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1 Introduction

In this paper, we are concerned the following initial boundary value problem

ρϕtt +G(ψ − ϕx)x = 0, (x, t) ∈ (0, 1)× (0,+∞),

Iρ(3w − ψ)tt −G(ψ − ϕx)−D(3w − ψ)xx

+

∫ +∞

0
g(s)(3w − ψ)xx(x, t− s)ds = 0, (x, t) ∈ (0, 1)× (0,+∞),

Iρwtt +G(ψ − ϕx) +
4

3
γw +

4

3
βwt −Dwxx = 0, (x, t) ∈ (0, 1)× (0,+∞),

ϕ(x, 0) = ϕ0(x), ψ(x,−t) = ψ0(x, t), w(x,−t) = w0(x, t), (x, t) ∈ [0, 1]× (0,+∞),

ϕt(x, 0) = ϕ1(x), ψt(x, 0) = ψ1(x), wt(x, 0) = w1(x), x ∈ [0, 1],

ϕx(0, t) = ϕx(1, t) = ψ(0, t) = ψ(1, t) = w(0, t) = w(1, t) = 0, t ∈ [0,+∞),

(1.1)

where g : R+ → R+ is a given function and ρ,G, Iρ, D, γ, β are positive constants. The infinite

integral term in (1.1) represents the infinite memory.

The model for this structure has been derived and treated in [7]. The authors considered the

following system
ρϕtt +G(ψ − ϕx)x = 0, (x, t) ∈ (0, 1)× (0,+∞),

Iρ(3w − ψ)tt −G(ψ − ϕx)−D(3w − ψ)xx = 0, (x, t) ∈ (0, 1)× (0,+∞),

3Iρwtt + 3G(ψ − ϕx) + 4γw + 4βwt − 3Dwxx = 0, (x, t) ∈ (0, 1)× (0,+∞)

(1.2)

with the initial data and the cantilever boundary conditions. Here ϕ(x, t) denotes the transverse

displacement of the beam which departs from its equilibrium position, ψ(x, t) represents the

rotation angle, w(x, t) is proportional to the amount of slip along the interface at time t and

longitudinal spatial variable x, 3w−ψ denotes the effective rotation angle and the third equation

of (1.2) describes the dynamics of the slip. The coefficients ρ,G, Iρ, D, γ, β > 0 denote the density
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of the beams, the shear stiffness, the mass moment of inertia, the flexural rigidity, the adhesive

stiffness of the beams, and the adhesive damping parameter, respectively. For the stability of the

laminated beams with finite memory, Lo and Tatar [10] studied a laminated beam with a finite

memory acting on the effective rotation angle. The authors showed that for viscoelastic material

there is no need for any kind of internal or boundary control to stabilize exponentially the system

of laminated beams with interfacial slip. For more papers concerning the laminated beam, we

refer to [11, 14, 16].

Moreover, it is well known that when w ≡ 0, we recover the standard Timoshenko system.

Up to now, many people have been interested in the question of stability of Timoshenko systems

with infinite memory and different speeds of wave propagation. Guesmia et al. [6] considered

a vibrating system of Timoshenko type in a one-dimensional bounded domain with an infinite

history acting in the equation of the rotation angle of the form
ρ1ϕtt − k1(ϕx + ψ)x = 0, (x, t) ∈ (0, L)× (0,+∞),

ρ2ψtt − k2ψxx + k1(ϕx + ψ) +

∫ +∞

0
g(s)ψxx(x, t− s)ds = 0, (x, t) ∈ (0, L)× (0,+∞).

(1.3)

The authors proved a general decay of the solution for the case of equal-speed wave propagation

as well as for the nonequal-speed case. For more papers related to the Timoshenko system with

memory or different speeds of wave propagation, we refer the reader to [3, 4, 5, 8, 12, 15].

In this paper, for a wide class of relaxation function, we intend to study the general decay

rate of the solutions for problem (1.1) under non-equal wave speeds. For this purpose, we have

two key points in the proofs. On the one hand, to deal with the infinite memory, we introduce

the method used in [6]. On the other hand, to estimate the non-equal wave speeds term in (3.21),

we use the second-order energy. This is motivated by Guesmia et al.’s work [6], in which a linear

Timoshenko system with infinite memory was studied and a general decay result was established

for the case of equal-speed wave propagation and the opposite one.

The remaining part of this paper is organized as follows. In section 2, we present some

hypotheses needed for our work and state the main results. In section 3, we prove the general

decay result of problem (1.1) for the relaxation function g satisfying assumption (G1) and (G2).

2 Preliminaries and main results

In this section, we begin with some materials and known results for problem (1.1). For the

relaxation function g, we have the following assumptions:

(G1) g : R+ → R+ is a nonincreasing differentiable function such that

g(0) > 0, D −
∫ +∞

0
g(s)ds = D − g0 = l > 0.

