and has the integral representation

1 oo o0 oo
_— . —Sm+1t 2.4
H(t;x,,) /o l/o /o Qsm1;Tm) d 5 dsm] e dsmi1, (24)

where
m skzk m+1 —sp
Skt+1 €
a1
k=0~ \RVEI | 2y Ot
for smy1 = (50,81, -, Sm+1) and g = 1.

Proof. Theorem 3.7 in [I3] p. 27] states that f is a Bernstein function if and only if
go f is completely monotonic for every completely monotonic function g. Therefore,
by induction, for x1, ..., 2, > 0, the function m is completely monotonic with
respect to t € (0, 00).

On the other hand, making use of (|1.5]), we obtain

; — /00 -678 /OO ﬁ dule—sz In(1+t) ds
H(t;x) o L o I'(uw) ]
oo o] Su—l 1
= e ® du ds
/0 i /0 Plu) | (1 +1)s=
ocor o0 Su—l 1 o0
= / e_s/ ——du / ¥ eV dyd s
0 I'(u) (8961)
[e%e) u 1 —1
:/ / / ) (S+”)duds} e vt dw.
0

Furthermore, it follows that
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6 F. QI
u—1 stl—l

H(t; @) /0 [/0 /0 (u) T'(sxq)
') 0o 0o u—1 US$1—1 1
_(S-‘rv)d d :|d
(& uas v
0 [/0 /o (u) T'(sx1) 1+ t)ve
/ |:/ /oo gu—L yysT1— 1@ (s+v)dud8:|1/°° wyzg—le—w(l+t)dwdv
F(w) (o) Toaw
/ / / /oo gu—1 gsra—1 wvxzfle_(s_m;—o—w)dudsdv e_wtd’w
[(sz1) T'(vza)

and, by induction, that

H(t Tm) / [/ / /°° } S:klikx;)

X exp (— Z Sg) ds_1dsg-- -dsm_ll e *mtd s,
£=0

which can be rewritten as and confirm the complete monotonicity of W
again. The proof of Theorem - is complete.

V)

e—(s+'u) duds} e VT2 In(1+4t¢) dv

—

V)]

—

Remark 2.1. A straightforward computation gives
1 1 2
R[H (st;2)] = 3 ln[<1 + ixln(l + 32)> + 22 arctan? s] , s,z >0.
Employing (|1.6) results in

Ht;z) =In[l+zn(l1+1t)] = i/ooo m%?}?(H(si;m))ds

s 12 + 52

2
1 [ t 1
:7/ ln[(1+2mln(1+52)) +x2arctanzs]ds (2.5)
0

for ¢,z > 0. Letting m = 1 in (2.1]) or basing on its proof leads to

PUTL ef(qu'u)

H(t;ac):1n[1+9c1n(1+16)]:/()0(1_ewt)/<>o dudv (2.6)
0 0

for ¢,z > 0. Taking m =1 in (2.4]) or retrospecting its proof reduces to

! ) it dudsa
H(t;x)_l [1+ac1n (1+7%) / / / sv ¢ wasav
(2.7)

F(uzy) wv

for t,z > 0.

We observe that these three integrals between and are respectively
single, double, and triple and that the integrand in is elementary but the
integrands in and are not elementary. Consequently, we naturally pose a
question: can one find out general integral representations, which are single integrals
and whose integrands are elementary, for the generating function H(t;«,,) and
multivariate logarithmic polynomials L, ,,(x,,)? One way to answer this question
is to explicitly and elementarily express R[H (si; x,,,)] and to apply the formula .
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. Tm > 0, the real and imaginary parts of

Theorem 2.3. For m € N and s, x1,
the complex function H (si;x,,) can be recursively computed by
R[H (s1; )] = 3 m[UZ(z1, . T 8) + Va(21, ..o, Tmi 8)] (2.8)
and
S[H (si; )] = arctan g:iii ii::z;, (2.9)
where Up, (21, ..., Tm; 8) and Vi (x1, ..., Tm; S) satisfy the recurrence relations
1
Ui(z1;8) =1+ 591 In(s®>+1), Vi(z1;8) = 21 arctans, (2.10)
and, when m > 2,
1 2 2
Un(z1, ..., Tm;s) =14 -z ln[Um_l(xg, cos T S) + Vi (xey . T s)]
(2.11)
m71<x27~--7mm;8). (212)
i ®)

