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Abstract: P-band radar remote sensing applied during the Airborne Microwave Observatory of 
Subcanopy and Subsurface (AirMOSS) mission has shown great potential for estimation of root zone 
soil moisture. When retrieving the soil moisture profile (SMP) from P-band radar, a mathematical 
function describing the vertical moisture distribution is required. Because only a limited number of 
observations are available, the number of free parameters of the mathematical model must not 
exceed the number of observed data. For example, a second order polynomial that contains 3 free 
parameters was presumed based on in-situ SMP data. The polynomial is currently parameterized 
based on 3 backscatter observations provided by AirMOSS (i.e. one frequency at three polarizations 
of HH, VV and HV). In this paper, a more realistic, physically-based SMP model containing 3 free 
parameters is derived based on a solution to Richards’ equation for unsaturated flow in soils. 
Evaluation of the new SMP model based on both numerical simulations and measured data revealed 
that it exhibits greater flexibility for fitting measured and simulated SMPs than the currently applied 
polynomial. It is also demonstrated that the new SMP model can be reduced to a second order 
polynomial at the expense of fitting accuracy.  

Keywords: AirMOSS; radar backscatter; P-band remote sensing; root zone; soil moisture profile; 
Richards’ equation 

 

1. Introduction 

Soil moisture is a key state variable controlling all major processes and feedback loops within 
the climate system. Soil moisture impacts the water and energy cycles and the exchange of trace gases, 
including carbon dioxide, between land and atmosphere [1]. A number of high-profile review articles 
published in recent years [1–5] highlight the crucial importance of spatial and temporal soil moisture 
information at various scales for virtually all hydrologic, atmospheric, and ecological processes. 

Remote sensing (RS) has demonstrated great potential for large-scale monitoring of soil moisture 
utilizing various frequency bands of the electromagnetic spectrum such as shortwave infrared [6,7], 
thermal infrared [8–10], or microwave radiation [11,12]. Microwave RS techniques have shown 
greater promise for global monitoring of soil moisture variations [13], because in contrast to thermal 
and optical RS, they are not impacted by clouds and solar radiation and there is significant 
penetration into the soil and overlying vegetation at lower microwave frequencies [11].  

Most of the existing microwave sensors operate within the X-band (e.g. AMSR-E; 10.65 and 18.7 
GHz), C-band (e.g. ASCAT; 5.3 GHz), or L-band (e.g. SMOS and SMAP; 1.4 GHz), which only sense 
soil surface moisture (0–5 cm depth). However, the application of the low frequency P-band (0.42–
0.44 GHz) in course of the recent NASA “Airborne Microwave Observatory of Subcanopy and 
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Subsurface” (AirMOSS) mission provides an unprecedented sensing depth of about 50 cm to directly 
retrieve root zone soil moisture under vegetation canopies [14]. 

When retrieving the soil moisture profile (SMP) from P-band radar, a mathematical function 
describing the continuous SMP is required. Because inevitably only a limited number of observations 
are available, the number of free parameters of the mathematical model must not exceed the number 
of observed data to ensure unambiguous retrievals. For example, in the current AirMOSS P-band 
radar root zone soil moisture retrieval algorithm a second order polynomial (hereinafter referred to 
as polynomial) with 3 free parameters is presumed and parameterized based on 3 backscatter 
observations provided by AirMOSS (i.e. one frequency at three polarizations of HH, VV and HV) 
[14]. To improve AirMOSS SMP retrieval, the objective of this study was to derive a more realistic 
and physically-based SMP model via solving Richards’ equation (RE) for unsaturated flow in soils 
[15].   

Due to the highly nonlinear nature of flow processes in unsaturated soils, analytical solutions to 
RE are commonly restricted to simple cases such as a linearized form of RE [16–18] or steady-state 
Darcy flow [19–22]. However, these simplified cases rarely meet realistic soil and environmental 
conditions, where after wetting events (i.e., precipitation or irrigation) the most common flow 
scenario encompasses concurrent drying due to evaporation of water from the soil surface and 
gravity-driven movement of water to greater depths within the soil profile.  

Existing analytical solutions to RE for the abovementioned process are restricted to simplified 
cases. For example, solutions introduced by Gardner [23], Novak [24], and Suleiman and Ritchie [25] 
were obtained by reducing the RE to a diffusion-type partial differential equation neglecting gravity-
driven flow. Analytical solutions of Warrick [16] and Teng et al. [26] were obtained by linearization 
of the RE based on assuming an exponential saturation-pressure head and linear saturation-hydraulic 
conductivity relationships, which is rarely met under natural conditions.  