(G2) There exists an increasing strictly convex function G : R+ → R+ of class C1(R+) ∩
C2(0,+∞) satisfying

G(0) = G′(0) = 0 and lim
t→+∞

G′(t) = +∞ (2.1)

such that ∫ +∞

0

g(s)

G−1(−g′(s))
ds+ sup

s∈R+

g(s)

G−1(−g′(s))
< +∞. (2.2)
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Following the ideal of [2], we first set

η(x, t, s) = (3w − ψ)(x, t)− (3w − ψ)(x, t− s), (x, t, s) ∈ (0, 1)× (0,+∞)× (0,+∞). (2.3)

Then, we have

ηt + ηs − (3w − ψ)t = 0, (x, t, s) ∈ (0, 1)× (0,+∞)× (0,+∞). (2.4)

Therefore, problem (1.1) is equivalent to

ρϕtt +G(ψ − ϕx)x = 0, (x, t) ∈ (0, 1)× (0,+∞),

Iρ(3w − ψ)tt −G(ψ − ϕx)− l(3w − ψ)xx

−
∫ +∞

0
g(s)ηxx(x, s)ds = 0, (x, t, s) ∈ (0, 1)× (0,+∞)× (0,+∞),

Iρwtt +G(ψ − ϕx) +
4

3
γw +

4

3
βwt −Dwxx = 0, (x, t) ∈ (0, 1)× (0,+∞),

ηt + ηs − (3w − ψ)t = 0, (x, t, s) ∈ (0, 1)× (0,+∞)× (0,+∞)
(2.5)

with the initial data and boundary conditions

ϕ(x, 0) = ϕ0(x), ψ(x, 0) = ψ0(x), w(x, 0) = w0(x), x ∈ [0, 1],

ϕt(x, 0) = ϕ1(x), ψt(x, 0) = ψ1(x), wt(x, 0) = w1(x), x ∈ [0, 1],

ϕx(0, t) = ϕx(1, t) = ψ(0, t) = ψ(1, t) = w(0, t) = w(1, t) = 0, t ∈ [0,+∞),

η(0, t, s) = η(1, t, s) = 0, (t, s) ∈ [0,+∞)× [0,+∞),

η(x, t, 0) = 0, (x, t) ∈ [0, 1]× (0,+∞),

η(x, 0, s) = η0(x, s), (x, s) ∈ [0, 1]× (0,+∞).
(2.6)

Next, let

U = (ϕ, 3w − ψ,w, ϕt, 3wt − ψt, wt, η)T

and

U0(x) = (ϕ0(x), 3w0(x)− ψ0(x), w0(x), ϕ1(x), 3w1(x)− ψ1(x), w1(x), η0(x, s))
T .

Hence, problem (2.5)-(2.6) is equivalent to the following abstract Cauchy problem:{
∂tU = A U,

U(x, 0) = U0(x),
(2.7)

3

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 February 2017                   doi:10.20944/preprints201702.0082.v1

http://dx.doi.org/10.20944/preprints201702.0082.v1


where A is a linear operator

A U =



ϕt

3wt − ψt
wt

−G
ρ

(ψ − ϕx)x

G

Iρ
(ψ − ϕx) +

l

Iρ
(3w − ψ)xx +

1

Iρ

∫ +∞

0
g(s)ηxx(x, s)ds

−G
Iρ

(ψ−ϕx)− 4γ

3Iρ
w − 4β

3Iρ
wt +

D

Iρ
wxx

−ηs + (3w − ψ)t



.

Now, we consider the following spaces:

L2
∗(0, 1) =

{
ϕ

∣∣∣∣ ϕ ∈ L2(0, 1) :

∫ 1

0
ϕ(x)dx = 0

}
, H1

∗ = H1(0, 1) ∩ L2
∗(0, 1),

H2
∗ =

{
ϕ

∣∣∣∣ ϕ ∈ H2(0, 1) : ϕx(0) = ϕx(1) = 0

}
and define the functional space of U as follows:

H = H1
∗ (0, 1)×

(
H1

0 (0, 1)
)2 × L2

∗(0, 1)×
(
L2(0, 1)

)2 × Lg, (2.8)

where

Lg =

{
η

∣∣∣∣ η : R+ −→ H1
0 (0, 1),

∫ 1

0

∫ +∞

0
g(s)η2x(x, s)dsdx < +∞

}
.

Then, the domain of A is defined by

D(A ) = H2
∗ (0, 1) ∩H1

∗ (0, 1)×
(
H2(0, 1) ∩H1

0 (0, 1)
)2 ×H1

∗ (0, 1)×
(
H1

0 (0, 1)
)2 ×Lg,

where

Lg =

{
η

∣∣∣∣ η ∈ Lg, ηs ∈ Lg, η(x, t, 0) = 0

}
.

