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Abstract: Studies on the structure of economic systems are, most frequently, carried out by the 
methods of informational statistics. These methods, often accompanied by a wide range of 
indicators (Shannon entropy, Balassa coefficient, Herfindahl specialty index, Gini coefficient, Theil 
index etc.) around which a wide literature has been created over time, have a major disadvantage. 
Such weakness is related to the imposition of the system condition, therefore the need to know all 
the components of the system (as absolute values or as weights). This restriction is difficult to 
accomplish in some situations, and in others, this knowledge may be irrelevant, especially when 
there is an interest in structural changes only in some of the components of the economic system 
(either we refer to the typology of economic activities - NACE or of territorial units – NUTS). This 
article presents a procedure for characterizing the structure of a system and for comparing its 
evolution over time, in the case of incomplete information, thus eliminating the restriction existent 
in the classical methods. The proposed methodological alternative uses a parametric distribution, 
with subunit values for the variable. The application refers to Gross Domestic Product values for 
five of the 28 European Union countries, with annual values of over 1,000 billion Euros (Germany, 
Spain, France, Italy and United Kingdom) for the years 2003 and 2015. A form of the Wald sequential 
test is applied to measure changes in the structure of this group of countries, between the years 
compared. The results of this application validate the proposed method. 

Keywords: subunit distribution; structural analysis; statistical hypothesis; parameter estimation; 
sequential test 

 

1. Introduction 

A characteristic of our times, alongside globalization, is represented by knowledge transfer 
among different areas, resulting in the emergence and strengthening of border domains. Among the 
most interesting such domains is econophysics. In our field of interest is the second law of 
thermodynamics and its further developments, generated by the dispute between Max Planck and 
C. Caratheodory [1,2], leading to crystallization of the entropy concept. The entropy concept was 
introduced by L. Boltzmann (1844-1906), and the formula ܵ = ݇ ∙  representing the dependency ,ܹ݃݋݈
of the entropy S and probability W, engraved on the gravestone [3], requires a macro-system with 
known state probabilities (ݓ௜), but with the restriction: ∑ݓ௜ = 1. Debates and emulation generated 
by Gibbs Paradox, which showed a deviation from the second law of thermodynamics, generated a 
different approach of entropy [4]. 

Considered the father of informational theory, Claude Shannon proposed a new version of 
entropy calculus [5-7]: ݌)ܪሻ = −∑ ௜௞௜ୀଵ݌ ∙ logଶ ௜݌∑ ௜ with݌ = 1. 

Over time, Shannon entropy has diversify the types and the field of applications, such as: relative 
entropy, entropy of a composed system, conditional entropy, entropy of a correlated system, Tsallis 
entropy, Sharma-Taneja-Mittal entropy, Kaniadakis entropy, Abe entropy [8-10,2]. In parallel with 
the development of entropy indicator, was constituted a new group of such indicators used in the 
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analysis of the economic systems structure. A category of methods are the econometric ones, for 
example the Cobb-Douglas production function [11]: ܳ௧ = ܣ ∙ ௧ఈܮ ∙ ௧ఉܭ ∙ ௧ሻߝ)݌ݔ݁  where: Qt - total 
production output (the real value of all goods produced in a year); L - labor input (the total number 
of person-hours worked in a year); K - capital input (the real value of all machinery, equipment, and 
buildings); A - total factor productivity; t – time; α and β are the output elasticity of capital and labor, 
respectively. Also, in this category of methods it is framed the Input-Output model proposed by W. 
Leontief [12-14]. 

Among other specific methods, used in the analysis of the macroeconomic systems structure, are 
some quite significant. The Herfindahl index of regional specialization [15,16] is useful in analyzing 
the geographical distribution of territorial-administrative indicators, or the specializations in 
economic sector. Krugman index [17], in economic literature so called K-spec. index, assume dividing 
a country in geographical regions, or macro neighborhood, in the border areas of the European 
Union. K-spec. index, for a region, characterized contrasts that exist between the structure of the 
workload in a region and the defined area economy. The converted Gini index [18,19] is a statistical 
measure used for the analyzing the concentration among values of a frequency distribution. The 
benefit of this index is that it also applies to qualitative series (for example, production distribution 
by activity sectors NACE, income distribution by administrative subdivisions etc.). This coefficient is 
calculated as the ratio between the average of absolute deviations and the arithmetic mean of the 
items. The Gini index may also be computed based on a chart, according to the surface area of 
concentration, being its double. Gini index calculated against the per capita income is used to define 
types of countries such as OECD countries, the countries of Latin America, the countries of Eastern 
Europe. Theil index [20-22] is a statistical indicator, inspired by the entropy measurement, calculated 
for an uncertain event, characterized by a probability vector defined as the difference between the 
maximum value of the event entropy’s and its entropy. The Theil index value is directly proportional 
to the concentration of the distribution values, if the distribution is equiprobable, so the concentration 
is minimum, value of this index is zero. 

