Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 October 2016 d0i:10.20944/preprints201610.0035.v1

CLOSED FORMS FOR DERANGEMENT NUMBERS IN TERMS
OF THE HESSENBERG DETERMINANTS

FENG QI

Institute of Mathematics, Henan Polytechnic University, Jiaozuo 454010,
Henan Province, China; College of Mathematics, Inner Mongolia University for
Nationalities, Tongliao 028043, Inner Mongolia Autonomous Region, China;
Department of Mathematics, College of Science, Tianjin Polytechnic University,
Tianjin 300387, China

JIAO-LIAN ZHAO

Department of Mathematics and Informatics, Weinan Teachers University,
Weinan 714000, Shaanzi Province, China

BAI-NI GUO

School of Mathematics and Informatics, Henan Polytechnic University,
Jiaozuo 454010, Henan Province, China

ABSTRACT. In the paper, the authors find closed forms for derangement num-
bers in terms of the Hessenberg determinants, discover a recurrence relation of
derangement numbers, present a formula for any higher order derivative of the
exponential generating function of derangement numbers, and compute some
related Hessenberg and tridiagonal determinants.

1. MAIN RESULTS

A square matrix H = (hj;)nxn is called a tridiagonal matrix if h;; = 0 for all
pairs (i, ) such that |[¢ — j| > 1. A tridiagonal determinant is a determinant with
nonzero elements only on the diagonal and slots horizontally or vertically adjacent
the diagonal. See the paper [6] and closely-related references therein.
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A matrix H = (h;j)nxn is called a lower (or an upper, respectively) Hessenberg
matrix if h;; = 0 for all pairs (¢,7) such that i +1 < j (or j + 1 < 4, respectively).
See the paper [7] and closely-related references therein.

In mathematics, a closed expression is a mathematical form that can be evaluated
in a finite number of operations. It may contain constants, variables, four arithmetic
operations, and elementary functions, but usually no limit.

In combinatorial mathematics, a derangement is a permutation of the elements
of a set, such that no element appears in its original position. The number of
derangements of a set of size n is called the derangement number and usually
denoted by !n. The problem of counting derangements was first considered in 1708
and solved in 1713 both by Pierre Raymond de Montmort, as did Nicholas Bernoulli
at about the same time. The first eleven derangement numbers In for 0 < n < 10
are 1,0,1,2,9,44, 265, 1854, 14833, 133496, 1334961.

Derangement numbers !n can be generated by the exponential generating func-
tion

e " 1 = | z"
D(z) = 1—2  e*(l1—ux) _Z_:nﬁ (1)
n=0
For more and detailed information on derangement numbers !n, please refer to [I
(2, 17, 18] and plenty of references therein.
In the papers [8, [14] [15], the authors recovered that derangement numbers !n
can be represented by a tridiagonal (n 4+ 1) x (n + 1) determinant

-1 1 o 0 0 ... 0 0 0
0 0 1 0 0 0 0 0
0o -1 1 10 0 0 0
0 0o -2 2 1 0 0 0
0 0 0o -3 3 0 0 0

n—3 1 0

o
o
o
o

0 0 0 0 0 ... —(n—=2) n-2 1
o 0 0 0 0 ... 0 —(n-1) n-1

for n € {0} UN.
In this paper, by considering the generating function Wlﬂc) in , we represent
derangement numbers !n in terms of the Hessenberg determinants as follows.

Theorem 1. Forn > 0, derangement numbers In can be computed by

1 —1 0 0 0 0
0 0 —1 0 0 0
0 (_{3) 0 0 0 0
0 (0)2 (3) 0 0 0
In = : : :
0 ("3 m—4) ("7*)(n-5) 10 0 (3)
0 ("gH)(n=3) ("7*)(n—4) 0 -1 0
0 ("g)n-2) (";)n-3) (hy) 0 1
0 (Hr-1) (}nr-2) ("s)2 (s) 0

= |eijl(n+1)x (n+1)>
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where e;1 =1,¢€;1 =0 for2<i<n+1, and

i1—1

0, i—j<1
for1<n+1and2 < j<n+1. Consequently,
0 -1 0 0 0 0
gg) 0 0 0 0 0
(0)2 () 0 0 0 0
"lee-y (-5 o o 1 0 0| @
("0%)n=3) (" %)(n—4) 2 0 -1 0
(" =2) (" })(n=3) (-n)2 Gy 0 -1
©e-1  (})n-2) (a3 (292 (o) 0

= |qij|n><n

for n € N, where

0, i—j<1
orl1<mnand2<j<n.
[ J

As consequences of Theorem (1| and the equation , the following recurrence
relations can be discovered readily.