V, 18) = t
m(T1, ..., Tm; 8) = 1 arctan U 1 (0o,

Proof. By standard and careful calculation, we find
2

R[H (si;21)] = ;ln{ [1 + %xl In(s®>+1)| + (zarctans) }
1
iln[Uf(ilfl;S) =+ V12(x1;8)]7

x1 arctan s
= arctan I
1+ 521In(s2 +1)

|>

S[H (st;21)]
= arctan 7‘/1 (213 5) ,
Ui(zy; )
1 1 2 2
R[H (si; x2)] = 3 ln{ [1 + 521 1n< (1 + 522 In(s® + 1)> + (z2 arctan s)2>]
2
4 |2 arctan xo arctan s
! 1+ 2zoIn(s? + 1)
1
- IH[U§($17$2; s) 4+ Vi (z1, zo; s)]
1 arctan {42 ctan s
S[H (si; x2)] = arctan T T IFaraIn(its?)
1+ 521 In([1 4+ 5221n(1 4 52)]? + [z arctan s]?)
= arctan (@1, 72:5) ,
Us(w1, 225 8)
and
, 1 1 1 1 ) 2
R[H (si;x3)] = 3 In¢ 1+ 331 In{ {1+ 502 In( {1+ 3%3 In(s* + 1)
2\ 72
xgarctan s
1+ %1‘3 In(s? + 1)) >}

2
+ (x3 arctan 3)2)> + <x2 arctan
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Tz arctan ; +‘"’i warlcrfé’“sr;il) 2
+ |z arctan 273 5
1+ JzoIn([1+ 2asn(s? +1)]” + (z3 arctan s)?)
1
£ 5 In [Ug(xla T2, T3] S) + ‘/32(‘r17 T2, T3] S)] )
where U;(x1;s) and Vi(x1;s) are defined by (2.10) and

1
Us(21,2;8) = 1+ %1 In[Uf (w2;8) 4+ Vi (225 8)],

Vl(.’EQ;S)

Vx 18) = tan ———~,

2(z1,z2; 8) = 1 arctan Ur (7:9)
1

Us(x1,x9,23;8) =1+ 301 ln[Ug(xg,:zzg; s) 4 Vi (zo, z3; s)],

Va(w2,23; 5)

Va(x1, o, x3;8) = x1 arctan .
3( 1,42,43, ) 1 UQ(.’IZQ,LE:;;S)

Assume that the recurrence relations (2.11)) and (2.12)) are valid for some m > 3.
This means that

R[H (si; )] = %ln[Ui(CEl, T 8) V2 (21, T s)]

and

S[H (st; @4, )] = arctan
for m > 3. Since
H(si;xme1) =In[l + a1 H(si;29,. .., Timr1))
=In(1+ 1 R[H (st; 22, ..., Tmi1)] +121S[H (86522, . .., Timt1)])
= S+ e R{H (50523, ., 2 )+ (@1 S[H (i 22, 7))

x1S[H (80522, . .y Timg1)]
L+ 2 R[H (86322, ..+, Tms1)]

+ targ

it follows that

2
Vm(x27 -y Tm41; S))

. 1
R[H (si; Tmt1)] = 3 In [(wl arctan U (o ims s )

2
1
+ (1 + 221 ln[Ufn(xg, e Tt 138) + VR (s Tt s)]) }

and

Vin (%2, ,Tm+1;5)

x1 arctan T |

S[H (st;xm, =ar .
LA +1)] g1+%xlln[U%(xg,...,me;s)—|—Vn21(x27...,xm+1;s)]

These imply that
1
Unt1(z1, ..o, Tmy1;8) =1+ 5x1 ln[Ui(mg, ey Tmy13S) + Vn%(xg, ey Tnt1; s)],

Vin(a, ..., Tmy1; S)
Un(z2, ... Tmi1;8)’

Vin1(Z1, .o, Tmt1; §) = a1 arctan
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and
. Ving1 (1,0, Tny15 8 )
S H (si; €4,41)] = arctan
[H (515 @ 41)] Um+1(:r:1,.. s
By mathematical induction the formulas ) and (2.9 ) and the recurrence rela-
tions (2.11) and are valid. The proof of Theore 2.3|is complete. O
Theorem 2.4. Form € N and s,1,..., T, > 0, we have the integral formulas

/00[1 — cos($ms)] /00”./00 O(Sm;Tm)dso - dsm—1dsm,
0 0 0

1
= §ln[U,2n(x1, e T 8) F VI (T, T s)] (2.13)

and
(o] [o ] o0
/sin(sms)/ / O(Sm;Tm)dso - dsm—1dsm
0 0 0
Vin(T1, ..., Tn; 5)
= t 2.14
are anUm(xl,...mm;s)’ ( )

where Q(Sm; Tm), Un(T1,...,Tm; ), and Vi (x1,...,2m;s) are defined by ,
(2.10]), (2.11), and (2.12)) respectively.