Warrick et al. [27] based on the analysis of Broadbridge and White [28] introduced to our best 
knowledge the only analytical solution to the nonlinear RE for the case of evaporation and concurrent 
drainage. However, this solution (Eq. 26 in [27]) is not applicable for AirMOSS SMP retrieval because 
it consists of more than 3 free parameters (considering time as a constant in the solution to fit snapshot 
observations at any given time).  

In the following, a simple closed-form analytical solution to the nonlinear RE containing 3 free 
parameters is introduced. The solution is presented in a general form, not limited to specified initial 
and boundary conditions. The free model parameters are obtained via nonlinear regression analysis 
of measured data. As a result, the solution can be fitted to SMP data observed for either 
evaporation/drainage or infiltration. Theoretical aspects for derivation of the new solution and its 
validation based on measured and numerically simulated data are presented. 

2. Mathematical Derivations  

2.1. Richards’ Equation 
Richards’ equation (RE) [15] combines the Buckingham-Darcy law [29], q = –K(∂h/∂z – 1), and the 

continuity principle, ∂θ/∂t = –∂q/∂z (conservation of mass):  

hK K
t z z
θ∂ ∂ ∂ = − ∂ ∂ ∂   

 
(1) 

where q is the water flux density, θ is the soil water content, h is the pressure head, K is the 
unsaturated hydraulic conductivity, t is time, and z is soil depth assumed positive downward from 
the soil surface.  

In an unsaturated soil, h and K are functions of θ which are assumed to be invariant for a given 
soil, but may distinctly deviate for different soils. Various mathematical relationships exist for the 
soil hydraulic h(θ) and K(θ) functions [e.g. 30–32] that are commonly parameterized via nonlinear 
regression analysis of measured h-θ and K-θ data for a soil of interest.  

 
2.2. New Solution to Richards’ Equation 

Peer-reviewed version available at Remote Sens. 2017, 9, 17; doi:10.3390/rs9010017

http://dx.doi.org/10.20944/preprints201608.0237.v1
http://dx.doi.org/10.3390/rs9010017


Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 31 August 2016  doi:10.20944/preprints201608.0237.v1

 3 of 16 

 

To obtain an analytical solution for Eq. (1), the following soil hydraulic functions are assumed 
[33,34]:  

( ) ( )exp /r s r cMh Phθ θ θ θ  = + − − 
 
(2) 

P

r
s

s r

K K θ θ
θ θ
 −=  − 

 
(3) 

where θs and θr are the saturated and residual volumetric water contents, respectively, Ks is the 
saturated hydraulic conductivity, P is an empirical parameter related to soil pore size distribution, 
and hcM is the effective capillary drive introduced by Morel-Seytoux and Khanji [35]. Assuming P = 1, 
the RE is reduced to a linearized form for which analytical solutions to various flow processes exist 
[16-18]. However, the assumption P = 1 is rarely met in reality; most soils exhibit a P significantly 
larger than 1 [33]. Thus, P is treated as a soil parameter in the following derivations, where the 
resulting nonlinear RE is solved analytically. Note that the soil hydraulic parameters θs, θr, P, Ks, and 
hcM are constant for a given soil and do not change with time. Therefore, they should be discerned 
from the so-called “free parameters”, which vary temporally to fit the SMP at any given time.   

For convenience, variables are reduced to the following dimensionless forms: 
* / cMh h h=

 
(4) 

( ) ( )* /r s rθ θ θ θ θ= − −
 

(5) 

* / sK K K=
 

(6) 

* / cMz z h=
 

(7) 

( )* /s cM s rt K t h θ θ= −    
(8) 

Substituting Eqs. (4) to (8) into Eq. (1) yields a scaled form of the RE: 
* *

* *
* * *

hK K
t z z
θ  ∂ ∂ ∂= − ∂ ∂ ∂   

 
(9) 

with the following scaled soil hydraulic functions: 

( )* *exp /h Pθ = (10) 

* *PK θ=  
(11) 

Combining Eqs. (9), (10), and (11) yields the scaled RE rearranged based on K*: 

(1 1/ )

2

* 2 * *
*

* **

PK K KPK
t zz

−  ∂ ∂ ∂= − ∂ ∂∂ 

 
(12) 