Theorem 2. Derangement numbers 'n meet

!n=7§<7>(n—i—1)(!z‘), n>2 (5)

. 1
=0

and
n n

nl=3" <Z>(!k) =3 (Z) M(n—k)], n>0. (6)

k=0 k=0
By induction, we also present an explicit formula for the nth derivative of the
exponential generating function D(z) as follows.

Theorem 3. Forn € {0} UN, the nth derivative of the generating function D(x)
can be computed by

dd:z:" (16— x) —a = )t ;a”x @
where | _
i = <n>i[-(iT!L — )] (8)
and L
<x>n=H(x—m:{f(“’“‘””'(x‘"“)’ "= )
k=0 ’

stands for the falling factorial.

d0i:10.20944/preprints201610.0035.v1


http://dx.doi.org/10.20944/preprints201610.0035.v1
https://doi.org/10.1007/s13398-017-0401-z

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 October 2016 d0i:10.20944/preprints201610.0035.v1

4 F. QI, J.-L. ZHAO, AND B.-N. GUO

As a consequence of Theorem [3] a formula for some Hessenberg and tridiagonal
determinants are established as follows.

Corollary 1. Forn € N, let

7
C Ni—ita), i-j+120
eij(z) = (J—1>( jte) J

0, 1—74+1<0
and
1—x, 1—j5=-1,
l—i—2, 1—75=0,
hij(z) = 1—i .
-1, t—7]=1,
0, i—7#0,+1

for all1 <i,j <n. Then the Hessenberg and tridiagonal determinants |e;;(2)|nxn
and |h;j(z)|nxn can be computed by

n .
x’L

€3 (@) lnxn = (=1)"hij (@)|nxn = Y _(n)ill(n — Do (10)

i=0
where (n); is defined by (9).

2. A LEMMA

For supplying a concise proof for Theorem [T} we need the following lemma which
was concluded in [ Section 2.2, p. 849], [10, p. 94], [I3, Remark 6], and [I6]
Lemma 2.1] from [3], p. 40, Exercise 5)].

Lemma 1. Let u(zx) and v(x) # 0 be differentiable functions, let U, q1yx1(x) be
an (n + 1) x 1 matriz whose elements uy,1(z) = u* "V (x) for 1 <k <n+1, let
Vint1)xn(®) be an (n + 1) x n matriz whose elements

i—1 o
(i—3) i—i>0
. v x), 7 ] =
v;,5(x) = (J—1> (=)
0, i—j<0

for 1 <i<n+1andl < j < n, and let [Wip1)x(nt1)()| denote the lower

Hessenberg determinant of the (n + 1) x (n + 1) lower Hessenberg matriz

Wity x(n41) () = [Un+1y)x1(2)  Vigyxn ()] -

Then the nth derivative of the ratio ZE&I;; can be computed by

d" fu(@)] _ n’W(n+1)><(n+1)(x)|
dxn[v(x)} = (-1) (2] . (11)

We remark that Lemma [1| is an effectual tool to express some mathematical
quantities such as the Bernoulli numbers and polynomials, the Euler numbers and
polynomials, and the Fibonacci numbers and polynomials as the Hessenberg or
tridiagonal determinants. For more information, please refer to [9, [10, 12} [16] and
closely-related references therein.
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3. PrRoOOFs oF THEOREMS [I] To [B] AND COROLLARY [1]

Now we are in a position to provide proofs for Theorems[I] to [3] and Corollary
respectively.

Proof of Theorem[]l Let v(z) = e*(1 — z). It is not difficult to verify by induction
that

v () = —e®(k—1+2) > 1—k
asx — 0 for k> 0.

Applying u(z) = 1 and v(z) = e*(1 —x) in Lemmayields that ug 1(x) =1 and
ug,1(xz) =0 for 2 <k <n+1, while

(Z B 1)1}“‘”(3:), 1—3j5>0

vig(z) =q\J—1
0, i—j<0
i1 Gi—j—1+m), i—j5>0
— e\t —97— X 11—
_ i1 J , j>
0, i—j<0
i—1
- i—j—1), i—j>0
. <j_1)(l j=1), i—j=
0, i—7<0

asx > 0for 1 <i<n+1and 1 < j < n. Consequently, by virtue of the
formula, , we have

