Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 October 2016

d0i:10.20944/preprints201610.0089.v1

AN IMPROPER INTEGRAL WITH A SQUARE ROOT
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ABSTRACT. In the paper, the author presents explicit and unified expressions
for a sequence of improper integrals in terms of the beta functions and the
Wallis ratios. Hereafter, the author derives integral representations for the
Catalan numbers originating from combinatorics.

1. INTRODUCTION

Let a be a positive number. For n > 0, define

In:/ z" a+xdx. (1)
. NVa-=z

In [I, Section 3], Dana-Picard and Zeitoun computed Iy = aw and found a closed
form of I, for n € N in three steps:

(1) establishing a formula of recurrence between I,, and I,,1 in terms of

w/2

Sy = / sin" 6 d 0; (2)
—m/2

(2) establishing an equation for I,, in terms of S,;

(3) and establishing different expressions for odd values and even values of n.

The aim of this note is to discuss once again the sequence I,, and correct some
errors and typos appeared in [I, Section 3].

2. EXPLICIT AND UNIFIED EXPRESSIONS FOR I,

The sequence I,, can be computed by several methods below.
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Theorem 2.1. Forn > 0, the sequence I, can be computed by

1+ (=)™ 1 14 (=17t 1
I, =a""'n i Ty D 1 ntl) |’ (3)
n B(z3) n+1l  B(z ")
where
1 o0 —1
_ _ tP I'(p)T'(q)
B(p,q) = tpll—tqldt:/ dt = 4
o= [ - AT A e
and

I‘(z):/ t*~le7tdt
0

for R(p), R(q) > 0 and R(z) > 0 denote the Euler integrals of the second kinds (or
say, the classical beta and gamma functions) respectively.

Proof. By some properties of definite integral and straightforward computation, we
can write

Va2 — 12
_ /amna[1+(—1)”]+$[1— D" 4
0 a? — z2
- [1+(—1)n]/ade+[1—(—1)"] P
o Va2 —z2 o Va?—zx2

In [8] Theorem 3.1], it was obtained that

/0 ’ % do =/ a"Fi%:(E)%)
for @ > 0 and n > 0. Accordingly, considering
0w
we acquire
I, = a[l + (—1)"]\/77anrg(2‘)é) + 1= ()" rat (nrff)lrJ(r’é)l)
_ Jrant ([1 (1) ]2%1)) -V 2(1%;(}?10
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e [1rCyr T 1y T3+
no TE)T(E) e+l TET()
—1\n _1\n+1
=a"tr AL 11n LD 11n1].
n B(33) n+l  B(3 ")
The proof of Theorem is complete. O

Theorem 2.2. Forn > 0, the sequence I, can be computed by

I, = %aml ([1 + (—1)"]3(;, ";r 1) +[1+ (—1)"‘”]3(;, ";2)) (6)

Proof. Changing the variable of integration by z = at in and using some other
properties of definite integral give

1 1
1-— 1+1¢
a"“{/ sds t" L t]
0 1+s 0 1-—1t
1
1—1t t
0 1+t 1 t
1
1—1¢ 1+t
_an—i-l/ tn[( )n + :|d
0 \/1—t2 \/1—t2
4 1 t’n-‘rl
= —dt+[1 - (="
< _/ V1 —t2 [ ( )] \/1—752 )
/2
=a" M [1+(-1)"] &COSS(‘IS
( 0 V1—sin?s
2 .

cossd s)

0 V1—sin’s
/2 /2
an+1<u+<1>"1 [ snrsas - [ sin"“sds)-
0 0

Further making use of the formula

/2 t+1 1
de='pB L B |
/0 SIHI‘ X 2 ( 2 2)

in [8 Remark 6.4] yields

= (1 g (55 ) g (55

1 1 n+1 1 n+2
=—a"" [+ (-D)"B( = 1L+ (-)"B( =, —=) ).
gt (1 s (5.0 ) + o e (5
The proof of Theorem is complete. O
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Corollary 2.1. Form > 0, the sequences Ia,, and Iay, 41 can be explicitly computed
by
 omgr (@m =D
Tom = ma 2m)!

and @ "
+ !
Iopiq = 2(m41) EM T )
2m+1 = 7a (2m + 2)1!
Proof. From the recurrence relation
Mz+1)=2al'(z), >0 (7)

and the identity , we obtain

F<m+ ;) _ (m— 1)!!F<1> _ (m-— 1)!!\/7?

2m 2 2m
By this equality and the last expression in @, we derive
rHrm
1 (2)r(3) (2 (1)7 n=2m
B( ”)_22: F(gn+§) )
3) T TeR) T ey,
Tim+1)
\/77'(771—1)!7 —om (2m —2)! —om:
(2”;;1)”\/7? (2m — 1)V ’
= — @m—1! ) @2m-1! B

Substituting this into @ reveals

Izm:; _— {23(1 2m—|—1>} _ amir (2m = 1)l

20 2 2m)l!
and
Iomyr = laz(mﬂ) [23(1 2m + 3)} = az(m“)ﬂi@m i 1)!!.
2 2 (2m + 2)!!
The proof of Corollary 2.1] is complete. O

3. INTEGRAL REPRESENTATIONS FOR THE CATALAN NUMBERS

The Catalan numbers C,, for n > 0 form a sequence of natural numbers that
occur in various counting problems in combinatorial mathematics. The nth Catalan
number can be expressed in terms of the central binomial coefficients (277) by

1 2n
C,= . 8
n+1 ( n ) ®)
Theorem 3.1. For n > 0 and a > 0, the Catalan numbers C,, can be represented
by
1 4n 1 “ a+x
Ch=————5— n d
mn+1 a2"+1 ‘ a—z "
1 22n+1
= 9
7rn+1a2"/ Va2 —x2 9)

1 22n+1 /2
= - / sin?” zdx
mn+1 /g
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and
122l ¢ g1 otz
Co=-i———— | 2 —— d=z
m2n+1a?"t2 [_, a—x
1 22n+2 1 a x2n+2

— d
m2n+1a?"*2 ) a2 — 22 ’

1 22n+2 /2
=— / sin?" "2z d .