To state our decay result, we introduce the following energy functional:

E(t) =
1

2

∫ 1

0

(
ρϕ2

t + Iρ(3w − ψ)2t + 3Iρw
2
t +G(ψ − ϕx)2 + l(3w − ψ)2x + 3Dw2

x + 4γw2

)
dx

+
1

2

∫ 1

0

∫ +∞

0
g(s)η2x(x, s)dsdx. (2.9)

Our decay result reads as follows:
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Theorem 2.1 Assume that (G1), (G2) and ρ
G 6=

Iρ
D hold. For any U0 ∈ D(A ) satisfying, for

some M0 ≥ 0,

max

{∫ 1

0
η20x(x, s)dx,

∫ 1

0
η20xs(x, s)dx

}
≤M0, ∀s ≥ 0. (2.10)

Then, there exist positive constants C, ε0 such that the energy E(t) associated with problem (1.1)

satisfies

E(t) ≤ G−10

(
C

t

)
, ∀t ≥ 0, (2.11)

where

G0(s) = sG′(ε0s)(s ∈ R+). (2.12)

3 General decay of the solution

In this section, we prove the general decay result as stated in Theorem 2.1. It will be accomplished

by constructing a Lyapunov functional L(t) equivalent to E(t).

Before proving our main result, we will state and prove some useful lemmas in advance.

Lemma 3.1 The energy functional E(t) defined by (2.9) satisfies

d

dt
E(t) = −4β

∫ 1

0
w2
t dx+

1

2

∫ 1

0

∫ +∞

0
g′(s)η2x(x, s)dsdx. (3.1)

Proof. Multiplying the first equation of (2.1) by ϕt and integrating over (0, 1), we have

1

2

d

dt

∫ 1

0
ρϕ2

tdx+

∫ 1

0
G(ψ − ϕx)xϕtdx = 0.

Then using integration by parts and the boundary conditions in (2.2), we obtain

1

2

d

dt

∫ 1

0
ρϕ2

tdx−
∫ 1

0
G(ψ − ϕx)ϕxtdx = 0. (3.2)

Note that ∫ 1

0
G(ψ − ϕx)ϕxtdx =−

∫ 1

0
G(ψ − ϕx)(ψ − ϕx − ψ)tdx

=− 1

2

d

dt

∫ 1

0
G(ψ − ϕx)2dx+

∫ 1

0
G(ψ − ϕx)ψtdx.

Hence, equation (3.2) becomes

1

2

d

dt

∫ 1

0

(
ρϕ2

t +G(ψ − ϕx)2
)

dx−
∫ 1

0
G(ψ − ϕx)ψtdx = 0. (3.3)

Next, multiplying the second equation of (2.1) by 3wt − ψt and integrating over (0, 1), we get∫ 1

0
Iρ(3w − ψ)tt(3w − ψ)tdx−

∫ 1

0
G(ψ − ϕx)(3w − ψ)tdx

5
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−
∫ 1

0
l(3w − ψ)xx(3w − ψ)tdx−

∫ 1

0

∫ +∞

0
g(s)ηxx(x, s)ds(3w − ψ)tdx = 0.

Then, integrating by parts, using the boundary conditions in (2.2) and (G1), we arrive at

1

2

d

dt

∫ 1

0

(
Iρ(3w − ψ)2t + l(3w − ψ)2x

)
dx+

1

2

d

dt

∫ 1

0

∫ +∞

0
g(s)η2x(x, s)dsdx

−
∫ 1

0
G(ψ − ϕx)(3w − ψ)tdx−

1

2

∫ 1

0

∫ +∞

0
g′(s)η2x(x, s)dsdx = 0. (3.4)

Similarly, multiplying the third equation of (2.1) by 3wt and integrating over (0, 1), we have∫ 1

0
3Iρwttwtdx+

∫ 1

0
3G(ψ − ϕx)wtdx+

∫ 1

0
4γwwtdx+

∫ 1

0
4βw2

t dx−
∫ 1

0
3Dwxxwtdx = 0.

Then, integrating by parts and using the boundary conditions in (2.2), we obtain

1

2

d

dt

∫ 1

0

(
3Iρw

2
t + 4γw2 + 3Dw2

x

)
dx+

∫ 1

0
3G(ψ − ϕx)wtdx+

∫ 1

0
4βw2

t dx = 0. (3.5)

Finally, adding (3.3)-(3.5), the proof is complete.

Next, to construct a Lyapunov functional equivalent to the energy, we will prove several

lemmas with the purpose of creating negative counterparts of the terms that appear in the energy.

As in [10], we consider the following functionals:

I1(t) = −ρ
∫ 1

0
ϕϕtdx, I2(t) = Iρ

∫ 1

0
(3w − ψ)(3w − ψ)tdx and I3(t) = Iρ

∫ 1

0
wwtdx.

Then the following result holds:

Lemma 3.2 The functional I1(t) satisfies, for any ε1 > 0,

I ′1(t) ≤− ρ
∫ 1

0
ϕ2
tdx+ (G+ ε1)

∫ 1

0
(ψ − ϕx)2dx+ c(ε1)

∫ 1

0
(3w − ψ)2xdx+ c(ε1)

∫ 1

0
w2
xdx, (3.6)

where c(ε1) is a positive constant depending on ε1.