Assuming P >> 1 (i.e. 1 – 1/P ≈ 1) as is the case in many natural soils (see Table 1 in [33] as well as 
Table 1 in this paper), Eq. (12) can be approximated as: 

2

* 2 * *
*

* **

K K KPK
t zz

 ∂ ∂ ∂= − ∂ ∂∂   

 
(13) 

To solve Eq. (13), separation of variables is applied: 

( ) ( ) ( )* * * * *,K z t F z G t=
 

(14) 

Combining Eqs. (13) and (14) yields: 

2

2

2 * **

1 constantdG d F dF
PG dt dzdz

μ= − = =
 
(15) 

Thus, two ordinary differential equations are obtained: 
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2

2

**
0d F dF

dzdz
μ− − =

 

 
(16) 

2
* 0dG PG

dt
μ− =

 

 
(17) 

Solutions to Eqs. (16) and (17) are: 
* *

1 2exp( )F z a z aμ= − + +
 

(18) 

*
3

1G
Pt aμ

=
− +  

 
(19) 

where a1, a2, and a3 are the integral constants. Combining Eqs. (14), (18) and (19), and denoting the 
constants b1, b2, and b3, a simple closed-form solution is obtained: 

* *
* * * 1 2

*
3

exp( )exp
P z b z bK h

Pt b
θ + += = =

+

 
(20) 

Because AirMOSS observations are temporally not continuous but rather provide snapshots at 
specific times, time needs to be considered as a constant. This consideration together with the 
assumption that θr is negligibly small allows transformation of Eq. (20) to the final SMP solution: 

( ) 1/
1 2 3exp /

P
cMc z c z h cθ  = + + 

 
(21) 

where c1, c2, and c3 are the combined constants or the final free parameters of the RE-based SMP 
model.  

It should be noted that because of the exponential/power nature of Eq. (21), the derived SMP 
model is highly sensitive to variations of free model parameters (i.e., small changes in c1, c2, and c3 
lead to a significant change of the SMP shape). This means that direct derivation of c1, c2, and c3 
through inversion is not as straightforward as proposed in [14], for example, to find the optimum 
polynomial parameters. However, this problem can be resolved in the inversion algorithm by finding 
the optimum values of soil moisture at three arbitrary depths, θ1(z1), θ2(z2), and θ3(z3), instead of 
optimizing c1, c2, and c3. Then the model parameters can be calculated directly as: 

( )
( )

3 1 2 1
1

3 1 2 1

P P P PA
c

z z A z z
θ θ θ θ− − −

=
− − −

 

(22) 

( )
( ) ( )

2 1 1 2 1
2

2 1exp / exp /

P P

cM cM

c z z
c

z h z h
θ θ− − −

=
−

 
(23) 

( )3 1 1 1 2 1exp /P
cMc c z c z hθ= − − (24) 

where: 

( ) ( )
( ) ( )

3 1

2 1

exp / exp /
exp / exp /

cM cM

cM cM

z h z h
A

z h z h
 − =
 − 

 
(25) 

 
2.3. Second Order Polynomial Approximation 

At the expense of fitting flexibility, Eq. (21) can be simplified with the assumption that P = 1: 

( )1 2 3exp / cMc z c z h cθ = + +
 

(26) 

A Taylor series expansion yields: 
2 3

1 1exp 1 ...
2! 3!cM cM cM cM

z z z z
h h h h

     
= + + + +     

     

 
(27) 
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For hcM larger than the maximum depth of interest (i.e. z/hcM < 1), all the terms with orders higher than 
2 can be neglected. Hence Eq. (26) can be reduced to the polynomial presumed in [14]: 

2
2

1 2 3
11
2cM cM

z zc z c c az bz c
h h

θ
  
 = + + + + = + + 
   

 
(28) 

Equation (28) implicates that the second order polynomial introduced in [14] based on empirical 
findings can be approximated based on the physics of unsaturated flow in soils. The accuracy of this 
approximation is dependent on the SMP shape, which is discussed in the following section. 
 
3. Validation of the proposed SMP model 
3.1. Numerical Data 

To explore the flexibility of Eq. (21) to match realistic SMPs, the original RE was solved 
numerically with the HYDRUS-1D simulation model [36]. To account for the soil moisture 
vaporization plane recession during the second stage of the drying process [37], vapor flow coupled 
with the RE was also considered in the numerical simulations.     