The length of the structural vector x [23] is defined by ‖ݔ‖௡: ݔ → ,ܧ ܧ ∈ ܴା eventually ‖ݔ‖௡ =ඥ∑ ௜ଶ௜ݔ , with the limits ‖ݔ‖௠௔௫ = ∑ ௜௜ݔ , respectively: ‖ݔ‖௠௜௡ = ଵ√௡ ∑ ௜௜ݔ . 
It is estimated that its concentration is directly proportional to the indicator value, but it is 

recommended to take into consideration the following two observations: the indicator size is strongly 
influenced by the number of groups into which is divided the population and by the amplitude of 
the distribution, respectively, that the indicator is available into the measuring unit of the 
characteristic. For this reason, it cannot be used in comparing the concentration of population units 
relative to different characteristics. 

The Lorenz curve [24,25] is used to characterize the diversification or concentration of 
information in an economic system. Concentration curve was used in the economic analysis, for the 
first time by Atkinson, to measure income distribution and redistribution, becoming in time "the 
golden standard". It is formed distinctly for discrete and continuous data. For a quantitative 
characteristic X defined by (ܩ௜௫, ݊௜ሻ௜ୀଵ,௞തതതത, where ܩ௜௫ is a value, or a crowd, or an interval of values for 
the characteristic X, also ݊௜ is absolute frequency. In order to analyze the concentration of values for 
variable X, starting from the distribution (ܩ௜௫, ݊௜ሻ௜ୀଵ,௞തതതത, are calculated two sets of relative frequencies. 
The processing phases of a distribution, designed for analysis of the concentration degree, are 
represented below, distribution versus transformed distribution: (ܩ௜௫, ݊௜ሻ௜ୀଵ,௞തതതത ⟹ ,௜௡ݕ) ௜௫௡ሻ௜ୀଵ,௞തതതതݕ  or ൫݀௜,  .௑(݀௜ሻ൯௜ୀ଴,ଵ଴തതതതതതܨ

For curve fitting, where data series known (ݔ௜,  ,௜ሻ௜ୀଵ,௠തതതതത, with the values for each characteristicݕ
direct cumulative, are going through the next steps: 
• The geographic regions are increasing arranged in relation to the values of the ratio ݕ௜ ⁄௜ݔ  
• For each variable, the relative frequencies and cumulative relative frequencies are calculated 
• It’s drawn the Lorenz curve, by joining the points ܥ௜൫ܥ௜(ݕ௫ሻ, ௬ሻ൯௜ୀ଴,௠തതതതതݕ)௜ܥ , where ܥ଴(ݕ௫ሻ ௬ሻݕ)଴ܥ= = 0 
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The concentration area, between the first bisector and the concentration curve, is a much more 
effective measure than a simple graphical representation, in order to characterize revenue 
distribution. 

2. Materials and Methods 

2.1. Statistical distribution 

The class of statistical distribution usually defined on the interval (0,∞ሻ or ሾܽ, ܾ]; ܽ, ܾ	 > 0 with 
applications to economic studies is extremely wide [26,27]. Excepting Beta distribution defined on ሾ0,1] other few distributions defined on the same interval have been applied to the analysis of sub-
unit economic indicators. For the analysis of economic phenomena, characterized by sub-unit values 
(as, for example, the weights) we propose the probability density ݔ: ;ݔ)݂ ሻߠ = ఏିଵ(lnݔଷߠ12 ,ሻଶݔ ݔ ∈ (0,1], ߠ > 1 (1)

