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ABSTRACT. In the paper, by a very simple approach, the author establishes an
expression in terms of a lower Hessenberg determinant for the Euler polyno-
mials. By the determinantal expression, the author finds a recurrence relation
for the Euler polynomials. By the way, the author derives the corresponding
expression and recurrence relation for the Euler numbers.

1. MAIN RESULTS

It is known that a matrix H = (hi;)nxn is called a lower (or an upper, respec-
tively) Hessenberg matrix if h;; = 0 for all pairs (4,7) such that ¢ + 1 < j (or
j+ 1 < i, respectively). Correspondingly, we can define a lower (or an upper,
respectively) Hessenberg determinant.

It is general knowledge that the Bernoulli numbers and polynomials By and
By (u) can be generated respectively by

z z z z
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and
P >
= Bk U)=
e — 1 Z ( ) k!
k=0

for [z| < 2m. Because the function %5 — 1+ 3 is odd in z € R, all of the
Bernoulli numbers Baog1q for k € N equal 0. The first six Bernoulli numbers Bsgy,
for — <k <5 are

1 1 1 1 )
By=1, By=-, By=——, Bg=-—, Bg=——, Bjp=—.
0 ) 2 6, 4 30, 6 42) 8 307 10 66
In [4, Section 21.5] and [0l p. 1], it was listed that
1 0 0 - 00 1
i 1 0 0 0 O
i i 1 0 0 O
31 21
By =k!| : : R
1 1 1
"—D! (&=201 (k-3 L 0 0
L L - L 10
k! =11 (k=2)! 21
1 1 1 11
(R+1)! k! (k—1)! 31 21

In [7, Theorem 1.2], the Bernoulli polynomials By (u) for k € N were expressed by
a lower Hessenberg determinant

and, consequently, the Bernoulli numbers By, for k € N were represented by a lower

Hessenberg determinant
1 [{+1
{+1\ m

It is common knowledge that the Euler numbers Ej, and the Euler polynomials
Ej(x) can be generated respectively by

1<<k,0<m<k—1

By = (-1)*

1<6<k,0<m<k—1

2et/2 LBy (t\"
(1) i Z:()

et+1 P k! \ 2
and

2e%t > Ek(x) k
2 = t
(2) et +1 kZ:O k!

which converge uniformly with respect to ¢t € (—m, 7). By these definitions, it is
easy to see that

(3) Ey, = 2’“Ek<;>.

. . . t/2 .
Since the generating function 24~ of the Euler numbers Ej is even on (—m, 7
g g et+1 ) )

then Fai,_1 = 0 for all K € N. The first nine Euler numbers Ey;, for 0 < k < 8 are

1, -1, 5, —61, 1385, —50521, 2702765, —199360981
and the first six Euler polynomials Ey(x) for 0 < k <5 are
1 2 3 3 9 4 3 5 4,0 9 1
1, = 37 Tt —x, « 2:10 +4, T 20 +x, « 233 +2z 5"
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At the website [9], the Euler numbers Esqj, were represented by a lower Hessenberg

determinant

1 1 0 . 0
1 L 1 0 0

a1 21

Ea = (—1)*(2k)!| : : . i, kel

L 1 L i L ] lI ]‘
@F2) R (2 6] a
(2k)! (2k—2)! (2k—4)! o2

In [8, Theorem 1.1], the Euler numbers Eyj, for k € N were represented by a lower
Hessenberg and sparse determinant

(20 ong)

There have been many explicit expressions for the Euler numbers By and the
Euler polynomials Ej(z). See, for example, the recently-published papers [2] 3] [§]
and plenty of references therein.

In this paper, by a very simple approach, we will establish a new expression in
terms of a lower Hessenberg determinant for the Euler polynomials Ej(z). By the
new determinantal expression, we will find a recurrence relation for the Euler poly-
nomials. By the way, we will derive the corresponding expression and recurrence
relation for the Euler numbers E},.

Our main results can be summarized up as two theorems below.

(2k) % (2k)

B = (—1)*

Theorem 1. For k > 0, the Euler polynomials Ex(x) can be expressed as

1 2 0 0 0 0 0
x (é) 2 0 0 0 0
O o 0 o
(4) Ek(ac):<_2? 0 : 2 ;
272 (5 () () () 2 0
(%) () (] i) (i) 2
a (g) (If) (’;) (kf?)) (kﬁ2) (1:1)

1 2 0 0 0 0 0
i (é) 2 0 0 0 0
T %’3 0 o0 o
O L I S
7 (00 (7)) (5 ha) 20
w (0 &) 6D - G Go) o 2
S 9 BN ) B ) IR (R N (R R (R

As an application of the expression @, the following recurrence relation for the
Euler polynomials and numbers Ey(z) and Ej can be derived.
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Theorem 2. The Euler polynomials and numbers Ex(x) and Ey satisfy the recur-
rence relations

(6) Byla) =~ S (k) Eu(a) + 2

and, consequently,

k—1 k
(7) Ep = —2k1 S (K) E;+1.