Proof. Differentiating I1(t) with respect to t, using the first equation of problem (2.1) and

integrating by parts, we have

I ′1(t) =− ρ
∫ 1

0
ϕ2
tdx−G

∫ 1

0
ϕx(ψ − ϕx)dx

=− ρ
∫ 1

0
ϕ2
tdx+G

∫ 1

0
(ψ − ϕx)(ψ − ϕx)dx−G

∫ 1

0
ψ(ψ − ϕx)dx.

Making use of Young’s and Poincaré’s inequalities for the last term of this equality, we get,

I ′1(t) ≤− ρ
∫ 1

0
ϕ2
tdx+G

∫ 1

0
(ψ − ϕx)2dx+ ε1G

∫ 1

0
(ψ − ϕx)2dx+

CpG

4ε1

∫ 1

0
ψ2
xdx,

where Cp is the poincaré constant. Note that∫ 1

0
ψ2
xdx =

∫ 1

0
(ψ − 3w + 3w)2xdx.
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Then

I ′1(t) ≤− ρ
∫ 1

0
ϕ2
tdx+ (G+ ε1G)

∫ 1

0
(ψ − ϕx)2dx+

CpG

2ε1

∫ 1

0
(ψ − 3w)2xdx+

9CpG

2ε1

∫ 1

0
w2
xdx

≤− ρ
∫ 1

0
ϕ2
tdx+ (G+ ε1)

∫ 1

0
(ψ − ϕx)2dx+ c(ε1)

∫ 1

0
(ψ − 3w)2xdx+ c(ε1)

∫ 1

0
w2
xdx.

Hence, the assertion follows immediately.

Lemma 3.3 The functional I2(t) satisfies, for any ε2 > 0,

I ′2(t) ≤− (l − ε2)
∫ 1

0
(3w − ψ)2xdx+ Iρ

∫ 1

0
(3w − ψ)2tdx

+ c(ε2)

∫ 1

0
(ψ − ϕx)2dx+ c(ε2)

∫ 1

0

∫ +∞

0
g(s)η2x(x, s)dsdx, (3.7)

where c(ε2) is a positive constant depending on ε2.

Proof. Taking the derivative of I2(t) with respect to t, using the second equation of problem

(2.1) and integrating by parts, we obtain

I ′2(t) =Iρ

∫ 1

0
(3w − ψ)2tdx− l

∫ 1

0
(3w − ψ)2xdx

+G

∫ 1

0
(3w − ψ)(ψ − ϕx)dx−

∫ 1

0
(3w − ψ)x

∫ +∞

0
g(s)ηx(x, s)dsdx.

Then, by using the Young’s, Poincaré’s and Höider’s inequalities for the last two terms of this

equality, we have

I ′2(t) ≤Iρ
∫ 1

0
(3w − ψ)2tdx− l

∫ 1

0
(3w − ψ)2xdx+ ε2CpG

∫ 1

0
(3w − ψ)2xdx

+
G

4ε2

∫ 1

0
(ψ − ϕx)2dx+ ε2

∫ 1

0
(3w − ψ)2xdx+

g0

4ε2

∫ 1

0

∫ +∞

0
g(s)η2x(x, s)dsdx

≤Iρ
∫ 1

0
(3w − ψ)2tdx− (l − ε2CpG− ε2)

∫ 1

0
(3w − ψ)2xdx+

G

4ε2

∫ 1

0
(ψ − ϕx)2dx

+
g0
4ε2

∫ 1

0

∫ +∞

0
g(s)η2x(x, s)dsdx

≤Iρ
∫ 1

0
(3w − ψ)2tdx− (l − ε2)

∫ 1

0
(3w − ψ)2xdx+ c(ε2)

∫ 1

0
(ψ − ϕx)2dx

+ c(ε2)

∫ 1

0

∫ +∞

0
g(s)η2x(x, s)dsdx,

where Cp is the poincaré constant and the Lemma is proved.

Lemma 3.4 The functional I3(t) satisfies, for any ε3 > 0,

I ′3(t) ≤−
(

4γ

3
− ε3

)∫ 1

0
w2dx−D

∫ 1

0
w2
xdx+ c(ε3)

∫ 1

0
w2
t dx+ c(ε3)

∫ 1

0
(ψ − ϕx)2dx, (3.8)

where c(ε3) is a positive constant depending on ε3.
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Proof. Differentiating I3(t) with respect to t, using the third equation of problem (2.1) and

integrating by parts, we obtain

I ′3(t) = Iρ

∫ 1

0
w2
t dx−

4γ

3

∫ 1

0
w2dx−D

∫ 1

0
w2
xdx−G

∫ 1

0
w(ψ − ϕx)dx− 4β

3

∫ 1

0
wwtdx.