The restriction ߠ > 1 is necessary in order to have lim௫→଴శ ,ݔ)݂ ሻߠ = 0 and to ensure the existence of the 

modal value ݔ௠଴ on the stated interval (0,1]. Thus, the equation ݂ᇱ(ݔ, ሻߠ = 0, i.e.: ݂ᇱ(ݔ; ሻߠ = ଷߠ12 ൤(ߠ − 1ሻݔఏିଶ(ln ሻଶݔ + ఏିଵ(2ݔ ln ሻݔ 12൨ = 0 (2)

which is reduced to (ߠ − 1ሻ ln ݔ + 2 = 0 gives us the solution ݔ௠଴ = ሾ2/(1݌ݔ݁ −  would be ߠ ሻ]. Ifߠ
positive, but smaller than 1 – for instance ߠ = 1/2, we would get ݔ௠଴ = ݁ସ > 1. So, the modal exists 
on (0,1] only if ߠ > 1 (for instance, for ߠ = 2, ௠଴ݔ = 1/݁ଶ, and	݂(1/݁ଶሻ = 16/݁ଶ). 
The function graph is illustrated in figure 1. 

 
Figure 1. Graph of f(x) function 
 
The non-centered moment of n order is: ܧ(ܺ௡ሻ = ଷߠ12 න ௡ାఏିଵݔ ∙ (ln ଵݔሻଶ݀ݔ

଴ = ൬ ߠߠ + ݊൰ଷ (3)

providing the mean and dispersion under the forms: ܧ(ܺሻ = ൬ ߠߠ + 1൰ଷ , respectively ሻܺ)ݎܸܽ = ൬ ߠߠ + 2൰ଷ − ൬ ߠߠ + 1൰଺ (4)

(the fact that this expression is strictly positive can be easily verified). 

f(x) 

0

f(xm0) 
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2.2. Estimating the distribution parameter 

The estimation can be made by using the method of moments -Pearson [28], or by the maximum 
likelihood [29]. By applying the method of moments, we firstly estimate the theoretical non-centered 
n order moment. Consequently, ܧ(ܺ௡ሻ = 2ଷߠ න ௡ାఏିଵݔ ∙ ݈݊ଶݔଵ

଴ (5) ݔ݀

According to calculations, in order to show that i=1, we get: ܧ(ܺ௡ሻ = ൬ ߠߠ + ݊൰ଷ (6)

Hence, the average and variance indicators follow immediately: ܧ(ܺሻ = ൬ ߠߠ + 1൰ଷ (7)

Respectively: ܸܽݎ(ܺሻ = ൬ ߠߠ + 2൰ଷ − ൬ ߠߠ + 1൰଺ (8)

Let ݔ௜, ݅ = 1, ݊തതതതത be a random sample of population {X}. 
As 0 ≤ ௜ݔ ≤ 1  for any i, we also have ̅ݔ = ݊ିଵ ௜ݔ∑ ≤ 1 . The estimation equation using the 

method of moments is therefore: 

ቆ ෠ߠ෠ߠ + 1ቇଷ = (9) ݔ̅

where ߠ෠ெெ = ሻଵ/ଷ1ݔ̅) − ሻଵ/ଷ (10)ݔ̅)

The condition ߠ෠ > 1 involving ̅ݔ > ଵ଼ = 0.125. 

By using the maximum likelihood method, we immediately get: ቀଵఏቁ෢ ெ௅ = ଵଷ௡∑ ln ଵ௫೔  whose 

repartition is known. 
Indeed, by making the transformation ݔ = ݁ି௨, ݑ ≥ 0, our density becomes: ݂(ݑ; ,ߠ ݇ሻ = ௞Γ(݇ሻߠ ௞ିଵ݁ିఏ௨ (11)ݑ

namely, a particular case of Gamma density [27,28,30] ݂(ݑ; ሻߠ = ଷ2ߠ ݁ିఏ௨ ∙ ଶݑ = ଷΓ(3ሻߠ ଷିଵ݁ିఏ௨ (11’)ݑ

for k=3. 
If parameter k is known, then: 

൬1ߠ൰෢ ெ௅ = 1݇݊ ෍ݑ௜௡
௜ୀଵ  (12)

which is an unbiased parameter and of minimum dispersion – what is not the case of ߠ෠ெெ. 
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3. Results 

3.1. A particular case 

We will analyze the particular case where ߠ = 2  (hence, the distribution is completely 
specified), in order to outline the difficulties met when calculating the distribution function for the 
general case. Indeed: 