The most common unsaturated flow scenario in nature, evaporation of water from the soil 
surface, was simulated concurrently with downward water redistribution along the soil profile after 
a wetting event (rainfall/irrigation). Therefore, free drainage at the bottom boundary (z = 50 cm in the 
presented simulations) and atmospheric conditions at the top boundary with a potential evaporation 
rate of 0.5 cm day-1 and atmospheric pressure head of −100 m were assumed. To simulate the drying 
process after a wetting event, the initial soil profile was assumed to be saturated from z = 0 to 30 cm 
and air-dry from z = 30 to 50 cm. Hydraulic properties of three vastly different soil textures including 
sand, loam and clay were used to parameterize the HYDRUS simulations. The van Genuchten (VG) 
[30] soil hydraulic functions were applied with HYDRUS default soil hydraulic parameters listed in 
Table 1: 

[1 ( ) ]n m
eS hα −= + (29) 

( )
2

0.5 1/1 1
mm

s e eK K S S = − −    

 
(30) 

where α, n, and m are VG model parameters assuming m = 1 − 1/n. 
Figure 1 (top row) depicts the HYDRUS simulation results for each of the three textures at three 

different drying times as well as the best fits of Eq. (21). To find the optimum values of P and hcM for 
each soil (presented in each plot), first an initial guess was made. Then three arbitrary data points, 
θ1(z1), θ2(z2), and θ3(z3), from the Hydrus simulations were used to calculate c1, c2, and c3 with Eqs. 
(22) to (25). Finally, P and hcM were optimized to best fit the simulation results.  

Figure 1 (top row) illustrates how well the new SMP solution, Eq. (21), fits numerical data. It is 
apparent that all assumptions that were required to derive the analytical SMP solution (e.g. soil 
hydraulic functions of Eq. (2) and (3)) are highly suitable when Eq. (21) is employed as a fitting curve 
rather than a predictive tool (e.g., common RE solutions to simulate SMP at different times along a 
specific initial/boundary value problem).  

It should be noted that because the diffusivity function (D = Kdh/dθ) applied for the analytical 
solution yields zero at zero saturation, soil moisture vanishes at a finite depth termed “wetting front” 
at which the SMP is characterized by a “shock-type” front [38,39]. This means that the solution is only 
applicable for the dynamic zone of the profile (i.e., above the wetting front), but not for the dry region 
below the wetting front. Therefore, data below the wetting front were not considered for fitting. 
Additionally, it was assumed that the soil water content below the wetting front is the same as that 
of the wetting front. This assumption is similarly employed in the current AirMOSS algorithm, where 
soil moisture is assumed to be constant below a certain depth.  
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Figure 1. The best fit of Eq. (21) (solid lines) to HYDRUS-1D simulation results (circles) for simultaneous 
evaporation and drainage in three different soils. The soil parameters, P and hcM, were treated as fitting 
parameters (top row), taken from Table 1 (middle row), or were considered as P = 1 and hcM >> 50 cm leading to 
the second order polynomial (bottom row). Data below the wetting front were not considered for nonlinear 
regression analysis. 

 
 

The SMP model, Eq. (21), includes 2 soil parameters and 3 free parameters. Therefore, for 
application in the AirMOSS algorithm that only allows 3 free parameters, the soil parameters should 
be known. Determination of the soil hydraulic parameters (P and hcM) requires measurement of the 
soil hydraulic functions, which is impractical for large-scale applications. To avoid this complication, 
the following approximations for P and hcM from VG parameters is proposed: 
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( ) ( )1 1/0.5 2 ln 0.5 ln 1 1 0.5
mmP −  = + − −  

 
(31) 

( ) ( ) 1/1 exp 1/ 1
n

cMh P mα −= −  
 
(32) 

Equations (31) and (32) were derived from equivalence of Eq. (2) and (3) with Eqs. (29) and (30) such 
that they yield the same θ* at h = P × hcM and the same K at θ* = 0.5. These equations are introduced 
here because average VG parameters for various textures are well documented in the literature [40] 
(Table 1) and they can be approximated with pedotransfer functions from easy-to-measure textural 
properties (sand, silt and clay percentages) [41]. The calculated parameters P and hcM based on Eqs. 
(31) and (32) with VG parameters provided in [40] for the 12 USDA soil textural classes are listed in 
Table 1.  