Making use of Young’s inequality for the last two terms of this equality, we get,

I ′3(t) ≤Iρ
∫ 1

0
w2
t dx−

4γ

3

∫ 1

0
w2dx−D

∫ 1

0
w2
xdx+ ε3G

∫ 1

0
w2dx

+
G

4ε3

∫ 1

0
(ψ − ϕx)2dx+

4ε3β

3

∫ 1

0
w2dx+

β

3ε3

∫ 1

0
w2
t dx

≤
(
Iρ +

β

3ε3

)∫ 1

0
w2
t dx−

(
4γ

3
− ε3G−

4ε3β

3

)∫ 1

0
w2dx−D

∫ 1

0
w2
xdx+

G

4ε3

∫ 1

0
(ψ − ϕx)2dx

≤c(ε3)
∫ 1

0
w2
t dx−

(
4γ

3
− ε3

)∫ 1

0
w2dx−D

∫ 1

0
w2
xdx+ c(ε3)

∫ 1

0
(ψ − ϕx)2dx,

which is exactly (3.8).

Beyond that, to overcome the difficulty brought by infinite memory, we introduce two addi-

tional functionals:

I4(t) =
Dρ

G

∫ 1

0
ϕt(3w−ψ)xdx−Iρ

∫ 1

0
(3w−ψ)t(ψ−ϕx)dx− ρ

G

∫ 1

0
ϕt

∫ +∞

0
g(s)(3w−ψ)x(t−s)ψdx

and

I5(t) = −Iρ
∫ 1

0
(3w − ψ)t

∫ +∞

0
g(s)η(x, s)dsdx.

Lemma 3.5 The functional I4(t) satisfies, for any ε4 > 0,

I ′4(t) ≤− (3G− ε4)
∫ 1

0
(ψ − ϕx)2dx+ ε4

∫ 1

0
(3w − ψ)2tdx+ (ε4 + c(ε4))

∫ 1

0
w2
t dx+ ε4

∫ 1

0
ϕ2
tdx,

(3.9)

where c(ε4) is a positive constant depending on ε4.

Proof. Taking the derivative of I4(t) with respect to t and using the first two equations of

problem (2.5), we have

I ′4(t) =−D
∫ 1

0
(ψ − ϕx)x(3w − ψ)xdx+

Dρ

G

∫ 1

0
ϕt(3w − ψ)xtdx−G

∫ 1

0
(ψ − ϕx)2dx

− l
∫ 1

0
(3w − ψ)xx(ψ − ϕx)dx−

∫ 1

0
(ψ − ϕx)

∫ +∞

0
g(s)ηxxdsdx

− Iρ
∫ 1

0
(3w − ψ)t(ψ − ϕx)tdx+

∫ 1

0
(ψ − ϕx)x

∫ +∞

0
g(s)(3w − ψ)x(t− s)dsdx

− ρ

G

∫ 1

0
ϕt

∫ +∞

0
g(s)(3w − ψ)xt(t− s)dsdx. (3.10)

Using (2.3), the last two terms in (3.10) can be rewritten as follows∫ 1

0
(ψ − ϕx)x

∫ +∞

0
g(s)(3w − ψ)x(t− s)dsdx− ρ

G

∫ 1

0
ϕt

∫ +∞

0
g(s)(3w − ψ)xt(t− s)dsdx
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=

∫ 1

0
(ψ − ϕx)x

∫ +∞

0
g(s)(3w − ψ)xdsdx−

∫ 1

0
(ψ − ϕx)x

∫ +∞

0
g(s)ηxdsdx

− ρ

G

∫ 1

0
ϕt

∫ +∞

0
g(s)(3w − ψ)xtdsdx+

ρ

G

∫ 1

0
ϕt

∫ +∞

0
g(s)ηxtdsdx. (3.11)

Then, thanks to (2.4), (3.10) and (3.11), integrating by parts, we have

I ′4(t) =−G
∫ 1

0
(ψ − ϕx)2 +

(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3w − ψ)xtdx− Iρ

∫ 1

0
(3w − ψ)tψtdx

+
ρ

G

∫ 1

0
ϕt

∫ +∞

0
g′(s)ηxdsdx. (3.12)

Next, using Young’s and Hölder’s inequalities for the last two terms of this equality, we obtain

I ′4(t) ≤−G
∫ 1

0
(ψ − ϕx)2dx+

(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3w − ψ)xtdx+ ε4Iρ

∫ 1

0
ψ2
t dx

+
Iρ
4ε4

∫ 1

0
(3w − ψ)2tdx+

ε4ρ

G

∫ 1

0
ϕ2
tdx−

ρg(0)

4ε4G

∫ 1

0

∫ +∞

0
g′(s)η2xdsdx.

It is worth noting that ∫ 1

0
ψ2
t dx =

∫ 1

0
(ψ − 3w + 3w)2tdx.