1 —e*(—1+x) 0
0 —(y)etx —e"(-1+x)
0 —(§)ez(; + ) . f)elx
d"D@) (- |, “lo)er@+ ) ~()e :( +2)
dzn er(1 —z)|tt |- :
e ) 0 —("83)e$( —4+z) — ("IB)em(n -5+
0 —(”62)ez( —3+4x) —(”;2)69”( — 4+ 1)
0 — ”gl)e”” —2+4+2) —("")e*(n—3+2)
0 —(He“(n—1+um) —(Me"(n—2+x)
0 0 0
0 0 0
0 0 0
0 0 0
—e“’(—.l +x) 0 0
—(hg)ete  —e(-14a) 0
—(et(l+a) —(PT)e"w  —e®(—1+u)
- (niB) e’ (2 + :E) _(nﬁZ) ew(l + CE) _(nT—Ll) e’
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1 —(-1) 0 0 0
0 0 —(=1) 0 0
0 —(33) 0 0 0
0 ()2 -(7) 0 0
- (=1)" : :
0 —(") -4 (") (n-5) 0 0
0 —("*)(n=3) —("°)(n—4) —(-1) 0
0 —(*)(n-2) —(",")(n-3) 0 —(-1)
0 -@r-1) -((Hn-2 (") 0
1 -1 0 0 0 0
0 0 -1 0 0 0
0 gg) 0 0 0 0
0 ()2 (2) 0 U
0 (")n—4) (-5 ... -1 0 0
0 (")n=3) (")-4 .. 0 -1 0
0 (" -2 (" Nm-3) . () 0 -1
0 (-1  NOe-2 .. (22 () 0

as x — 0 for n > 0. Therefore, since D(x) is a generating function of !n, as showed

in (1), we obtain

1 -1 0 0 0
0 0 -1 0 0
0 ;) 0 0 0
3
T E N S 0
T e dzn : : :
O 0 (")m—-4) (" Hn-5 ... 0 0
0 ("Hn-3) ("Hn-4 ... -1 0
0 (")n=2) (",))(n-3) 0 -1
0 Qn-1 (n-2 (")) O
The proof of Theorem [I]is complete. 0

Proof of Theorem[2 The recurrence relation immediately follows from expand-
ing the determinant according to the last columns consecutively.
The equation can also be rewritten as

=S ”71!n—k N
22[21 le l -

As aresult, by equating the last equality and rearranging, we obtain the identity @
The proof of Theorem [2]is complete. O

Proof of Theorem[3 By the equation , it is not difficult to see that the equality
an,0 =1 holds for all n > 0.
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A direct computation gives

d [ e™™® e ” d? [ e e "
— d —— = 1 2 .
dx(l:z:) (lfx)Qx o dx2<1x) (171:)3( +%)
It is clear that, when n = 0,1, 2, the equality @ is valid respectively.

Assume that the equality @ is valid for some n > 3. By this inductive hypoth-
esis, we have

e~

artt e d[d* [ e® d e 7 = i
dm i \T ) dr — | =7 Qi T
danti\1—2 dz|dz"\1—-= da (1= z)+1 — n,i

xT n n
T ) Y s - 1) z]
i=0 i=1
e_a: n n n n
= W [nz avn,ixZ + Z an,ifEH_l — Z an,ﬂxz + Z an’iil’l_1‘|
=0 i=0 i=1 i=1

n+1 n

et n n—1
= m n E AniT* + E Ap 12" — E an iz’ + E apit1 (i + 1)z
i=0 i=1 i=1 i=0

e n—1 n—1
o 7 n 7 n
= W Nap,o + N E Ap ;T + NAp p T + E Api—1T + Qpp—1T
i=1 i=1
n—1

n—1

n+1 ) n . 7

+an 0T — E A 3% — apynx” + ap1 + g anit1(t+ 1)z
i=1

i=1

n—1

Mo+ ang + Y [anic1 + (n—i)an; + (i + 1)an i41] 2’
=1

e—flj

n n+1
+ Apn—1T" + GnnT ]

and
n+1

A"t /e e i
e e D T
=0

Equating the above two equalities yields

On41,0 = NAn,0 + Un 1, (12)
An+1,n = An,n—1, (13)
An+1,n+1 = An,n, (14)
and
pt1i = Gni—1+ M —Dan; + @G+ Danip1, 1<i<n—1. (15)

Since a1,0 = 0 and ap o = a;,1 = 1, the recurrence relations and implies
ann—1 =0 and a,,, = 1.
From and a0 =In, it follows that

(p,1 = Gpy1,0 — Nano =!(n+1) —n(n) = n[l(n —1)],
where the well-known recurrence relation
m=m-1Dn-1D+(n—-2)], n>2 (16)
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was employed.
By virtue of the recurrence relations and and the identities a, o =In
and a,, 1 = n[l(n — 1)], we obtain

g = Ant11 — no — (N —1)an1 _ (n+1)(In)=In — (n — 1)n[l(n — 1)]
" 2 2
_n(n) — (n—1)n[l(n —1)]
2
_ n{ln—(n—1n-1]} nn-1[(n-2)