Fitting of Eq. (21) with values from Table 1 is also depicted in Fig. 1 (middle row). It is evident 
that these values generally lead to a reasonable fit of Eq. (21) to numerical data. Nonetheless, the 
parameters for the clay soil seem to be much higher than the best fitting parameters presented earlier. 
This is due to the fact that Eqs. (2) and (3) substantially deviate from the VG functions for clayey soils. 
Hence, for the two last soils of Table 1 (silty clay and clay) we recommend P = 15.9 and hcM = 350 cm 
rather than values listed in Table 1.   
 
 

Table 1. Average van Genuchten model parameters for the 12 USDA soil textural classes [40] as well 
as parameters for Eqs. (2) and (3) calculated with Eqs. (31) and (32). 

Soil texture θr θs 
α  
(cm–1) n 

Ks   

(cm/day) 
P 

hcM  

(cm) 

Sand 0.045 0.43 0.145 2.68 712.80 4.83 2.38 
Loamy sand 0.057 0.41 0.124 2.28 350.20 5.52 2.94 
Sandy loam 0.065 0.41 0.075 1.89 106.10 6.73 5.70 
Loam 0.078 0.43 0.036 1.56 24.96 8.89 17.90 
Silt  0.034 0.46 0.016 1.37 6.00 11.60 78.94 
Silt loam 0.067 0.45 0.020 1.41 10.80 10.84 51.64 
Sandy clay loam 0.100 0.39 0.059 1.48 31.44 9.79 13.46 
Clay loam 0.095 0.41 0.019 1.31 6.24 13.05 100.39 
Silty clay loam 0.089 0.43 0.010 1.23 1.68 16.00 481.18 
Sandy clay 0.100 0.38 0.027 1.23 2.88 16.00 178.22 
Silty clay 0.070 0.36 0.005 1.09 0.48 31.92 4.19E5 
Clay 0.068 0.38 0.008 1.09 4.80 31.92 2.62E5 

 
Figure 1 (bottom row) also depicts the fitted polynomial, Eq. (28), to the numerical data. It is 

apparent that the polynomial does not capture numerical data at earlier stages of evaporation well, 
but performs reasonably well at later times when the SMP becomes drier. A main reason for losing 
accuracy of Eq. (21) when reduced to the polynomial is that parameters of P = 1 and hcM > 50 cm are 
assumed in this case. Based on values shown in Table 1, it is unlikely to find a natural soil which 
meets this condition, since P = 1 corresponds to an extremely coarse-textured soil and large hcM 
corresponds to a fine-textured soil. This mismatch highlights the advantage of using the general 
model, Eq. (21), rather than its reduced form, Eq. (28), in the AirMOSS algorithm.       

Another common flow scenario is water infiltration occurring after a wetting event (rainfall or 
irrigation). Since the infiltration process commonly ceases a few hours after the wetting event, the 
SMPs established due to infiltration are not likely to be observed with RS techniques. Nonetheless, to 
demonstrate the applicability of the introduced solution for infiltration, a constant-flux (= 1 cm/h) 
water infiltration into an initially air-dry loam soil was also simulated with HYDRUS-1D. Figure 2 
depicts HYDRUS simulation results together with the best fit of Eq. (21). It is evident that a reasonably 
good fit was achieved with the same soil parameters, P and hcM, as applied for the evaporation process 
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shown in Fig. 1 (top row). Equation (21) would certainly better match numerical data if P and hcM 
were adjusted. However, P and hcM were assumed constant as they should be for any given soil, 
regardless of the flow process. The discrepancies are due to the simplifying assumptions for 
derivation of Eq. (21).    
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Figure 2. The best fit of Eq. (21) (lines) to 
HYDRUS-1D simulation results (circles) for a 
constant-flux (= 1 cm h-1) infiltration process 
into a loam soil with parameters given in 
Table 1.  