;ݔ)ܨ ;ݑ)ሻන݂ߠ ݑሻ݀ߠ = 12௫
଴ ଷߠ නݑఏିଵ(ln ௫ݑሻଶ݀ݑ

଴  (13)

and taking into account that [31] (p. 133): නݔ௔(ln ሻଶݔ ݔ݀ = ߙఈାଵݔ + 1 ൤(ln ሻଶݔ − ߙ݊ + 1 (ln ሻ௡ିଵݔ + ⋯+ (−1ሻ௡ ߙ)!݊ + 1ሻ௡൨ + (14) ܥ

It follows for ߠ = 2, the expression ߙ = 1 obviously: ݔ)ܨ; 2ሻ = 4 ൬12 ଶ(lnݔ ሻଶݔ − 12 ଶݔ ln ݔ + ଶ൰ (15)ݔ14

Even for this simple case, the calculus of the theoretical median, for instance, leads to the 
transcendent equation ݔ)ܨ; 2ሻ = 1/2, i.e. ߮(ݔሻ = ଶ(4(lnݔ ሻଶݔ − 4 ln ݔ + 2ሻ − 1 = 0 which really has a 
solution on the interval (0;1), as ߮(0ሻ = −1  and ߮(0ሻ = 1  and ߮(0ሻ ∙ ߮(1ሻ < 0 . The solution is 
unique, as we can prove that the graphs of the curves ߮ଵ(ݔሻ = 4(ln ሻଶݔ − 4 ln ݔ + 2 and ߮ଶ(ݔሻ  .ଶ are intersected in a single point on the interval (0,1)ݔ/1=

The value of parameter ߠ = 2  is obtained, for instance, if ̅ݔ ≈ 0.296  (from the estimation 
relation by means of the method of moments), a value higher than the “critical level 0.125”, in 
accordance [32] with equations (9) and (10). 

Consequently, it is clear that the various problems related to the direct implication of the 
distribution function (quantiles assessment, natural tolerance, etc.) must be considered according to 
various particular values of ߠ, in order to finalize the computations. In the sequel, we proceed to 
developing the analysis using the sequential method. 

3.2. Verifying certain statistical hypotheses 

Verifying a simple statistical hypothesis: ܪ଴: ߠ = ଴ (16)ߠ

with the alternative: ܪଵ: ߠ = ଵߠ ଴ߠ) < ଵሻ (16’)ߠ

has the significance of an hypothesis on the stability of the system structure at a given moment [28,32] 
by using the test of likelihood ratio with a single observation, we deduced the equation providing 
the decision constant ݔௗ according to ߠ଴ and to the significance level ߝ of the test: (ߠ଴ ln ௗݔ − 1ሻଶ + 1 = 2 ∙ ௗఏబ (17)ݔߝ

In this equation, ݔௗ can be approximated either by a I-st degree polynomial (ln ௗݔ ≈ ௗݔ − 1ሻ 
leading in the left side to a parabola ݕ = ଴ଶߠ ∙ ௗଶݔ − ଴ߠ)଴ߠ2 + 1ሻݔௗ + ଴ߠ) + 1ሻଶ + 1 (18)

or by a II-nd degree polynomial ቀln ௗݔ ≈ ௗݔ − 1 − ଵଶ ௗݔ) − 1ሻଶቁ, leading in the left side to a IV-th 
degree curve (polynomial): ݕ = ൤ߠ଴2 ௗଶݔ) − ௗݔ4 + 3ሻ൨ଶ + 1 (19)
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Again, the case where ߠ = 2 proves to be interesting, since we shall have to show that the 
polynomial ݕ = ݔ) − 2ሻସ + 1  intersects only once the hyperbola ݕ = ଶݔ/ߝ2  on the interval (0,1). 
Indeed, if we denote by ߮(ݔሻ = ݔ) − 2ሻଶ − ଶఌ௫మ + 1 we have lim௫→଴శ ሻݔ)߮ = −∞	 and ߮(1ሻ = 2(1 − ሻߝ >0 as 0 < ߝ < 1. 