2 2

Similarly, we have

nt1,2 — Gn,1 — (N —2)ap 2

an73 = 3
_ ;{ (n+ 1)n2[!(n -] nll(n—1)] — (n — 2)n(n — 1)2[!(71 — 2)]}
_1f(n— Dali(n— )] n(n = Dli(n — 2)]
- 3{ 2 —(n=2) 2 }
= O D o 1) (- D — 2y = MO D= DR 2 )

and

_ Gpy13 — A2 — (n—3)an3 1{ (n+ Dn(n—1)[(n —2)]
On.d = 4 T4 6

nin=Dlln=2] (=291

2 6
n(n —1)(n — 2)
= 0 - 2)] - (- B - )]}
n(n—1)(n—2)(n—3)[/(n —4)]
24 '
Inductively, we conclude the relation . The proof of Theorem is complete. [

Proof of Corollary[1. From the proof of Theorem [T} it follows that

" e\ d" 1] 1
dan\1—2z/) dan|er(1—z)] (1 —a)tles

() -1+=z 0 0

(O +2) (1) 0 0

()2 +2) (3)(1+2) 0 0

« : : : : :

("63)( —d+z) ("Yn-5+z) ... 0 0

(") n=-3+z) (")n—4+z) ... “1+4x 0
("Hm-2+z) ("Hn-3+z) ... (5 E S
@n-1+z)  (n-2+2) .. ([ )A+2) ()2

= mkzj(@hxn

for n € N. Combining this with Theorem [3|leads to the equality constituted by the
very ends of .
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Applying u(z) = e~® and v(z) = 1 — z in Lemmal[l] gives
Up1 = (e—z)(k—l) _ (_1)k—16—a; N (_1)k—1

for1<k<n+1asxz— 0 and

-1
(Z 1)(1-l’), i—j=
1—1 s .
’Ui,j:<‘ )(1—.’1})(1_‘7): _ 1—1 i1
j—]. j_17 ? J
0, i—j 40,1
l—2, i—j=0 1, i—j=
={1—i, i—j=1 —=1-4, i—j=1
0, i—j 40,1 0, i—j 40,1

for 1 <i<n+4+landl < j <naszxz — 0. Consequently, by virtue of the
formula , we have

e * 1—=z 0 0 0
—e T -1 1—x 0 0
e ” 0 -2 0 0
d"D(z) _ (=1)"
n _ n+1 .
de A A S T -z 0
(-1)ntem® 0 0 —(n—-1) 1-=x
(=)"e* 0 0 0 -n
—x 1—=z 0 0 0
-1 -1—-z 1-—=x 0 0
0 -2 —2—z 0 0
(_1)ne—x
AR : : - : :
0 0 0 11—z 0
0 0 0 ... 2—n-—x 11—z
0 0 0 1—n l—-n—=x
e*l‘

= m(—l)”lhw(x)lnxm

where n € N. Combining this with Theorem [3] results in the equality constituted
by the right-hand one in . The proof of Corollary is complete. (]

4. REMARKS

Remark 1. The equation can be rearranged as

e =(1-2x) Z!n%,
n=0 ’

S e =Yy - S - )y
= n = ol = (n—1)!
> (_nl!)nx“ =14 [ln—nx!(n- 1)]%.

n=0 n=1
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Hence, we recover the relation

In—nxl(n—1)=(-1)", neN
Remark 2. The recurrence relation can also be deduced from the expression .
Remark 3. Let My =1 and

mi1 m172 0 0 0
ma 1 ma 2 mo3 0 0
ms3.1 m3.2 ms3s e 0 0
M, =
Mp_21 Mp_22 Mp—23 ... Mp_2n,-1 0
Mmp—-1,1 Mp—-12 Mp-13 ... Mp—-1,n—1 Mn—-1n
Mn,1 ULz mn,3 e Mp,n—1 Mnp,n

for n € N. It was obtained in [4, p. 222, Theorem] that the sequence M, for n > 0
satisfies M7 = m; ; and

n—1 n—1
Mn = mn,nMn—l + Z (—l)nirmnvr H mj7j+1Mr_1 , n Z 2. (17)
r=1 j=r
In particular, it was showed in [4, pp. 222-223, Examples 1 and 2] that
1 -1 0 ... 0 0
1 2 -1 ... 0 0
1 1 2 ... 0 0
N : = Fon,
1 1 1 -1 0
1 1 1 2 -1
1 1 1 1 2 nxn
2 -1 0 0 0
1 2 -1 0 0
1 1 2 0 o0
: = Fony1,
1 1 1 -1 0
1 1 1 2 -1
1 1 1 1 2
nXxn
and
2 1 0 0 0
1 2 1 0 0
1 1 2 0 0
= I'n+2,
1 1 1 1 0
1 1 1 2 1
1 1 1 1 2
nxn
where
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for n € N denotes the Fibonacci number. For more information on the Fibonacci
numbers F,, please refer to [4, [5, 12] and closely-related references therein.

Applying to yields the recurrence relation once again.
Remark 4. This paper is a companion of the articles or notes [8| 1T, 14, [15].
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