 
3.2. Measured Data 

We also tested the fitting accuracy of the proposed SMP model to real measurements from the 
Soil Climate Analysis Network (SCAN) [42]. As a first test case, SCAN site number 2078 in Madison, 
Alabama, which was also used in Mishra et al. [43] was considered. Mishra et al. [43] found the SCAN 
data to provide ideal test cases for evaluating fitting capabilities of their proposed SMP model. They 
indicated that two general shapes of soil moisture profiles are commonly observed in course of the 
drying process: (i) the “dynamic case”, which is analogues to earlier times of drying shown in Fig. 1; 
and (ii) the “dry case”, which is similar to the late drying times in Fig. 1.  
Figure 3 compares the fitting capabilities of Eq. (21) (new solution) and Eq. (28) (polynomial) to 
measured soil moisture data exhibiting the dynamic case. Since the soil texture of the SCAN site is 
predominantly clay, P = 15.9 and hcM = 350 cm were used for Eq. (21). For both Eqs. (21) and (28) it 
was assumed that below the dynamic zone the water content is uniform and equal to that of the 
wetting front. It is well documented that at later evaporation stages, a dry zone develops close to the 
soil surface and the so-called drying front (or vaporization plane) recedes below the surface. In this 
case, the Buckingham-Darcy law is not applicable for modeling soil water content above the drying 
front without accounting for the vapor flow contribution, because the pressure head gradient 
approaches infinity at the drying front [44]. Therefore, it was assumed for Eq. (21) that soil water 
content above the drying front (i.e. where Eq. (21) intersects θ = 0) is zero. 
With these assumptions, both models yielded reasonably good fits (Fig. 3). When compared to Eq. 
(21), the polynomial underpredicts water content at intermediate depths, especially for the case JD = 
31 where moisture variations are larger than for JD = 40. Conversely, the polynomial always shows a 
higher surface water content than Eq. (21). It is obvious that there is uncertainty about the surface 
water content (i.e. θ exactly at z = 0) since there is no surface measurement available (Note: θ at 5 cm 
was used as one of the fitting points). As shown in Fig. 3, surface θ predicted by Eq. (21) is sensitive 
to the value of P. In any case, the RE yields low values of surface θ in clay soils even at early stages 
of evaporation (see HYDRUS-1D simulations in Fig. 1).  
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Figure 3. The best fit of Eqs. (21) (new solution) and Eq. (28) (second order polynomial) 
to measured soil moisture data from SCAN site number 2078 (Madison, Alabama) at 
Julian days (JD) 31 and 40, 2013. The clay soil parameters, P = 15.9 (or 11 for a 
comparison) and hcM = 350 cm, were used for fitting Eq. (21). 

 
The comparisons for the dry case are shown in Fig. 4. It is evident that the polynomial when 

compared with the RE solution overpredicts water content at most depths, especially within the dry 
zone near the soil surface. Equation (21) predicts formation of a dry layer down to about 3-4 cm. This 
prediction is plausible, because the water content of the entire profile is close to the permanent wilting 
point (PWP) (i.e., water content at h = −15 m).  
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Figure 4. The best fit of Eqs. (21) (new solution) and Eq. (28) (second order polynomial) 
to measured soil moisture data from SCAN site number 2078 (Madison, Alabama) at 
Julian days (JD) 87 and 96, 2012. The clay soil parameters, P = 15.9 and P = 11 (for 
comparison) and hcM = 350 cm, were used for fitting Eq. (21).  

 
The flexibility of Eq. (21) to match measured data was additionally tested with observations from 

SCAN site number 2026 in Walnut Gulch, Arizona. This site was selected because it has been one of 
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the sites studied for AirMOSS evaluation in Tabatabaeenejad et al. [14]. To evaluate to what extent 
Eq. (21) can capture SMP seasonal dynamics, biweekly data over one year were used for this analysis. 
The soil profile at this site is not uniform, consisting of various textures (loam, loamy sand, sandy 
loam) down to a depth of 1 m. Nonetheless, we evaluated Eq. (21) assuming a uniform profile by 
applying the loam soil parameters, P = 6.6 and hcM = 87 cm.  

Results of this test are presented in Fig. 6, verifying that Eq. (21) is able to adequately capture 
seasonal SMP dynamics, even with roughly approximated soil parameters for the heterogeneous soil 
profile. The estimated profiles could certainly be different from reality due to the lack of observations 
at the surface (z = 0) or missing information about the exact location of the wetting front. Nonetheless, 
the estimated dynamics are consistent with common observations (e.g. Fig. 1) showing a similar 
pattern for damping the wetted zone formed after a wetting event (e.g. at JD of 32 and 214) over time. 
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Fig. 5. The best fit of Eq. (21) (lines) to measured soil moisture data (dots) from SCAN site number 2026 (Walnut 
Gulch, Arizona) at various dates during 2010. The loam soil parameters, P = 6.6 and hcM = 87 cm, were used for 
fitting Eq. (21). Fitting accuracy is quantified by the mean absolute error, ε (cm3 cm−3).  
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4. Inversion Considerations 
In the current AirMOSS retrieval algorithm, the SMP is retrieved from estimation of the free 