Proof. By virtue of (2.1]), we obtain
H(si; ) :/ (1—6_5’"”)/ / O(Sm;xm)dsy - dsm—1dsm,
0 0 0

:/ [1—cos(sms)+isin(sms)]/ / O(Sm; ) dsg -+ d sm_1dsm
0 0 0

which means that
R[H (s1;Tm)] = / [1 fcos(sms)]/ / Q(Sm;Tm)dso - dsm—1dsn,
0 0 0

and

S[H (st;2)] = /000 sin(s,, s) /0OQ e /000 O(Sm;xm)dsy-+dsm—1dsm,.

Combining these with (2.8]) and (2.9)) yields (2.13)) and (2.14) respectively. The
proof of Theorem [2:4]is complete. O

Remark 2.2. Taking m =1 in - ) and ( can derive

QUT— 1 (utv)
—(urtv
/ / Tz 1) — cos(vs)]e dudwv

1 1
= o ln{ [1 + 5.%111(82 + 1)

2
+ (x arctan s)? }

UE— 1 1 .
/ / Sln(vs)e_(u'H’) dudv = — arctan xlal“C o2
ux—!—l x 1+§$1n(32+1)

for s,x > 0.
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Theorem 2.5. For R(z) > 0 and x1,...,2,m > 0 with m € N, the integral repre-
sentation

1 (e )
H(Z§$m):;/0 %Wln[Ui(xl,...,xm;s)—|—Vn21(x1,...,mm;s)]dz (2.15)

is pointwisely convergent but not uniformly convergent, where Up,(x1,...,Tm;s)

and Vi (21, ..., Tm; 8) are deﬁned by (2. 10|), (2.11)), and (2.12) respectively. Conse-
quently, the mtegmls in and . are pointwisely convergent but not uniformly

convergent.

Proof. A simple computation gives

hm H(t;x,,) = hm H{t;m)

— 00

=0.
Accordingly, when ¢t > 0 and 1 ..., z,, > 0, by (L.6) or , it follows that
2 [t .
H(t;z,,) = ;/0 m?R[G(sz;mm)] ds.

If the integrals in ((1.6) and (|1.7) are uniformly convergent, then differentiating on
both sides of the above integral representation for H (t;x,,) results in

OFH(t; ) 1 [ OF 2t ,

for t > 0 and k € N, where
ik ( 2t > oM m(? +s?)  Rdf

= Bk+1 0(2¢,2,0,...,0)

otk \ 12 + 52 Otkh+1 — dpuf
k+1 e 1
—1
— g ED =Dy Bry1s(t,1,0,...,0)
=1
R 1)@*1(#1)!2[(1@7“1)! k+1 C \pera
(s 2k—t+1 1 E—l+1
k+1 -1
(71) 1 ¢ 20—k—1
=k+1Dy —F——- 2t
(k+ );(tQ—FS?)@K k—t+1 (2¢)
0, k is even
|
(—1)<k—1>/2w k is odd

gk+1 ’

ast — 0 for k € N, where u = u(t) = t2 + s? and the formula

_ |
Byi(,1,0,...,0) = ("Qn_l,f)' (Z) <n f k)x%_", 0<k<n

in [II, Theorem 5.1] were used. Taking ¢ — 0 in (2.16]) and making use of (1.9) in

Definition [[.I] conclude
O H (t; ) 0, k is even
—— " — L. m) = 2(k! e s -
otk K@) =0y (W) /0 m[Giﬁf Vas, kisodd

for k € N. This leads to a contradiction. The proof of Theorem [2.5]is complete. O
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Remark 2.3. Theorem [2.5] demonstrates that we can not derive an integral rep-
resentation for multivariate logarithmic polynomials Ly, »(@y,) from the integral

representation (2.15]).
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