Hence

I ′4(t) ≤−G
∫ 1

0
(ψ − ϕx)2dx+

(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3w − ψ)xtdx+ 2ε4Iρ

∫ 1

0
(3w − ψ)2tdx

+ 18ε4Iρ

∫ 1

0
w2
t dx+

Iρ
4ε4

∫ 1

0
(3w − ψ)2tdx+

ε4ρ

G

∫ 1

0
ϕ2
tdx−

ρg(0)

4ε4G

∫ 1

0

∫ +∞

0
g′(s)η2xdsdx

≤−G
∫ 1

0
(ψ − ϕx)2dx+

(
2ε4Iρ +

Iρ
4ε4

)∫ 1

0
(3w − ψ)2tdx+ 18ε4Iρ

∫ 1

0
w2
t dx+

ε4ρ

G

∫ 1

0
ϕ2
tdx

− ρg(0)

4ε4G

∫ 1

0

∫ +∞

0
g′(s)η2xdsdx+

(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3w − ψ)xtdx

≤−G
∫ 1

0
(ψ − ϕx)2dx+ (ε4 + c(ε4))

∫ 1

0
(3w − ψ)2tdx+ ε4

∫ 1

0
ϕ2
tdx+ ε4

∫ 1

0
w2
t dx

− c(ε4)
∫ 1

0

∫ +∞

0
g′(s)η2xdsdx+

(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3w − ψ)xtdx.

This completes the proof of the lemma.

Lemma 3.6 The functional I5(t) satisfies, for any ε5 > 0,

I ′5(t) ≤− (Iρg0 − ε5)
∫ 1

0
(3w − ψ)2tdx+ ε5

∫ 1

0
(ψ − ϕx)2dx+ ε5

∫ 1

0
(3w − ψ)2xdx

− c(ε5)
∫ 1

0

∫ +∞

0
g′(s)η2xdsdx+ c(ε5)

∫ 1

0

∫ +∞

0
g(s)η2xdsdx, (3.13)

where c(ε5) is a positive constant depending on ε5.
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Proof. Differentiating I5(t) with respect to t, using the second equation of problem (2.1), inte-

grating by parts and using the fact that

∂t

∫ +∞

0
g(s)η(s)ds =∂t

∫ +∞

0
g(t− s)((3w − ψ)(t)− (3w − ψ)(s))ds

=

∫ +∞

0
g′(t− s)((3w − ψ)(t)− (3w − ψ)(s))ds

+

(∫ +∞

0
g(t− s)ds

)
(3w − ψ)t

=

∫ +∞

0
g′(s)η(s)ds+ g0(3w − ψ)t,

we get

I ′5(t) =− Iρg0
∫ 1

0
(3w − ψ)2tdx−G

∫ 1

0
(ψ − ϕx)

∫ +∞

0
g(s)η(x, s)dsdx

+ l

∫ 1

0
(3w − ψ)x

∫ +∞

0
g(s)ηx(x, s)dsdx+

∫ 1

0

(∫ +∞

0
g(s)ηx(x, s)ds

)2

dx

− Iρ
∫ 1

0
(3w − ψ)t

∫ +∞

0
g′(s)η(x, s)dsdx.

Then, using Young’s, Poincaré’s and Hölder’s inequalities for the last four terms of this equality,

we deduce

I ′5(t) ≤− Iρg0
∫ 1

0
(3w − ψ)2tdx+

∫ 1

0

(∫ +∞

0
g(s)ηx(x, s)ds

)2

dx+ ε5G

∫ 1

0
(ψ − ϕx)2dx

+
CpG

4ε5

∫ 1

0

(∫ +∞

0
g(s)ηx(x, s)ds

)2

dx+ ε5l

∫ 1

0
(3w − ψ)2xdx

+
l

4ε5

∫ 1

0

(∫ +∞

0
g(s)ηx(x, s)ds

)2

dx+ ε5Iρ

∫ 1

0
(3w − ψ)2tdx

+
CpIρ
4ε5

∫ 1

0

(∫ +∞

0
g′(s)ηxds

)2

dx

≤− Iρg0
∫ 1

0
(3w − ψ)2tdx+ g0

∫ 1

0

∫ +∞

0
g(s)η2x(x, s)dsdx+ ε5G

∫ 1

0
(ψ − ϕx)2dx

+
CpGg0

4ε5

∫ 1

0

∫ +∞

0
g(s)η2x(x, s)dsdx+ ε5l

∫ 1

0
(3w − ψ)2xdx

+
lg0
4ε5

∫ 1

0

∫ +∞

0
g(s)η2x(x, s)dsdx+ ε5Iρ

∫ 1

0
(3w − ψ)2tdx

− CpIρg(0)

4ε5

∫ 1

0

∫ +∞

0
g′(s)η2x(x, s)dsdx

≤− (Iρg0 − ε5)
∫ 1

0
(3w − ψ)2tdx+ ε5

∫ 1

0
(ψ − ϕx)2dx+ ε5

∫ 1

0
(3w − ψ)2xdx

+ c(ε5)

∫ 1

0

∫ +∞

0
g(s)η2x(x, s)dsdx− c(ε5)

∫ 1

0

∫ +∞

0
g′(s)η2x(x, s)dsdx,

where Cp is the poincaré constant and the proof is complete. Now, we are in a position to prove

our main result. Let δ1, δ2, δ3, δ4, δ5 > 0, we define

L(t) = E(t) + δ1I1(t) + δ2I2(t) + δ3I3(t) + δ4I4(t) + δ5I5(t). (3.14)
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Using the Cauchy-Schwarz inequality and the Poincaré inequality, one can easily see that all the

Ii(t), i = 1, 2, 3, 4, 5 are bounded by an expression containing the existing terms in the energy

E(t). This leads to the equivalence of L(t) and E(t).