parameters a, b and c in Eq. (28). A “simulated annealing” algorithm based on the work of Corana et 
al. [45] is used to minimize a cost function that is based on the difference between measured and 
calculated backscattering coefficients. At each iteration of a, b, and c in the inversion algorithm, soil 
moisture is calculated at all depths with Eq. (28). Then the dielectric constant at each soil depth is 
calculated as a function of its moisture content, and finally the backscattering coefficient is calculated 
for each set of a, b and c coefficients. The optimum parameter set that minimizes the difference 
between measured and calculated backscattering coefficients is selected to yield the retrieved SMP 
from Eq. (28). The choice of initial guesses is not of concern as global optimization techniques, such 
as the simulated annealing algorithm used for AirMOSS retrievals, are insensitive to initial guesses 
of free model parameters [14].   

The P-band retrieval algorithm of AirMOSS currently uses only the HH and VV channels due to 
calibration inaccuracy of the HV channel. Therefore, the corresponding inverse problem is ill-posed 
as 3 free parameters are retrieved with only 2 data points. Some regularization is thus necessary to 
overcome the effect of the ill-posedness. The method applied by Tabatabaeenejad et al. [14] is based 
on defining upper and lower bounds for each free parameter according to available in-situ soil 
moisture data at each AirMOSS site. Considering the polynomial assumption, in-situ measured soil 
moisture profiles at each site are fitted with a quadratic function and the free parameters are observed 
throughout the year. An upper and lower bound is empirically selected for each flight date based on 
the behavior of the free parameters within the time period encompassing the flight date. In addition 
to mathematical inaccuracies in the forward and inverse models, the physics of the problem (i.e., 
penetration depth of the electromagnetic waves) also imposes a limitation on retrieval accuracy. 
AirMOSS has assumed a validation depth of up to 50 cm in its retrieval algorithm. This depth makes 
the soil homogeneity assumption (underlying the new solution) valid should the presented new RE 
solution be used for similar future retrievals [14]. 

When employing the new solution, Eq. (21), in the AirMOSS algorithm, θ1, θ2 and θ3 at three 
fixed depths (z1, z2 and z3)are optimized instead of a, b and c. Therefore, the problem of finding the 
upper and lower bounds is more straightforward because of the physical meaning of θ1, θ2 and θ3 
from which free parameters of Eq. (21) can be directly calculated with Eqs. (22), (23) and (24).  

Although initial and boundary conditions were not specified for derivation of the new solution 
to the RE, it should be noted that Eq. (21) only holds for simple cases such as uniform initial conditions 
or time-invariant boundary conditions. Any solution for non-uniform initial conditions or transient 
boundary conditions would include additional free parameters dealing with the mathematical 
description of the space- or time-varying conditions. To better understand this point, three possible 
arrangements of θ1, θ2 and θ3 shown in Fig. 6 are discussed below.   

Case A is similar to early drying times for which θ2 > θ1 and θ3. Equation (21) is always valid for 
this case. Case B is similar to later drying times for which θ3 > θ2 > θ1. Equation (21) is valid for this 
case, unless θ3 is larger than a critical value θc. The critical value can be approximated with Eq. (33) 
that ensures validity of Eq. (21) in most cases: 

( ) 1/

1 2 1

PP P P
c Aθ θ θ θ ≈ − −   

 
(33) 

The constraint of θ3 < θc is necessary for inversion from a mathematical point of view, although the 
condition θ3 > θc is rarely observed in natural settings. Therefore, the new solution can be easily 
applied to the profiles of cases A and B. These two cases can be merged into a single case when the 
two constraints of θ1 < θ2 and θ3 < θc are satisfied.  

Case C for which θ2 < θ1 and θ3, however, cannot be predicted with Eq. (21), as θ is undefined 
within part of the profile where c1 z + c2 exp (z/hcM) + c3 is negative. For such case, it is suggested to 
release the two constraints for cases A and B and rather assume P = 1 in order to replace Eq. (21) with 
Eq. (26), which is approximately the same as the polynomial, Eq. (28), as indicated in Fig. 6.  
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Fig. 6. Three possible arrangements of θ1, θ2 and θ3 throughout the drying process. Data were extracted from 
Fig. 13a in Tabatabaeenejad et al. [14]; profile 2 (case A), profile 6 (case B) and profile 4 (case C). Values of P = 6.6 
and hcM = 87 cm were assumed. 
 