In the case we would like to use several sequels of observations, it is better to use the SPRT - 
Wald procedure (the developments in the area of theoretical and applied sequential analysis 
generated the editing of a profile journal since 1984: Sequential Analysis: Design Methods and 
Applications): 

ሻݔ)௡ݎ = ∏ ;௜ݔ)݂ ∏ଵሻ௡ଵߠ ;௜ݔ)݂ ଴ሻ௡ଵߠ = ൬ߠଵߠ଴൰ଷ௡ ∙ෑݔ௜ఏభିఏబ௡
௜ୀଵ  (20)

which, by logarithms operation, leads to: 

ln ሻݔ)௡ݎ = 3݊ ln ଴ߠଵߠ + ଵߠ) − ଴ሻ෍lnߠ ௜௡ݔ
௜ୀଵ  (21)

If ߙ and ߚ are the risks associated to the two hypotheses, A and B are the decision constants of 
the sequential test, ܣ ≈ (1 − ܤ and ߙ/ሻߚ ≈ 1)/ߚ −  ሻ, then the experiment estimating area is givenߙ
by the double inequality: 

ሾln ܤ − 3݊ ln(ߠଵ/ߠ଴ሻ]/(ߠଵ − ଴ሻߠ <෍lnݔ௜௡
௜ୀଵ < ሾln ܣ − 3݊ ln(ߠଵ/ߠ଴ሻ]/(ߠଵ − ଴ሻ (22)ߠ

Here, ݔଵ, ,ଶݔ … , ,௡ݔ … is the sequential sample. 

3.3. The sequential comparison 

If we have two systems characterized by parameters ߠ and ߱, then, from a practical point of 
view, it is interesting to compare the level of the respective parameters. This is reduced to verifying 
the compound hypothesis ܪ: ߠ ≤ ߱ versus the alternative ܪᇱ: ߠ > ߱. 

Girshick [33] have proposed a SPRT test as follows: let X and Y be the two systems, or the same 
system in two periods (in our case), characterized by the densities ݂(ݔ;  .ሻ, respectively߱;ݕ)݂ ሻ andߠ
We choose two values ߠ଴  and ߱଴(ߠ଴ < ߱଴ሻ  and let ܪ଴  be the statistical hypothesis: the joint 
distribution of variables X and Y has the form ݂(ݔ; ;ݕ)଴ሻ݂ߠ ߱଴ሻ , with alternative ܪଵ : the joint 
distribution is ݂(ݔ;߱଴ሻ݂(ݕ; :଴ܪ :଴ሻ. In other words, verifying H versus H’ is reduced toߠ ߠ = ߱,଴ߠ =߱଴	ݏݑݏݎ݁ݒ	ܪଵ: ߠ = ߱଴,߱ =  .଴ߠ

By using the notations ଴݂(ݔ; ሻݕ = ;ݔ)݂ ଴ሻߠ ∙ ;ݕ)݂ ߱଴ሻ  and ଵ݂(ݔ; ሻݕ = ;ݔ)݂ ߱଴ሻ ∙ ;ݕ)݂ ଴ሻߠ , 
respectively, then the likelihood ratio associated to the observation pairs (ݔଵ; ,ଵሻݕ ;ଶݔ) ,ଶሻݕ … , ;௡ݔ)  :௡ሻ… is, in our caseݕ

;ݔ)௡ݎ ሻݕ =ෑ൬ݔ௜ݕ௜൰ఠబିఏబ௡
௜ୀଵ  (23)

So, the uncertainty area is given by relations: 

(ln ሻ/(߱଴ܤ − ଴ሻߠ <෍lnݔ௜ݕ௜௡
௜ୀଵ < (ln ሻ/(߱଴ܣ − ଴ሻ (24)ߠ

Girshick showed that reducing the verification of ܪଵ to that of ܪ଴ can be made if there is a 
function ߠ)ݒ;߱ሻ with the following properties: 
ሻ߱;ߠ)ݒ .1 = ߠ	݂݅	0 = ߱ 
ሻ߱;ߠ)ݒ .2 < ߠ	݂݅	0 < ߱ 
ሻ߱;ߠ)ݒ .3 = ;߱)ݒ−  ሻߠ
This function, called also the Girshick function, can be considered as a measure of the difference 
between ߠ and ߱. 
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Vaduva [34] proved that, for the distributions of type ݂(ݑ; ሻߣ = ሻߣ)ݎሻݔ)ሼܲ݌ݔ݁ + ሻݔ)ܳ +  ,ሻሽߣ)ݏ
the Girshick’s function has the form ߠ)ݒ;߱ሻ = ±ሾߠ)ݎሻ −  ሻ], where (+) or (-) appear when r is߱)ݎ
increasing/decreasing. 