Gathering the estimates in the previous lemmas, we obtain

L′(t) ≤− (δ1ρ− δ4ε4)
∫ 1

0
ϕ2
tdx− (δ5Iρg0 − δ2Iρ − δ4ε4 − δ4c(ε4)− δ5ε5)

∫ 1

0
(3w − ψ)2tdx

− (4β − δ3c(ε3)− δ4ε4)
∫ 1

0
w2
t dx− (δ3D − δ1c(ε1))

∫ 1

0
w2
xdx

− (δ4G− δ1G− δ1ε1 − δ2c(ε2)− δ3c(ε3)− δ5ε5)
∫ 1

0
(ψ − ϕx)2dx

− (δ2l − δ1c(ε1)− δ2ε2 − δ5ε5)
∫ 1

0
(3w − ψ)2xdx−

(
4γ

3
δ3 − δ3ε3

)∫ 1

0
w2dx

+

(
1

2
− δ4c(ε4)− δ5c(ε5)

)∫ 1

0

∫ +∞

0
g′(s)η2xdsdx

+ (δ2c(ε2) + δ5c(ε5))

∫ 1

0

∫ +∞

0
g(s)η2xdsdx+

(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3w − ψ)xtdx. (3.15)

At this point, we need to choose our constants very carefully. First, we choose ε1, ε2, ε3, ε4, ε5
small enough so that

L′(t) ≤− δ1ρ

2

∫ 1

0
ϕ2
tdx−

(
δ5Iρg0

2
− δ2Iρ − δ4c(ε4)

)∫ 1

0
(3wt − ψt)2dx− (2β − δ3c(ε3))

∫ 1

0
w2
t dx

− (δ3D − δ1c(ε1))
∫ 1

0
w2
xd−

(
δ4G

2
− δ1G− δ2c(ε2)− δ3c(ε3)

)∫ 1

0
(ψ − ϕx)2dx

−
(
δ2l

2
− δ1c(ε1)

)∫ 1

0
(3wx − ψx)2dx− 2δ3γ

3

∫ 1

0
w2dx

+

(
1

2
− δ4c(ε4)− δ5c(ε5)

)∫ 1

0

∫ +∞

0
g′(s)η2xdsdx

+ (δ2c(ε2) + δ5c(ε5))

∫ 1

0

∫ +∞

0
g(s)η2xdsdx+

(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3w − ψ)xtdx. (3.16)

Second, we select δ5 small enough so that

1

2
− δ5c(ε5) > 0.

Third, we choose δ4 small enough so that

δ5Iρg0
2
− δ4c(ε4) > 0 and

1

2
− δ4c(ε4)− δ5c(ε5) > 0.

Then, we select δ3 small enough so that

2β − δ3c(ε3) > 0 and
δ4G

2
− δ3c(ε3) > 0.

Next, we choose δ2 small enough so that

δ5Iρg0
2
− δ2Iρ − δ4c(ε4) > 0 and

δ4G

2
− δ2c(ε2)− δ3c(ε3) > 0.
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Finally, we select δ1 small enough so that

δ3D − δ1c(ε1) > 0,
3δ4G

2
− δ1G− δ2c(ε2)− δ3c(ε3) > 0 and

δ2l

2
− δ1c(ε1) > 0.

From the above, we deduce that there exist positive constants C1 and C2 such that (3.16) becomes

L′(t) ≤− C1E(t) + C2

∫ 1

0

∫ +∞

0
g(s)η2x(x, s)dsdx+

(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3w − ψ)xtdx. (3.17)

Now, we estimate the second term in the right hand side of (3.17). This is the main difficulty in

the treating of the infinite memories. To overcome this difficulty, we have the following lemma:

Lemma 3.7 For any ε0 > 0, there exist positive constants c such that, we have the following

inequalities:

G′(ε0E(t))

∫ L

0

∫ +∞

0
g(s)η2xdsdx ≤ −cE′(t) + cε0E(t)G′(ε0E(t)). (3.18)

Proof. The proof of this lemma is similar to the proof of Lemma 3.11 in [6] and is omitted.

Now, going back to the proof of Theorem 2.1, multiplying (3.17) by G′(ε0E(t)), using (3.18),

we obtain

G′(ε0E(t))L′(t) ≤− (c− cε0)E(t)G′(ε0E(t))− cE′(t)

+

(
Dρ

G
− Iρ

)
G′(ε0E(t))

∫ 1

0
ϕt(3w − ψ)xtdx. (3.19)

Choosing ε0 small enough, we have

G′(ε0E(t))L′(t) + cE′(t) ≤− cE(t)G′(ε0E(t)) +

(
Dρ

G
− Iρ

)
G′(ε0E(t))

∫ 1

0
ϕt(3w − ψ)xtdx.