Proof. From the recurrence relation @ and the identity , it is not difficult to
show that the Catalan numbers C), can be expressed in terms of the gamma function

I' by
4T
o, = XLn+1/2) g
VaTl(n+2)
This implies that
1 4" 1 1
hn=———B|~=, - . 11
¢ mn+1 (2 n+2> (11)

Taking n = 2p in @ and utilizing lead to

Iz, = a2p+1B<1 2p T 1) = a2p+17r1i10n

27 2 4p
which is equivalent to

4" 1 1 4 1 P
Cn n+1a2"+1w12n_;n+1a2”+1 /_ax a—x da.

The first formula in (9) thus follows.
By similar argument to the deduction of , we can discover

4t 1
C, = , n>0
(2n+1)(2n +2) B(3,n+1)

Employing this identity and setting n =2p + 1 in figures out

2 1 2 20+ 1)(2p + 2
Iy = a®P™? il - = g2pt2_T (2p + )(1p+ )Cp
2p+23(§,p+1) 2p + 2 4p+

which can be rearranged as

Gpm A LB LB [T,
P gt pop 41 Pt Tazt22p4+1 J_, a—z

The first formula in is thus proved.
The rest integral representations follow from techniques used in the proofs of
Theorems (2.1) and (2.2) and from changing variable of integration. O

4. REMARKS

Finally, we state several remarks on our main results.

Remark 4.1. The expressions in Corollary and the integral representation (EI)
correct [I Proposition 3.1 and Corollary 3.2] respectively.
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1
p(LtHL)p(Lt) 2
2 2 272 t
for ¢t > 0, the formulas and @ can be transferred to each other. However, the
formula @ looks simpler.

Remark 4.2. Since

Remark 4.3. Considering , we can rewritten the integral representations in @D

and as
<2n) - l—4n— ’ xQ” T 4

n T a2"+1 a—z

22n+1
T a2 / va —;1:2

1 /2
= —92ntl / sin?” zdx
0

T
and
m :122n+1 n+1 / 2n+1 a+mdx
n T 2n+1 a2"+2 Va—z
1 22n+2(n + ) a 2n+2
T 1 2n+41 a2"+2 — :c2
2n+2 w/2
= 12777+ 1) (n+1) / sin®" "2z dx.
for n > 0.
Remark 4.4. 1t is well known that the Wallis ratio is defined by
2n — 1N 2n)! 1 I'(n+1/2
wy=Goo Dt @mt 1 Tt 1)
(2n)!! 22n(ph?2  /m T(n+1)

As a result, we have
Iy = ma®™ W,
and
IQerl = 7m2m+2Wm+1

for m > 0.

The Wallis ratio has been studied and applied by many mathematicians. For
more information, please refer to [2} [3, [7, 12} [T4], for example, and plenty of litera-
ture therein.

Remark 4.5. In [3], the formula
w/2 t+1
/ sintxdx:ﬁ (2), t>—1 (12)
0

2 T(5)
was stated. See also [7, p. 16, Eq. (2.18)]. In [6 p. 142, Eq. 5.12.2], the formula

—

—

/2
/ sin?* 1 hcos?®1Odh = %B(a, b), R(a),R(D)>0 (13)
0

was listed. By or , we can find that the quantity S,, defined in is

0 /2
Sn:/ sin"mdx—i—/ sin"xdx
0

—m/2
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/2 /2
/ (—1)"sin"xdx+/ sin"zdx
0 0

L ()" o (ntl 1
2 2 '2)

Remark 4.6. In [I1, Theorem 2.3], among other things, the integral formulas

[0 tar-mis () 1)
[ @i () F G (-3)

0
forb>a >0,k €N, and A € (—1,1) \ {0} were derived, where
n—1
[[@-Ek), n>1
<x>n = k=0
1, n=20

is called the falling factorial. In [I1, Remark 4.4], the integral formula
b A
b—t\"1 —
/ —In b-t dt
s \t—a/ t t—a
A A
T b b b
_— In— — t(A -] =1 A

_ Sin(/\ﬂ){<a) ng e W)[(a) ]} 70
1/, b\’
—(In— A=
2 ( . a> ’ 0

was concluded from [11] Theorem 2.3]. By comparing the forms of these integrals
and I,,, we naturally propose a problem: can one explicitly compute the integrals

b\ A b 1\ —
/ (b t) t*dt and / t (b t) In bt dt
o \t—a @ t—a t—a

R, b>a>0
o€
N, 6>0>a

for

and A € (—1,1)7

Remark 4.7. In recent years, the Catalan numbers C,, has been analytically gen-

eralized and studied in [4, [ @, 10, 13} 15 16, 17] and closely-related references

therein.
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