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Abstract: According to the current understanding, the recently observed accelerated expansion of the
universe is caused by the dark or the vacuum energy. Attempts to calculate the magnitude of this energy
using the standard model of particle physics led to values which are 59 — 120 orders of magnitude larger
than the experimentally estimated one. Even though the expanding space has positive internal energy,
in a flat universe it is completely balanced by the negative energy of gravitational field making the net
energy equal to zero. However, the current physical theories may breakdown for times less than or on
the order of Planck time and one cannot assume that the above assertion concerning the balance of two
energies is valid also in this time scale. In this note it is assumed that this balance of the two energies
during the creation of new space as the universe expands takes place only for times larger than the
Planck time. If this assumption is correct, the net energy of the newly created space remains positive for
times on the order of Planck time and the positive vacuum energy has to be burrowed from empty space
before it is being balanced by gravity. This can happen only within the restrictions of the time-energy
uncertainty principle. In this note it is shown that such considerations lead to a vacuum energy density
of about 0.3 Nanojoules per cubic meter which has to be compared with the measured value of 0.6
Nanojoules per cubic meter.
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1. Introduction

Recently observed accelerated expansion of the universe can be explained by invoking the concept of
vacuum energy which exerts a negative pressure on space causing it to expand [1, 2, 3, 4, 5, 6]. The
measured rate of expansion of the universe set the magnitude of this energy to a value close to 6 x 10-1°
J/m?3 [7]. This energy is believed to be generated by the quantum fluctuations, which leads to the
continuous creation and annihilation of virtual particles out of the vacuum [8]. Attempts to derive the
magnitude of vacuum energy by appealing to the standard model of particle physics led to values which
are 59 to 123 orders of magnitude bigger than the observed value [9, 10]. It is known as the vacuum
catastrophe. The goal of this note is to show that an estimate of the vacuum energy close to the measured
ones can be obtained by the application of the time-energy uncertainty principle to the creation of
internal energy in the expanding space.

2. Physical consideration

As the universe expands, space is continuously created and this newly created space contains internal
energy. However, in a flat universe this positive internal energy is balanced by the negative
gravitational energy making the net energy gain equal to zero [11]. This in turn means that the net
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energy of the expanding universe remains zero. But, what is the time scale at which this balancing act
takes place? There is consensus among the physicists that the physical theories and the notion of space
and time will break down in the Planck time scale [5]. In this time scale, the predictions of quantum
field theory and general relativity are no longer reconcilable. Guided by this fact, in this note we assume
that newly created vacuum energy is balanced by gravitational energy only for times larger than the

time #, measured from the time of creation of new space, where the physics as we know it is active.

The time 7, is on the order of the Planck time. This also means that for times less than about £, , the

newly created vacuum adds net positive energy to the universe and this net energy, as in the case of the
creation of matter in quantum fluctuations, has to be extracted from empty space before it is being
‘neutralized’ by the negative gravitational energy. The amount of vacuum energy that can be extracted
over a given time interval is dictated by the time-energy uncertainty principle. That is the vacuum
energy generated within about Planck time, say AU, should satisfy the condition ¢,AU Ll h.

However, there is no general consensus among the physicists that the net energy of the universe is zero.
Some physicists believe that the concept of energy conservation is not applicable to the universe as a
whole and the vacuum energy adds to the net energy of the universe. In such a scenario, we are
assuming that the vacuum energy gained by the expanding universe during each Planck time unit is
constrained by the time-energy uncertainty principle. In the analysis to follow, we will show that such
considerations lead to values of vacuum energy which are of the same order of magnitude as the
measured values.

3. Mathematical analysis

The expansion rate of the universe varies with time. This rate was higher at the early stages of the
universe in comparison to the present time. However, experiments show that the rate of expansion has
started to increase again, roughly about 5 billion or so years ago. Let us denote the radius of the universe
in meters by R . The rate of change of the radius of the universe dR /dt is denoted by X. With these

definitions the amount of new space created within time 7 is given by A R°Zt » - Denoting the vacuum
energy per unit volume of this newly created space by A , the total vacuum energy generated over the
time interval #,is given by 47R’%¢,A . As mentioned in the previous section, this energy has to be
burrowed within time f, from empty space and its magnitude is restricted by the time-energy

uncertainty principle. That is
AZR’Zt,A = h ey

Observe that the left hand side of Equation (1) is the product of the vacuum energy and the time over
which it is generated. From Equation (1) the vacuum energy density of free space can be obtained as

A=h/4TR*Se} @)

Observe from this equation that the vacuum energy density of newly created space varies inversely
with the square of the radius of the universe at that time. As the universe expands, the vacuum energy
density associated with newly created space decreases. However, the parameter that is important when
analysing the dynamics of the universe using Friedmann equation is the average vacuum energy
density of all space corresponding to a given radius of the universe, i.e. average energy of space created
from time zero to present time. Let us denote the average vacuum density of all space corresponding to

a given radius of the universe by A . Assuming R = kt *Pas a crude representation of the growth of

the actual universe (which is exact for the matter dominated era of the universe), where k is a constant
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and ? is the age of the universe, one can derive how the parameter X varies as a function of R . Once
this is obtained, the average vacuum energy density corresponding to any given radius of the universe
can be obtained easily by solving the following volume integral:

A =h 3)

In the above equation 7, is the initial radius of the universe. Substituting for A from (2) and performing
the integral and assuming that R[] 7,, we obtain
3ht,
ave = 2 p3/2 p32 4
4rt,R°R,
In the above equation ?, denotes the current age and R, denotes the current radius of the universe.