In case of our repartition, we can write: ݂(ݔ; ሻߠ = ݌ݔ݁ ൜ln ൤12 ఏିଵ(lnݔଷߠ ሻଶ൨ൠݔ = ߠ)ሼ݌ݔ݁ − 1ሻ ln ݔ + ln(ln ሻଶݔ + (3 ln ߠ − ln 2ሻሽ (25)

hence ߠ)ݒ;߱ሻ = ሻߠ)ݎ − ሻ߱)ݎ = ߠ − 1 − (߱ − 1ሻ = ߠ − ߱ , a function excellently meeting the 
conditions required by Girshicks’s method. 

4. Application and Conclusions 

The European Union's economy is emerging, year after year, growing stronger as a world 
leading economic player. In 2015, the total GDP of the 28 member states has exceeded 14,600 billion 
euro, accounting for around 20% of the world trade being, next to the US and China, the third world 
economic power. 

We plan to look at whether, between the first five economies in the European Union (Germany, 
Spain, France, Italy, United Kingdom) with annual GDP values of more than 1,000 billion, there have 
been changes in the structure of the group. Table 1 shows the data for the years 2003 and 2015. 

Table 1. GPD values for the analyzed group and total European Union 

Country GDP – billion EUR Weight fi (%) 
2003 2015 2003 2015 

Germany 2,217 2,933 21.13 20.04 
Spain 803 1,221 7.65 8.34 
France 1,637 2,020 15.61 13.80 
Italy 1,391 1,663 13.26 11.36 

United Kingdom 1,720 2,051 16.40 14.01 
Total Group 7,768 9,888 74.05 67.55 
Total UE 28 10,490 14,635 100.00 100.00 

Source :http://ec.europa.eu/eurostat/statistics-explained/index.php/National_accounts_and_GDP/ro 
(accesed:15 .03.2017) 

 
In 2015, the group of the most powerful economies in the European Union holds about 68% of 

GDP, compared with 2003, but also with weights changes.  
For example, the weight of Spain increased (+52.05% in 2015 compared to 2003), while for the 

rest of the group members the weights decreased, given the increase of GDP in absolute value 
(+27.29% for the group of developed country, respectively +39.51% across the European Union). The 
characterization of the structure using the methods of informational statistics (entropy, Gini 
coefficients, structure vectors, etc.) is not possible, because ∑ ௜݂ ≤ 1௡௜ୀଵ , but it is useful to use the 
method outlined above. The mean values determined by (3), the variants calculated by (4), the 
parameters computed by (10) and other intermediate elements necessary for testing the hypotheses 
(16), respectively (16'), and for determining the uncertainty intervals by (22), respectively (24), are 
presented in Table 2. 

Table 2. Results of data processing 

Years ∑࢞࢏  ∑ ܖܔ ૚࢞࢏  ഥ࢞  ࣂ෡ࡱ  ࡹࡹ(࢞ሻ  ࢘ࢇࢂ(࢞ሻ  ∑ ܖܔ  ࢏࢞
2003 0.7405 9.8106 0.1481 1.1235 0.1481 0.1262 -9.8106 
2015 0.6755 10.2124 0.1351 1.0539 0.1351 0.2459 -10.2124 
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Based on the information processed in Table 2, for the usual risks values of Type I and II, ߙ =0.05  and ߚ = 0.10 , with ln ܤ = ln൫0.10/(1 − 0.05ሻ൯  and ln ܣ = ln൫(1 − 0.10ሻ/0.05൯ , the decision 
report, the essence of the Wald test in the validation of the hypotheses (16) and (16'), through the 
interval established by (22) result: ∑ ln ௜௜ݔ ∈ (−46.1298; 0.1344ሻ, as in version (24), the size ∑ ln ௫೔௬೔௡௜ୀଵ  

is placed between the limits of uncertainty (−2.136 < 0.4020 < 2.74ሻ  
The conclusion is that in the group of the five developed European Union countries, between 

2003 and 2015, there were no major changes of the structure. This is a decision made at a type I risk 
of 5% or a type II risk of 10%. 
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