2. PROOFS OF THEOREMS [I] AND

Now we start out to prove our main results.

Proof of Theorem[]l In [6, Section 2.2, p. 849], [T, p. 94], and [8, Lemma 2.1],
Exercise 5) in [T, p. 40] was reformulated as the following conclusion. Let u(x)
and v(r) # 0 be two differentiable functions. Let Ugyq1)x1(2) be an (n +1) x 1
matrix whose elements uy,1(z) = u* =V (z) for 1 < k < n+ 1, let Vip1)xn(z) be
an (n + 1) x n matrix whose elements

i—1 o
. =D (z), i—j>0
vi () = (]‘1) (@) N
0, 1—3<0

for1<i<n+Tland1<j<n,andlet Wy q1)x(ms1)(2)| denote the determinant
of the (n+ 1) x (n + 1) matrix

Wina)x(n41) (@) = (Uns1)x1(2)  Vins1yxn(2)) -

Then the nth derivative of the ratio zég can be computed by

A" Tu@)] o Wit xnen (@)]
dxn[v@c)] BN AT s

(8)

Let u(t) = e* and v(t) = e’ + 1. Then, by virtue of the formula (g),

dk et B (_l)k
dtb \et+1) (et +1)k+1
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evt el +1 0 0 0 0
zett (é) et et41 0 0 0
2t (g)et (i)et 0 0 0
x3ert (O)et (1)et 0 0 0
X : : : : :
at=Zert (" %)et (M2)e! (y_ge et+1 0
e (et (50 (e e @y
akert  (G)e (D)e! (Fadet (Eo)et (Ey)e!
1 2 0 0 0 0 0
x (é) 2 0 0 0 0
z? (g) (i) 2 0 0 0
ol B @ o 0 0
= S| : . . ) :
PR S e SR = (R
x ; ( 0 ) ( ! ) ( 2 ) (kg3) (k;2) z
xz (0) (1) (2) (k—S) (k—2) (k—l)

as t — 0 for k£ > 0. By the equation , the formula (4]) is thus proved.
Considering the relation and taking z = % in (4)) lead to the formula
readily. The proof of Theorem [I]is complete. O

Proof of Theorem[3 Let

1 2 0 0 0 0 0
z () 2 0 0 0 0
z? (g) (i) 2 0 0 0
AN ¢ G I Y 000
Dk_H(ZIJ): . . . .
A e I G B (e (3 20
A e B G B () (s 2
A ) I ) I (5 GEs) (R

for k¥ > 0. Expanding Dyy1(x) according to the last column consecutively and
inductively reveals

o O O O
oS O O O

x2
k 3
Diyi(z) = (k _ 1) a:
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1 2 0 0 0
x (é) 2 0 0
2GR 0o
x| () (1) 0 0
A (Y (Y e ()
z (0) (1) (k—m—S) (k—m—Q)
k—2
_ Vol k k—1ok—1|1 2
= 2:0( 1) 2 <I€ i1 Dk_g(x) + ( 1) 2 ok (,8)
k—2 i
_ VLot k—1lok—1 k
,Z;( 1)2 <k_£_ 1>Dk_g(x)+( 1)i=1a K0> o ]
k—1 i
_ VLot _ \kok, .k
=> (-1"2 <k_£_1)Dk£($)+( 1)k2ky
=0
— Lot k F—i1 -1kt kok .k
— (—1)°2 <k—€— 1) = [ =71 Dkg(l'):| + (—1)"2%x
=0

k—1
k
— (_1)k—12k—1 (k B g B 1> Ek:fffl(m) + (—1)k2k$k.

Accordingly, it follows that

_1\k k—1
By (x) = %Dkﬂ(fﬂ) = —% (k: JZ* 1>Ek41(9«") +a*

k
(ﬁ) Ey(x) 4 2"
The relation @ is thus proved.
Taking x = % in @ and making use of the relation result in the relation @
The proof of Theorem [2|is complete. O

TT
- O

N |

£=0

Remark 1. The expression can also be obtained by applying the formula (8) to
the functions u(t) = e¢'/? and v(t) = ¢! + 1 and considering the generating function

/2, .
ifﬂ in the equation .
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