5. Preliminary Inversion Results 

As a preliminary test of the new solution, we present sample inversion results from two 
AirMOSS flights; one flight over Metolius on August 21, 2015 and a second over BERMS on 
September 28, 2015. We observed that the behavior of one of the installed probes at each site can be 
categorized as case A or B for at least a 50-day period encompassing the flight dates. We applied the 
inverse algorithm for the radar data for these two flights and compared the retrieval errors with those 
obtained from the current AirMOSS algorithm that is based on the polynomial function assumption 
(Fig. 7). The Metolius pixel has a loamy sand soil with P = 5.52 and hcM = 2.94 cm, and the BERMS 
pixel has a sandy loam soil with P = 6.73 and hcM = 5.70 cm. The depths z1, z2, and z3 have been chosen 
to coincide with 0, 20, and 45 cm. The applied inversion parameters are identical to the ones that had 
been previously used for these sites with the polynomial function assumption. The lower bounds for 
the unknowns, namely θ1, θ2 and θ3, are 0.01, 0.05, and 0.01 m3/m3, respectively, for both sites. Upper 
bounds for the unknowns are 0.10, 0.15, and 0.1 m3/m3, respectively, for both sites. These bounds 
were chosen based on in-situ soil moisture data.  
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Fig. 7. AirMOSS retrieved soil moisture profiles using the new 
solution (RE) and second order polynomial for two flights over 
Metolius on August 21, 2015 and over BERMS on September 28, 
2015. Inversion accuracy is quantified by the mean absolute error, 
ε (cm3 cm−3).   

 
It is evident that the retrieval errors have decreased when representing the soil moisture profile 

with the new RE solution. The computational inversion time also decreased by about 20% for both 
cases. Unless an extensive error comparison for several AirMOSS sites and several dates is performed, 
it is not possible to firmly claim that the error reduction (Fig. 7) and computational time savings hold 
for all cases. However, for these two specific cases, we believe the error reduction can be attributed 
to two factors. First, the unknowns of the new solution are physical parameters. Therefore, the 
corresponding lower and upper bounds can be deduced with more confidence from in-situ data 
when compared to the second order polynomial. Second, as discussed earlier, the SMP function is 
less sensitive to changes, hence uncertainty, in θ1, θ2 and θ3 than the polynomial is to changes in the 
coefficients a, b and c, which are in fact a special case of c1, c2 and c3. 

We acknowledge that this method has its own limitation when compared to the current 
AirMOSS method. One limitation is the requirement of a priori information about the SMP shape 
(i.e., whether it is case C or not). When there is no a priori information about the SMP shape (e.g., in-
situ observations), a possible solution to this limitation would be first assuming that the profile shape 
satisfies cases A or B, thus holding the required constraints (i.e., θ1 < θ2 and θ3 < θc). For the case that 
the error between measured and calculated backscattering coefficients cannot be satisfactorily 
minimized with these constrains, case C can then be assumed (i.e., P = 1).  

These preliminary observations warrant an extensive study on the applicability and 
performance of this method for other AirMOSS sites and other flight dates, which is part of ongoing 
research.   
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6. Conclusions  

Equation (21), a closed-form analytical solution to Richards’ equation, is proposed as an alternative 
to the second order polynomial that is currently employed in the Airborne Microwave Observatory 
of Subcanopy and Subsurface (AirMOSS) root zone soil moisture retrieval algorithm. It has been 
demonstrated that the second order polynomial is a special case of Eq. (21) limited to P = 1. Evaluation 
of Eq. (21) based on both numerical simulations and measured data revealed that it exhibits greater 
flexibility than the currently applied second order polynomial. Therefore, application of Eq. (21) is 
recommended for more accurate retrieval of root zone moisture profiles from P-band radar remote 
sensing data. The results presented for two AirMOSS flights in 2015 demonstrate a reduction of the 
retrieval error with the new method. In conclusion it should be noted that while the retrieval error 
and computational inversion time have improved for the two presented cases, a more extensive study 
is required to investigate the applicability, performance, and advantage of this method for AirMOSS 
root-zone soil moisture retrievals. 
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