Observe that the average vacuum energy density of space decreases inversely as the 3/2 root of the
radius of the universe. The possibility that the vacuum energy density could vary as the inverse of the
square of the radius of the universe was previously suggested by Chen and Wu [12]. The average
vacuum energy at the present time can be obtained by replacing R in the above equation by R, . That
is

3ht

= . 5
" " 16n LR} X

The current age of the universe (i.e. 7, ) is 4.3x10" s (13.7 billion years) and the current size of the
universe (i.e. R ) is 4.4x10°° m. Substituting these numbers in Equation (6) and together with the

values of known constants we find that A, = 3x107'"J/m?. This is a good fit to the experimentally

observed value of 6X107""J/m. This shows that the assumption that the positive vacuum energy of the
newly created space can be balanced by the negative gravitational energy only for times larger than about the
Planck time, and within this time this net energy is constrained by the time-energy uncertainty principle leads
to a correct estimate for the vacuum energy density.

As mentioned earlier, the calculated average vacuum energy of space decreases inversely as the 3/2 root
of the radius of the universe. The current understanding is that the vacuum energy density of space is
a constant and that it does not vary with the age of the universe. However, it is of interest to show that

there is another solution where A becomes independent of the radius of the universe. That is when
the quantity Rzztf, does not vary as the universe age. Let us assume that this quantity is independent
of the evolution of the universe. Observing that ¢ [2, is proportional to G/ ¢’, where G is the
gravitational constant and ¢ is the speed of light, and X =dR/dt,the above implies that
R*(dR/ dt)G / ¢’ is a constant. Assuming R L] t*” as a crude representation of the growth of the actual

universe, where ? is the age of the universe, we find that G/ ¢ 1/t 1f the speed of light does not
vary with the age of the universe, we obtain G [ 1/¢. That is, the gravitational constant decreases
inversely as the age of the universe. This is the large number hypothesis of Dirac [13].
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4. Discussion

The main assumption we have made in the derivation is that the total energy of a newly created volume
of space remains positive for a time on the order of Planck time before the negative gravitational energy
acts on the space volume and make the total energy zero. We have not shown that this is the case by
appealing to fundamental physics. However, the fact that this assumption leads to a correct estimate of
the vacuum energy calls for a thorough analysis of the energy balance of newly created space volumes.
Such an analysis can only be done using a theory of quantum gravity. However, if the assumption that
the balance of vacuum energy and gravitational energy takes place only for times larger than the Planck
time is correct, it is the time-energy uncertainty principle that acts as the engine in generating the initial
conditions necessary for the creation of vacuum energy and hence to the expansion of the universe.
Indeed, it has been even suggested that the initial primordial matter (energy) necessary for the creation
of the universe also came into being thanks to the time-energy uncertainty principle [14].

The analysis presented here predicts that the average vacuum energy density of the universe varies as
the inverse 3/2 root of the radius of the universe. On the other hand, as the universe expands, the matter
density will decrease as the inverse cube of the radius of the universe. That means as one goes back
towards the beginning of the universe, the matter density increases much faster than the average
vacuum energy density. An important time in history is the time or the age of the universe when the
vacuum energy density became equal to the matter energy density. This is the time at which the current
accelerated expansion of the universe would have started. The current observed value of the ratio of

vacuum energy density to the total energy density (both vacuum energy and matter), (2, is about 0.7
[15]. The equations given above show that the two energy densities became equal (observe that the

matter energy density decreases as 1/ R’ while the vacuum energy density decreasesas 1/ R" ) when
the radius of the universe was about 0.56 of the current radius. According to the observation the
accelerated expansion of the universe started when the size of the universe was about 0.6 of the current
value (i.e. redshift 0.55) [15]. This also agrees remarkably well with the estimated value.

One problem associated with the analysis presented in this note that needs further analysis is the
following. In deriving Equation (1) and (2), we have treated the energy associated with the newly

created space within a time interval 7, as a single entity even though this energy is distributed

throughout the universe. This may be correct if the newly created space within a Planck time inside the
universe is in some way quantum mechanically entangled. This is an interesting problem that needs
further attention.

5. Conclusion

Based on the assumption that the positive vacuum energy of the newly created space can be balanced
by negative gravitational energy only for times larger than about the Planck time, and that within this
time this net energy is constrained by the time-energy uncertainty principle we estimated the vacuum
energy density of free space. The estimated value is in agreement with experimental observations.
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