(3.20)

Let

F (t) = G′(ε0E(t))L(t) + cE(t) ∼ E(t),

because L(t) ∼ E(t) and G′(ε0E(t)) is non-increasing. Using (3.20), we have

F ′(t) ≤ −cE(t)G′(ε0E(t)) +

(
Dρ

G
− Iρ

)
G′(ε0E(t))

∫ 1

0
ϕt(3w − ψ)xtdx. (3.21)

Next, to estimate the last term of (3.21), we define the second-order energy by

Ẽ(t) = E(Ut(t)),

where E(U(t)) = E(t)(E(t) is defined by (2.9)). A simple calculation (as for (3.1)) implies that

Ẽ′(t) = −4β

∫ L

0
wttdx+

1

2

∫ L

0

∫ +∞

0
g′(s)η2xtdsdx ≤ 0. (3.22)

Now, we proceed as in [6] to establish the following lemma.
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Lemma 3.8 For any ε > 0, we have the following inequalities:(
Dρ

G
− Iρ

)∫ 1

0
ϕt(3w − ψ)xtdx ≤εE(t)

+ c(ε)

(∫ L

0

∫ +∞

0
g(s)η2xtdsdx−

∫ L

0

∫ +∞

0
g′(s)η2xdsdx

)
.

(3.23)

Proof. By recalling that g0 =
∫ +∞
0 g(s)ds, we have(

Dρ

G
− Iρ

)∫ 1

0
ϕt(3w − ψ)xtdx =

Dρ
G − Iρ
g0

∫ 1

0
ϕt

∫ +∞

0
g(s)ηxtdsdx

+
Dρ
G − Iρ
g0

∫ 1

0
ϕt

∫ +∞

0
g(s)(3w − ψ)xt(t− s)dsdx. (3.24)

Using Young’s and Hölder’s inequalities, we obtain, for all ε > 0,

Dρ
G − Iρ
g0

∫ 1

0
ϕt

∫ +∞

0
g(s)ηxtdsdx ≤ c

∫ 1

0
|ϕt|

∫ +∞

0
g(s)|ηxt|dsdx

≤ cε
∫ 1

0
ϕ2
tdx+

c

4ε

∫ 1

0

(∫ +∞

0
g(s)ηxtds

)2

dx

≤ cε
∫ 1

0
ϕ2
tdx+

cg0
4ε

∫ 1

0

∫ +∞

0
g(s)η2xtdsdx

≤ ε

2
E(t) + c(ε)

∫ 1

0

∫ +∞

0
g(s)η2xtdsdx.

On the other hand, integrating by parts, exploiting (2.3), (2.4) and using Young’s and Hölder’s

inequalities, we get

Dρ
G − Iρ
g0

∫ 1

0
ϕt

∫ +∞

0
g(s)(3w − ψ)xt(t− s)dsdx =

Dρ
G − Iρ
g0

∫ 1

0
ϕt

∫ +∞

0
g(s)(ηxt + ηxs − ηxt)dsdx

=
Dρ
G − Iρ
g0

∫ 1

0
ϕt

∫ +∞

0
−g′(s)ηxdsdx

≤ ε

2
E(t)− c(ε)

∫ 1

0

∫ +∞

0
g′(s)η2xdsdx.

Finally, adding above two equations, the proof is completed.

Now, going back to the proof of Theorem 2.1, using (3.21) and choosing ε small enough, we

obtain

F ′(t) ≤ −cE(t)G′(ε0E(t)) + cG′(ε0E(t))

(∫ L

0

∫ +∞

0
g(s)η2xtdsdx−

∫ L

0

∫ +∞

0
g′(s)η2xdsdx

)
.

Using (3.1) and the fact that G′(ε0E(t)) is non-increasing, we have

E(t)G′(ε0E(t)) ≤ −cG′(ε0E(0))E′(t)− cF ′(t) + cG′(ε0E(t))

∫ L

0

∫ +∞

0
g(s)η2xtdsdx. (3.25)
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Next, we estimate the last term in (3.25). Similarly to the case of
∫ L
0

∫ +∞
0 g(s)η2xtdsdx in Lemma

3.7 (for
∫ L
0

∫ +∞
0 g(s)η2xtdsdx instead of

∫ L
0

∫ +∞
0 g(s)η2xdsdx, we get, using (2.10) and (3.22),

G′(ε0E(t))

∫ L

0

∫ +∞

0
g(s)η2xtdsdx ≤ −cẼ′(t) + cε0E(t)G′(ε0E(t)). (3.26)

Then, (3.25) and (3.26) with ε0 chosen small enough imply that

E(t)G′(ε0E(t)) ≤ −cG′(ε0E(0))E′(t)− cF ′(t)− cẼ′(t). (3.27)

Recalling the fact that F (t) ∼ E(t) and E(t)G′(ε0E(t)) is non-increasing, we arrive at, for all

T ∈ R+ (G0 is defined by (2.12)),

G0(E(T ))T ≤
∫ T

0
G0(E(t))dt ≤ c(G′(ε0E(0)) + 1)E(0) + cẼ(0), (3.28)

which gives (2.11) with C = c(G′(ε0E(0))+1)E(0)+cẼ(0). This completes the proof of Theorem

2.1.
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